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Abstract

Let a, b and n be positive integers and let S = {x, ..., x,} be a set of n distinct positive integers. For x € S,
define Gs(x) ={deS:d<x,d|x and (d|y|x,y€S) = ye{d x}}. Denote by [$%] the n X n matrix
having the ath power of the least common multiple of x; and x; as its (i, j)-entry. We show that the bth
power matrix [S]is divisible by the ath power matrix [S“]if a | b and S is ged closed (that is, ged(x;, x;) € S
for all integers i and j with 1 < i,j < n) and max,cs{|Gs(x)|} = 1. This confirms a conjecture of Shaofang
Hong [‘Divisibility properties of power GCD matrices and power LCM matrices’, Linear Algebra Appl.
428 (2008), 1001-1008].
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1. Introduction

For arbitrary integers x and y, we denote by (x,y) the greatest common divisor of x
and y and by [x, y] their least common multiple. Let a,b and n be positive integers.
Let S = {x;,...,x,} be a set of n distinct positive integers. Let &, be the arithmetic
function defined by &, = x* for any positive integer x. Let (S%) and [S“] stand for the
n X n matrices whose (i, j)-entry is &,((x;, x;)) and &,([x;, x;]) respectively. We call ($¢)
the ath power GCD matrix and [S?] the ath power LCM matrix. The set S is factor
closed (FC)if (x € S,d | x) = d € S and gcd closed if (x;,x;) € S for all integers i and j
with 1 < i,j < n. Obviously, an FC set must be gcd closed but the converse is not true.
Nearly 150 years ago, Smith [15] proved that
n
det(lxi]) = [ | e (L1)
k=1
if S is FC, where ¢ is Euler’s totient function and 7 is the multiplicative function
defined for the prime power p” by n(p”) = —p. There are many generalisations
of Smith’s determinant (1.1) and related results (see, for instance, [1-14, 16-21]).
In particular, an elegant result was achieved by Hong et al. [8] stating that for
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any integer n > 2,

- s )
det(l fDsijen = [l el X o
t is square free

where u is the Mdobius function and an integer x > 1 is called square free if x is not
divisible by the square of any prime number.

As usual, Z and |S| denote the ring of integers and the cardinality of the set S. Hong
[9] introduced the concept of greatest-type divisor when he solved the Bourque-Ligh
conjecture. For any integer x € S, y is called a greatest-type divisor of x if

<x,ylzlxandy,zeS) = z € {y,x}.

Let Gg(x) :={y € S : y is a greatest-type divisor of x in S} and let M, (Z) stand for the
ring of n X n matrices over the integers. Bourque and Ligh [4] proved that (S) divides
[S] in the ring M, (Z) (that is, [S] = B(S) or [S] = (S)B for some B € M,(2)) if S is
FC. Hong [10] showed that such a factorisation is not true when S is gcd closed
and max,es{|Gs(x)|} = 2. The results of Bourque-Ligh and Hong were generalised
by Korkee and Haukkanen [14] and by Chen et al. [6]. Feng et al. [7], Zhao [17],
Altinisik ef al. [1] and Zhao et al. [18] used the concept of greatest-type divisor to
characterise the gcd-closed sets S with max,cs{|Gs(x)|} < 3 such that (S¢) | [$] which
partially solved an open problem of Hong [10].

Hong [12] investigated divisibility among power GCD matrices and among power
LCM matrices. It was proved in [12] that (S%) | (5?), (S%) | [S?] and [S“] | [S"]if a | b
and S is a divisor chain (that is, x)| - - - [Xo(n) for a permutation o of {1,...,n}), and
such factorisations are no longer true if a 1 b and |S| > 2. Evidently, a divisor chain is
gcd closed but not conversely. Recently, Zhu [19] confirmed two conjectures of Hong
raised in [12] stating that if a | b and S is a gcd-closed set with max,cs{|Gs(x)|} = 1,
then both the bth power GCD matrix (S”) and the bth power LCM matrix [S?] are
divisible by the ath power GCD matrix (S¢). At the end of [12], Hong also conjectured
thatifa | b and S = {xi,...,x,} is gcd closed and max,cs{|Gs(x)|} = 1, then [S¢] | [S”]
in the ring M, (Z). Tan and Li [16] partially confirmed this conjecture by proving that
[S“]] [S?] in the ring M5(Z) if a | b and S consists of finitely many coprime divisor
chains with 1 € S and that such a divisibility relation is not true if a ¥ b. However, the
conjecture still remains open.

