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Abstract. We provide an explicit S-adic representation of rank-one subshifts with bounded
spacers and call the subshifts obtained in this way ‘minimal Ferenczi subshifts’. We
aim to show that this approach is very convenient to study the dynamical behavior of
rank-one systems. For instance, we compute their topological rank, the strong and the weak
orbit equivalence class. We observe that they have an induced system that is a Toeplitz
subshift having discrete spectrum. We also characterize continuous and non-continuous
eigenvalues of minimal Ferenczi subshifts.
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1. Introduction

Cutting and stacking transformations have been used extensively for more than 50 years
in ergodic theory to produce a wide variety of dynamical systems which exhibit different
behaviors [Ada98, Bou93, Cha67, CPR22, Cre22, Jun76, Kin86, Kin88, Nad98, Orn72,
Ryz20]. These articles mainly concern the spectral properties, the centralizer and the
disjointness of these transformations.

To understand how simple these systems are, in [ORWS82] the notion of (measurable)
rank is introduced to formalize some constructions initiated by Chacon in [Cha67].
Roughly speaking, the measurable rank is the minimal number of ‘stacks’ needed in the
cutting and stacking process. They are defined by two sequences, usually called cutting and
spacer parameters. The systems requiring a unique stack are called rank-one systems and
should be thought as the simplest systems with respect to this notion. It includes periodic
systems and rotations on compact groups [Jun76], but also many other systems that have
received a lot of attention since the late 1960s, as ‘almost all’ interval exchanges [Fer97,
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Vee84]. They have been mainly studied from a spectral and probabilistic point of view, and
served to create examples and counterexamples in ergodic theory. For instance, the Chacon
transformation [Cha67] is one of the first known examples of a measurable transformation
which is weakly mixing but not mixing.

Ferenczi [Fer96, Fer97] proposed a different perspective representing these systems
as subshifts, whereas they have a purely measure-theoretic and geometric origin. This
combinatorial and topological model, that can be traced back to [Kal84], imposed a
different framework and led to many different questions. For instance, these subshifts
are known to have zero topological entropy. Moreover, they have non-superlinear sym-
bolic complexity [Fer96, Proposition 2], but they may have peaks with any prescribed
sub-exponential growth [Fer96, Proposition 3]. We refer to [AFP17, GH14, GH16a,
GH16b, GH21, GZ19, GZ20] for recent results about the combinatorial and topological
models of rank-one systems.

For minimal systems defined on Cantor spaces, there exists a different and
well-established notion of rank, called the topological rank [BDM10, BKMS13, DMO08,
DP22, Dur10]. The class of systems of topological rank one coincides with the class of
odometers, so we decided to refer to the symbolic construction of rank-one systems as
Ferenczi subshifts to avoid any misleading definition. Moreover, with Ferenczi being the
one that popularized this class of subshifts [Fer96, Fer97], we came naturally to coin his
name to them.

This article is devoted to the study of minimal Ferenczi subshifts, that is, those defined
by a uniformly bounded sequence of spacers. We attempt to create a comprehensive
classification for minimal Ferenczi subshifts according to some dynamical properties that
we find relevant. More specifically, we want to compute their topological rank and to
describe their (strong and weak) orbit equivalence class, to describe their (continuous and
measurable) spectrum, to explore its mixing properties and to compute their automorphism
group.

We begin by making the crucial observation that a subshift is a minimal Ferenczi
subshift if and only if it is an S-adic subshift generated by a particular directive sequence
of finite alphabet rank. The family of S-adic subshifts, introduced by Ferenczi in [Fer96],
is a rich family that has been studied intensively and many different behaviors have been
proposed [BD14, BSTY19, DDMP21, Dur00, Ler14].

It is particularly desirable to have primitive, proper and recognizable directive sequences
as this allows, without effort, to define a nested sequence of Kakutani—Rokhlin partitions
in towers [DL12]. This is a central tool for the study of the dynamical properties. For
instance, systems admitting such partitions with a uniform bound for the number of
towers are of zero topological entropy [Durl0], have an explicit description of their
ergodic invariant probability measures [BKMS13] and there exist necessary and sufficient
conditions for a complex number to be a continuous or measurable eigenvalue [BDM10),
DFM19].

The directive sequence of morphisms we obtain for minimal Ferenczi subshifts has
some nice properties, however they are not proper. A recent result of Espinoza [Esp22]
shows that this directive sequence can be chosen to be proper, but his general method
deteriorates the nice structure of the morphisms we obtained and considerably increases
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the size of the alphabets. Nevertheless, we can perform a standard trick which guarantees
properness, retaining a nice structure of the morphisms and the alphabets.

A direct consequence of the nice structure of the morphisms generating a minimal
Ferenczi subshift is that we can compute the topological rank in terms of the cutting and
spacer parameters, we recover the well-known fact that they are uniquely ergodic and we
show that they have a Toeplitz subshift as an induced system. Moreover, we show that this
induced system is mean equicontinuous and, thus, has discrete spectrum [DG16, GRJY21,
LTY15].

We characterize the exact finite rank of the directive sequences for minimal Ferenczi
subshifts, that is, when all towers decomposing the system have a measure bounded away
from zero at each level [BKMS13]. This has an incidence in the study of measurable
eigenvalues, as we give a general necessary condition for a complex number to be a
measurable eigenvalue for S-adic subshifts. We believe this result has its own interest for
further studies. It extends to subshifts what it is often called the Veech criterion for interval
exchange transformations [Vee84].

In order to understand the (strong and weak) orbit equivalence class of minimal Ferenczi
subshifts and their infinitesimals (in the spirit of [GPS95]), we provide a one-to-one
correspondence between the orbit equivalence classes and a family of dimension groups,
that we call of Ferenczi type.

We then turn to the study of eigenvalues of minimal Ferenczi subshifts. The group
of measurable eigenvalues of a given system gives useful information, as it defines the
Kronecker factor that comes naturally with the result of Halmos and von Neumann
[HN42], and also allows to study the weakly mixing property. In the topological dynamics
counterpart, the group of continuous eigenvalues allows us to understand the maximal
equicontinuous factor (in the minimal case) and the topological weakly mixing property.

In general, it is not true that measurable eigenvalues are continuous. Measurable
eigenvalues coincide with continuous ones for the class of primitive substitution systems
[Hos86]. However, there exist linearly recurrent minimal Cantor systems with measurable
and non-continuous eigenvalues [BDMO05].

In this article, we adopt the general framework of [BDM10, DFM19] to study
eigenvalues of minimal Ferenczi subshifts. This allows to give an alternative proof
about the description of continuous eigenvalues [GH16a, GZ19] and to show that all
measurable eigenvalues are continuous in the exact finite-rank case, which extends a result
in [GH16a]. We also provide some realization results in the non-exact finite-rank case with
non-continuous eigenvalues.

We also explore the mixing properties of minimal Ferenczi subshifts. With this purpose,
inspired by results in [KSS05], we give a general necessary condition for topological
mixing of minimal subshifts defined on a binary alphabet. This gives an alternative proof
to the fact that minimal Ferenczi subshifts are not topologically mixing [GZ19].

Finally, we show that subshifts in this family have a unique asymptotic class, which by a
standard argument implies that the automorphism group is trivial. This gives an alternative
proof of a result in [GH16b].

We expect that this S-adic approach is convenient to investigate some other relevant
questions in topological and measurable dynamics of subshifts.
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1.1. Organization. In the next section we give the basic background in topological
dynamics and S-adic subshifts needed in this article. We characterize minimal Ferenczi
subshifts as those S-adic subshifts generated by particular directive sequences in §3.
Section 4 is devoted to the study of these subshifts from the topological dynamics
viewpoint. We compute the topological rank and the dimension group of minimal Ferenczi
subshifts and their strong and weak orbit equivalence classes. Then, we study the
continuous eigenvalues, the maximal equicontinuous factor and the topological mixing of
minimal Ferenczi subshifts. In the last part of the section, we show that minimal Ferenczi
subshifts have a unique asymptotic class and a trivial automorphism group.

We study the measurable eigenvalues of minimal Ferenczi subshifts in §5. We illustrate
these results with concrete examples.

In this article, we let N and Z denote the set of non-negative integers and the set of
integers numbers, respectively. For a finite set A, we also denote by Rf (respectively, Zf)
the set of non-negative vectors (respectively, non-negative integer vectors) indexed by .A.
Similarly, we denote by Rfo (respectively, Z;‘lo) to the set of positive vectors (respectively,
positive integer vectors). For a vector v in RA the Euclidean norm of v is denoted by |[v]|
and we write |[|[v]|| = inf, czallv — w].

2. Preliminaries
2.1. Basics in topological dynamics and eigenvalues. A topological dynamical sys-
tem (or just a system) is a compact metric space X together with a homeomorphism
T : X — X. We use the notation (X, T). If X is a Cantor space (i.e., X has a countable
basis of clopen sets and it has no isolated points) we say it is a Cantor system. The system
(X, T) is minimal if for every point x € X the orbit {T"x : n € Z} is dense in X.

Let (X, T) and (X', T') be two topological dynamical systems. We say that (X', T”) is
a topological factor of (X, T) if there exists a continuous and surjective map ¢ : X — X’
such that

poT =T 0¢. (D

In this case, we say that ¢ a factor map. If, in addition, the map ¢ in (1) is a
homeomorphism, we say that it is a fopological conjugacy and that (X, T) and (X', T")
are topologically conjugate.

Let (X, T) be a minimal Cantor system and U € X be a non-empty clopen set. We can
define the return time function ry : X — N by

ry(x)=inf{n > 0: T"x € U}, x € X.

It is easy to see that the map ry is locally constant and, hence, continuous. The induced
map Ty : U — U is defined by

Ty(x)=T"x, xeU.

We have that Ty : U — U is a homeomorphism and that (U, Ty) is a minimal Cantor
system. We call it the induced system of (X, T) on U.
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We say that a complex number X is a continuous eigenvalue of the system (X, T)
if there exists a continuous function f : X — C, f #0, such that foT = Af; f is
called a continuous eigenfunction associated with A. The system (X, T') is topologically
weakly-mixing if it has no non-constant continuous eigenfunctions.

Let u be a T-invariant probability measure defined on the Borel o-algebra of X, that
is, (T ~1(A)) = u(A) for every measurable set A C X. We say that a complex number
A is a measurable eigenvalue of the system (X, T) with respect to p if there exists
feL*X,u), f#0, such that foT = Af; f is called a measurable eigenfunction
associated with A. The system is weakly mixing for w if it has no non-constant measurable
eigenfunctions.

If the system (X, T') is minimal (respectively, if u is ergodic for (X, T)), then every
continuous eigenvalue (respectively, measurable eigenvalue with respect to ) has modulus
one and every continuous eigenfunction (respectively, measurable eigenfunction) has a
constant modulus on X (respectively, a constant modulus p-almost everywhere on X).

Whenever the measure u is ergodic for (X, T) or when (X, T') is minimal, we write
A =expria) with o € [0, 1) to denote eigenvalues of the system. If A = exp(2mic) is
an eigenvalue of the system with « an irrational number (respectively, rational number),
we say that A is an irrational eigenvalue (respectively, rational eigenvalue).

2.2. Basics in symbolic dynamics

2.2.1. Subshifts. Let A be a finite set that we call alphabet. Elements in A are called
letters or symbols. The number of letters of A is denoted by |.A|. The set of finite sequences
or words of length £ € N with letters in A is denoted by A’ and the set of two-sided
sequences (X,)nez in A is denoted by AZ. A word w = wowy . . . we—; € A’ can be seen
as an element of the free monoid .A* endowed with the operation of concatenation (whose
neutral element is €, the empty word). The integer £ is the length of the word w and is
denoted by |w| = £; the length of the empty word is zero. A word v is a power of a word u
if v = u" for some n € N.

For finite words p and s in A* we say that they are a prefix and a suffix,
respectively, of the word ps. For x € AZ and integers N > n we define the word
X[n,N) = XnXp+1 - . . Xy—1. For a non-empty word w € A* and a point x € AZ, we say
that w occurs in x if there exists n € Z such that x, X, 41 . . . Xy jw/—1 = w. In this case, we
say that the index n is an occurrence of w in x. We use the same notion for finite non-empty

words x. We say that a non-empty word w = wow; . .. wy—1 € A* starts (respectively,
ends) with a non-empty word u € A* if u = wyp ... w;_; for some i < ¢ (respectively,
u=w;j...we forsome j > 0).

The shift map S : AZ — AZ is defined by S((xp)nez) = (Xnt1)nez. A subshift is a
topological dynamical system (X, S) where X is a closed and S-invariant subset of A%,
Here, we consider the product topology on .A%. Classically, one identifies (X, S) with X,
so one says that X itself is a subshift. When we say that a sequence x in a subshift is
aperiodic, we implicitly mean that x is aperiodic for the action of the shift.

Let (X, S) be a subshift. The language of (X, S) is the set £(X) containing all words
w € A* such that w = X[ m+|w)) for some x = (x,)nez € X and m € Z. In this case, we
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also say that w is a factor (also called subword) of x. We denote by L,(X) the set of words
of length £ in £(X). Given x € X, the language L£(x) is the set of all words that occur in
x. As before, we define L (x). For two words u, v € L(X), the cylinder set [u.v] is the set
{x € X : x{—ju|,Jup) = uv}. When u is the empty word we only write [v], erasing the dot.
We remark that cylinder sets are clopen sets and they form a base for the topology of the
subshift.

2.2.2. Morphisms. Let A and B be finite alphabets and 7 : A* — B* be a morphism.
We say that 7 is erasing whenever there exists a letter a € A such that t(a) is the empty
word. Otherwise, we say it is non-erasing. When the morphism 7 is non-erasing, it extends
naturally to a map from A% to B% by concatenation (we apply T to positive and negative
coordinates separately and we concatenate the results at coordinate zero). We continue
to call this map t. We observe that any map 7 : A — B* can be naturally extended to a
morphism (that we also denote by 7) from A* to B* by concatenation.

