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In this work we derive by I'-convergence techniques a model for brittle fracture
linearly elastic plates. Precisely, we start from a brittle linearly elastic thin film with
positive thickness p and study the limit as p tends to 0. The analysis is performed
with no a priori restrictions on the admissible displacements and on the geometry of
the fracture set. The limit model is characterized by a Kirchhoff-Love type of
structure.
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1. Introduction

This paper is devoted to the rigorous derivation of a brittle fracture model for elastic
plates by means of dimension reduction techniques. The target (n — 1)-dimensional
plate is represented by an open bounded subset w of R®~! with Lipschitz boundary
Ow. As it is typical in dimension reduction problems, the plate is first endowed
with a fictitious thickness p > 0, so that, in an n-dimensional setting, the initial
reference configuration is given by the set 2, := w x (=%, £). The starting point of
our analysis is the by now classical variational model of brittle fracture in linearly
elastic bodies [9]

Fo(u) = %/Q Ce(u)-e(u) dz +H" " (Ju), (1.1)

where the displacement u: £, — R" belongs to the space GSBD?(f,) of gen-
eralized special functions of bounded deformation [17], e(u) is the approximate
symmetric gradient of w, J, stands for the jump set of w, H"~! indicates the
(n — 1)-dimensional Hausdor{f measure in R™, and C is the linear elasticity tensor.
We further refer to §2 and 3 for the notation and the precise assumptions.
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The aim of our work is to study the limit, in terms of I'-convergence, of the
functional (1.1) as the thickness parameter p tends to 0. The literature related to
dimension reduction problems in Continuum Mechanics is very rich. In a purely
elastic regime, we mention [6, 16] for the derivation of reduced models of linearly
elastic plates, and [1, 23-26, 33, 34| for a number of nonlinear models for plates
and shells obtained as limit of 3-dimensional nonlinear elasticity. Further applica-
tions to the theory of elastic plates and shells can be found in [28, 29, 38, 39],
where the interplay between dimension reduction and homogenization is studied.
In an elastoplastic setting, in [18-20, 35] the authors obtained models for thin
elastoplastic plates, starting from either linearized or finite plasticity, and also
proved the convergence of the corresponding quasistatic evolutions, in the spirit
of evolutionary I'-convergence [36, 37].

In the context of fracture mechanics, the study of the I'-limit of free discontinuity
functionals of the form (1.1) has been considered, for instance, in [2, 7, 8, 10,
22, 32]. In particular, [7, 10] are concerned with the nonlinearly elastic case, in
which the stored elastic energy density obeys a p-growth condition of the form
W(F) > C(|F|P — 1) which is incompatible with linear elasticity. The papers [2,
32] consider the antiplanar case, where the energy is in the form (1.1) but the
displacement u is supposed to be orthogonal to the middle surface w, so that the
dimension reduction problem becomes scalar and is described in terms of GSBV -
functions (see, e.g., [5, section 4.5]). In [22] the authors considered the convergence
of quasistatic evolutions in the vectorial case, under the assumption that the crack
path is known a priori, is transversal to the middle surface w, and cuts the whole
of Q,. In the static setting, the geometrical restriction on the fracture set was
then removed in [8], where the I'-limit of F, in (1.1) has been studied under the
restriction u € SBD(S,), the space of special functions of bounded deformation [4].
In order to ensure that sequences equi-bounded in energy are sequentially relatively
compact, the authors had however to assume an a priori bound on the L°°-norm
of the displacement wu, which is in general not guaranteed by the boundedness of
functional F,.

The aim and main novelty of our work is to study the limit of F, in a GSBD-
setting, removing the unphysical a priori bound on the norm of the displacement.
As in [8], we prove in theorem 3.4 that the I'-limit writes

1 / Coe(u) - e(u) dz +H" 1 (J,)

2 N

for u € GSBD?*(Q;) such that €;,(u) =0 for i=1,...,n and (1), =0 on J,.
Here, v, is the approximate unit normal to J, and Cy is the reduced elasticity
tensor of the Kirchhoff-Love theory of elastic plates [16] (we refer to (3.13) for
the precise formulation). The most technical part of our result, which in particular
influences the construction of a recovery sequence in the proof of theorem 3.4, is
the characterization of the admissible displacement u in the limit model. Indeed,
in theorem 3.2 we show that u has a Kirchhoff-Love type of structure: the out-of-
plane component u,, does not depend on the vertical variable x,,, while the in-plane
components uy, ..., u,_1 satisfy

Ua (2, 20) = Ua(2") — 2, 0nun (z") (1.2)
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for @ = (2/,2,) € Q2 and a=1,...,n— 1, where u,(2') := f—lﬁz
In contrast to [8], due to the lack of integrability of u we cannot conclude u,, €
GSBV (w) while we can ensure that at a.e. 2’ € w u,, is approximate differentiable.
Moreover, the L>-assumption used in [8] makes it possible to work in the BD-
context, so that (1.2) is proven by convolution techniques combined with the study
of the distributional symmetric gradient Eu of u (see [8, proposition 5.2]). In our
setting, instead, such an approach is not feasible as Eu is not a bounded Radon
measure for u € GSBD?(2;).

To overcome this obstacle, we obtain (1.2) through an approximation result sim-
ilar to [12, theorem 1] and [30, theorem 5], which therefore allows us to work with
functions that are W out of the closure of their jump set. The crucial point in
such an approximation is that we need to

Ue (2, Tp) A2y

(1) guarantee that on large part of the domain €y the n-th component of the
approximating function wuy is still independent of x.,;

(2) control the H"~!-measure of the projection 7, (J,, ) of the closure of the jump
set of the approximating sequence uy, on w by means of H" (7, (J,)).

The two properties above, together with the fact that actually H" (7, (J,)) = 0,
allow us to apply the Fundamental Theorem of Calculus in the direction x,, to the
sequence ug, obtain a first version of (1.2) for uy, and then conclude by passing to
the limit in k£ and by further exploiting that the jump set J, is transversal to the
middle surface w. This argument is made rigorous in propositions 4.4, 4.7 and 4.8.
In a similar way to [8], we show that the jump set .J,, takes the form
(-43)
Ju=(JzUJy, Udvu,) x| —=,= |,
272
where @ := (uy,...,U,—1), concluding the description of the admissible displace-
ments.

Finally, we extend the I'-convergence result of theorem 3.4 to the case of non-
homogeneous Dirichlet boundary conditions in corollary 4.10 and further discuss
the convergence of minima and minimizers in theorem 4.12 and corollary 4.13. With
respect to [8], we notice that in the proof of convergence of minima and minimizers
we can not rely on the (higher) integrability of the displacement. Hence, we apply
the recent compactness result in GSBDP?, p > 1, obtained in [15] (see also [3] for
an alternative proof and for the case p = 1).

2. Preliminaries and notation

We briefly recall here the notation used throughout the paper. For n, k € N, we
denote by £™ the Lebesgue measure in R” and by H* the k-dimensional Hausdorff
measure in R"™. The symbol M" stands for the space of square matrices of order n
with real coeflicients, while M7 indicates the subspace of M" of squared symmetric
matrices of order n. For every r > 0 and every x € R™, we denote by B,.(z) the
open ball in R™ of radius r and centre x. We will indicate with {e1,...,e,} the
canonical basis of R™ and with 1z the characteristic function of a set £ C R". For
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every £ € "1, m¢ stands for the projection over the subspace &+ orthogonal to €.
If ¢ =e; fori=1,...,n, we use the symbol ;.

For every U C R™ open, we denote by M,(U) and M, (U) the set of bounded
Radon measures and of positive bounded Radon measures in U, respectively. Let
m € N with m > 1. For every £"-measurable function v: U — R™ and every x € U
such that

LU N B,
lim sup M > 0,
.0 rn

we say that a € R™ is the approximate limit of v at x if

lim LU N By (x)N{|lv—al| >e})
\,0 rn

=0 for every e > 0.

In this case, we write

ap-limo(y) = a.
y—x
We say that € U is an approximate jump point of v, and we write x € J,, if there
exist a,b € R™ with a # b and v € S"~! such that

ap-lim v(z) =a and ap-lim ov(x)="h.
(y—y.r)~l/>0 (y—yfc)'l/<0

In particular, for every z € J, the triple (a,b,v) is uniquely determined up to a
change of sign of v and a permutation of a and b. We indicate such triple by
(vF(z),v™(x),vy(x)). The jump of v at x € J, is defined as [v](z) := v (z) — v~ (z).
We denote by (v,); the components of v, fori=1,...,n.

The space BV (U;R™) of functions of bounded variation is the set of u €
LY (U;R™) whose distributional gradient Du is a bounded Radon measure on U
with values in M". Given « € BV (U;R"™), we can write Du = D% + D*u, where
D%u is absolutely continuous and D*u is singular w.r.t. £". The set .J,, is count-
ably (H"~!, n — 1)-rectifiable and has approximate unit normal vector v,,, while the
density Vu € L (U;M™) of D% w.r.t. L coincides a.e. in U with the approximate
gradient of u, that is, for a.e. x € U it holds

ap- lim U(y) - U({L‘) — Vu(x) . (y _ CL’)

=0.
y—o |z =yl

The space SBV (U;R™) of special functions of bounded variation is defined as the
set of all uw € BV(U;R"™) such that |D*u|(U \ J,) = 0. Moreover, we denote by
SBVioe(U;R™) the space of functions belonging to SBV (V;R") for every V € U.
Forp € [1,400), SBVP(U;R") stands for the set of functions v € SBV (U; R™) with
approximate gradient Vu € LP(U;M") and H"~!(.J,,) < +o0.