Our goal is to present a proof of Hong’s conjecture. The main result of the paper is
the following theorem.

THEOREM 1.1. If a and b are positive integers such that a | b and S is a gcd-closed
set such that max,cs{|Gs(x)|} = 1, then the ath power LCM matrix [S?] divides the bth
power LCM matrix [S?] in the ring M5 (2).

The proof of Theorem 1.1 is similar to that of Feng et al. [7] in character, but it is
more complicated. This paper is organised as follows. In Section 2, we supply several
preliminary lemmas needed in the proof of Theorem 1.1. Section 3 is devoted to the
proof of Theorem 1.1.
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One can easily check that for any permutation o on the set {1,...,n}, [S*] | [$’] &
[S<] | [SZ], where i := {Xo(1)s - - - » Xo(ny}- Without loss of any generality, we can always
assume that the set S = {x,...,x,} satisfies x; < --- < x,,.

2. Aucxiliary results

In this section, we provide several lemmas that will be needed in the proof of
Theorem 1.1. We begin with a result due to Hong which gives the formula for the
determinant of the power LCM matrix on a gcd-closed set.

LEMMA 2.1 [11, Lemma 2.1]. If S is gcd closed, then

n

det[s] = [ [t“@us, 2.1)
k=1
where
1
= Y. (5 #u)a 22)
d|xy a
drx;, x<xg

and 1/&, is the arithmetic function defined for any positive integer x by

(1/€)(x) == x7.
LEMMA 2.2 [5, Theorem 3]. If S is a gcd-closed set and (f((xi, x;))) is invertible, then
(f(xi, )71 = (ay), where
. CikCjk
&j = Z 5t

Xl
xjlxi
with
o= Y (frmd) and cj= Y ). (2.3)
dlxy dxilx;
drx;, x<xi dxidxg, X <x;

LEMMA 2.3 [11, Lemma 2.3]. Let m be a positive integer. Then
1
g mfr=n.
dim >
LEMMA 2.4 [7, Lemma 2.2]. Let S be gcd closed and max,es{|Gs(x)|} = 1. Let a4 be
defined as in (2.2). If Gs(x) = {xy, } for 2 < k < S|, then o = x;* — x]:l“

LEMMA 2.5. Let § be gcd closed and max,cs{|Gs(x)|} = 1. Let a,y and c; be defined
as in (2.2) and (2.3), respectively. Then [S] is nonsingular and [S*]™" = (8§ 1<ij<n With

L 1 CikCijk
55T Qar
i e Ok

Xk
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PROOF. Since [x;, x;]* = x?xf/(xi,xj)“,

[S1 = D(é:i(x,-, xj))D, (2.4)

a

where D := diag(x{, ..., xy). By (2.1) and (2.4),

det () = ﬂ%k

By Lemma 2.3, @, = x]“. For 2 <k < n, since max,es{|Gs(x)|} = 1, one may let
Gs(xr) = {xi, }. By Lemma 2.4, @,y = x.“ - x,;” # 0. So the matrix ((1/£,)((xi, x;))) is
nonsingular. Now applying Lemma 2.2 gives

1

(f@ww = (hy), 2.5)
where
CikCijk
hj; = _—
Y Z Ay k
Xl ’
Xjlxk
The desired result follows immediately from (2.4) and (2.5). O

We next recall some basic results on gcd-closed sets.

LEMMA 2.6 [7, Lemma 2.3]. Let S be a gcd-closed set with |S| > 2. Let c;; be defined

as in (2.3). Then
1 ifw=1,
Cwl = .
0 otherwise.
Further, if Gs(xy) = {xp, } for 2 < m < |S|, then
-1 ifw=my,
com =3 1 ifw=m,
0 otherwise.

LEMMA 2.7 [7, Lemma 3.1]. Let S be gcd closed and x,z € S such that x t z. If
Gs(x) = {y}, then (x,2) = (v, 2).