The composition matrix of a morphism 7 : A* — B* is given foreacha € Aandb € B
by M. (b, a) = |t(a)l|p, where |T(a)|, counts the number of occurrences of the letter b in
the word 7 (a). The morphism 7 is said to be positive if M, has positive entries and proper
if there exist p, s € B such that for all a € A the word t(a) starts with p and ends with s.

The minimum and maximal lengths of t are, respectively, the numbers

(7) ‘rlr;lﬁlr(a)l and |7 ranglf(a)l

We say that a morphism t is of constant length if (t) = |t|. Observe that if 7 : A* — B*
and ' : B* — C* are two constant length morphisms, then t’ o 7 is also of constant length
and

|7 ot = |7zl (@)

Following [BSTY19], a morphism t : A* — B* is left permutative (respectively, right
permutative) if the first (respectively, last) letters of t(a) and t(b) are different, for all dis-
tinct letters a, b € A. Two morphisms 7, T : A* — B* are said to be rotationally conjugate
if there is a word w € B* such that 7(a)w = wT(a) for all a € A or T(a)w = wt(a) for
alla € A.

2.2.3. S-adic subshifts. We recall the definition of S-adic subshifts as stated in
[BSTY19]. A directive sequence T = (v, : Ay, | — A})a>0 is a sequence of non-erasing
morphisms. A slightly more general definition is given in [DP22] including the case
of erasing morphisms. When all morphisms 7, for n > 0 are proper, we say that 7 is
proper. For 0 < n < N, we denote by t(, n) the morphism 7, o 7,41 0 -0 Ty_1, where
T @ Ay — A is the identity map for each n > 0. We say t is everywhere growing if
(Tj0,n)) — 400 asn — +o0 and say that it is primitive if for any n € N there exists N > n
such that Mz, ,, has positive entries, that is, for every a € Ap the word 77, 5y (a) contains
all letters in A,. Observe that primitivity implies everywhere growing. If 7 is primitive,
then the subshift (X, S) is minimal (see, for instance, [DP22, Proposition 6.4.5]).
However, there are minimal subshifts that are generated by non-everywhere-growing
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directive sequences, as for the Chacon subshift generated by a constant directive sequence
given by the morphism 0 — 0010, 1 +— 1.
For n € N, the language L () of level n associated with T is defined by

LM(1) ={w e A% - w occurs in tp, ) (a) for some a € Ay and N > n}

and let X 5") be the set of points x € Af such that £(x) € £ (z). This set clearly defines a
subshift that we call the subshift generated by L™ (7). We set Xy = X and call (X7, S)
or X, the S-adic subshift generated by the directive sequence t.

A contraction of T = (7, : A, = A*)p>0 is a directive sequence of the form

~

T = (Tk = Tneen) * A - A:k)kzo,

*
Mk+1
where the sequence (n4)x>0 is such that ngp = 0 and ny < ng for all k > 0. Observe that
any contraction of T generates the same S-adic subshift X .

We say that a directive sequence T = (1, : ;‘; b A¥)ns0 is invertible if the linear
map Mo, : RA — RAw1 (acting on row vectors) is invertible for all n > 0. Observe that
this implies that the sequence (|.4,|),>0 is constant.

The following proposition generalizes [BCBD*21, Lemma 3.3]. The proof is similar

and we include it here for the sake of completeness.

PROPOSITION 2.1. Let T = (1, : A:H — A¥)n>0 be a primitive and invertible directive
sequence. Then (X, S) is minimal and aperiodic.

Proof. 1t is enough to show that (X, S) is aperiodic. By contradiction, define p € N to
be the smallest possible period among all periodic points in X.

Lety =...uu.uu ...be aperiodic point in X, where |u| = p. Since t is primitive,
there exists n € N such that (zj9,,)) > p. Without loss of generality, there exists x € AZ
such that y = 779, (x). Furthermore, because t is primitive we can assume that every
letter of A,, occurs in x.

If the word t[0,)(x0) is not a power of u, then there exists a non-empty prefix v
(respectively, non-empty suffix w) of u such that u = vw, 70,)(x0) ends with v and
T[0,n)(x1) starts with w. The word 70, (x1) starts with u, so there exists a suffix v of
u such that u = wv’. However, because y = . . . uu.uu . . ., the word v’ is also a prefix of
u with |v'| = |v], so v = v’. The Fine-Wilf theorem then implies that v and w are powers
of a same word, contradicting the definition of p.

This shows that t[g,)(x0) = u”® for some po € N and, inductively, for each m € Z
there exists p,, € N such that (g ,)(x,) = u?”. In particular, for each a € A, there exists
Pa € N such that 710, (@) = uPe. Therefore, the columns of My, are multiples of the
column vector (|u]q)aeAy- This contradicts the fact that the linear map given by My is
invertible and finishes the proof. O

2.2.4. Recognizability. Lett : A* — B* be a non-erasing morphism and X € A% be a

subshift. For x € X and k € N with 0 < k < |t(xp)|, the cutting points of the pair (k, x)
are defined as follows. If £ > 0, we define the ¢th cutting point of (k, x) as
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Cik, x) = |t (xp0.0)] — k.

Similarly, if £ < O the £th cutting point of (k, x) is Cf (k, x) = —|t(x[e,0))| — k. Define
CHk, x) = {Cl(k, x) : € > 0}

Ify= Skr(x) with x € X and k € N, 0 < k < |t(xp)|, we say that (k, x) is a centered
T-representation of y. The centered t-representation (k, x) is in X if x belongs to X. The
morphism t is recognizable in X (respectively, recognizable in X for aperiodic points)
if any point y € B% (respectively, any aperiodic point y € B%) has at most one centered
t-representation in X. If 7 is recognizable in A” (for aperiodic points), we say that T is
fully recognizable (for aperiodic points).

In what follows, we use the following results [BSTY19, Theorem 3.1, Lemma 3.5].

PROPOSITION 2.2. Let T : A* — B* be a non-erasing morphism. Assume that t is (rota-
tionally conjugate to) a left or right permutative morphism. Then t is fully recognizable
for aperiodic points.

PROPOSITION 2.3. Let 0 : A* — B* and 1t : B* — C* be two non-erasing morphisms,
X C A% be a subshift and Y = Ukez Sko (X). If o is recognizable in X for aperiodic
points and t is recognizable in Y for aperiodic points, then T o o is recognizable in X for
aperiodic points.

We also need the following straightforward lemma [DP22, Proposition 1.4.30].

LEMMA 2.4. Let T : A* — B* be a non-erasing morphism and X C A% be a minimal
and aperiodic subshift. Suppose that t is recognizable in X and let Y = | ., Sk (X).
Then (X, S) is topologically conjugate to the induced system (t(X), Sz(x)) of (Y, S) on
T(X).

2.2.5. Recognizability for sequences of morphisms. Following [BSTY19], a directive

sequence T = (7, : A, | — Ap)u=0 is said to be recognizable at level n if the morphism

T, is recognizable in X 5"“). We say that the directive sequence T is recognizable if it is
recognizable at level n for each n > 0.

We have that T is recognizable if and only if for all 0 <n < N and any point
y € Xg") there is a unique couple (k, x) with x € XgN) and 0 < k < |t[,,n5)(x0)| such
that y = Sk T(,N)(x). This is the content of [BSTY19, Lemmas 3.5 and 4.2]. Indeed, 7
is recognizable if and only if for all » > 0 and any point y € X, there is a unique couple
(k, x) with x € X and 0 < k < |7j0.1)(x0)| such that y = S¥tpg,) (x).

Lemma 2.4 implies the following.

COROLLARY 2.5. Let T = (1, : Ay |
and let T = (ty41 : Ay, — A5 )n=0 be the shifted directive sequence. Suppose that
the subshift (X, S) is minimal and aperiodic. Then (X, S) is topologically conjugate to
the induced system (to(X,’), Sro(X,/)) of (X¢, S) on to(Xy).

— A*),>0 be a recognizable directive sequence
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2.3. Kakutani—Rokhlin partitions. Let (X, T) be a minimal Cantor system.

2.3.1. CKR partitions of minimal Cantor systems. A clopen Kakutani—Rokhlin (CKR)
partition T of (X, T) is a partition of X of the form

T ={T*B(a) :a € A(T),0<k < h(a)},

where A(7 ) is a non-empty finite alphabet, the value A (a) is a positive integer and B(a)
is a clopen set for all a € A(T ). Observe that

U 7"“B@y= (] B@.
acA(T) acA(T)

The base of T is the set B(T ) = Uae.A(T) B(a). The set T (a) = UO§k<h(a) T¥B(a) is
called the fower indexed by a € A(T ) of T with base B(a) and height h(a).
Let

Tp=1{T*B,(@):a e A(T,),0 <k <hy@}, n=>0

be a sequence of CKR partitions of (X, T). It is nested if for any n > 0:

(KR1)  B(Ty41) S B(T);

(KR2) T, < Thnt1,thatis, forevery A € T4 there exists B € T, such that A C B;
(KR3) (1,50 B(T») = {x} for some point x € X; and

(KR4) the atoms of UnZO T generate the topology of X.

We remark that nested sequences always exist [HPS92, Theorem 4.2].
For each n > 0, the incidence matrix M,, between the partitions 7,41 and T, is given
for eacha € A(T,) and b € A(T ,+1) by

My(a,b) =#0 <k < hy11(b) : Tan+1(b) C B,(a)}. 3)
For n > 0 let h,, be the row vector called height vector and defined by

hp = (hy (a))aeA(T,,)~
We define Py, = MMy ... My for 0 <m < n. Observe that P, 41 = M,. By
means of a simple induction argument, we have h, = hy, P, , and

Pun(a, b) =#{0 <k < hy(b) : T*B,(b) € Bu(a)}, “4)

ac A(Tn),be A(T,),0<m <n.
The topological rank of (X, T) is the value
rank(X, T) = inf lim inf | A(T,)|. (5)

nested sequence (7 ,)p>0 7n—>+00
of CKR partitions of (X,T)

Roughly speaking, the topological rank of (X, T') is the smallest number of CKR towers
needed to describe (X, T'). The topological rank is invariant under topological conjugacy.
See [BDM 10, DM08] for more details.

2.3.2. Invariant measures through CKR partitions. Let (T ,),>0 be a nested sequence of
CKR partitions. Any T-invariant probability measure p of (X, T') is uniquely determined
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by the values it assigns to atoms of the partitions, hence to the bases B, (a), a € A(T,)
andn > 0.
For n > 0 let w,, be the column vector called measure vector and defined by

Mn = (n(@))aeA(T,), Where uy(a) = pu(By(a)).

Therefore, the measure p is completely determined by the sequence of measure vectors
(n)n>0- As u is a probability measure, we have

W(Tu(@) =hy@pn@) and Y w(Ta(@) = 1. (6)
acA(T )

In addition, by (4) we have

Mm = LmpnMn, 0<m<n. @)

2.3.3. CKR partitions of S-adic subshifts. Let T = (1, : A:H — A*);>0 be a prim-

itive, proper and recognizable directive sequence which generates the S-adic subshift
(X<, S). Define the sequence (7 ,),>0 as follows:

T = {8 10 ([al) s a € Ay, 0 <k < |70 (@)}, n>0. (8

The following result proved in [DL12, Proposition 2.2] shows that (7,),>0 defines a
nested sequence of CKR partitions. We include a proof for the sake of completeness.

PROPOSITION 2.6. The sequence (T ,)n>0 is a nested sequence of CKR partitions of
(X<, S). Moreover, for each n > 0 the incidence matrix M,, between the partitions T ;41
and T, coincides with the composition matrix M, of the morphism t,:

M, =M,

Proof. As T is recognizable, T, is a CKR partition of X, for each n > 0. Observe that the
tower 7, (a) has base B,,(a) = 10, ([a]) fora € A,. Clearly we have B(T ,+1) € B(T,)
forn > 0.

Claim 2.6.1. We claim that T,, < T p,11.

Indeed, let Skr[o,nﬂ)([a]) be an atom of 7,41, a € Ay41, 0 <k < |100+1)(@)].
Let 1,(a) = boby ... b;—1 with b; € A,, 0 < j <i. Then, there exists j € [0,i — 1)
satisfying

[Ti0,n) (bob1 . . . bj)| < k < |1[00)(bob1 . .. bj11)].

We deduce that if k' = |zj0,) (bob1 - . . b)), then S¥ti0,,11y([a]) € S¥ ¥ 70, ([b)+1])
with0 <k — k' < |t[0,n) (bj+1)|. This proves the claim.

Claim 2.6.2. The atoms of UnZO T, generate the topology of X .

Indeed, let n > 1, a € A,, 0 <k < |tj0,n)(a)| and £ be a non-negative integer. As
T, is proper, there exist two letters p, and s, in A, such that t,(a) starts with p,
and ends with s, for all @ € A,4+1 and n > 0. As 7 is primitive, there exists N € N
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such that if n > N then (t0,—1)) > £. Let x',y e T0,m) ([al), un = 110,0—1)(Sn—1) and
Un = Tjo,n) (@) T[0,0—1) (Pn—1). We have

/! _ _
x[_‘unlslvnl) - y[_‘un|»|vn|) = UpUp,

so that x[/—é,l+k] = yf—e,e+k]' If x, y belong to Skr[o,,,)([a]), n> N, then x_¢—k g =
V[—¢—k,¢) and, in particular, x[—¢ ¢ = y[—¢,¢). Therefore, diam(Skt[o,n)([a])) — 0 as
n — 4o00. This proves the claim. As the bases (B(7,))n>0 are nested, they converge
to some point. This finishes the proof of the first statement.

The second statement follows easily from the recognizability of 7. [

We remark that the height vectors (1,,),>0 of (T,)n>0 defined by (8) satisfy
hn(a) = |tom (@], a€A,, n=0. )

2.4. Dimension groups. In this section we recall the basic on dimension groups and
state the main results that we use throughout this article. We refer to [DP22, GPS95] for
more complete references.