We say that w e GSBV(U;R") if ¢(u) € SBV,,.(U;R™) for every ¢ €
CY(R™;R™) whose gradient has compact support. Also for u € GSBV (U;R") the
approximate gradient Vu exists £"-a.e. in U and the jump set J, is countably
(H"~! n — 1)-rectifiable, with approximate unit normal vector v,. For p € [1,+00),
we define GSBVP(U;R™) as the set of functions uw € GSBV(U;R™) such that
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Vu € LP(U;M™) and H""1(J,) < +oo. We refer to [5, sections 3.6, 3.9 and 4.5
for more details on the above spaces.

In a similar fashion, the space BD(U) of functions of bounded deformation
is defined as the set of functions u € L'(U;R"™) whose distributional symmetric
gradient Eu is a bounded Radon measure on U with values in M. In particu-
lar, we can split Eu as Eu = E%u + E°u, where E%u is absolutely continuous and
E*u is singular w.r.t. £". Furthermore, the density e(u) € L'(U;M?) of E%u is the
approximate symmetric gradient of u, meaning that for a.e. x € U it holds

ot (ww) ~ u(@) = e @)y~ 2)) - (v - @)

y—x |$ - y|2

=0. (2.1)

The space SBD(U) of special functions of bounded deformation is the set of
u € BD(U) such that |E*u|(U \ J,) =0. For p € (1,+00), we further denote by
SBDP(U) the space of functions v € SBD(U) such that H"~1(J,) < +occ and
e(u) € LP(U;M7).

We now give the definition of GSBD(U), the space of generalized special func-
tions of bounded deformation [17]. For u: U — R™ measurable, £ € S*71, y € R®
and V C R", we set

M :={z€R":2-£=0}, Vi={teR:y+tecV}
115 =u(y+t§)-& foreveryte Vy&, Jég ={te Vyf : |[ﬁ§]\ > 1}

Then, we say that u € GSBD(U) if there exists A € M, (U) such that for every
¢ € S"71 one of the two equivalent conditions is satisfied [17, theorem 3.5]:
e for every 0 € C'(R;[—1; 1]) such that 0 < ¢’ < 1, the partial derivative Dg (6/(u -
€)) belongs to M (U) and |De(6(u - §))|(B) < A(B) for every Borel subset B
of U;

e for H" '-a.e. y € Il¢ the function 125 belongs to SBV;OC(Ué) and

/ (Da§)| (BS\ 72 ) +H0(BS 0 7% )arr— () < A(B)
I1¢ v Y
for every Borel subset B of U.

For w € GSBD(U), the approximate symmetric gradient e(u) in (2.1) exists a.e.
in U and belongs to L'(U;M?). Its components are denoted by e; j(u) for i,j €
{1,...,n}. The jump set J, is countably (H"~!, n — 1)-rectifiable with approximate
unit normal vector v,,.

Finally, if U has a Lipschitz boundary U and v € GSBD(U), there exists a
function Tr(v): OU — R™ such that for H" !-a.e. z € OU

Tr(v)(z) = ap-lim v(y).
y—axyclU

We refer to Tr(v) as the trace of v on 9U. Finally, for p € (1,400) we say that
u € GSBDP(U) if e(u) € LP(U;M?) and H"~1(J,) < +oo. We further refer to [17]
for an exhaustive discussion on the fine properties of functions in GSBD(U).
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3. Setting of the problem and main results

In this section we present the setting of the problem and the main results of the
paper. We start by discussing the energy functional that we consider in the non-
rescaled reference configuration. Let w be an open bounded subset of R*~! with
Lipschitz boundary Ow. As we aim at deducing a model of brittle fracture on thin
films moving from the variational theory of brittle fractures in linearly elastic mate-
rials [9], we endow w with a fictitious thickness p > 0 and define 2, := w x (=5, £).

212
Therefore, the starting point of our analysis is the functional
1
Fplu) == 5/ Ce(u)-e(u)dz +H" (J,), (3.1)
QP

where the displacement u: 2, — R" belongs to GSBD?*(Q,) and C stands for
the usual linear elasticity tensor. In a fracture mechanics setting [9, 27], the vol-
ume integral in (3.1) is the stored elastic energy, while the surface term denotes
the energy dissipated by the production of a fracture set J,. We assume in (3.1)
that the elastic body €2, is homogeneous outside the crack .J,. Thus, the elasticity
tensor C is supposed to be constant in space. As usual, we assume that C is positive
definite, that is, there exist 0 < ¢; < ¢3 < +00 such that

a1|E* <CE-E < |E[?  for every E € M”. (3.2)

As it is customary in dimension reduction, we rescale the energy functional F, to

the fixed domain 2; = w X (—%, %), the so-called rescaled configuration. Proceeding

as in [8, section 3.2], for every v € GSBD?*(Q,) we define the rescaled function u
in the rescaled configuration ; as

u(@) = (1 (Pp(@)),- ., pun(¥hp(2))),  p(x) := (2, pan), for (¢, zn) € .

(3.3)
We notice that for x € Q; and o, 5 =1,...,n — 1 it holds
s (V) (p(2)) = Cap(u) (@) = €, y(u) ), (3.4
0 (0) (W) = 0 (0)(@) =2 (1)) (3.5)
e (0)(Wp(2)) = ~5nn (@) = €, (10(a). (3.
We further define
é,(v) = ’ <yl, L ;yn> ‘ for every p> 0 and every v € R (3.7)

By a change of coordinate and using the notation (3.4)—(3.7), we rewrite (3.1)
computed for v € GSBD?*(1,) as

R P P P n—1
G,(u) = B o, Ce”(u)-ef (u)dx + p/Jv Gp(vy)dH ™. (3.8)
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Considering the functional (3.8) for u € GSBD?(£;), we define

1
—G,(u) for u € GSBD?({),

Epu) =3 P (3.9)
+ oo otherwise in L°(£2;).

We now study the limit of £, as the thickness parameter p tends to 0. Before
giving the exact expression of the limit functional, however, we investigate the
closedness of a converging sequence u, € GSBD?(;) equi-bounded in energy.

PROPOSITION 3.1. Let u, € GSBD?*(Q4) and u: 0 — R"™ measurable be such that

sup &, (u,) < +00 (3.10)
p>0
and u, — u in measure as p — 0. Then, u € GSBD?*(Q4), e(u,) — e(u) weakly in
L2(Q1;M7), e;.n(u) =0 and €;,(u,) — 0 in L2(Q4) fori=1,...,n, and (1), =0
HP oa.e. on Jy.

Proof. From (3.10) we clearly deduce that e(u,) is bounded in L?(€;;MZ) and
admits, up to a subsequence, a weak limit f € L?(€Q;; M"). Since u, — u in measure
in Qq, from (3.10) and [17, theorem 11.3] we deduce that u € GSBD?(£;) with
e(u) = f and that e(u,) — e(u) weakly in L*(Q;M7).

By definition of £, and by (3.2) we have that

c1llean (up)l3 = c1p®llef n(up)l3 < p*Ep(uy)

and similarly c1|e,,.n(u,)]|3 < p?E,(u,). Hence, (3.10) implies that e; ,(u,) — 0 in
L?(Q;M?), from which we deduce that €; ,(u) =0 fori=1,...,n
Finally, by [31, proposition 4.6], for every p > 0 we have that

1
;/ | (V) n]dH L < (;Sp(l/u)dH” ! <hm1nf b5(vu,) dH™™ !

w Ju

hmlnf/ Gp(va,) dH" ' < 11m1nf5 o (up).

p—0 p—0

Letting p — 0 in the previous inequality and using again (3.10) we infer that (v,), =

0 H* l-a.e. on J,. O

In view of proposition 3.1, we expect the limit functional to be defined on the
space

KL(Q) :={u € GSBD*() : ein(u) =0 in Qifori=1,...,n, (3.11)

and (1), =0 on J,}.

We further denote by KL(U) the same space defined on a generic open subset U
of R™.

In the next theorem we complete the description of KL(£21). The proof of the
theorem is given in §4 (see, in particular, propositions 4.3-4.7).

https://doi.org/10.1017/prm.2021.71 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.71

Brittle fracture in linearly elastic plates 75

THEOREM 3.2. Let u € KL(4). Then, the following facts hold:

(i) u, does not depend on x, and it is approzimately differentiable for H"!-
a.e. ¥’ € w. Moreover, denoting by Vu, its approzimate gradient, we have

Vu, € GSBD?*(w);
(ii) for L™-a.e. (2, xy) € Q1 we have
o (2, ) = Ua (7)) — 2, 00un(2'), a=1,...,n—1, (3.12)
Ue (2!, 20) Ay and W@ = (U1, ..., Un_1) € GSBD?(w);
).