LEMMA 2.8. Let S be gcd closed and x,y € S with Gs(x) = {y}. If a| b, then for any
7,7 € Swithr| x, Y[z, x]” — x*[z, y1” is divisible by each of x*(y* — x*) and r*(y* — x%)

PROOF. We divide the proof into two cases.

Case 1: x ¥ z. By Lemma 2.7, (x, z) = (3, z), which implies

Zb xb . Zbyb b

G @y @ap

Yz, x1P = xz,y]” = * dyd(xb=a — yb=ay, (2.6)
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Since a | b,
(b]a)-2 (bla)-2
xb—a _ yb—a — (xa _ ya) Z (xa)(b/a)—Z—lyaz and Z (xa)(b/a)—Z—zyat VA
i=0 i=0

Hence, (x* — y%) | (x*~% — y*=%). Then by (2.6), we deduce that y*[z, x]” — x*[z, y]” is
divisible by each of x*(y* — x%) and r*(y* — x%).

Case 2: x| z. Then [x, z] = [y, z] = z. It follows that
Y1z, x1° = X[z, 31" = y'2? —x"2 = 22" = x%).
Since a | b, the desired results follow immediately. |

LEMMA 2.9. Let S be gcd closed and max,«s{|Gs(x)|} = 1. Ifa | b, then all the elements
of the nth column and the nth row of [S?1[S°1~! are integers.

PROOF. The proof of Lemma 2.9 is divided into two cases.

Case I: 1 <i<nandj=n. ByLemmas?2.5and 2.6,

1 1 CnkC
b a1—1 _ ) b mkCnk
(SIS = D L inl EI,
X | Xk

@
m=1 ak

XX
n

_ 1IN [xivxm]bcmn _ 1 Z [xi’xm]bcmn

~a - a
Xy A Xp@an Xn@an Xin

m=

Since max,es{|Gs(x)[} =1, we may let Gs(x,) = {x,,}. Then by Lemmas 2.4, 2.6
and 2.8,

x4 [xi, x]” — X8[xi, x0,1°
Xn (o, = x7)

eZ

AS"DIST™y; =

as required.

Case2:i=n, 1 <j<n-1.Then

a-ly _\ 1 CmkCik Cjk 1
(AS"UST ™y = D ol = D = 2saa 2o s omibim sl

[07
m=1 mTj xmllxk ak Xl DK e
Xj Xk
We claim that
1 1
- b
Yk = “a x_acmk[xm’xn] €Z
ek Ty

for any positive integer k with x; | xi.
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If k =1, then m = j = 1. In this case,

b—a,b
1 1 b [xl,xn]b X ax”

Y= cmcen gl = ——— = - €L
Tg,1 X X (1, %)

Now let k > 1. We can set Gs(xg) = {xx,} since |Gs(xx)| = 1. By Lemmas 2.4, 2.6

and 2.8,
b b
1 1 b le [Xk,xn] _XZ[xkl’xn]
Yk = — Coke[Xim» Xn]” = €EZ
xj‘au,k );m X4, xf(xj{’l - x7)
as desired. This concludes the proof of the claim and of Lemma 2.9. ]

Finally, we can use Lemma 2.9 to establish the main result of this section.

LEMMA 2.10. Let S be gcd closed and max,cs{|Gs(x)|} = 1. Let S; :=S5\ {x,} =
(X1, ... Xu1). If a | b, then [SP1[S*17! € M(Z) if and only if[Sll’][S?]‘1 eM, (Z).

PROOF. First, it follows from the hypothesis and Lemma 2.9 that all the elements of
the nth column and the nth row of [S?][S¢]~! are integers. So it suffices to show that

Ay = (ST = (TSI, € Z (2.7)

for all integers i and j with 1 <i,j <n-—1.
To see this, define
{1 if x, | xu,
e =

0 ifx, 1 x,,

for all integers u and v between 1 and n. Then e,; = 1 if x; | x, and e,; = O otherwise.
Furthermore, for any integer m with 1 <m <n -1, one has e,,, =1 if x, | x, and
e,n = 0 otherwise. We then deduce that

n
CmkCjk CmkCjk
b MmK= ] b J
Aj = Y [ixnl” D o - Z[x,,xm] > =
o XX gk XX Qa k

XXk J m=1 XX
Xl XXk, X # X
CnnCin CmnCin b
= [xi xn] €nj + [xi, X7 €njenm
Mg Z i, /
Cin [xta xn] [-xh xm] Cmn€nm
= €y = eninj. (28)
X’ X
i Qan b el m