2.4.1. Direct limits. Let (G,),>0 be a sequence of abelian groups and let i, 1, : G, —
Gy 1 for each n > 0 be a morphism. Define the subgroups A and A° of the direct product

ano Gy by
A = {(gn)n>0 € ano Gy @ 8n+1 = int+1.(gn) for every large enough n}

and
AY = {(gn)n>0 € ano G, : gn = 0 for every large enough n}.

Let G = A/A° be the quotient group and 7 : A — G be the natural projection. The
group G is called the direct limit of (G,)n>0 and we write G = h_r)n G,. If g € G, then
all sequences (gx)k>0 such that g, = g and gx4+1 = ix+14(gk) for all k > n belong to A
and have the same projection in G, denoted by i,(g). This defines a group morphism
in : G, — G, which we call the natural morphism from G,, to G. For 0 < m < n define

in,m = in—l,n o in,n+l 0---0 im+l,m~

We have i), = iy 0 ipm and G = - Im i,.

We can also define direct limits of vector spaces. Let K be a field. For each n > 0, let
V, be a vector space over K and i,4+1, : Vpu = Vu41 be a linear map. The direct limit
V= h_r)n V,, is the vector space over K, where the group structure on V is that given by the
direct limit of the abelian groups V,, and the scalar multiplication is given by pointwise
scalar multiplication on each coordinate.

2.4.2. Orbit equivalence. Two minimal Cantor systems (X, T) and (X', T') are orbit
equivalent if there exists a homeomorphism @ : X — X’ which sends orbits onto orbits,
that is,

PUT"x:neZ) ={(THY"od(x):neZ)}, xcelX.
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This implies that there exist two maps o : X — Z and 8 : X’ — Z, uniquely defined by
aperiodicity, such that

PoT(x)=(TH)YMPod(x) and PoTPPYX)=T od(x), xe€X.

The minimal Cantor systems (X, T) and (X', T’) are strongly orbit equivalent if a and 8
both have at most one point of discontinuity.

2.4.3. Dimension groups of minimal Cantor systems. Denote by C (X, Z) (respectively,
C(X, N)) the group (respectively, monoid) of continuous functions from X to Z (respec-
tively, N) with the addition operation. Consider the map 0 : C(X, Z) — C(X, Z) defined
bydf =foT — f.

A map f is called a coboundary if there exists g € C(X, Z) such that f = dg. Two
maps f, f' € C(X, Z) are said to be cohomologous if f — f’ is a coboundary.

Define the quotient group H(X,T) = C(X,Z)/dC(X, Z). Let [f] be the class of
feClX,Z)in HX,T) and m : C(X,Z) - H(X, T) be the projection map. Define
HY(X,T) =n(C(X, N)) and denote by 1y the constant one valued function.

Consider the triple

KX, T)=(H(X,T), H (X, T), [1x]).

It is an ordered group with order unit [1x]. As (X, T) is minimal, it is a dimension group.
See [DP22, GPS95] for the definitions and more details. We call it the dimension group
of (X, T).

It is classical to observe that if (X, T') is topologically conjugate to (X', T'), then the
ordered groups with order units K°(X, T) and K(X’, T") are unital order isomorphic,
i.e., there exists a group morphism § : H(X, T) — H(X', T’) such that §(H" (X, T)) =
H* (X', T") and §([1x]) = [1x/].

Denote by M (X, T) the set of invariant probability measures of (X, 7). We define the
set of infinitesimals of H(X, T) as

Inf H(X,T) = {[f] e HX,T): / fdp=0forall u e M(X, T)}.

We have that H(X, T)/ Inf H(X, T) with the induced order is also a dimension group.
We denote it by K°(X, T)/ Inf KO(X, T).

The dimension groups K 0(X,T) and KX, T)/ Inf K°(X, T) characterize strong
orbit equivalence and orbit equivalence, respectively [GPS95].

Another description of the dimension group K O(X , T) is as follows. Let (7,),>0 be a
nested sequence of CKR partitions of (X, T') as defined in §2.3. Let (A(T ))n>0, (An)n>0
and (M,),>0 be the associated sequences of alphabets, height vectors and incidence
matrices, respectively.

For n > 0 we consider ZA() as an ordered group of row vectors with the usual order.
Define the sequence of ordered groups with order units

G, = @ATD, 2279 ), n=o.
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Let G = h_r)n G, be the direct limit of the groups G, with respect to the morphisms
M, : ZATw — 7ATw+1) given by the incidence matrix M, (acting on row vectors).
Let G be the projection in G of the set of points (x,)n>0 € [1,~¢ ZATw for which
there exists N € N such that xy € Zf(TN) and xp4+1 = xx My, k = N. Denote by u the
projection in G of the sequence (/,),>0-

The tuple K = (G, G*, u) is a dimension group. The introduction of this dimension
group is motivated by the following proposition [DP22, Theorem 5.3.6].

PROPOSITION 2.7. Let (X, T) be a minimal Cantor system and let IC be the dimension
group associated to a nested sequence of CKR partitions of (X, T). Then, the dimension
group K°(X, T) is unital order isomorphic to K.

2.4.4. Dimension groups of S-adic subshifts. Let T = (t,: Ay | — A})u>0 be a
primitive, proper and recognizable directive sequence. Suppose that (X, S) is aperiodic.
Let (7 ,)u>0 be the sequence of CKR partitions given in (8) and X be the dimension
group associated to it. Recall that, by Proposition 2.6, the incidence matrix M,, between
the partitions 7,1 and 7, coincide with the composition matrix M., of the morphism t,.

We call I the dimension group of T. By Proposition 2.7, the dimension group of (X, S)
is unital order isomorphic to /.

In the case where all the linear maps M., , n > 1 are invertible, it is easy to check from
the definition that the dimension group K 0(X;, S) is unital order isomorphic to (G, GT, u),
where

G={x¢e RA XMy My, .. .M, € ZAn+1 for large enough n},
Gt ={x eRM :xM My, ... My, € Zf_‘”“ for large enough n},
and u = (|70(a))aca, € RAL.
3. S-adic representation of minimal Ferenczi subshifts
3.1. Ferenczi subshifts. Following [Fer96, Fer97], we consider sequences of
non-negative integers (q,),>o0 and (a,; : n >0, 0 <i < g,), which we call cutting and

spacers parameters, respectively. These parameters define a sequence of generating words
W = (wy)n>0 over the alphabet {0, 1} inductively by

wo=0 and wyy; = wy1O0w, 191 . w, 1%y, n>0. (10)

Observe that

qn—1
[wat1] = (gn + Dlwal + Y @ni» 1> 0. (1
i=0
The sequence W allows the construction of the subspace of {0, 1}% given by
Xy = {x € {0, 1}Z : every factor of x is a factor of w, for some n > 0}
and a one-sided sequence x € {0, 1} by

X[0,lw,l) = Wn, 1 =0. (12)
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We define

n—1
Oun=[]@+1D. 0<m<n. (13)
j=m

A contraction of W is a sequence of generating words of the form W = (Wpy )k>0, where
the sequence (ny)k>0 is such that ng = 0 and ny < ng4 for all k£ > 0. Observe that if W
is a contraction of W, then the generating words of w satisfy a relation of type (10) with
new parameters (gx : k > 0) such that

51( +1= an»’lk+1’ k = 0. (14)

Moreover, it is easy to check that X W= Xwy.

The pair (Xyy, S) is a subshift, which we call the Ferenczi subshift associated to W.
It is minimal if the sequence (a,; :n >0, 0 <i < g,) is bounded. If such a sequence
is otherwise unbounded, then the two-sided sequence 1*° given by 17° =1 foralln € Z
belongs to Xy and Xy, contains at least two points, in particular the subshift (Xyy, S)
is not minimal. Moreover, in the minimal case, Xyy is finite if and only if the sequence x
given by (12) is periodic. See [GH16a, §2].

In the next section we prove that minimal Ferenczi subshifts are S-adic subshifts. This
is summarized in Proposition 3.3.

3.2. Minimal Ferenczi subshifts are S-adic. From now on, we assume that (Xyy), S) is
a minimal and aperiodic Ferenczi subshift. Let {a1, az, . . ., a¢} be the set of values of the
sequence (a,; :n >0, 0<i <q,) witha) <az <--- < ay.

We begin by constructing a sequence of alphabets (A,),>o as follows. Define
Ao = {0, 1} and for n > 1 we set

Ay ={a:a=ap;forsome N>n—1and0 <i < gy}.

In particular, we have A; = {ay, as, . . ., a¢} and A, is included in A, if 1 <m <n.
Consequently, there exists ng € N such that A, = A, for all n > ng. We define
Aw = A,y and dyy = [Apy|. (15)

It is easy to see that Ay is well-defined and that if ¥V’ is a contraction of W, then
Ay = Ayy. Moreover, because (Xyy, S) is aperiodic, we have dyy > 2. Indeed, suppose
that Ayy = {a} for some a. Then, one has that w, = wp,1%wy, 1 . .. wy,1%w,, for
n > ng, contradicting the aperiodicity.

Define the morphism 7o : A7 — Aj by t9(a) = 01¢ for a € A; and the morphism
Tyt Ar | — A by

Tu(a) = an_10an-11 - - . n—1,g, 1—1a, a € App1, n>1. (16)

Each morphism 7, for n > 1 is well-defined, of constant length and right permutative.
Indeed, the images of letters under 7, differ only at the last letter.

We define the directive sequence Tyy = (7, : A%, | — Af)n>0, where T = 0.

LEMMA 3.1. We have Tjo n+1)(a@) = w, 1% foralln > 0 and a € Apy1.
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Proof. By induction, the property holds if n = 0 because wo = 0. Now if the property
holds for n > 0, then for a € A, we have

?[O,n—i-Z)(a) = ?[O,n-l-l)(an,()an,l e an,qn—la) = Wy lan’own 1t Wy lan’qnflwn 1a’
which is precisely wy+11¢ by (10), proving the property by induction. O

LEMMA 3.2. The directive sequence Tyy is primitive. Moreover, for all n > 0 and
a € Ay, there exists N > n such that w, 1% is a factor of the word wy.

Proof. For the first assumption let n > 0. One has to find N > n such that M;[,LN) has
positive entries. If n = 0 this is given by Lemma 3.1. Suppose n > 1. If a belongs A,,
then, by definition, there exists N > n — 1 such that ay; = a for some 0 <i < gy. This
implies that a has an occurrence in Ty (b) for all b € Ay_2, and hence, by (16), it also
has an occurrence in Tj, x+2)(b). This proves the first claim.

For the second claim, let n > 0 and a € A,+1. As Tyy is primitive, there exist N > n
and b € An41 such that Tj,41 §+1)(b) = uavb for some words u, v. Hence, by Lemma 3.1

we obtain
wy1” = Fon11)(B) = Tons1) (wavh) = w'w, 1v'w, 17,
for some words u’, v, and thus w,, 19 is a factor of the word wy . O
Now we prove that the directive sequence Ty generates the subshift Xy.

PROPOSITION 3.3. We have Xy = X7,,,.

Proof. If x belongs to Xy, then every factor of x is a factor of some generating word
wy, for some n > 0 and, hence, also a factor of w, 1% = Tj »41)(a) for some a € A,1; by
Lemma 3.1. Thus, x belongs to X7,, and Xyy is included in X7,,,.

If now x belongs to Xz,,, then every factor of x is a factor of Tjo ) (a) = w,—11¢ for
some n > 1 and a € A, thus also a factor of wy for some N > n by Lemma 3.2. We
conclude that x belongs to Xy and X7,, is included in Xy . O

3.3. Recognizable directive sequences for minimal Ferenczi subshifts. In this section,
by a slight modification of the directive sequence Tyy), we describe a primitive, proper and
recognizable directive sequence 7)) generating the minimal Ferenczi subshift (Xyy, S).
This is summarized in Theorem 3.7.

We say that the sequence of generating words W is standard if the sequence (g;)n>0
given by (10) satisfies g, > 2 for each n > 0. Observe that we can assume without loss of
generality that each sequence W is standard. Indeed, this follows directly from Equation
(14). From now on assume that W is standard.

In order to apply Proposition 2.6 and obtain sequences of CKR partitions for the subshift
(Xw, S), we need each morphism 7, for n > 1 to be proper, which is not the case. We
define a morphism 7, : A}, — A} which is proper and rotationally conjugate (as defined
in §2.2.2) to T, by

T,(a) = Ap_11an-12 . . . An—1,g, —1a4n-10, a € Apy1, n=>1. (17)
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As W is standard, this is a well-defined proper morphism of constant length which is
rotationally conjugate to T,:
an—l,OTn(a) = ?n(a)an—l,Oa ac -An-‘rl, n>1. (18)
We define the directive sequence Tyy = (7, : Ay | — An>o0-
LEMMA 3.4. Fora € A1 and m > 1 we have
ao,07(1,2)(a1,0) - - - T[1m) (@m—1,0)T[1m+1)(@)
= T+ 1) (@T1m) @m—10) - - - T[1.2)(@1,0)a0,0-
Proof. We begin by proving the following.
Claim 3.4.1. Forl <n < N anda € Ay, we have
TNy (@N-1,0) TN +1) (@) = TNy (T (@) T, v (@ —1,0)-
Indeed, by means of a simple computation
Tn,N) (@N-1,0)T[n.N+1) (@)
= TN (@n—1,0) TN (T (@)
= TN @v-1,0)TmN@N-1,1 - - . N1 gy_—1GAN—-10)

= TN AN-10 - - - AN—-1,gy_—14) T[n,N) (AN -1,0)

Tin.v) (TN (@) Tnvy (AN —-1,0)s

proving the claim. This implies that for n € [1, N]and w € A} |, then

Tin,N) (AN=1,0) T, N+1) (W) = T n) (T (W) T, vy (an—1,0)- (19)

By induction, the statement in the lemma is true if m = 1 (see (18)). Assume that the
statement holds for m > 1. By the claim, for a € A,,+, we obtain

a0,0711,2)(@1,0) - - - T(1m) @m—1,0)T(1,m+1) (@n,0) T[1,m+2) (@)
=a00771,2)(a1,0) - - - T(1m) @m—1,0)T(1m+1) @1 (@) 71 m+1) (@ 0)-

By using (19) with w = Tjx m42)(a) for k =m + 1, m, ..., 2 and the induction hypothe-
sis, the last term is equal to

T1m+2)(@)ao0T(1.2)(@10) - - - T m+1)(@m,0)
= T m+2) (@ T 1m+1) @mo) - - - T1.2)(a@1,0)a00,

finishing the proof by induction. O
We now prove that the sequences Ty and Ty generate the same subshift.