REMARK 3.3. In view of theorem 3.2 we have that the space KL(£21) in (3.11)
is m-dimensional in nature, as the out of plane component w, depends on the
planar coordinates ' and the planar components u,, « =1,...,n — 1 depend
linearly on x, through (3.12). However, the approximate symmetric gradient
e(u) € M? can be identified with an element of M”?~!, since the n-th column and
the n-th row are zero. The structure highlighted in theorem 3.2 is typical of the
so-called Kirchhoff-Love plate, which appears in many dimension reduction prob-
lems in elasticity.

where Uy (x') 1= f_lﬁz

(i) Jy = (Jz U Ju, UJva,) X (=1,

I

In view of theorem 3.2 and of remark 3.3, it is convenient to introduce the
following reduced linear elasticity tensor:

CoE-E := 5m}%{n CE¢-E¢ for every E € M1, (3.13)
E n

where for every £ € R™ we have set

el vt elgn—1 &1
B : (3.14)
€n—1,1 °°° Epn—1n-—1 gnfl
gl T gnfl ‘ gn

With this notation at hand, the I'-limit of £, writes

Eolu) 5 [ Coelw)ew) da+H71(1,) it w e KL()
olu) :=
+ o0

otherwise in L°(£2;),

and we have the following convergence result.

THEOREM 3.4. The sequence &, I'-converges to & w.r.t. the topology induced by
the convergence in measure.

The proof of theorem 3.4 is given in §4.
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4. Proofs of theorems 3.2 and 3.4

We start by proving theorem 3.2. Its proof is articulated in the next four propo-
sitions. The first two give an approximation result in the spirit of [12, section
4, theorem 1] and [30, theorem 5]. The last two propositions, instead, provide
intermediate results for the proof of items (i)—(#ii) of theorem 3.2.

We now recall the definition (cf. [30, formulas (39)—(41)]) of good/bad hyper-
cubes of an (n — 1)-dimensional grid of R™ in relation with a rectifiable set with
finite (n — 1)-dimensional Hausdorff measure.

DEFINITION 4.1. Let h € RT. The (n — 1)-dimensional h-grid QY centred at zero
and parallel to the coordinate axis is defined as

Q%ZZO U{meR”:xi:z}.

i=1z€hZ

A generic (n — 1)-dimensional h-grid Qy, parallel to the coordinate axis is obtained
simply by translating of a generic vector y € [0,1)", i.e., Qp = Q% + hy.
We say that Q is a hyper-cube of Qn, = QY + hy if there exists z € hZ"™ such that

Q=2+ hy+(0,h)".

DEFINITION 4.2. Let T CR"™ be a countably (H"',n — 1)-rectifiable set with
H"Y(T) < co. For every y € R™ we introduce the directional half-neighbourhood
JY of T

7= Yl =i,

zel

where [a,b] denotes the segment joining a,b € R™. Set D :={e;, e; te;, i,j =
1,...,n, i #j}. Given an (n — 1)-dimensional h-grid Qp, we say that a hyper-
cube QY =z + hy + (0,h)™ of Qpn is a bad hyper-cube relative to T' if there exist
e€ D andn € {0,1}"™ such that

2+ hy + hn € JM, with n; =0, if e = ey,
2+ hy+ hne Jhe, with n; = n; =0, if e = e; + ¢,
z+hy+hn+he; € e, withn; =n; =0, ife=e; —e;.

Otherwise, we say that a hyper-cube of Qy, is a good hyper-cube relative to T'.

The following proposition provides an estimate of the H™ '-measure of the
boundaries of the bad hyper-cubes, which will be useful in view of the approximating
result of proposition 4.4.
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PROPOSITION 4.3. Let I' CR™ be a countably (H"~',n — 1)-rectifiable set with
H" (') < oo, and let T be a sequence of measurable sets such that

FCFforeveryjeNandZ’H"l i) =L < o0.
=1

Moreover, for every j € N, every h > 0, and every y € [0,1)", let By, j,, be the family
of bad hyper-cubes of Q% + hy relative to I'; and define

A= |J @ (4.1)

QEBL jy

Then, for every 6 > 0 there exists a subset H C (0,1)™ with L™((0,1)" \ H) < § for
which for every y € H there exist a sequence hy \, 0 and a sequence j, / oo such
that

1
limsup H" 194y, ;) < —  for every m, (4.2)
m

k—o0

Proof. Let D be as in definition 4.2. For every j € N let us denote by J{ the
directional half-neighbourhood of I'; and define the discrete jump energy

. L yne (z+ hy)
EYMT;) =h" ) Y BRAF I

ecD zehZ™

Notice that, by definition of bad hyper-cubes, we have
EYMT;) = C#By k", (4.3)

for a positive constant C' independent of h and j. Moreover for every h we can give
the following estimate

o0 o0 1 jne (z+ hy)
y:h . — n
Jou DI =33 5 0 / T

j=leeD zchZ™

1 Jhe

>3 [
iz/ </ 11Jhphye|+se) ds)dy
iz czm Ny = e,

j=leeD
where ¢ = max,|—1 (3. cp |V - e|/e]). Therefore, if we set g(y) := liminf;, o+ D277,
EYh(T;) and define

@\m

H:={ye0,1)" | g(y) <cL/d},
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by Fatou lemma and Chebyshev inequality we get that

L0, )"\ H) <4
Moreover, if y € H, we have, up to passing to a subsequence depending on vy, that

= lim Z Evh( % (4.4)

h—0t

Again by Fatou lemma we have, along the same subsequence, that
> L
lim inf B¥"(T;) < g(y) < =

. h—0+ 1) '
Jj=1

Therefore, for every €; > 0 there exists j; € N such that

lihrggrif Ey’h(Fjl) < €.

In particular, we can find a subsequence h,lC N\, 0 such that

lim EYh (T;,) = liminf E¥"(T;,) < €.

k—oo h—0+

Since the bounds (4.4)—(4.5) are still valid along the subsequence (h},), given €2 > 0
we can find a sufficiently large jo € N for which

liminf E¥"(T;,) < €.

k—o0

As before, we can find a subsequence (h?) C (hi,)y such that hZ \, 0 and

lim EY¥"(T;,) = liminf EY"(T},) < €.

k—o0 k—o0
By induction, given a sequence €,, \, 0, we can construct a sequence j,, / oo and,
for every m € N, the subsequences (h{")y C (h;"~ ')}, satisfying

lim BV (T ) = liminf BY" (1) < ém.

k—o0 k—o0
Setting hy := hﬁ for every k, we infer that hx \, 0 and

klim BV (T, ) < ey for every m.
— 00

Finally, by (4.3) and by definition (4.1) of A, ;. we estimate, for a suitable
constants c¢1(n), ca(n) > 0 depending only on the dimension n,

hm Sup H"L_l (aAhk Jm ) < C1 (n) hm Sup #Bhk WJm sy hz_l

k—oo k—oo
< ca(n) limsup BV (T}, ) < ca(n)em,
k—o0
so that (4.2) holds. By setting €,, := 1/co(n)m we infer (4.2). O
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We now provide an approximation result for a function v € GSBD?(€;) in terms
of more regular functions vy, whose jump .J,, is contained in an (n — 1)-dimensional
h-grid Qj, and that are W out of .J,, , as in [30, theorem 5]. The main difference
is that here, in order to later prove theorem 3.2, we have to carefully estimate the
measure H" (7, (J,,)), where m, denotes the orthogonal projection of R" onto
e;-. We further point out that our approximation is local in space, i.e., for Q' € Qy,
and that we do not need to approximate v in energy, as done in [14]. For these
reasons, a construction similar to those in [30, theorem 5] can be performed in our
setting without the additional assumptions v € L?(21;R") and e(v) € L?(Qy; M?),
which were instead crucial in [12, 30] to guarantee the convergence in energy and
to construct a recovery sequence.

PROPOSITION 4.4. Let U C R™ be open, v € GSBD?*(U) with H"~'(J,) < oo, and
V €U a Lipschitz reqular domain with H"~1(0V N .J,) = 0. Then, there exists
(vp)52, C GSBD*(V)NWhe(V\ J,, s R™) such that

(i) vp — v in measure in V as k — oc;
(ii) [le(ve) —e()llz2(vinry — 0 as k — oo;

(iii) for every & € SP~1

lim H" (me(Jo,) \ me(J, N V) = 0;

k—oo

(iv) Tr(vg) — Tr(v) in H" t-measure on OV as k — oc;

(v) If v-e; is independent of x;, then for H" '-a.e. ' ¢ m.,(J,,) the function
t — v (2" +te;) - €5 is constant.

Proof. First we prove that there exists a sequence (vn,)ns0 C GSBD?*(V)N
Whee(V\ Ju,, i R") satisfying (i), (ii), (iv) and (v) as k — oo, plus the fact that
Jo,, C 9} + hxys for some (yx) C [0,1)™. In order to prove this, we proceed simi-
larly to [30, theorem 5]: consider for a.e. y € [0,1)" the (n — 1)-dimensional h-grid
09 + hy and consider the discretized function of v

vy (2) :=wv(z+hy), z€hZ"nU — hy),

and define the continuous interpolation of ”Zk

@)= Y ol (A <””‘(Zh+hy)> forz €V,

z€hZ"NU —hy

where
n

Alx) =[] = li)*

i=1
Let us fix VE@V' @V’ @ V' @U and let us define the piecewise constant strain
in the direction e € D as

) [(vh, (2 + he) — vy, (2)) - €]

h () ynytomn (), eV,

EYh(z) =
zehZnV’
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where ¢, (2) := 1 — 1 jen(2 + hy). Notice that, since V€ V' € V' € U, then EYh
is well defined in V" for every sufficiently small A > 0. We claim that

lim (/ |EYM(2) — fo(z)|? da:) dy =0 for every e € D, (4.6)
h—0t [0’1)n "

where f. :=e(v)e - e. In order to simplify the next computation let us set
Ql(2):=[z+hy+[0,M)"|NV, U/ :=U—hy.