Let us now show that A;; € Z. Since max,es{|Gs(x)|} = 1, one may let Gg(x,) = {x,, }.
From Lemma 2.4, a,, = x, — x,. However, by Lemma 2.6, for any integer m with
1<m<n-1,cy, =—1if m=n; and ¢,,, = 0 otherwise. It follows from (2.8) and
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Lemma 2.8 that

X (X, 01" — X8 [xi, X, 1

A= - Cjp €Z. 29
d X Gy — ) K 29

Since e,; € {0, 1}, (2.8) and (2.9) yield (2.7).
The proof of Lemma 2.10 is complete. ]

3. Proof of Theorem 1.1

We prove Theorem 1.1 by using induction on n = |[S].
For n = 1, the statement is clearly true.
Let n = 2. Since S = {x, x,} is gcd closed, (x1,x;) = x; and x; | x,. It follows that

[Sb][Sa]—l — (x? xg) . 1 (xg _xg) — ('B _x(fc) ,

b a _yay | _,a b-a
o) e - x) \—xd X 0 x5
where
b )Cb b—a b—a
X, — x4 —x
2 1 2 1
B = and Ci= ——
— — ya
x5 =X X5 =X

Since a | b, implying that a | (b — a), it follows that B e Z and C € Z, that is,
[SP1[S*1"! € M»(Z). The statement is true for this case.

Letn = 3. Since S = {x;, x2, x3} is gcd closed, we have x| | x; (i = 2,3) and (xp,x3) =
x1 or x;. Consider the following two cases.

Case 1: (x2,x3) = x1. Then one computes

b b b
X X 3
b b
Xox
243 a
P B O X
(s =" R T |
po 0| xE05 —xD0g - X))
xbx
b 273 b
X3 b X3
1
2a.,a,a _ 2a.2a a,2a _ ,a.,a 2a.a _ ,a.,a
I e R T T o M R B e R v e
x%“ x{ x?
2a a..a
x4x54 — x9x4x4
23 12Y3 ava_ 2
X - X{X5 = x5 0
) 1
x54x4 — x9x4x4
3
# O x?xg _xga
xa

1
B+x5F —x{C —x{F

=| ¥ DF x’z’*a -X{DF |,

x36C -x{&C xb-a

https://doi.org/10.1017/5S0004972722000491 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722000491

38 G.Y. Zhu and M. Li (8]

where 8 and C are as given earlier in this section, D := sz’ /x’l’ , &:= xg /x? and
F = (xé"“ - x’f‘“)/(xg‘ —x{). Since x; | x2, x1 | x3 and a | (b — @), all of B,C, D, & and
F are integers. Hence, [S”][S*]"' € M3(Z). The statement holds in this case.

Case 2: (x2,x3) = xp. Then x, | x3. We compute

XX
1
[Sb][Sa]—l — xb xh xb .
I e ey
2 x2 X
3 3 3
x5(x —x5)  x5(x§ —x3) 0
x| X505 —x5) x5O —xf)  x5(xg — x))
0 X5 —xf) x5 —x3)

B -B+G -xX5H
=10 G -X5H |,
b—
0 0 x4
where $ is as before, G := (xg - xg)/(x‘; —x3) and H = (xg’“’ —x’z"“)/(xg —X3).
Since a | b and a | (b — a) imply that G € Z and H € Z, it follows immediately that
[SP1[S“1™" € M3(Z). The statement is true for this case.

Now let n > 4. Assume that the statement is true for the n— 1 case. In what
follows, we show that the statement is true for the n case. Since S is gecd closed
and max,cs{|Gs(x)|} = 1, it follows that S| := {x;,...,x,-1} is also gcd closed and
maxyes, {|Gs, (x)|} = 1. Hence by the inductive hypothesis, [S’l’][S’f]*l eM,_(Z).
Finally, from Lemma 2.10, [SP1[S°17! € M, (Z) as desired.

This finishes the proof of Theorem 1.1. O
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