PROPOSITION 3.5. We have Xy = Xq,,,.

Proof. By Proposition 3.3, it is enough to show that X,,, = X7,,.

Claim 3.5.1. The word agpot[1,2)(a1,0) - - - T(1,0)(@n—1,0) is a suffix of [y ,41)(a) for all
ac€Ay,yrandn > 1.
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Indeed, this is true for n = 1. Assume that the claim holds for n > 1. If a belongs to
A2, then the word ag 01712y (a1,0) - - - T1,n) (@n—1,0) T[1,n+1) (@n,0) is a suffix of the word

T+ (@n,1) - - - Tn+1) (An,g, — D T1n+1) (@) T[1n+1) (@n,0)

= Tin+1)(@n1 - - . ng,—100n0) = T[10+2)(@),

proving the claim by induction.
Let x € X3,,, and w be a factor of x. Then w is a factor of 7y o T[1.n+1)(a) for some
n>1landa € A,41. By Lemma 3.4, we deduce that w is a factor of the word

70(a0,0t11,2)(@1,0) - - - T(10) (@n—1,0)) T0(T[1,0+1) (@)).

By using the previous claim with a = ay, 4,1, the word w is a factor of

70(T[1,n+1) (n.g,— 1)) T0(T(10+1) (@),

and by (17) also a factor of 7o o 1[1,442)(a). Thus, x belongs to X,,, and X7, is included
in X,,,. Proving a similar claim reversing the roles of X,,, and X7,,,, we obtain that X,
is included in X7, O

We observe that the directive sequence tyy is primitive. Indeed, this follows directly
from Lemma 3.2 because T, is rotationally conjugate to T, for eachn > 1.

LEMMA 3.6. The directive sequences Ty and Tyy are recognizable.

Proof. Let y € Xyy be any aperiodic point. We prove the uniqueness of a couple (k, x)
with x € A%, 0 < k < |t9(xg)| such that y= Skzo(x). Indeed, y can be decomposed
uniquely into words from the set {01¢ : @ € A}, and so there exists a unique such couple
(k, x) (the zero coordinate of x corresponds to the symbol a € A such that the word 01¢
covers the coordinate yg). Hence, 71y and Tyy are recognizable at level zero.

For n > 1 the morphism t,, is rotationally conjugate to the right permutative morphism
T, (see §3.2). Hence, the morphisms 7, and T, are fully recognizable for aperiodic points
by Proposition 2.2. We conclude the proof using Proposition 2.3. O

By combining Proposition 3.5, Lemma 3.6 and the previous discussion, we deduce the
following.

THEOREM 3.7. A subshift (X, S) is a minimal Ferenczi subshift if and only if it is an
S-adic subshift generated by a directive sequence Ty as in (17) where the sequence
(ani :n>0, 0<i < gqy)is bounded.

3.4. Some useful computations for Ferenczi subshifts. In this section we show some
useful relations between the parameters defining a minimal Ferenczi subshift (Xyy, S)
defined by a sequence of generating words W given by (10).

Define

fa@=#0=<i<gu-1:an-1i=a}, a€A, nx=l (20)
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and let f;, be the column vector f, = (f(a))qe.4,- For a vector f in R4 we use the notation
| f1 =2 4ecua f(a). Observe that forn > 1,

[fnl = gn—1 21)

qn—l_1

Yoh®) b= )" ani (22)

be A, i=0

We now compute the height vectors associated with 7)) and give some estimates. We
recall Equation (9):

hy(a) = oy (@], a€A,, n=>0.

LEMMA 3.8. Let W = (wy)n>0 be a sequence of generating words and tyy be the
associated directive sequence given by (17). Then, the height vectors (h,),>0 associated
with Tyy satisfy

hp(@)=a+|w,_1|, a€A,, n>1. (23)
In particular, there exists K > 1 such that
K™ 'hy(b) < hy(a) < Khy(b), a,beA,, n=>0. (24)
Moreover, there exists a constant L > 1 such that

L7 'Q0n-1 < hy(@) < LQon—1, acA, n>1 (25)

Proof. The computation of h; is clear from the definition. Assume that (23) holds for
n > 1.Fora € A4, by using (21), (22) and (11), we obtain

hus1@ = Y ha@)M,(b.a) = ha@ (1 + fu@)+ Y ha(6) /()

beA, beA,, b#a
=@+ w1 D+ @)+ D b+ lwai]) fu(b)
be Ay, b#a
=a+wa1l+ Y fu®) - lwatl+ Y fub)-b
beA, beA,
qn—l_1
=a+ (o1 + Dlwacil+ D a1y
i=0
=da + |wn|»

proving (23) by induction. The estimate (24) follows directly from (23).
By the definition of the morphism 7, there exists a constant L > 1 such that

L7'w| < Jow)| < Llw|, w e A}.
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Leta € Ay, n > 1. By (2), we have

n—1

hn(a) = |70 0 Tmy (@) < Litpm@] =L [ ] It = LQos-1.

i=1
Analogously, we obtain L1 Qon—1 < hy(a), thus obtaining (25). ]

The composition matrices of the directive sequence Ty can be computed as

1.1
M,O=< ) My, = Lyps1 + fu-un, n=1, (26)
a ... ap

where the matrix I, ,41 is given for each a € A, and b € A1 by I 44+1(a,b) =1 if
a = b and 0 otherwise and u,, is the row vector of ones in RA+1,

Let ng € N be such that 4, = Ayy for all n > ny, let I be the identity matrix in RAW
and let u be the row vector of ones in RAW .

LEMMA 3.9. Let g1, g2, . . . , & be column vectors indexed by a finite alphabet A. Let
Ai=1+gi-u, 1=<i=<n,
where 1 is the identity in RA and u is the row vector of ones in RA. Then

n n
A]Ag...An=I+<Z I (1+|gj|)gk)-u, n>1,

k=1 j=k+1

and

ATl =1 8i

; — -u <i<n.
lgil +1

Proof. 1Tt is easy to check that the inverse of A; is as given. The formula for the product
Aj1Ay ... A, is clearly true for n = 1. Suppose that it is true for n and let us show that it
is true for n + 1. In fact,

Al ... ApAng =<I+<Z I (1+|g,-|>gk)-u)<1+gn+1-u)

k=1 j=k+1

n n
=14+ |gn+1|>(2 [] a+ |gj|)gk) U+ gup1 U

k=1 j=k+1

n n+1
=1+<Z I (1+|g,~|>gk)-u+gn+1~u

k=1 j=k+1

n+l n+l1
=1+<Z 1‘[<1+|gj|>gk)-u. -

k=1 j=k+1
By Lemma 3.9 and (13), we have

My My, o My, =1+ fiun-u, no<m<n, 27
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where
n—1
fon = Qkn-1fe. (28)
k=m
Observe that
|fm,n| +1= mel,nfl- 29)
Thus, Lemma 3.9 implies
(Me, My, .. My, )7 =1~ _Jmn ‘u, no<m<n. (30)
Qm—l,n—l

Example 3.10. Leta < b < ¢ < d be positive integers. Define a sequence W = (wy),>0
of generating words such that for infinitely many values of n

Wyl = wy 19w, 1°w, and Wyp] = Wy 1¢wy, 1%w,,.

Hence, Ayy = {a, b, ¢, d}. The directive sequence Ty consists of two morphisms t, 5 and
7..4, each one occurring infinitely many times in 7y, defined, for u € Ay, by

Tap(u) = bua,

Ted(u) = duc.

The composition matrices indexed by .4y are

21 1 1 1 000
1 21 1 01 00

M: M:

tab 001 0} ted 11 21
00 01 1 11 2

4. Topological dynamical properties of minimal Ferenczi subshifts

In what follows, W is a standard sequence as given by (10) generating a minimal Ferenczi
subshift. Let (Xyy, S) be the subshift it generates and tyy the associated directive
sequence given by (17).

4.1. Unique ergodicity. The unique ergodicity of Ferenczi subshifts is a folklore result
[Fer97, §1.1.4]. We provide a short proof.

PROPOSITION 4.1. The system (Xyy, S) is uniquely ergodic.

Proof. The directive sequence 7y defines a sequence of measure vectors (i, ),>0 given
in §2.3.2. By (7), to prove unique ergodicity of (Xyy, §) it is sufficient to prove that the
vector [, is uniquely determined for infinitely many values of n.

Recall the definition of Qq,, for m > 1 in (13). Let us consider the vectors (Z;)m>1
defined by #, = Qo m—1Mm, m > 1. By (7) we have

1
t, = _ = — (M = — Mt B m > 1.
m QO,m 1Mm Gt + 1( mll«m—i-l) Gt + 1 mlm+1 =
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Consequently, from equations (27) and (28),

1 1 n—1
th = ——— MMy 1 - M,_1t =—<I+< Qk,lfk)'u)t
" Qm—l,n—l e " " Qm—l,n—l Z " "

k=m

n—1

Jr

=Qo,mwn+<2 “ltal, o <m <n.
= Om-1k

It can be checked that Y, (fk/Qm—1x) converges, we define vy, = Y re,, (fi/ Om—1x)-
We deduce L~! < |t,| < L from (25) and, because u,, — 0 as n — 400, there exists
a sequence of non-negative numbers (&, ) >n, such that

Hm = OpmVpy, M = no.

We deduce o, = 1/]Po o vn,| from (7). Again, from (7) we obtain

v
o = [Vg, | ’ > 16
|P0,n0 Ung [l Pno,m V|
and, finally,
( |vno| )
Wm = Um, M = ng.
|P0,n0 Uny [l Pno,m V|
This completes the proof. O

4.2. Clean directive sequences. To go further in the study of Ferenczi subshifts we need
the following notion inspired by the definition of clean Bratteli diagram given in [BDM10),
§5], see also [BKMS13, Theorem 3.3].

Let T = (7, : :+1 — A¥)n>0 be a recognizable directive sequence and let 1 be an
ergodic invariant probability measure of (X, S).

We say that 7 is clean with respect to u if:
(1) there exists ng € N such that A, = Ay, forall n > ng; put A = A,;
(2) there exist a constant ¢ > 0 and A, € A such that

w(Tp(@) >c, n=>ng, acA, and (31)

Jim u(Ta(@) =0, aeA\A,.

We remark that we can always contract the directive sequence T so that it becomes clean
with respect to u. If A, = A, we say that 7 is of exact finite rank.

It is proven in [BKMS13] that exact finite rank of T implies that (X, §) is uniquely
ergodic. However, the converse is not true, even for Ferenczi subshifts.

Example 4.2. (Ferenczi subshift with non-exact rank) Consider a sequence of generating
words W with associated cutting parameters (g,),>0, as defined in (10). Suppose that
gn — 400 as n — 400 and that there exists a letter a* in Ayy such that f,(a*) +1 < C
for all large enough values of n and some value C > 0.
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If 1 is the unique invariant probability measure of (Xyy, S), from (6) we obtain

(T nt1(b))

w(Tn(@*)) = hp(@pn(a*) = hy(a*) Z My (@, b) hu1(D)

beAyy
Chy,(a*) - CK
- minbeAW hnr1(B) ~ gn—1 + 1

where we used

has1(0) = ) ha(@)My(c,b) = K~ 'hy(@®) ) Ma(c,b)

ceAw ceAw
= K 'hy(a*)(quo1 + 1), b e Aw.

Therefore, (7 ,(a*)) — 0 as n — 400 and Tyy is not of exact finite rank.

A subshift (X, S) is linearly recurrent if it is minimal and there exists a constant K > 0
such that if u € £(X) and w is a right return word to « in X, then

lw| < Klul.

We refer to [DP22, Dur(0] for more details on linearly recurrent shifts. In [BKMS13] it
is shown that linearly recurrent subshifts have exact finite rank and that the converse is
not true. The following example shows that the converse is not true, even in the family of
Ferenczi subshifts.

Example 4.3. (Ferenczi subshift with exact finite rank that is not linearly recurrent)
Consider a sequence of generating words W such that dyy = 2. Let Ayy = {a, b} and
define the morphism 7, by

1,(@) =a"b**'ab and 1,(b) = a"b" 'bb, n>1.
The composition matrix of 7, indexed by Ayy is My, = ( ”ZJ; ! a1 ) and, hence, Tyy is
of exact finite rank [BKMS13, Proposition 5.7]. Observe that for all n the word (g ) (a)”Jrl
belongs to the language of Xyy. Hence, the subshift (Xyy, S) is not linearly recurrent, see

[DHS99, Theorem 24].
In the following, we characterize exact finite rank of Tyy.
PROPOSITION 4.4. For a € Ay, we have lim infy,, ;oo (T (a)) > 0 if and only if

o0
liminf 3 LK@

> 0. (32)
m—>—+00 = Om—14k
=m

In particular, Tyy is of exact finite rank if and only if (32) holds for all a € A .