Now we write

[ ( 1@ - fe(z>2dm> dy
Sowe (LZ
0,1)n QY (=)

v(z+h he) —v(z+ h e
(oot hy+he) —vle b)) ey ) p o

2
d:ﬂ) dy

zERZPOV/! h
2
. i (v(z + hy + he) —v(z + hy)) - e )
- e —Je Loy, dy | d
/V <z€hZ"ﬁV' '/[0’1)” h Ce,n(2) = fe(@)| Lgy o (x)dy |da
2
(v(¢ + he) —v(C)) - e s
< 1 eh — fe 1 o 22 dc ) de,
/V <z€hZ’nmv/][z+[0,h)" h U\J (C) f (Z‘) [0,1) < 5 > C) P
(47)

where in the last inequality we have performed the change of variable ( = z + hy
and we have used the trivial inclusion [0,1)" N (Y2 — y) C [0,1)". We can continue
the estimate (4.7) by noticing that the cubes z + [0, h)™ are pairwise disjoints, so
that

/ ( [ 1@ —fe(fff)|2dw>dy
[0,1)n 1%
2
1 _
< /V (h”/U Tio,1yn (33 h C) dC>d$
2
1 x—C
< A (hn /(;\Jdl 1[0’1)71 (h) dC)dx
+[;<;ﬂ£wLﬂmﬂﬁmmn<x;<>mﬁdm (4.8)

(v(¢ + he) —v(())
h

. eﬂU\Jeh (€) = fe(=)

(v(¢ + he) —v(Q)) -
h

‘ - fe(x)
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We treat the last two integrals in (4.8) separately. For the first we have that

2
]1[0’1)71 (J:;C) dC) dx

2

(v(C+he) —v(Q)) - e
h

— fe(z)

LG
S L

X ]]_[071)n (m 7 e) dt) dy)
1 h
S/ —n / ][ |Dov(y + te + se) - e — fo(x)|*ds
A4 h IIe U\]eh 0

t
X g1y ( - te) dt) dy>
1 h )
_/V<hn (/U\M <]{) foly + te + s¢) — fo(2)] ds>

—1
X ]1[0’1)n ( e> dt) dy)

where in the last equality we have used the fact that ¢ ¢ (U \ J")¢ implies {t 4 s :
s€[0,h)} N (Ju)y = 0. We can continue the previous estimate with

2

Lo, 1)n ( h() dC)dx
. )

g/v// ]é <M/U|fe(C+se)—fe(x)| ]1[0,1)n< )d{) )

(v(y +te+he) —v(y+te))-e

h _fe(x)

¢ L@
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The continuity property of the translations in L?(U) plus the Dominated Conver-

gence Theorem allow us to deduce that
T
0,1y <hC> dg) da

. 1
hli%1Jr v (hn /U\Jeh
1
. _ _ 9 _
< Jim | ( /[OW ( / el + hlse = ©) ~ ful) dx)d()ds 0. (49)

The second term on the right-hand side of (4.8) can be estimated as follows

I (; [T <xhC>d<> d
< A *da |d
</, <]{W 7e(¢ + ) x> ¢
-/ ( / fe(C)|2dC>dx~

0,07 \ JIentha

Being £7(J¢") infinitesimal as h — 0% (see the proof of proposition 4.3), we easily

deduce that
. 1 9 x—(
| (m /, [fel@) Lo, <h>d<> do

< lim / |f(O)?d¢ |dz = 0. (4.10)
h=0% Jio,1)n \ JJehtha

As a consequence of (4.8)-(4.10) we obtain the claim (4.6). Moreover, by looking
at the proof of [30, theorem 5, formulas (1')—(3’b)], thanks to the fact that V€ U
and H*~1(0V N J,) = 0, we deduce that

(v(¢+he) —v(()) - e
h

2
— fe(x)| 1

h]il(r)l+ o ( |wi (x) —v(z)| A 1dm> dy =0, (4.11)
}Llirgl+ o1 ( |Tr(w))(z) — Tr(v)(z)| A1 dH"l(z)> dy =0, (4.12)
e Jon) EY™M((0V)ann) dy = 0, (4.13)

where (V)anp := {@ € R" : d(x,0V) < 2nh} and EY"((8V)any) is defined as in
[30, formula (32)] as

Lyne(s
EYM(@0V)gw) =07y YL G,

hle|
eeD  z€(0V)ann—hy
2€(0V)2nn—hy—he
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We recall that since .J, is countably (H"~! n — 1)-rectifiable and has finite
measure, arguing similarly to [21, lemma 3.2.18] we find a sequence K; of com-
pact subsets of R"™! with associated Lipschitz maps v;: K; — R" such that

wh( Jl) nwjz( ]2) - (Z) for ]1 7é ]2 and
-1 (Jv \ U zpj(Kj)) =0and H" '(¢;(K;)\ J,) =0for jeN.  (4.14)
j=1
In addition, being H"~1(dV N J,) = 0 we may also suppose that
V;i(K;) €V or ¢j(K;) €U \V for j €N. (4.15)

For every m € N\ {0}, let j,,, be such that

> W) < g (4.16)

J>Jm

Let us set 'y, :=J, and T, :=J,\Ujg;, ¢;(K;) for m>1. In view of
(4.14)—(4.16) we can apply proposition 4.3 from which we deduce, in combination
with (4.6) and (4.11)—(4.13), that there exists y € [0,1)", a subsequence of (j,)m,
which with abuse of notation we still denote by (j,)m, and a subsequence (hg)g
for which we have

Jim » |EY"e(2) — fo(z)|*de = 0 for e € D, (4.17)
klinso/‘/ lwy, () —v(z)] Aldz =0, (4.18)
kll_glo - |Tr(wy, )(x) = Tr(v)(z)] A1 dH" ! (z) =0, (4.19)
Jim B3 ((0V)20m,) = 0, (4.20)
lilrcrisip H Y (0A, ;..) < % for every m, (4.21)

where Ay, ;.. is the union of bad hyper-cubes of QO + hiy relative to I';
We further notice that, following the proof of prop051t10n 4.3, we may assume
that the first term of the subsequence I'j, = J,. Since y is fixed, in what follows we
omit the dependence on y.

Now we proceed with the construction of (vj)72,. Arguing similarly to [30,
theorem 5] we define the function v, equals to 0 on each bad hyper-cube of Q?Lk
relative to J, and vy := wp, otherwise in V. In this way (4.18)—(4.20) imply (7)
and (iv) by arguing in a very same way as in [30, theorem 5|, while (v) comes by
construction. Now we need an intermediate step which allows us to prove at the
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end (ii). If we introduce the discretized bulk energy

Ehk ’Uhk : hn Z Z a(e) ((Uhk (Z + hke) — Uhy, (Z)) ) e)QCe,hk (2)7 (422>

h2
e€D zEh, IOV k

where a(e) =n — 1 whenever e =e;, i=1,...,n,and 1/4 fore=¢; te;, 1 <i <
J < m, then [13] tells us that the contribution of a good hyper-cube @ of on having
non-empty intersection with V' to the discretized bulk energy is exactly

(n—1) h;g - (v (2 + han + hies) — vf (2 + hen)) - €;)?
IQ - § : E : h2 b
i=1ne{0,1}" k
7n;=0

IS

1<i<j<n ne{0,1}"
1:=1;=0

x <((vhk(z + hin + hi(ei + €5)) — vn, (2 + hien)) - (ei + ¢5))?
a2

1 ((vny, (2 + hgn + hiej) — vp, (2 + hin + hie;)) - (e — €j))2>
412 ’

and that the following fundamental relation holds true

/Z e)le(vn, )e - e* dz.

eGD

By definition of piecewise constant strain we can thus write

Z/ e(vp, e -e|*dx < Z /Z e(vn,)e - e|? dx

ecD Qngood eGD
QmVyé(Z)
<Y lo<Bu)< Y [ allEkPd
Qegqood ecD’V"
va;é(b
(4.23)
where we have denoted by QQOOd the set of good hyper-cubes relative of Q) , relative

to Jy,. Inequality (4.23) together with (4.17) immediately implies
1imsupZ/ e(vp,)e - e* dr < Z/ (v)e - e|* d. (4.24)
k—o0 eeD "

To prove (iii) we fix £ € S"~!. To simplify the notation we denote by Ay and A}
the union of bad hyper-cubes of Q%k relative to J, and J, NV, respectively. By
construction, J,, is contained in A, N V. We proceed as follows: first we estimate
the measure of the projection of A} onto £+, then we show that the measure of
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the projection of (A \ A}) NV onto £+ is infinitesimal as k — oo, and finally we
deduce (iii).

In what follows we consider only those indices j for which ;(K;) € V (see

(4.15)). Let us denote by By, ; the set of bad hyper-cubes relative to z/)]( ;) and let
B’ be the set of hyper-cubes for which one of their edges is contained in the set

{x 6 V| dist(z,1;(K;)) < hi}. Then, By, ; C B}, ;. Now fix a direction £ € S
If we set By ; == m¢(Ugen, le), we have that
H (B \ me( () = O(1/k). (4.25)

Indeed, equality (4.25) follows from the fact that By, C {y € TI¢ | dist(y, e
(1j(K;))) < (1 ++/n)hi} and clearly, since ¢ (1);(K;)) is compact, it holds true

Jim 7 ({y € T | dist(y, me (4 (K))) < (14 Vi)hi} \ me(wy(K))) ) = 0.
In view of (4.25) given m we can find k,, such that for every j < j,, and for every

k> kpy

€

H (B \ me(v(K;))) < i (4.26)

Let us define By := B}, and, by induction, By ; := B} . Uj:_lBkl for every
; k,1 J kg \ Yi=1LF,
1 < j < jm and for every k > k,,. Notice that (4.26) implies

m

H Y (B \ me(1;(K;))) < ]i for 1 < j < jm and k > k. (4.27)

Now for every k > k,,, by construction we have that if Q € B;Ik, j forsome 1 < j <
Jm, then m¢(Q) C U]’” By, ;. Therefore, we can use (4.14) and (4.27) to estimate

for every k > k,,
((U U = )\w§(J mV))
J 1QeBhk 7

e (R )
((0,,0) (5]

¥

L ((L_j B,m) . ([_j mwj(Kj))))

< SO (B \ me(wy (1)) < e (1.28)
j=1

To estimate the H™ !-measure of the projection of the bad hyper-cubes relative
to J, NV which do not belong to By, ; for some 1 < j < j,,, we can notice that
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such hyper-cubes are contained in the family of bad hyper-cubes relative to I'; =
(Jo N V) \Uj<;,,¥5(K;). If we denote by Aj,, . the union of such bad hyper-cubes,
we can use relation (4.21) to write

lim sup H”fl(ﬂg(ﬁAﬁlk’jm)) <limsup H" H(7e (0An, 4..)) (4.29)
k—oo k—o0
<limsup H" (04, j,.) =0,
k—o00

where in the first inequality we have used the following general fact
A C A= 7 (0A") C me(04),
for every couple of sets A’, A C R™ with A’ C A and A bounded. Now we define
A ={Q ¢ Q?Lk :  is a bad hyper-cubes for .J,, Q NV # (),
QN (V\(9V)2nn,) # 0}
A ={Q ¢ Q?Lk : Q is a bad hyper-cubes for .J,, Q NV # (),
QN (V\ (OV)2an,) = 0}.

Notice that if @ € A} then @ C V and Q N (dV)y, = 0; but this implies that actu-
ally @ is a bad hyper-cube relative to J, N V. Namely, the following implication
holds true

QAL = QC A (4.30)

On the other hand, if @ € A7 then @ is a bad hyper-cube relative to J, such
that @ C (0V)ann, which means that each of its edges is contained in (OV)anp, -
A similar argument to the proof of (3’) [30, theorem 3.5] shows that there exists a
dimensional constant ¢ > 0 for which

(#ADh < B ((0V)anny ).
In particular we can infer
H“(a( U Q)) < (AR < B ((OV)20my)-
QeA?

Condition (4.20) ensures that

lim H”‘1<6< U Q)) =0. (4.31)
k—o0 QEA%

Every bad hyper-cube relative to J, which has non-empty intersection with V' is
contained in A} U Ai. Therefore, if we set

Ap=J Qand 47 = |J @

QeA;} QeA?
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we can give the following estimate

H" e (0AR N V) \ me(J, N V) (4.32)
<H" N (me (0AL) \ e (Jy N V) + H"H(me (0A7))
< H"H(me (0AL) \ me(Jo N V) + H" ™ (me(9A7)),
where for the last inequality we have used (4.30) to deduce that ¢ (DA}) C me(DA},).

We estimate separately the limsup of the last two terms of (4.32). Concerning the
first term we can use implication (4.30) to write

H* N me(0AL) \ me(Jy N V) S H" N (me(0An, )

(Y @) rnian)
J=1QE€Bn, ,;

for every m, where we have used that

re@AN A < U

J=1Q€Bn, ;
Hence, we can make use of (4.28) and (4.29) to write

limsup H"* (m¢ (0AL) \ me(J, N V) < O(1/m) +e. (4.33)

k—oo

The second term on the right-hand side of (4.32) can be estimated by using (4.31),
ie.

limsup H™ ! (m¢ (0A2)) < limsup H™ ! <3< U Q)) =0. (4.34)

k—o0 k—o00
QeA?

Thanks to (4.33)—(4.34) and the arbitrariness of m € N and ¢ > 0 we obtain from
(4.32)
kILH;OH" Y7 (0As N V) \ me(J, N V) = 0.

Finally, (i) is proved since J,, C 04, NV.

Now we are in position to prove (4i). Thanks to the arbitrariness of the sets V' &€
V' € V' we can consider sequences VY, e V[, e V/ eV eV eV/and V e

V" 1 =1,2,... withn,V/” = V. As above we associate to every [ an approximating
sequence vﬁlk satisfying (i), (iii)—(v), and (4.24). By eventually using a diagonal
argument we can find a sequence which with abuse of notation we still denote by
vp,, still preserving items (7), (i73)—(v) but with the following refinement of (4.24)

limsupZ/ e)le(vn, )e - el*dz < Z/ Je - el da. (4.35)

k—eo cp e€D

This immediately gives (i7) and the conclusion of the proof. O
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REMARK 4.5. We remark that the results of [30, theorem 6] and [12, theorem 2]
can not be used to prove proposition 4.4, as they do not comply with item (v), i.e.,
with the independence of the approximating sequence of the variable z;. We further
mention that items (¢)—(iv) of proposition 4.4 could also be deduced from the recent
results of [11, theorem 5.1]. As for property (v), instead, it could be proven that
t — vz’ +te;) - e; is constant for H" '-a.e. 2’ ¢ m.,(A), for a set A C 2y which
in general is not (essentially) closed.

REMARK 4.6. Here we limit ourselves to observe that, in point (ii¢) of the previous
theorem, also H" ! (m¢(J, N V) \ me(Jo, ) goes to zero as k — oo but possibly only
for a.e. £ € S" 1,

In the next proposition we show (i) of theorem 3.2 and do a first step towards
the proof of formula (3.12).

PROPOSITION 4.7. Let u € KL(y). Then, u, does not depend on x,,. Moreover, for
every a« =1,...,n —1 there exists an H" '-measurable function 1 : w — R such
that

U (2 2,) = Tr(ug) (x’, —;) - (xn + ;)MX(Z") for L" — a.e. (¢, x,) € Q.
(4.36)

Proof. Combining the fact that e, ,,(u) = 0 with (), = 0 we easily deduce that
D,u, =0, so that u,, does not depend on x,,.

To show formula (4.36) we consider a Lipschitz-regular open set w’ @ w such
that H"1((0w’ x (=%,2))NJ,) = 0. For 0 <4 < 3, we apply proposition 4.4 to
the function u on the open sets w x (—3, %) and w’ x (=6, d), taking care to have
chosen § > 0 such that H"~1(d(w’ x (=§,8)) N J,) =0 (a.e. choice of § does the
job). We denote by (up)n C GSBD?*(w' x (—6,8)) N W1 (w' x (=6,0) \ Ju,; R")
the approximating sequence given by proposition 4.4.

First of all notice that since (v,), =0, by property (i7i) of proposition 4.4
we know that H"!(m,(Jy,)) — 0 as h — co. By passing eventually through a
subsequence we may suppose »_, H" (7, (Jy,)) < oc. Hence, if we define

Ay = U Tn(Jy,) and A:= ﬁ Ay,
h=1

then H"~1(A) = 0. Moreover, from (i) and (iv) of proposition 4.4 we deduce that
there exists a set / C (—3%,3) with H*(I) =0 such that for « =1,...,n—1 the
following holds true:

(1) lim lup (2, 2,) — u(z', x,)| ATAH" H(2') =0, x,, € (—%, %) \ I;

h—o0 J

(2) lim |T7((up)o) (@', —0) — Tr(ua)(z', —6)| A1dH"(2') = 0.

h—oo [
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We claim that for every t1,t2 € (—%,1)\ I we have

o (2, 1) — Tr(ug ) (2, —9) _ U (', t2) — Tr(uq)(x', —0) H" ae. in o
(t+0) (t2+9) -
(4.37)

To show (4.37) fix € > 0. We use conditions (1) and (2) together with Egoroff’s
Theorem to deduce that, up to subsequences, there exists a measurable set £ C w’
with H" 1 (w"\ E) < € such that

Jim llun(-st1) —u(- t1)l| Lo (wmy = 0, (4.38)
Jim lun (- t2) —u(- t2)l| Lo By = 0, (4.39)
T Tr((un)a) (- —0) = Tr(ua)(, =) 1 (o) = 0. (4.40)

Now let 2" € W'\ (AU E). Then, there exists h for which 2" ¢ Ay, that is, 2’ €

MNisnlw’ \ 7n(Ju,)]. Therefore, being m,(Jy,) closed sets, for every k > h there
exists 7 > 0 (depending on k) for which

B (2') x (=6,6) N T, =0, (4.41)

where B"~!(2') C w' denotes here the (n — 1)-dimensional ball of radius r and
centre x’. In particular, being u,, independent of x,,, by (4.41) and by (v) of propo-
sition 4.4 we have that the approximating functions uy is such that (uy), does not
depend on x,, in the set B?~!(2") x (—§,d). Moreover, since uy, is Lipschitz contin-
uous on B"~1(2') x (—4,4), we can apply the Fundamental Theorem of Calculus
on the segment {z'} x (=d,t1) (z, < ) to deduce that, for a =1,...,n — 1,

ty

(wn)a(@’st1) = Tr((ui)e ) (', ~8) =2 / Caon () (@', 1) dt = (t1 + 6) Do (g ().