Proof. Let ng € N be such that A,,, = Ayy. Consider m > ng and a € Ayy. Asdyy > 2,
there exists b € Ayy with b # a. By [BKMS13, Proposition 5.1] one has

_ . |T[m,n) (b) |a
pm@) = lim =
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By (27) and (28), because b # a one obtains
[ty BD)la ke Qrn—1 fil@)

hn (D) hn (D)
Hence, by (6)
B (@) n—1
#Tn(@) = (@pen(@) = Tim 2200 Z Q-1 fi(@)

. hp@ fi@)
= lim b Om—1n- 12

Using (25), there exists a constant C > 1 such that

ol < hm(a)
= ha(b)

Therefore, lim inf,,, , 1 oo (7T, (a)) > 0 if and only if

———Om-1n-1<C, a,be Ay, no<m<n.

o0
lim inf @y,

m——+00

where it can be checked that ), fx(a)/Qm—1x converges. O]

4.3. Toeplitz induced systems. Let (Xyy,S) be a minimal Ferenczi subshift and
Tw = (t 1 Aj | — A0 be the directive sequence given by (17). Denote by 77, =
(Tat1 2 A 9 A 4+1)n=>0 the shifted directive sequence of Tyy and let Uyy = 1o(X ) ).
From Corollary 2.5 the induced system (Uyy, Sy,,,) of (Xyy, §) on Uyy is topologically
conjugate to the S-adic subshift (X,/W, S).

Recall from §§3.2 and 3.3 that each morphism 7, has constant length and is rotationally
conjugate to the right permutative morphism 7, for n > 1. Therefore, TW is recognizable
and the subshift (X 7 S) is minimal and aperiodic. Moreover, the associated sequence
of incidence matrices (M,),>0 coincides with the sequence of composition matrices
(M, )n=0 by Proposition 2.6.

We deduce that the latter has the equal path number property, that is, for each n > 0
the sum of each column of M, is constant. This implies that (X, " , S) is topologically
conjugate to a minimal Toeplitz subshift [GJ00, Theorem 8]. We recall that a subshift
(X, S) with X € AZ is Toeplitz if X is the closure of the orbit {§"x : n € Z} for some
sequence x = (Xy)nez € AZ such that for all n € Z there exists p € N with x;, = x,14p
forall k € Z.

We prove that this Toeplitz subshift is mean equicontinuous. We recall that a topological
dynamical system (X, 7) with a metric d on X is mean equicontinuous if for every
& > 0 there exists § > 0 such that if d(x, y) < §, then p,(x, y) < ¢. Here, p, denotes the
Besicovitch pseudo-metric given by

n—1

1
po(x,y) =limsup — > " d(T*x, T*y), x,y € X.
n—+oo M =0
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Let (X, T) be a minimal system. Denote by (Xeq, Teq) to the maximal equicontinuous
factor of (X, T), by v to its unique invariant probability measure and let 7eq : X — Xeq
be the corresponding factor map.

The system (X, T') is mean equicontinuous if and only if it is uniquely ergodic (with
unique invariant probability measure w) and 7eq is a measurable isomorphism between
the systems (X, 7', ) and (Xeq, Teq, v) [DG16, LTY15]. In particular, this implies that
the system (X, T, n) has discrete spectrum, that is, there exists an orthonormal basis of
L3(X, p) consisting of measurable eigenfunctions of (X, 7). We refer to [GRJY21] for
more details about mean equicontinuity.

In what follows, we need the following definitions. For a sequence of positive integers
(Pn)n=0 such that p, divides p,41 for n > 0, the odometer given by this sequence is the
system (Zp,),-o> T ), where

Lppy=o =M Z/ pnZ. = {(xn)nzO € ]_[ L] pnZ : xp41 = xp(mod py), n > 0}

n>0

and the map 7' : Z(p,),-0 = Z(py)u=o 1S given by
T((xn)nz()) = (x, + 1(mod pn))n20~

Lett = (7, : Aj | = A})n>0 be a primitive, proper and recognizable directive sequence

such that the morphism t,, has constant length for each n > 0. It is classical to show that the
0.) D=0 T)
[GJOO]. The factor map 7eq : X7 —> Z(jzq,, )= €an be described as follows. Let x € X .
By recognizability of T, for every n > 0 there exists a letter a,(x) in A, and &, (x) with
0 < k,(x) < |tj0,m)|, uniquely determined, such that

maximal equicontinuous factor of (X, ) corresponds to the odometer (Z(lf[

x € S5 g0 ([an (D).
Then we define
Teq(x) = (kn (X)) n>0- (33)

It can be observed that k41 (x) = k, (x)(mod |t)p,)|) for x € X.

For a morphism t : A* — B* of constant length |t|, we say that it has a coincidence
atindex 0 <i < |7 if 7(a); = t(a’); for every a, a’ € A. The notion of coincidence has
been used in [Dek78] to characterize the discrete spectrum of constant length substitution
systems. See also [Que87].

PROPOSITION 4.5. The system (Uyy, Su,,, ) is mean equicontinuous.

Proof. As was observed previously, the system (Uyy, Sy,,,) is topologically conjugate to
the S-adic subshift (X o S). Moreover, as in the proof of Proposition 4.1, this subshift is
uniquely ergodic. Denote by w its unique invariant probability measure.

The directive sequence T/W is primitive, proper, recognizable and consists of morphisms
of constant length. Indeed, from (17) we have |t,+1| = g, + 1, n > 0. Hence, the maximal
equicontinuous factor of (X, , S) is the odometer (Z(g,,,),o, T)- Denote by v the unique
invariant probability measure of this odometer and let 7eq : X7 = — Z(Q,,,),-o be the
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factor map given by (33). Denote by (77,)n>0 the nested sequence of CKR partitions of
(X,/W, S) given by (8).
For each z = (z4)n>0 in Z(gy,,),0> WE Write
Zn = Qon-1t(2) + 1 (2), 0=ry(2) < Qon-1, 0=1,(2) <gu—1+1, n=1L
We define
Chn={0<i < (gn—1+ 1) : 7, has a coincidence at index i}
Dy ={z € ZQy,)ps0 : t(2) € Cn}, n>1

Claim 4.5.1. If a point z = (z,)s>0 in Z(QO,n)nzO is such that #,(z) belongs to C, for
infinitely many values of n, then |7r‘;ll ({zh| = 1.

Indeed, let x, y € X,/W be such that k, (x) = k,(y) = z, forn > 0. If #,,(z) belongs to
Cp, then there exists a letter £(z) in A, such that 7,(an+1);,) = €(2) for every a,41 in
A, 11. Consequently, we have

St ety ([@ns1]) S SOt (LD, ant1 € Apti-

This implies that there exists infinitely many values of n for which x and y

belong to Sr"(Z)r“,n)([Z(z)]). As (T,)n=0 is a nested sequence, we deduce that

diam(S’"(Z)r[l,n)([E(z)])) — 0 as n — +o0 and, therefore, x = y, proving the claim.
From the claim, it follows that if we denote by Z the set of points in Z(g,,),, that are

not invertible under 7.4, then
ZcC U ﬂ Dy,

n>0 m=n

Observe that, from (17), we obtain v(D,,) = 1 — |Cp,| /(g + 1) = 1/(gm + 1) form > 0.
Thus,

1 1
v Dm) = = - =0,
and, hence, v(Z) = 0. This proves that meq is a measurable isomorphism between
(Xz;,» S, i) and (Z(gy,,),o- T'» v), and concludes the proof. O

4.4. Computation of the topological rank. In this section we compute explicitly the
topological rank of a minimal Ferenczi subshift (Xyy, S). We refer to §§2.3 and 2.4 for
the definitions.

For an abelian group G we denote by rank G the rational rank of G, that is,

rankg G = dimg G ® Q.

4.4.1. Basics on tensor products. We need very classical facts on tensor products
between abelian groups and Q. We recall what is needed to follow our arguments and
refer to [Bou62] for more details.

Let G be an abelian group. Then, it has a Z-module structure and we can define the
tensor product G ® Q. Moreover, this product has the structure of a vector space over Q.
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Elements in G ® Q are linear combinations of the form

n
Y s®q neN, geG qeQ 0<k=<n
k=0

An element of the form g ® g with g € G and ¢ € Q is said to be a pure tensor.

PROPOSITION 4.6. Let G be an abelian group and (G,),>0 be a sequence of abelian
groups. We have the following:

(a) (li_r)n Gn) ® Qand li_r)n(G,, ® Q) are isomorphic as vector spaces over Q;
@ fg®q=0inGQQ, then g =0 or g is a torsion element in G.

4.4.2. Back to the computation of the topological rank. The following lemma gives a
lower bound for the topological rank of a minimal Cantor system.

LEMMA 4.7. Let (X, T) be a minimal Cantor system. Then

rankg H (X, T) < rank(X, T). (34)

Proof. We can assume rank(X, T) < +o0. Let (7 ,),>0 be any nested sequence of CKR
partitions of (X, T) such that lim inf,_, + |A(T,)| < +00. Denote by (My),>0 the
sequence of incidence matrices of (7 ,),>0. We can assume that | A(7,)| = p, n > 0 for
some p € N.

By Proposition 2.7, the dimension group H (X, T) can be seen as the direct limit
lim ZAT with linear maps M, : ZATw — 7ATuw1) > 0. Define the linear maps

—_
Jntin : ZATD @ Q — ZAT#1) ® Q on pure tensors by
JnriaW®q) =M, ®q, veZrTV, 4eQ, n=0

and extend them by linearity to ZATY @ Q. We consider h'_n)l(ZA(T") ® Q) with linear

maps (jn+1,2)n>0-
Proposition 4.6 implies that H (X, T) ® Q and li_r)n(ZA(T") ® Q) are isomorphic vector

spaces over Q. Each morphism j, : ZAT» @ Q — li_r)n(ZA(T") ® Q) is linear and we
have

dimg Im j, < dimg Im j, + dimg ker j, = p.

As Im j,, € Im j, for m < n, there exists N € N such that Im j,, = Im j, for all
m, n > N. This, together with the fact that li_r)n(ZA(T") ® Q) = U,>0 Im j,, implies that
rankg H(X,T) < p.

As the choice of the sequence (7 ,),>0 is arbitrary, we deduce (34). L]

The proof of the next lemma is essentially given in [BCBD™21, Theorem 4.1].

PROPOSITION 4.8. Let T = (7, : Ay,

directive sequence. Let d = | Ag|. Then

— A"),>0 be a primitive, proper and invertible

rankg H (X¢, §) =rank(X,, S) =d.
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Proof. By Proposition 2.1 we have that (X, S) is an aperiodic subshift. Let (7,),>0 be
the sequence given by (8). As 7 is recognizable [BSTY19, Theorem 3.1], by Proposition
2.6 we have that (7 ,),>0 is a nested sequence of CKR partitions. Hence, by (5) we have
rank(X, S) <d.

Now we show that H (X, S) ® Q is finite-dimensional. Indeed, we prove that

B ={lxaq1®1:a e Ao}

is a basis of H(X¢, S) ® Q, where [ x[4]] denotes the class of the characteristic function of
the cylinder [a] in H (X, S). This will finish the proof because (34) implies

d =rankg H(X¢, S) <rank(X,, §) <d.

Following the same steps as in the proof of [BCBD™21, Theorem 4.1] and because the
matrix MT_[ Oln) has rational entries, we deduce that B spans H (X, S) ® Q. Suppose that

a = (Aa)aec Ay € 7 is such that

> Xl ®1=0.
acAy

The fact that H (X, S) is a torsion-free abelian group [DP22, Proposition 2.1.13] and
Proposition 4.6 imply that ZaEAo Aalxia)] =0 in H(X, S). Then, as in the proof of
[BCBD*21, Theorem 4.1], we obtain « = 0 and B is a basis. O

Proposition 4.8 and (30) directly imply the following.

COROLLARY 4.9. Let (X, S) be a minimal Ferenczi subshift. Then

rank(Xyy, S) = dyy.

4.5. Computation of the dimension group. We now compute the dimension group of a
minimal Ferenczi subshift (Xyy, S). Let us explain how we proceed.

Let 7)) be the directive sequence associated with (Xyy, S) and ng € N be such that
A, = Ayy for n > ng. Define the directive sequence

TW = (Tuing : Al = AJy)nzo0-

By Lemma 3.9, T)y is invertible. By Lemma 2.4, the S-adic subshift (X7, S) s
topologically conjugate to an induced system of (X¢,,,, ) on some clopen set and, from
§2.4.4, the dimension group of Tyy is unital order isomorphic to (Hyy, ’H)J/rv, 1), where

Hyy = {y € RAW . yMy, My, o My, L, € 7% for all nlarge enough},

Hyy =1{y € RAW - yM, M .M € wa for all n large enough},

Tng " Tng+1 ° ° Tng+n—1

and 1(a) =1 for a € Ayy. Moreover, the dimension group of (Xyy, S) is unital order
isomorphic to (Hyy, H+W’ vw), where vy = (|70,10) (@) Daec Ay -

Recall the definition of the sequence (g,),>0 given in (10) and of Q,, , in (13).

By Proposition 4.1 and Lemma 2.4, the system (X3,,,, ) is uniquely ergodic. Denote
by i its unique invariant probability measure and define the column probability vector
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L € RAW by
(a) = pn(lal), aeAw.
As in the proof of Proposition 4.4, by using [BKMS13, Proposition 5.1] we have

HOESY SD e (35)

In order to describe the dimension group of (Xyy, S), we need to define, for a sequence
of positive integers (a,),>n, the following additive group

m

Z[(an)nZN]z{ m €, I’LZN}

ANAN+1 * * * Ap
Ifa, =aforalln > N, we write Z[1/a] = Z[(ay)n>n1-

Leta’ € Ayy be such that a’ = min, 4,, a. Define Byy = Ay \ {a'}.

We see elements in RAW as vectors in RBW x R. Define the column vector z € RAW
by

z2(b) =), beBy and z(@)=1.
PROPOSITION 4.10. Let (Xyy, S) be a minimal Ferenczi subshift and (qn)n>0 be the

sequence given in (10). The dimension group K°(Xyy, S) is unital order isomorphic to
(Gw, Gy ), where

Gw = ZPW X ZU(gn + Dnzng-1;

Q;fvz{x € Gy :x-z>0}U{0};
and uyy is given by uyy(b) = b — a’, b € By and uyy(a’) = a’ + |wpy—1l.
Proof. We begin by proving the following.