-8

Hence, by using (4.38), (4.40), the convergence (ii) of proposition 4.4, and the
fact that eq,n(u) =0, we can take the integral on an arbitrary measurable set
B C W'\ (AU E) on both sides of the previous inequality and let & — oo to deduce
that

/; ua(xl7t1) _tlTI(Jua)(ml7 _6) dHn_l(.’El) _ kli)n;o ; Da(uk)n(:ﬂl) dHn_l((E/).
(4.42)

Notice that the uniform convergence (4.38)—(4.40) together with the fact that uy €
Whee([w' x (=8,0)] \ Ju,; R™) guarantee that the integrand in the left-hand side
of (4.42) belongs to L'(w’\ (AU E)). Thanks to (4.39), the same argument shows
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that for every measurable set B C w’\ (AU E) it holds true

/B ua(x/atQ) _tQT—:((Sua)(x/? _5) danl(x/) _ klingo : Da(uk)n(l'/) danl(l,/).
(4.43)

Finally, putting together (4.42) with (4.43) we deduce that

U (2, t1) — Tr(us)(x’, —0)
t+6
U (2, t2) — Tr(uq) (2, —0)

= "lae inw \ (AUE).
P , H ae.inw \ (AU E)

Letting € \, 0 in the construction of E, we deduce (4.37) since H"1(A) = 0.
Now fix t € (—%,2)\ I and define the measurable set

U (2, 20) — Tr(us) (2, —0)
(xn +0)

H:= {wa’x (—=6,0) |

ug(2’,t) = Tr(uq) (2, —0)
a (t+0) }

We claim that H has full measure in w’ x (=6, 6). Indeed by using Fubini’s Theorem
we can write

LM(H) = /2 H' {2’ cw | (2/,2,) € H}) dap,
which immediately implies our claim thanks to (4.37). By applying again Fubini’s
Theorem we infer that
H ({xn € (=6,0) | (2',2,) € H}) =20 H" tae 2’ €.
Thus, defining
Tr(ug)(x',—8) — uq (', t)

Y2 (') = 010 for H" t-ae. 2’ € W,
we obtain exactly that for £L"-a.e. x = (2/,z,) € ' x (=6,0)
U (2, 20) = Tr(ug)(z', =0) — (@, + 6)¢S(z'), (4.44)
for every a=1,...,n— 1. Moreover, since Tr(uy)(z’,—8) — Tr(us)(a’,—3) as

6 — %+7 defining

Tr(ua) (2, —%) — ug (', 1)

: for H" t-ae. 2’ €W’
s

o (2') ==

and passing to the limit as § — %+ in (4.44) (this can be done since a.e. § > 0 is

admissible) we obtain (4.36) for L"-a.e. (2/,2,) € W' x (—3,3). Finally, (4.36) is
achieved by letting w’ 7 w. O
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PROPOSITION 4.8. Let u € KL(21). Then, there exists I C w such that

11
J,=T' x| -=>]. 4.45

Moreover, if 1, are as in proposition 4.7, then the functions

(') = (Tr(ul) (x’, —;) yee s Tr(Up—1) (m’, _;> ) ,

(@) = (@), o1 (2)
belong to GSBD?*(w).

REMARK 4.9. Notice that being the jump of u of the form J, =T" x (-1, 3) and
being u, independent of z,, then also J,, is of the form I x (-1, %) for
I'cr'.

We are now ready to prove proposition 4.8.

Proof of proposition 4.8. By [17, theorem 4.19] we know that for Ll-a.e. z, €

(=%, 3) it holds true

(ui (- 20), -y Un_1(-, ) € GSBD*(w).

In order to simplify the notation, set w(a’,z,) := (u1 (2, zy),. .., up—1(2', 2,)).
Thus, by (4.36) there exist y,, # z, such that

U)(l'/, yn) * w(x/a Zn)

= (2 2(w
o) Z U 20) gty € GSBD),

which in turn, by using again formula (4.36), also implies v € GSBD?(w). This
gives the second part of the proposition. In particular, we notice that w(-,z,) €
GSBD?(w) for every z,, € (—1,1).

In order to prove J, =T x (—%7 %) for some IV C w, it is enough to prove that

for H" l-a.e. x = (2/,2,) € J, we have

H* <<{x'} X (— % ;)) N Ju> = 1. (4.46)

Suppose z = (2/,x,) € J,. Since, by proposition 4.7, u, does not depend on z,,
(4.46) is satisfied whenever 2’ € J, . Thus, without loss of generality we may
assume =’ ¢ J,, . Then, there are two possibilities:

(1) there exists y, € (—1,2)\ {z,} such that (2/,y,) € Ju;

(2) (2/,t) ¢ Jy for every t # xp,.
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In case (1), we further distinguish two subcases: either v, ((2/,yn)) =
tv, (2, 2,)) or v, ((2',yn)) # tru((2,2,)). In the first case, by using formula
(4.36) together with the fact that u, does not depend on z,, we have

u(a’,t) —u(a’,s) , , 11 11
- = (¢(2'),0) for(x,t,s)wa( 2,2>><< 2,2>.

(4.47)

This implies that 2’ is a point of approximate continuity for 1) or a jump point

for ¢ with vy (2') = £ (2, z,). In particular, the last relation follows from (4.47)

written for (¢, s) = (yn, zn), from the equality v, ((2',y,)) = T4 ((2, 2,,)), and from
the fact that ¢ does not depend on z,, and (v,), = 0.

Suppose now that 2’ is a jump point of ¢ (in the case of a point of approximate

continuity one can argue in the very same way). Then, there exist a # b € R™ and
a’ # v € R"! such that

’LL(.’IJ + ’I“y) - a]l{uu,(r)-z>0}(y) + bll{—l/u(z)~z>0} (y)7
locally in £L™-measure as r — 07, and
¢($/ =+ ry/) — a/]l{vu(z)-z’>0} (y') + b/]l{_l,“(x).z/>0} (yl),

locally in H"~'-measure as r — 0. These two convergences imply that if we set
xo := (2/,t) with t # x,,, by using

u(z' t) —u(a, zp)

= ("/}(‘T/)’ 0)7

T, —t

we deduce

U(.’EQ + Ty) - [(l + (,Tn - t)(a/’ O)}]l{uu(x)-z>0} (y> (448)
+ b+ (@ — ), 010, ()20} (¥),

locally in H"~!-measure as r — 0F. Since

)

DN | =

)

M| =

a+ (z, —t)(a’,0) #b+ (z, —t)(b',0) forae. te (-

the convergence in (4.48) implies that (2/,t) € J, for a.e. t € (—3, 3). Hence, (4.46)
is satisfied if (1) holds and vy, (2, y,) = Fvy (2, 2y).

In order to show that the set of 2’ satisfying (1) and v, (2, yn) # v (2, zy,) is
H"2-negligible, we recall that 1), %, % € GSBD?*(w), and notice that,
since 2’ € Jy \ Ju, and (1), = 0, it holds &' € Jy(. 5,) N Ju(.y,) and vy (2', 2,) =
(Vaw(-yz) ("), 0). Hence, applying for instance [5, proposition 2.85],

0= 7‘["_2({.'];‘/ € Jw(-,zn) N Jw(.’yn) : l/w(i’xn)(a:‘/) =+ in(-,yn)@?'l)})
=H"2({2' €w\ Ju, | (1) holds and =+ v, (2', 2,) # v (@, yn)}).

Therefore, H"!-a.e. z satisfying case (1) also fulfills (4.46).
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Finally, suppose (2) holds. Such points are a subset of J,, denoted here by A,
satisfying H°((A)r) =1 for every z’ € m,(A). Since (1), =0, by the Area
Formula we have

H' T (ma(A)) = [ HO((A)gr) dH™ (') = /A [ - en dH1 =0,

’
x
TIen

and we conclude (4.46). O
We are now in a position to conclude the proof of theorem 3.2.

Proof of theorem 3.2. First we prove that w,, is approximately differentiable £™-a.e.
in Q. In view of [21, theorem 3.1.4] it is enough to prove that the approximate

partial derivatives O;u,, exist L"-a.e. in €y for every i = 1,...,n. Since we already
know that u,, does not depend on z,,, we need only to prove J,u, exist L™-a.e. in
Qy forevery a=1,...,n—1.

Given «, we notice that since u € GSBD?(;), setting & := (e, + eq)/V2 we
have that O¢(u - §) and J,uqa exist L™-a.e. in ©; and by formula (4.36) also 0, uq
exists L™-a.e. in Q5.

We now claim that

0oty = 20¢ (1 - &) — Oplq — O L"-a.e. in . (4.49)

Indeed, up to a set of L"-measure zero we have that for every x € ; the following
holds true:

ap-lim YEH 1) E=u@) € g ey, (4.50)
h—0 h

ap- lim Ua(l' + h@n) — Ua(l') = 8nua($)a (451)
h—0 h

ap- lim Ua<-'L' + hea) — o (-T) = aaua(l')a (452)
h—0 h

ap-lim(z’ + hey) = (). (4.53)
h—0

By a simple algebraic computation we can write
Un(x + hey) — up ()
= Up (T + heq) — un( + heq + hen) + un (@ + heq + hey) — uy ()
= Up (2 + hea) — tun(z + heq + hen) + V2u(z + hv/2€) - € — V2u(x) -
— (ua(z 4+ hV28) — un(z)). (4.54)

By proposition 4.7, u,, does not depend on x,,. Thus,

[7a2%

Un (T + heg) — un(x + heq + he,) = 0. (4.55)
By (4.50) we have that for £"-a.e. z €
- V2u(z + hV2E) - € — V2u(x) - €
ap- lim

h—0 h

=20¢(u-&)(x). (4.56)
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We re-write the last term on the right-hand side of (4.54) as

Ue (T + hV2E) — Ua () = ua(z 4 hen + €4)) — Ua(x + hey)
+ U (T + hey) — uq ().
Using formula (4.36) we have that
Uo (T + hien + eq)) — Ua(x + hey) = —hibo (2" + hey),
which implies, together with (4.53), that for £™-a.e. €

Ua(z + h(eq +en)) — ua(x + hey)

ap- lim = 77!’04(50/) - (9nua($), (457)
h—0 h
where ¥,, a=1,...,n—1 are the functions determined in (4.36). Therefore,

combining (4.51), (4.52) and (4.57) we deduce that for £L"-a.e. z € {4

ap- lim Ua (z + h\/gﬁ) — uq ()
h—0

= 8nua(x) + 8aua(x)' (458)

Inserting (4.55)—(4.58) in (4.54) we obtain (4.49).

Since a € {1,...,n— 1} was arbitrary, we deduce that wu, is approximately
differentiable £"-a.e. in ;. Furthermore, since u, does not depend on xz,, u, is
approximately differentiable H"~!-a.e. on w. If we denote (with abuse of notation)
Vu, = (O1un, - .., 0n—1uy), then Vu, is the approximate gradient of wu,,.

In order to prove that Vu, € GSBD?(w), we claim that

YV, (z') = (wl(x’), e 1/Jn,1(x')) for H" ! -a.e. 2’ € w. (4.59)

Once we show (4.59), the fact that Vu, € GSBD?*(w) will follow from proposi-
tion 4.8. The equality (4.59) is a consequence of the hypothesis e; ,(u) = 0 and of
(4.36). The latter yields that d,u, = —t)o L"-a.e.. Hence, being eq ,(u) =0, we
infer exactly Oqu, = ¥, L™-a.e., which is (4.59).

In order to prove (3.12) notice that formula (4.36) becomes now

1 1
e (2, 20) = Tr(ug) (x’7 —2> — <mn + 2) Ootin (z')  for L™-ace. (2, 2,) € Q.

(4.60)
Recalling that 0 = w x (—%, %), by integrating both sides of (4.60) with respect
to @, € (—%, %) we obtain

1) — Out(a!) for Lae. (2 ,) € Q.

Uo(2') = Tr(uy) (:v’7 -3

Combining the last two equalities we deduce exactly (3.12). The fact that uw €
GSBD?(w) simply follows now by (3.12).

We are finally left to prove that J, = (Jz U Jy, U Jyu,) X (=3, 1), for which we
follow the lines of [8, proposition 5.2, step 4]. By proposition 4.8 we already know
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that J, =I" x (—3, %) for some I'" C w. Thus, we only need to show that I'" = Jz U
Ju, U Jvu, up to aset of H"~2-measure zero. First, we prove IV C Jz U J,, U Jyu, -

By formula (3.12) and by proposition 4.7 we have that

' t) —u(2, s)

/ 7“( 4 711 ,11
(Vuy(2'),0) = -~ for(x,t,s)éwx( 2,2)x< 2,2).

Hence, for H"2-a.e. 2/ € I, either 2’ € Jy,,, or x’ is an approximate continuity
point for Vu,. In the first case, we clearly have 2’ € Jz U J,,, U Jyy,, -

Let us suppose, instead, that 2’ is an approximate continuity point of Vu,.
By rewriting formula (3.12) in the vectorial form as

u = (ﬂ17 e 767171;”77,) - x’n(aluna . '7871,71”77,70)7

then, it is easy to see that, being z’ a point of approximate continuity for Vu,,,
the fact that (2/, x,) € J, for z,, € (—%, %) forces «’ € Jz U J,, . This gives the first
inclusion IV C Jz U J,,, U Jyy,,.

To prove Jz U Jy, U Jy,, C I we argue as follows: if 2’ € J,,, then, by definition

of .J,, , we have
1 , 11
S =1.
H(({x}x( 5 N Jy

Hence, we can reduce ourselves to prove the inclusion in the case ' € Jz U Jyy,, -

Since J, =I" x (—3, %), we can choose &, € (—1,1) such that v(:) == u(-,Z,) €

GSBD?(w) and J, = I'" up to a set of H"~2-measure zero in w. Moreover, formula
(3.12) implies that
Jvu, CJJzUJ, and Jz C Jyy, UJ,.
Thus, we deduce that, up to an H"2-negligible set in w,
Jvu, \Jz C Jy =T" and Jz\ Jyu, CJ, =T". (4.61)

It remains to prove that

~—

Jgu, N Jz C T, (4.62
If 2’ € Jyu, N Jzand Jy,,, Jz have the same tangent plane at 2/, i.e., v := vg(2') =
+vy,, (7)), for a = 1,...,n — 1 there exist £+, n* € R"~! with ¢+ # ¢~ and T #
7~ such that, by (3.12),

(uh s aun—l)((z/a xn) + ry) - (§+ - zn77+)]l{u~z>0} (y)

+ (57 - :Enni)]l{—l/-z>0} (y)

locally in L™-measure as r — 0. Since ¢ —x,n*t #& —x,n~ for ae. xz, €
(—%,3), we deduce that H*(({2’} x (—3,3)) N Ju) =1and 2’ € T".

Finally, applying [5, proposition 2.85] to the functions w,z,, Vu, € GSBD?(w)

for x,, € (—%, %), we deduce that

H"_Q({x' € Jyu, NJg: vg(z) # Ly, (:c’)}) =0.

This gives (4.62) and the conclusion of the theorem. O
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We are now in a position to prove the I'-convergence result of theorem 3.4.

Proof of theorem 3.4. We follow here the steps of [8, theorem 5.1]. Since the con-
vergence in measure is metrizable, we can show the I'-convergence in terms of
converging sequences. As for the I'-liminf, for every infinitesimal sequence py, every
u: Qp — R", and every uy € GSBD?(Q;) such that u;y — v in measure and

likminf Epy (ur) < +00,

we have, in view of proposition 3.1, that u € KL(€;). Furthermore, since (v,), = 0
H" t-a.e. in J,, by [31, proposition 4.6] for every p > 0 we have that

k—oo

H / ¢ () dH™ 1 < lim inf / G5V, ) dH™ (4.63)
Llc

hmmf/ Gpr. (V) AH" L

For every v € GSBD?(€2;) let us set &(v) := (eag(v))’;;;:l. Then, by definition
(3.8)-(3.9) of £, we have

Coe(u) - e(u) hmlnf/ Coe(ug) -e(ug) de
o (4.64)
< likminf Ce’* (uy,) - e (uy,) dz.
— 00 Ql
Hence, combining (4.63) and (4.64) we infer that

Eo(u) < likminf Epy (ur),

which in turn implies that & < I-liminf, . &,.

We conclude with the I'-limsup inequality. Let u € GSBD?(Qy). If u ¢ KL(Qy),
then &y(u) = +oo and there is nothing to show. If u € KL(21), let us fix A =
(A1, .., An) € L?(Q;R™) such that

Coe(u) -e(u) = Cle(u))r - (e(u))r  a.e. in Qy, (4.65)

where we recall the notation introduced in (3.13)-(3.14). Let h,1,...,h,n €
C2°(21) be such that

Ppo — 2\ in L*(Qy), forae{l,...,n—1}, (4.66)
Bpn — Ay in L?(Q4), (4.67)
phpi, pVh,;—0 in L*(Qy) for i€ {1,...,n}. (4.68)

In particular, (4.66)—(4.68) imply that the sequences

H, (2 xn) = p/ hpo(z' t)dt € L*(Q) for a € {1,...,n— 1},
0

H, (2 x,) ::p/ hypn(2',t)dt € L*(Qy)
0
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satisfy H,;, ;H,; — 0 in L*(;) for every i,j € {1,...,n}.
For every x = (2/,x,) € 1 we define

up(z) :i=u(x) + (Hppy ..., Hpp) (). (4.69)
Then, u, € GSBD?(f), Ju, = Ju for every p >0, and (vy,)n, =0 on J,,. More-
over, we have that u, — u in measure on ;.