Claim 4.10.1. 'We have
Hiy ={y € Hw:y - >0}U{0}.

Indeed, because the directive sequence T is primitive, proper and recognizable, the
measure [ is uniquely determined by the associated sequence of measure vectors (1t,)n>0
as defined in §2.3.2. For a € Ayy, denote by ¢, € ZA the vector such that eq.(b) =11if
a = b and 0 otherwise.

Let P, = M;, M

Tng " Tng+1 ° *

.M

tug a1 f0r 1> 0. By (7), we have
=Py, n>0.
If y belongs to "H,{/’V \ {0} and n > 0 is such that y P, is in ZfW, then
Y R=Y Pty = (YPy) - pta > 0.

Now, let y € Hyy with y - & > 0. By contradiction, if y is not in ’H{f\,, there exists
N € N and a sequence (a,),>n such that a, belongs to Ayy and (yP,) - e,, < —1 for
all n > N. Hence, there exists @ € Ay and a sequence (ni)r>0 such that ny > N and

https://doi.org/10.1017/etds.2023.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.7

Dynamical properties of minimal Ferenczi subshifts 3951

(y 13\,,,() -e, < —1 for k > 0. Let ¥ be a limit point of the sequence of probability vectors
(Pnkea/|Pnkea|)kZO-
By unique ergodicity of (X7, S), we deduce v = . Finally, up to passing to a
subsequence,
P ).
0<y i lim 2w g
k—+o00 |Pnk eql
a contradiction. This proves the claim.

Let y € Hyy. There exists n > ng with yM, M

u is the row vector of ones in RAW . By (27), we see that

M € 7AW  Recall that

Tng " Tng4+1 * * ° Tng+n—1

yM M an0+n—1 =Yy + (y : fno,no+n)u (S Z'AW,

and, hence, y(b) — y(a’) belongs to Z, b € Byy. Observe that

uMey, Me, - My, o, = (I frgno+n!| + Du.

Moreover, from (13) and (29), we have

Tngy tn0+1 N

|fn0,ng+n| +1= (Qno—l + 1)(Qno +D... (‘In0+n—2 +1),

so y(a’) belongs to Z[(g, + Dyzng—11-
These two observations allow us to define the following group isomorphism

¥ Hyy — ZPW X ZL(gn + Dnzng-1]
y = (¥, y(@)),

where y'(b) = y(b) — y(a’) for b € Byy. Moreover, for y € Hyy wehavey - it = ¥ (y) - z
and, hence,

W(H%):{xegw:x~z>0}u{0}.

From Lemma 3.8, we obtain ¥ (vyy) = uyy. This completes the proof. O

4.6. Zoology of dimension groups of Ferenczi type. We now characterize the dimension
groups that can be obtained from minimal Ferenczi subshifts. For this, we need to recall
the following well-known fact about numeration systems.

4.6.1. Facts about numeration systems. Let (pr)k>0 be a sequence of positive integers
with py > 2, k > 0. Then, for every real number x with 0 < x < 1, there exists a sequence
(fi)k>1 such that 0 < f; < py—_; fork > 1 and

o]

=2 o

—_, bopri - 71'

We say that (fi)k>1 is the expansion of x in the base (pi)i>0.

4.6.2. Ferenczi-type dimension groups. Let B be a non-empty alphabet. We define
={uezb 2o ub) #u®') forb, b’ € B).
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Observe that the unit uyy in Proposition 4.10 belongs to U Bw x 7. because all elements
in Ayy are distinct. Define

AB=(zeRB,: Y, 52(b) < 1}

and let (r,),>0 be a sequence of integers with r,, > 2.
We say that a dimension group (G, G, u) is of Ferenczi type if there exist a non-empty
alphabet B3, a sequence (r,,),>0 as before and z € AB x {1} such that

G = 7P x Z[(ry + Dol
Gt={xeG:x-z>0U{0}); and

ueUBx7Z..

Proposition 4.10 shows that the dimension group of a minimal Ferenczi subshift is of
Ferenczi type. Conversely, let (G, G, u) be a dimension group of Ferenczi type given by
B, (ry)n>0 and z. Write u = (v, w), where v € UBandw e Zi~0.

Let d’ =w—1 and s(b) =a’ +v(b) for b e B. Observe that s(b) > a’ and
s(b) # s(b') for b, b’ € B. Define any sequence of generating words WV such that:

(1) no=1land Ay = {s(b) : b e B} U {d'};

2) qn=r,forn > 0;and

(3) for b € Byy, let (fi(s(b)))k>1 be the expansion of z(b) in the base (g + 1)k>0,
that is,

[e.e]

Si(s(D))
= . beB
0 ,; (@o+D@+D...(gr-1+1 €

From Equation (35), we have thus proved the following.

COROLLARY 4.11. A dimension group K = (G, GT, u) is of Ferenczi type if and only if
there exists a minimal Ferenczi subshift (Xyy, S) such that K is unital order isomorphic to
KXy, S).

Example 4.12

(1) The Chacon subshift is defined by the sequence of generating words WV which
satisfies

Wpt1 = wpwylw,, n>0.
Proposition 4.10 shows that the dimension group of the Chacon subshift is
Z x Z[1/3], {(x,y)eZ xZ[1/3]:x+2y >0} U{0,0)}, (1,1)).
This dimension group is unital order isomorphic to
(Z x Z[1/3], 7Z x Z4[1/3], (1,1)).

(2) The Thue—Morse subshift is the subshift generated by the constant directive sequence
T =(t,1,...), where the morphism 7 : {a, b}* — {a, b}* is given by t(a) = ab
and 7(b) = ba. Its dimension group is
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(Z x Z[1/2], {(x,y)eZ x Z[1/2] : —x + 3y > 0} U {(0,0)}, (0, 1)),

see [DP22, Example 4.6.11].

We claim that the Thue—Morse subshift is not strongly orbit equivalent to a
minimal Ferenczi subshift. Indeed, by Corollary 4.11, suppose that there exists a
non-empty alphabet B, a sequence (r,),>0, an order unit u € U By 7.y and a
isomorphism

v Zox Z[1/2]) = ZB x Z[(ry + Dn=0]

such that ¥ (0, 1) = u.

The existence of 1 ensures the existence of an isomorphism between
(Z x Z[1/2]) ® Q and (ZB x Z[(r, + Du>0]) ® Q and, thus, |B| = 1.

For a prime number p, denote by v,(-) the p-adic valuation. For an integer
sequence (an)n>0, the sequence (vp(ag . . . an))a>0 is increasing and, hence, it is
eventually constant or tends to +o0o0. We denote by v,((a,)n>0) the eventually
constant value of it (either finite or +00).

It is easy to show that v2((r, + 1),>0) = +00 and v, ((ry + 1),>0) =0 for
p # 2, s0 we can suppose Z[(r, + 1),>0] = Z[1/2].

Write ¢ (0,1) = (m,w), meZ, weZ[1/2] and (0, 1/2") = (m,, wy,),
my € Z, w, € Z[1/2]. Then

2"my, 2"w,) = (m, w), neN.

In particular, 2" divides m for alln > 0, hence m = 0. If ¥ (1,0) = (d, v) ford € Z
and v € Z[1/2], we obtain

Y(s,t)=(ds,sv+tw), seZ, teZ[l/2].

We have u = (0, 1) = (0, w), but 0 does not belong to UB. This shows that
the Thue—Morse subshift is not strongly orbit equivalent to any minimal Ferenczi
subshift.

4.1. Comments on orbit equivalence. In this section we characterize the orbit equiva-
lence class of minimal Ferenczi subshifts. With this purpose, we compute explicitly the
dimension group K°(Xyy, )/ Inf K%(Xyy, S) of a minimal Ferenczi subshift (Xyy, ).
Recall the definition of Gyy, z and uyy given in Proposition 4.10.

PROPOSITION 4.13. Let (Xyy, S) be a minimal Ferenczi subshift. Let 7 be the unique
vector collinear to z and such that uyy -7 = 1. Define

Jw ={x-7:x € Gy}
Then, the dimension group K°(Xyy, S)/ Inf K°(Xyy, S) is unital order isomorphic to

Iw, yedw:y=0} 1.
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Proof. From Proposition 4.10, we see that Inf Gyy = {x € Gy : x -Z = 0}. It is straight-
forward to check that the map

Gw/ Inf Gyy — Jwy

[x]+—x-Z

is an isomorphism between the dimension groups Gyy/ Inf Gyy and Jyy. Moreover, this
map sends the induced image of Q)J/“V in Gyy/ Inf Gyy to {x € Jyy : x > 0} and [uyy] to 1
because uyy -7 = 1. O

In particular, observe that if z has rationally independent entries, then the strong orbit
equivalence class of (Xyy, S) coincides with the orbit equivalence class.

One can check that 7 = ¢z, where
Qno—l,no—i-n—l

c= lim
n—+00 |wn0+n—1|

4.8. Continuous eigenvalues. In this section we recall results in [GZ19] concerning
continuous eigenvalues, topological weak mixing and topological mixing of minimal Fer-
enczi subshifts. We observe they can be deduced from the general framework provided by
[DFM19] and Theorem 3.7. It can be easily observed that Ferenczi subshifts (Xyy, S) has
no continuous irrational eigenvalues and, moreover, the complex value A = exp(27ip/q)
with p/q a rational number is a continuous eigenvalue of (Xyy, S) if and only if there
exists n > 0 such that g divides all the coordinates of the heights %,. From Lemma 3.8,
this condition translates into ¢ divides |wy,| + ap; forallm > nand 0 <i < gp,.
As a consequence the following results can be deduced.

PROPOSITION 4.14. [GZ19, Theorem 1.1] A minimal Ferenczi subshift (Xyy, S) is
topologically weakly mixing if and only if for all integer g > 1 and all n > O there exists
m >nand 0 <i < g, such that q does not divide \w,| + ap ;.

PROPOSITION 4.15. [GZ19, Theorem 1.5] Let (X, S) be a minimal Ferenczi subshift.
Then, there exists a maximal integer q such that (Z/qZ, +1(mod q)) is a topological
factor of (X, S). Moreover, this factor corresponds to the maximal equicontinuous factor

of (X, S).

4.9. Topological mixing. We recall that a topological dynamical system (X, T') is said
to be topologically mixing if for any non-empty open sets U, V C X, there exists N € N
such that

T"UNV #0, n>N.

We prove in the following a necessary condition for a minimal subshift to be topologically
mixing that have its own interest beyond Ferenczi subshifts. As a direct consequence, we
deduce that minimal Ferenczi subshifts are not topologically mixing.
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For a subshift (X, §) with X C {0, 1}%, we define the quantities

a(n)= min |w|lp and b(m) = max |wl|gp, n>1.
wel, (X) wely

LEMMA 4.16. Suppose that (X, S) is minimal and topologically mixing. Then

lim b(n) —a() = +oo.
n—-+00

Proof. Following [KSS05, Proposition 3.2], if (X, S) is topologically mixing we have

limlnf b(n) —a(n) = sup b(n) — a(n). (36)

n>1
Claim 4.16.1. For any invariant ergodic probability measure u of (X, §) we have

an) =np(0]) =bm), n=1

Indeed, it is easy to see that the sequence (a(n)/n),>1 is superadditive, that is,
a(m +n) > a(m) +a(n) for all m,n > 1 and that the sequence (b(n)/n),>1 is subad-
ditive, that is, b(m + n) < b(m) + b(n) for m, n > 1. In particular, we deduce

a(n) a(n) b(n) b(n)
= sup _

1 — = and lim = inf —.
n—+o0o n n>1 N n—>+oo n n>1 n

Observe that

-1
1 15
a(n) < #0<k<n:m=0=-3 xo*n., xeX. n=1
n n n
k=0
By Birkhoff’s theorem, there exists x € X such that
m——+00

m—1
1
lim — > x0)(8"x) = (0D
k=0

Hence, because a(n)/n < sup,,-; a(m)/m, we obtain a(n)/n < u([0]). Analogously, we
obtain u([0]) < b(n)/n. We obtain

<bmn)—an), xeX, n=>1. 37

n—1
> xion($¥x) — npu(101)
k=0

Let f = xpo1 — n([0]. If limsup,_, ., b(n) —a(n) # +oo, by (37) we deduce that
there exists a constant C > 0 such that | ZZ;(I) f(Skx)| <C,forall x €e X,n > 1. The
Gottschalk—Hedlund theorem then implies that f = g — g o S for some continuous map
g : X — R. In particular,

exp(2rig o §) = exp(2rin([0])) exp(2rig),

that is, exp(27i it ([0])) is a non-trivial continuous eigenvalue of (X, §S). This contradicts
the fact that (X, §) is topologically weakly mixing.
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Finally, we deduce lim sup,_, ., b(n) —a(n) = +o00 and, together with (36), we
obtain lim,,_, y oo b(n) — a(n) = 4o00. O]

As a consequence of Lemma 4.16 we deduce the following.

PROPOSITION 4.17. [GZ19, Theorem 1.3] Minimal Ferenczi subshifts are not topologi-
cally mixing.

4.10. Asymptotic classes and automorphism group. Let (X, T') be a topological dynam-
ical system and d : X x X — R be a metric on X. We say that two points x, y € X are
asymptotic if

lim d(T"x,T"y)=0.

n——+00

Non-trivial asymptotic pairs of points may not exist in an arbitrary topological dynamical
system, but they always exist in the context of non-empty aperiodic subshifts [Aus88,
Ch. 1].

We define the relation ~ in X as follows: x ~ y if x is asymptotic to T y for some k € Z.
This defines an equivalence relation. An equivalence class for ~ that is not the orbit of a
single point is called an asymptotic class.

An automorphism of a topological dynamical system (X, T) is a homeomorphism
¢ : X — X such that

¢poT =T o¢.

We denote by Aut(X, T') the group of automorphism of (X, 7') and by (7T') the subgroup
of Aut(X, T') generated by integer powers of T.

For a minimal Ferenczi subshift we show that there exists a unique asymptotic class. We
first need the following lemma, for which we recall the definition of cutting points given
in §2.2.4.

LEMMA 4.18. Let t : A* — B* be a non-erasing morphism, X C A% be a subshift
and Y = Uiey Skt (X). Assume that T is recognizable in X and that if a and b are
two distinct letters in A, then t(a) is not a suffix of t©(b). Let y,y' in Y be such that
Yo # Yo and Y0, 4o00) = yEO,+oo)' Suppose that (k, x) and (k', x") are the unique centered
t-representations of y and y' in X, respectively. Then

Clk,x)=CH(K',x"), xo#x, and x04o00) = x£0’+oo).
Proof. We begin by proving the following.
Claim 4.18.1. There exist infinitely many pairs (¢, £') with £, £’ > 0 such that
Clk, x) = CY (K, x").

Indeed, by [DDMP21, Lemma 3.2] there exists a constant R > 0 such that if (k, x) and
(k', x") are two centered t-representations in X of points y, y’ € Y and yj_g r) = y[L R.R)’
then k = k" and xo = x.
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Arguing by contradiction, if the claim is not true and because y( o) = yEO’ +00)
there exists £y > 0 such that if £ > £, then Cf(k,x) ¢ CH(K',x") and (S/y)—r.R) =
(S7Y")[—R.r), Where j = Cfo (k, x). However, then j belongs to C; (k/, x'), a contradiction.

By the claim, there exists an increasing sequence (£,),>0 such that £,, > 0 and

Chr(k, x) = Cﬁi’ (k',x"), for some €], > 0.

If ¢, >2, because Y0 4o0) = y£0’+oo) and Cf" k,x) = Cfi’ k', x"), we deduce that
T(xg,—1) is a suffix of (x;, _,) or that t(sz, _y) is a suffix of 7(xg,—1). By assumption,
this implies that x;,—1 = ;1/5;1_1- By repeatinng the argument, we see that £, = ¢, and
Cf (k,x) = Cf (K',x"),1 <€ < ¥,,n > 0. Therefore, as (¢,),>¢ is increasing, we deduce
that Cf(k,x) =CF(K',x), xo # x{, because yo # y, and x(04o00) = X(0,4o0): This
completes the proof.

Let (Xyy, S) be a minimal Ferenczi subshift and Tyy = (7, : A5 | — A;)u>0 be the
directive sequence given by (17). In order to study the asymptotic classes of (Xyy, S) we
need the following definitions.

Define the words L, = au—11an-12 ... an—1,4,,—1 and R, = a, 1. Observe that
they satisfy

t,(a) = LyaR,, a€ Ayy1, n>1
Inductively, define L1 = L1, R1,1 = R1, and forn > 1 we let
Lipt1 = ity La+1)Liyn  and Ripg1 = RipTn+1) (Rug1). (38)
Hence, we have
Tatn(@) = LigaRy,, ae€Ayp, n=>1.
PROPOSITION 4.19. A minimal Ferenczi subshift has a unique asymptotic class.

Proof. Let (Xyy, S) be a minimal Ferenczi subshift generated by the directive sequence
T = (7, ¢ “4:+1 — A¥)n>0 given by (17). For n > 0 recall the definition of the subshift

Xi"v)v given in §2.2.3 and that A; is the set of values of the sequence (an;:n >0,
0<i<gqn).

Forn > 1 and a # b in A, we have that the word tjo ) (a) is not a suffix of the word
7[0,n)(b). Indeed, this is clear if n = 1. If n > 1, by (38) we have

T0a+1)(¢) = 10(L1,,)01°70(R1 4), ¢ € Aut1, (39)

from which the claim follows easily.

As (Xyy, S) is minimal and aperiodic, there exists at least one asymptotic class. Let
z and z’ be two points in this asymptotic class such that zo # z( and z(0,+-00) = Z(g 4 o0)-
Without lost of generality, we assume that zo = 0 and z;, = 1. By Lemma 3.6, there exist

pairs (k, y) and (K, y') with y, y' € X1),,0 < k < [10(30)], 0 < ¥’ < |7(y()| and

=Sy, 2 =S100y).
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As zg = 0 and 19(c) = 01¢ for ¢ € Aj, we deduce that k = 0 and from Lemma 4.18 we
obtain Crl0 0, y) = Cfl0 (k', y"). Define a = yg and b = ). The fact that z(0 4.«)
and z;, = 1 implies that a < b.

.
= 2(0,400)

(n+1)

Now fix n > 0. By Lemma 3.6, there exist pairs (j, x) and (j/, x") with x, x" € X7,,, "/,

0<j <Ifons+n(x0)l, 0 < j" < |7[0.041)(x()| and
2=8 10 ®), 2 =8 101 (x).

1 . _ 1 VA _ 1 .
From Lemma 4.18 we have Cf[o,n+1> (J,x) = Cf[o,n+1> (J',x").Lets = Cf{o,n+1> (j, x), so that
1,5 = 1910 1m) = ZEI 5) for some m € N. This, together with (39), implies that xg = a

and x/, = b. We conclude that
I[ls) = Z[l,s) = 1a'l«'O(Rl,n)~

As Ry, is a prefix of Ry 41 foreachn > 1 and (|Ry ,|),>1 is increasing, there exists a
one-sided sequence u = (u,),eN in {0, 1Y such that

upo,lo(Ri)) = T0(Rip), n>1

We deduce that z[g41,+00) = z[ a+1400) = Us which does not depend on the points z and z’
but only on 7yy. This proves the result. O

For a minimal topological dynamical system (X, 7T), the existence of a unique
asymptotic class implies that the automorphism group Aut(X, T') is trivial, that is,

Aut(X, T) = (T).

Indeed, let x € X be an element in the unique asymptotic class and ¢ be an element in
Aut(X, T). As the map ¢ sends asymptotic classes to asymptotic classes, we deduce that
¢ (x) is asymptotic to 7" x for some m € Z. From [DDMP16, Lemma 2.3] we have that
¢ = T™, and we conclude that Aut(X, T) = (T).

Therefore, Proposition 4.19 implies the following.

COROLLARY 4.20. [GH16b, Theorem 1.2] The automorphism group of a minimal
Ferenczi subshift is trivial.

5. Measurable eigenvalues of minimal Ferenczi subshifts
In this section we further develop the spectral study of minimal Ferenczi subshifts initiated
in §4.8 for continuous eigenvalues by analyzing their measurable eigenvalues.

We first give a general necessary condition for a complex number to be a measurable
eigenvalue of certain S-adic subshifts. This is stated in Proposition 5.1. Then, we show that,
under the hypothesis of exact finite rank, all measurable eigenvalues of minimal Ferenczi
subshifts are continuous, thus improving previous known results [GH16a, Theorem 4.1].
This is stated in Corollary 5.4.

5.1. The Veech criterion for S-adic subshifts. We now give a general necessary

condition for a complex value to be a measurable eigenvalue with respect to an ergodic
invariant probability measure of some S-adic subshifts. Such a condition, originally due
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to Veech [Vee84] in the context of interval exchange transformations, was stated as the
Veech criterion in several articles [AD16, AF07, Vee84] and was crucial in order to obtain
generic weak mixing for interval exchange transformations and translation flows in certain
Veech surfaces.

For convenience, we state and prove here the necessary condition in the context of
S-adic subshifts following the lines of the original proof of the Veech criterion. As we only
consider minimal Cantor systems of finite topological rank, there is no loss in generality
[DMO08]. See [DFM19] for a finer analysis of measurable eigenvalues in the more general
context of minimal Cantor systems.

PROPOSITION 5.1. Let T = (7, : A} | — A})n>0 be an everywhere growing and recog-

nizable directive sequence and . be an ergodic invariant probability measure of (X, S).

Assume that T is clean with respect to w and let A, be the set of letters such that (31)

holds. Suppose that:

(1)  there exists K > 0 such that |tjo.n)|/{T[0,n)) < K for all large enough n; and

(ii) there exists 6 >0, and, for all large enough n, a non-empty word
up € A and indices cyn, dy with 0 < ¢, < dy < minge 4, |70 (@) which satisfy
lun| = 8 minge 4, 170,n)(a)| and

T[0.n) (a)[cn’dn) = Un, ae 'AM'
If A = exp(Rmia) is a measurable eigenvalue of (X, S) with respect to u, then
lim |leh, (@l =0, ae€ A (40)
n—+o0o
Proof. Let f: Xy — C, f # 0 be a measurable eigenfunction of (X, S) with respect
to p with eigenvalue A. We can assume |f| = lu-almost everywhere by ergodicity.
Remember the definition of the sets B, (a) for a € A,, and B, in (8).

Let ¢ > 0 be such that (31) holds and 0 < ¢ < ¢/3K. From now on, we choose n large
enough such that items (i) and (ii) hold. We set

Bl’l,/L: U By (a).
acAy,

Define ty = ¢y + [(dn — cn) /41, &y = [(dy — cx)/2] and Ayp = Uyt ™" S¥B, . See
Figure 1.
Observe that the union which defines A, ;, is disjoint and that

M(An,u.) > (dp — Cn),u(Bn,u)/z >34 ;2}4{1 |T[0,n)(a)|M(Bn,/L)/2 > dc/2.
o

Claim 5.1.1. For all large enough n there exists some value k, € N and some complex
value wy, € Csuchthats, <k, <t, + £, and

/ | —wi, | dps < 62(Bup).
Skn anu

Indeed, by Lusin’s theorem there exists a compact set C C X; such that f|c is
uniformly continuous and (C) > 1 — x, where x = &%8¢/8.
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Tio,n) (@)
T Uy, Uy, Uy,
Cn 0,
tn
dn

FIGURE 1. A centered t[o,-representation of a point x in B,(a), a € A,. The white point represents the zero
coordinate of x. The green part represents the word u, [y, 1. +¢,)-

Choose k;,, such that /L(Sk" By N C) = maxy, <k <y, 4+, M(SkB,W N C). Then

n+€n*1
WS B, N O XAS," WS BN O p(AnuNC) _ il(Ang) = x

H(Bn,u) - en,u(Bn,u) ,U«(An,u) - N/(An,u)

s

so that

(S* By N (Xe \ )/ 1t(Buy) < x/16(App) < &2 /4.

On the other hand, by the choice of #,, £, and because 7 is everywhere growing, we
have diam(S* By ) — 0asn — +oo. Hence, for all large enough n we have

sup | f () — fO)l < €%/2.

x,yeSkn By, ,NC

Put wy, = f(y,) for some point y, € Skn B, NC,then

/ |f—wkn|dM=f If—wk,,ldu+/ |f — we, | dp
Skn B, Skn B, ,NC Skn By, ,N(X7\C)

W(By ) + 20 (S5 By, N (X \ ©))

M(Bn,;/,),

=

| %

[\

<é

which proves the claim.
Put w), = wy, A%, We deduce that

J

The Markov inequality and (41) imply

\f = wl) du = / \f = wi, | die < €21 (Bue). @)

n. Skn By, ;1

w({x € Buy : |f(x) —w,| = €}) < eu(Bny). (42)

To show that (40) holds, it suffices to prove the following.

Claim 5.1.2. Leta € A,,. Then, for all large enough n, there exists x € B, (a) such that

If) =1, |f(x)—wll<e and [f(S"Dx)—w|<e.
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Leta € A,. We begin by observing that

1By \ Buy)  2beA\A, H(Ta(®))/IT0.0)(B)] ( K )
= Tu(D)).
1(Bryo) S wen, BT @) Itom@] ~ \cl Al Y wTab))

be A\A,
Hence, by (31) for all large enough n we obtain
w(Bp \ Bn,u) < SI’L(BI’!,[L)~ (43)

Let n be large enough so that (42) and (43) hold. If the claim is not true for such n, after
neglecting a set of measure zero we have

By(a) C{x € Buy : 1 f(x) —wh| > eyUS™™Dx € B, , : | f(x) — w,| > &}
US Mm@ (x € By \ Buy : | f(x) —w))| > e},
and then

(@) < 3ep(By) < %M(Bn,u)- (44)

However, by (44) we obtain the following contradiction

HBu) =Y )= Y pn(b)

beA, be A,

K K
< ——— Y w(Ta®) < —pn(@) < u(By ),
1T10.) (@) beA, c

[710,1) (D)1 T70,1) (@)
[T10,1) (D)1 710, (@)

where we used (7 ,(a)) = wn(a)|to,n)(a)| > c. This finishes the proof. O

Remark 5.2

(1) Proposition 5.1(ii) holds, in particular, if for each n > 0 and a € A there exists a
prefix p, (or suffix s,) of 7(0,,)(a) and § > 0 such that the length |p,| (or |s,|) is at
least §(tj0,1)).

(2) In [DFM15, Example 2] the authors describe an S-adic subshift of Toeplitz type
and of exact finite rank such that exp(27i/6) is a measurable and non-continuous
eigenvalue for the unique invariant probability measure. The associated height
vectors (h,),>0 satisfy

h,(a) =1(mod 6), ac A, n=>0.

A simple computation shows that Proposition 5.1(ii) does not hold. Therefore, the
condition given by (40) is not always necessary.

5.2. Veech criterion applied to Ferenczi subshifts. ~We apply Proposition 5.1 to the study
of measurable eigenvalues of minimal Ferenczi subshifts. We first need the following
lemma to fulfill item (ii).