We now write the components of e”(u,). Since u e KL(;), for every a,
B=1,...,n—1 we have

1
eg,ﬁ(“p) = ea,p(u) + i(aaHpﬁ +0Hp.a),

1 1
§hp7a(x/, Zn) + iaaHp_,n(:c', ),

Thus, from (4.65)—(4.69) we deduce that

1
lim &,(u,) = lim — Ce’(u,) - €’ (u,) dz + H" 1 (J,,)
p—0 p—0 2 N

1
=5 [ Cle()r (e()rde+H""1 () = Eo(u),
Qq
and the proof is thus complete. O

In the following corollary we show that we can naturally handle the presence
of boundary conditions satisfying the properties of (3.11). Although the result fol-
lows directly from theorem 3.4, it justifies the study of convergence of minima and
minimizers, considered in theorem 4.12 and corollary 4.13 below.

COROLLARY 4.10. Let g € KL(R™) N HY(R™;R"), and let us define, for u €
GSBD*(),

E9(u) = &, (u) + H"! ({Tr(u) #Tr(g)} 0 <8w v < - % ;))) (4.70)

£9(u) = Eo(u) + H" <{T7’(u) # Tr(g)} 0 <8w y <_ % ;))) (@.71)

Then, &£ T'-converges to &Y w.r.t. the topology induced by the convergence in
measure in €.
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Proof. We consider w C R™ ! smooth, bounded, and such that w € @, and define

Q:=wx (—3,3). For every u € GSBD?(Q;), we consider the extension

~ u in Ql,
U= {g in 0\ Q). (4.72)

Then, we can rewrite £f(u) as

E(u) ==

2 Jo, Ce”(u) - e”(u) dx + / ¢, (vg) dH" L.

Jﬁﬂﬁ

With this notation at hand, we can show the I'-liminf inequality by following step
by step the proof of theorem 3.4. Given u, € GSBD?(£) such that u, converges

in measure to u € GSBD?(£4), we consider their extensions u,,u € GSBD?*(Q). If

sup €9 (u,) < 400,
p>0

we deduce that e(u,) — e(u) weakly in L*(Qq;M?) and u € KL(21), so that also
u € KL(Q). Furthermore, the bulk energy satisfies

Coe(u) - e(u) dz < liminf [ Ce’(u,)-e’(u,)dx.
o =0 Jao,

As in (4.63) we have that

H YTz N (2) < liminf op(va,) dH™ 1
p—0 Japﬂﬂ

Noticing that H"1(Jz N (Q\ Q1)) = 0 and

Jaﬁawx <—;,;> :{TT(U)#TT(Q)}Q <8wx (—;,;>>’

we deduce that &f(u) < liminf, .o &Y (u,,).
A recovery sequence can be constructed as in (4.69), where we modify a function
u € KCL() within €4 by considering h,; € C2°(£1) as in (4.66)—(4.68), so that u
remains unchanged on dw x (—3, 3). O
We now discuss the convergence of minimizers of the functionals £9. To do this,
we recall here the G.S B D-compactness result obtained in [15, theorem 1.1] (see also

3]).
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THEOREM 4.11. Let U C R™ be an open bounded subset of R™, let ¢: RT — R be
an increasing function such that

#(t)

= +00
t—+oo ¢ ’

and let u, € GSBD*(U) be such that

sup/ o(le(u,)]) da —I—H”*l(Jup) < oo0.
p>0JU

Then, there exists a subsequence, still denoted by u,, such that the set
A={zeU: |uy(x)] - +oc as p— 0T}

has finite perimeter, u, —u a.e. in U\ A and e(u,) — e(u) weakly in L'
(U\ A; M) for some function u € GSBD*(U) with u = 0 in A. Furthermore,

H" (], U0 A) <liminf H" ().

p—0

From theorem 4.11 we deduce the convergence of minima and minimizers.

THEOREM 4.12. Let g € KL(R™) N H'(R™;R™), and let £J be the sequence of
functionals defined in (4.70). Assume that u, € GSBD?*(;) satisfies

ligljglfgg(up) < +o0. (4.73)

Then, there exists a subsequence, still denoted by u,, such that the set
A={z e |uy(z)] = 400 as p— 0}

is a set of finite perimeter. Moreover, there exist A’ C w andu € KL(Qq) withu =0
in A such that

11
A=A x| -2,z 474
( 2,2>, (474)

up, —u ae inQ\ A, (4.75)
e(u,) = e(u) weakly in L*(Q \ A;M?), (4.76)

H (T, U A) + ({Tr(u) #Tr(g)} 1 (aw x ( : ;)))

< liminf / Gp(v,) dH"
Tu,

p—0

+Hm! ({T'r(up) + Tr(g)} N (ﬁw X ( % ;))) (4.77)
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Proof. Let w and Q be as in the proof of corollary 4.10. Along the proof, we denote

by 0*E and 0* E the reduced boundary of a set £ C Q in  and €2, respectively.
The existence of the set A and of a limit function u € GSBD?*(;) such

that (4.75)~(4.76) holds follows from theorem 4.11 applied to the sequence u, €

GSBD?(Q) defined as in (4.72). Precisely, there exists A C Q and @ € GSBDQ( )

such that (4.75)-(4.76) hold for @, and u in Q. Since @ U, =1u=g in Q\ Q; and
g € HY(R";R"), we clearly have that u := ilg, € GSBD?*(Q) and A C Q.

Let us denote by v 5., the approximate unit normal to Jﬂug*A. By
[31, proposition 4.6], w and A are such that

/ o d(mvy 5. 4) dHTT L hmlnf oz, vg,)dH" ! (4.78)
JzUd* A

p—0 Jai,
for every ¢ € C(€ x R™) such that ¢(z,-) is a norm on R™ for every z € Q and
crlvl < d(x,v) < ealv|  for every z € Q and every v € R”,

for some 0 < ¢1 < ¢p < +00.
Recalling (3.7), we deduce from (4.78) that for every g > 0

p—0 Ja,

/ 05(vs 5. o) AR < liminf op(va,) dH" (4.79)
JzU0* A

< liminf ¢p(va, ) dH" !
=0 S, ?

= lim inf Gp(va,) dH"
p—0 Ju,

+H" ! ({Tr(up) # Tr(g)} N (&u X ( - %, ;))) < +o0.

Passing to the limsup in (4.79) as p — 0 we deduce that (v5. ,)n = (Vu)n = 0 H"'-
a.e. in J, UJ*A. Tt follows that there exists A" C w such that (4.74) holds.

As a consequence of (4.73), we infer that e; ,(u) = 0in Q; for every i =1,...,n.
Hence, u € KL(€4). Taking into account that (vy), = (V3. 4)n = 0 and that

T3 1 0w X (—;;) = {(Tr(u) # Tr(g)} 0 (9 x (-ié) ).

we infer (4.77) by rewriting (4.79), and the proof is thus concluded. O

COROLLARY 4.13. Under the assumptions of theorem 4.12, let u, € GSBD?*(Qy)
be a sequence of minimizers of £9. Then, there exist a subsequence, still denoted by
up, such that the set A :={x € Q1 : |u,(z)| — +oo} is of finite perimeter, and a
minimizer u € KL(Qy) of & with u=0 on A such that (4.75)—(4.76) hold.
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Moreover, 0*A C J,, e(u,) — e(u) in L*(Q; M?), and

H (T, +H ! ({Tr(u) # Tr(g)} N <8w X ( - %, ;)))

:lim/ Gp(vu,) dH"
Tu,

p—0

+H ! <{Tr(up) # Tr(g)} N <8w X ( - %7 ;))) . (4.80)

Proof. Let u, be as in the statement of the corollary. Then, it is easy to check that
(4.73) is satisfied. Hence, theorem 4.12 implies that there exist A and u € KL(£2;)
such that (4.74)—(4.77) hold. The minimality of u follows from theorem 3.4 by a
I-convergence argument. Indeed, by (4.76)—(4.77) we have that

Coe(u) - e(u) dz < lim iglf Ce’(up) - € (u,) dz, (4.81)
o r=0 Jo,

H (T, U0 A) +H ({mu) £ Tr(g)} 1 (aw x (— % ;)))

< liminf / Gp(v,) dH"
J“n

p—0

4! ({Tr(up) + Tr(g)} N (&u X (- % ;))) (4.82)

Thanks to corollary 4.10, for every v € ICL(€) there exists a sequence v, €
GSBD?*(Q4) converging to v in measure such that

EY(v) = ;il)r(l) E9(vp)- (4.83)
Combining (4.81), (4.82), and (4.83) we deduce that

EJ(u) < Coe(u) - e(u) da +H"(J, U d* A)
951

+H" ! ({Tr(u) # Tr(g)} N <6w X (— %, ;)))

< liminf &9 (u,) < hf)nj(?f & (v,) = & (v),

p—0
which yields the minimality of u. Since we can construct a recovery sequence w, €

GSBD?(§1) for u such that £(w,) — £J(u) and u, is a minimizer of £J for every
p, we deduce that, along a suitable not relabelled subsequence, the inequalities
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(4.81)—(4.82) are actually equalities. This implies that 9*A C .J,,, (4.80), and that

Coe(u) - e(u) dx = lim Coe(uy) - e(u,) dz.
o =0 Jo,

From the last equality and from proposition 3.1 we infer that e(u,) — e(u) in
L2(Qq;MD). O
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