LEMMA 5.3. Let (Xyy, S) be a minimal Ferenczi subshift and Ty = (t, 1 Ay | —
A*)n=0 be the directive sequence given in (17). Then, for all n > 1, there exists a common
prefix p, of the words to ny(a), a € Ay, satisfying
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minj<j<¢ a; + 1

|pnl > (Tjo.n))-

T 3(maxi<i<¢a; +1)
Proof. Let m = minj<j<¢ a; +1 and M = maxi<;<¢ a; + 1. Define p; = 011 and
Pn =7t(L1y—1), n > 2 as in (38). By definition, p, is a prefix of tjo,)(a) for
each a € A,, n > 1. As each morphism t,, n > 1, is of constant length, we have
[Lipy1l = |Lial + |LuyallTpesenl, > 1. Observe that |L,| =g, — 1 for n > 1, so
that [L11| =¢qo — 1> (g0 + 1)/3 = |t11.21/3.
Inductively, if |Ly | > |7[1,4+1)|/3, we obtain

[T+ [T 1041
ILinl + Lot |70 > % + (@n — Dltiinsn| > %(qn +1)
_ [T[1,04+2)
3 b

where we used g, — 1 > g, /3. This shows that |Lj ;41| > |7[1,,42)]/3, 7 > 0.
Finally, we deduce |p1| = m > m/3M (19) and

It . m
pal 2 mILigo] = m =2 = =), n 22 0
For a minimal Ferenczi subshift (Xyy, S) with unique invariant probability measure w,
we set dyy, = | Ay |, where Ay, is defined as in §4.2. A direct application of Lemmas 3.8,

5.3 and Proposition 5.1 allows us to obtain the following.

COROLLARY 5.4. Let (Xyy, S) be a minimal Ferenczi subshift and [ be the unique

invariant probability measure.

(1) Ifdw, = dw (i.e, if Ty is of exact finite rank), then all measurable eigenvalues of
(X, S) with respect to | are continuous.

(2) Ifdw, = 2, then the system (Xyy, S) has no irrational measurable eigenvalues with
respect to [L.

Proof. Let . = exp(2wia) be a measurable eigenvalue of (Xyy, S) with respect to ;& and
Tyy be the directive sequence given by (17). We see that, by Lemmas 5.3 and 3.8, all
hypotheses of Proposition 5.1 are verified.

(1) If dyy, = dyy, Proposition 5.1 implies that

llechnll — O (45)
as n — 4o00. Then, from Lemma 3.8, there exist two distinct letters a, b in Ay such that
lle(hn(a) — hn D)l = lle(a — b)[I| = O

as n — +o00. We deduce that « must be rational. Moreover, if « = p/q is rational, then
from (45) the integer ¢ must divide all coordinates of 4, for all large enough n. We
conclude that A is a continuous eigenvalue from §4.8.

It dWM > 2, there exist two distinct elements a, b in Ay which satisfy

lllee(a = D)l = 0.

In particular, @ must be rational. O]
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Thus, we have showed that measurable and continuous eigenvalues coincide in the case
where dyy, = dyy. However, when dyy, # dyy, we can obtain different behaviors that we
comment in the following section.

5.3. Various examples exhibiting different spectral behaviors. In this section, we make
precise the situation where dyy, # dyy. In this case, we give explicit examples of minimal
Ferenczi subshifts (Xyy, S) having a prescribed topological rank dyy, a prescribed quantity
dw, with dyy, # dyy, with no non-trivial continuous eigenvalue, but with any rational
measurable eigenvalue A = exp(2mi/p).

However, when dW,L =1, we were not able to show that there are no irrational
measurable eigenvalues. We leave this as an open question.

5.3.1. A realization result on measurable eigenvalues with rank constraints.

PROPOSITION 5.5. Let p be a prime number and d, d’ be such that 1 < d' < d. Then,
there exists a minimal Ferenczi subshift (Xyy, S) with unique invariant probability
measure u such that rank(Xyy, S) =d, dyy, = d', the system (Xyy, S) is topologically
weakly mixing and A = exp(2mi/p) is a measurable eigenvalue of (Xyy, S).

Proof. Consider any set of non-negative numbers A = {q; : 1 <i < d} such that p
dividesa; + 1,1 <i <d andag —ay = 1. Put Ag=1{0,1} and A, = Aifn > 1. Let
v = ajx for some d' < j* < d and define the words

U=aay...ay
W=agy1...ap—1aj%41...4aq

in A*. Consider any increasing function g : N — Z.¢ such that ) - (1/g(n)) < +oc.
Let Ty = (wn : A;, | = A))n>0 be the directive sequence given by

T,(a) = UPEWWPyP~lgy, ae A, n>1. (46)

Theorem 3.7 implies that 7y defines a minimal Ferenczi subshift (Xyy, S). Moreover,
Corollary 4.9 implies that rank(Xyy, S) = d. Let (7 ,),>0 be the nested sequence of CKR
partitions of Xy, given by (8) and u be the unique invariant probability measure of
Xw, ).

Observe that the vector (f;,(a)).c4 associated with the morphism t,, as defined by
(20), is given by

pgn) ifl <i<d,
fn(ai): e .
p ifd <i <d.

From (26) the composition matrix of the morphism 1, is given by
M, =1+ f,-u,

where [ is the identity matrix indexed by .A and u is the row vector of ones in RA.

CLAIM 5.5.1. The system (Xyy, S) is topologically weakly mixing and dyy, = d'.
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Proof. Asay — ay = 1, we have that the system (Xyy, S) is topologically weakly mixing.
It remains to show that A, = {a; : 1 <i < d’}. From (24), there exists a constant K
such that for all a, b € A and n > 0 we have

hns1(B) =Y hu(c)My, (¢, b) < Khy(@) Y My, (c, b) < K|Al(pg(n) + Dhy(a),

ceA ce A
and
Bt 0) = 3 ha(@ My (e.b) = K~ hu(@) Y My, (c.b) = K~ | Alpg(n)ha (a).
ce A ceA

Leti e {1,...,d},je{d +1,...,d},b e Aandn > 0. From the above, we obtain

(T (@) = ho(ai)n(ai) = hy(ai) Y M, (ai, b)ny1(b)
be A
1(Tus1() hn(ai)

> pg(n) min
I B = Y )

> pg(mha(ai) Y
be A

pg(n) - 1
~ K|Al(pg(n) +1) T 2K|A]

and
w(Tn(a;)) = hp(aj)mun(a;) = hp(a;) Z M-, (a;j, b)pnt1(b)
be A

(T ns1(B)) ha(a)
R R = T

< (p+ Dhaay) Y
beA

_Kep+D
~ |Alpg(n)

as n — +oo. This shows that 4, ={a; : 1 <i < d'} and proves the claim. O]

Let A = exp(2mi/p). We define a measurable eigenfunction f as a limit of the sequence
(fu)n=o defined by

fux) = expQmij/p) ifx € S/By(a), 0<j<hy(a), acdA.
Define
Ap={x € Xw: fur1(x) # fu(x)}, n=0
and
tn = |70y (UPE"TD)], n > 0.

Observe, from (26), that p divides hj,(a) for all a € A,. Moreover, f,4+1(x) = f,(x)
whenever x belongs to

U U $Buit@.

1<i<d 0<j<t,
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Consequently, we deduce
A g( U U Sf‘Bn+1(a,->>U( U Tn+1(aj)).
1<i<d’ th<j<hnii(a;) d'<j<d

Let1 <i < d’. From (24), we have

hni(ai) =ty = ho(@) +p Y hala)) < pK|Alhn(ap).
d'<j<d

From the previous computations, we obtain

(A < pKIAL Y pni@ha(@) + Y w(Turi(a)))

1<i<d d'<j<d
hy(a;) K(p+1
< pK|A ————u(Tps1(a)) + ————
< pK| |1§§jd, Tty Ta@) +
- K?  K(p+1D - 2K2(p+ 1)
“gm)  pgn+1) gn)

and consequently Y u(A,) converges. The Borel-Cantelli lemma implies that
pu(lim sup,,_, , ., Ap) = 0. Hence, the sequence (f,),>0 converges p-almost everywhere
to some function f.

Moreover, if x is not in J,c 4 Shn@=1R (a), then f,(Sx) = Afy(x). As wUgea
Shn@=1p (4)) = 0as n — 400, we conclude that f is a measurable eigenfunction with
eigenvalue A of (Xyy, S) with respect to u. O

5.3.2. An example with dyy, =1 with no non-continuous rational eigenvalue. We
now present an example in the situation where dyy, = 1 and every measurable rational
eigenvalue is continuous. For this purpose, we use the following useful result of [DFM19,
§4]. Note that we have adapted this result to fit the context of S-adic subshifts.

LEMMA 5.6. [DFM19, Corollary 16] Let T = (v, : Ay | — A})u=0 be a proper, prim-
itive and recognizable directive sequence and let | be an ergodic invariant probability
measure of (X, S). Assume that T is clean with respect to | and let A, be the set of
letters such that (31) holds.

Let A be a complex number of modulus 1. If for all a, b € A,

ZweWm (@b) )\‘(Z(w)’hnﬁ

— 1 as m — 4oo uniformly for n > m, (47)
|T[m,n)(b)|a

then A is an eigenvalue of (X, S) with respect to |1, where:
ey = (tom(@):a €Ay form > 0;
o the set Wy, 5 (a, b) is defined by

{Tim.n) (D) i |z b))y © § OCCUTTENCE Of A IN T{ 1) (D)}
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o forawordw € A%,
L(w) = (lwlg : a € Ap).
The converse is also true, up to a contraction of the directive sequence T.

Let us be precise here that a sequence (@ n)mn>0 converges to £ as m — +00
uniformly for n > m if for every ¢ > 0 there exists my > 0 such that for all n > m > mg
we have

lamn — L] < e.

Let a, b be two positive integers with @ > b and let Tyy = (z, : Ay | — A)nz0 be
the directive sequence given by

1,(a) = a"ba" and t,(b) = a"ba" *ba, n>1. (48)
Theorem 3.7 implies that 7y defines a minimal Ferenczi subshift (Xyy, S).

PROPOSITION 5.7. The minimal Ferenczi subshift (Xyy, S) defined by (48) is such that
dw, = 1 and every rational measurable eigenvalue is continuous, for the unique ergodic
measure (L of (X, S).

Proof. We say that a word w € {a, b}* consists of a-blocks if we can write
w = Bo(w)bB1(w)b . . . bBpy)—1(w), 49)

where b(w) > 2 and B;(w) is a non-trivial power of a for 0 < j < b(w).

Define w(m, n) = tjnpn)(a) and w’(m, n) = T ) (b) forn > m > 0. Itis easy to check
that w(m, n) and w’(m, n) consist of a-blocks. We use the notation introduced in (49) for
these words.

We have A,, = {a}. Indeed, the composition matrix M-, of the morphism 1, is

2n 2n—1
= (5

Hence, from (6) and (7), we obtain

w(T (D) = hy(D)pp(b) = hy(b)(pt1(a) + 21tn41(b))
o (b)<u(7'n+1(a)) N 2M(Tn+1(b))) L2
hpt1(a) hyy1(b) 2n+1
where we used h,41(a) = 2nh,(a) + h,(b) = 2n 4+ 1)h,(b) by (23) and, analogously,

hp+1(b) = 2n + 1)k, (b). Thus, qu =1 and, from [BKMSI13, Proposition 5.1], we
deduce

lw(m, n)|g/|lwim,n)] - 1 as m — +oo uniformly for n > m. (50)
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Suppose that p is a prime number and that A = exp(27i/p) is a rational eigenvalue of
(X, S) with respect to u that is not continuous. From (47) and (50), we should have

L(w),hy,
Zwevvmm-%&(aaa) )\'( @) >

—1 as m — +oo. (51

lw(m, m +2)|

Let us show this is not the case. Let m > 0. From the definition of the set Wy, 42 (a, a)
and (49), we have

b(w(m,m+2))—1 |Bj(w(m,m+2))|—1

) » COnYE

weW,,,,m_,_z(a,a) j=0 =0

where uji = w(m, m +2); i1 g wimm42)))+ )+ Jwimm 2
On the other hand, from (23) we have h,,(b) = h,,(a) + (b — a), therefore
j—1
(i) hm) = hm(a>< > 1Br(w(m, m +2))| + i) + hn(b)j
k=0
j—1
= hm(a)( > IBi(w(m, m+2)| +i + j) +(b—a)j.
k=0
As A, = {a}, the Veech criterion (40) implies that p divides &, (a) for all large enough
m. Moreover, as A is a non-continuous eigenvalue, p does not divide %, (b) for any m > 0
and, hence, p does not divide b — a. Denote by (b — a)~! the inverse of b — a(mod p).
ForeachO < ¢ < p,letrybesuchthat0 <ry < pandr, =4£€- (b — a)~Y(mod p).
For all large enough m we have

b(w(m,m+2))—1

Y A= YT By w(m, m +2))] expQri(b —a)j/p)
weWy m+2(a.a) Jj=0

p—1
= > ap exp(2mit/p), (52)

=0

with
[b(w(m,m+2))/p|—1
ag = > |Bw(m, m +2)) jpr, |- (53)
j=0

From the shape of the images of the morphism 7, (48) and the fact that 7y, ;,12)(a)
belongs to the free monoid {t,, (a), 7., (b)}*, we have

[Bj(w(m,m +2)| — |Bjv(wim,m+2)| <m+2, 0], j < bw@m, m+2)).

(54)
This, together with (53) implies that
b , 2
a— min ap < m4+22EmED) gy (55)
0<{'<p p
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From (52) and (55), we have

ZweWm ia(aa) )ﬂ(w),hm)
et < +2)b(w(m,m+2))
m 9
|lw(m, m + 2)| - lw(im, m +2)|

(56)

where we used the fact that Y2 exp(27i¢/p) = 0.
By computing t,, o 7,+1(a), one can easily check that the number of a-blocks of
Tm,m+2) (@) is b(w(m, m + 2)) = 2m + 5. Then we deduce

bw(im,m+2)  (m+2)2m+5) 1
(m+2) = — — as m — +oo.
lw(m, m + 2)| 2m+ 1)2m + 3) 2
This contradicts (51) and finishes the proof. O]
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