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In this work we derive by Γ-convergence techniques a model for brittle fracture
linearly elastic plates. Precisely, we start from a brittle linearly elastic thin film with
positive thickness ρ and study the limit as ρ tends to 0. The analysis is performed
with no a priori restrictions on the admissible displacements and on the geometry of
the fracture set. The limit model is characterized by a Kirchhoff-Love type of
structure.
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1. Introduction

This paper is devoted to the rigorous derivation of a brittle fracture model for elastic
plates by means of dimension reduction techniques. The target (n− 1)-dimensional
plate is represented by an open bounded subset ω of R

n−1 with Lipschitz boundary
∂ω. As it is typical in dimension reduction problems, the plate is first endowed
with a fictitious thickness ρ > 0, so that, in an n-dimensional setting, the initial
reference configuration is given by the set Ωρ := ω × (−ρ

2 ,
ρ
2 ). The starting point of

our analysis is the by now classical variational model of brittle fracture in linearly
elastic bodies [9]

Fρ(u) :=
1
2

∫
Ωρ

Ce(u)·e(u) dx+ Hn−1(Ju), (1.1)

where the displacement u : Ωρ → R
n belongs to the space GSBD2(Ωρ) of gen-

eralized special functions of bounded deformation [17], e(u) is the approximate
symmetric gradient of u, Ju stands for the jump set of u, Hn−1 indicates the
(n− 1)-dimensional Hausdorff measure in R

n, and C is the linear elasticity tensor.
We further refer to § 2 and 3 for the notation and the precise assumptions.

c○ The Author(s), 2021. Published by Cambridge University Press on behalf

of The Royal Society of Edinburgh

68

https://doi.org/10.1017/prm.2021.71 Published online by Cambridge University Press

mailto:stefano.almi@univie.ac.at
mailto:emanuele.tasso@tu-dresden.de
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2021.71&domain=pdf
https://doi.org/10.1017/prm.2021.71


Brittle fracture in linearly elastic plates 69

The aim of our work is to study the limit, in terms of Γ-convergence, of the
functional (1.1) as the thickness parameter ρ tends to 0. The literature related to
dimension reduction problems in Continuum Mechanics is very rich. In a purely
elastic regime, we mention [6, 16] for the derivation of reduced models of linearly
elastic plates, and [1, 23–26, 33, 34] for a number of nonlinear models for plates
and shells obtained as limit of 3-dimensional nonlinear elasticity. Further applica-
tions to the theory of elastic plates and shells can be found in [28, 29, 38, 39],
where the interplay between dimension reduction and homogenization is studied.
In an elastoplastic setting, in [18–20, 35] the authors obtained models for thin
elastoplastic plates, starting from either linearized or finite plasticity, and also
proved the convergence of the corresponding quasistatic evolutions, in the spirit
of evolutionary Γ-convergence [36, 37].

In the context of fracture mechanics, the study of the Γ-limit of free discontinuity
functionals of the form (1.1) has been considered, for instance, in [2, 7, 8, 10,
22, 32]. In particular, [7, 10] are concerned with the nonlinearly elastic case, in
which the stored elastic energy density obeys a p-growth condition of the form
W (F ) � C(|F |p − 1) which is incompatible with linear elasticity. The papers [2,
32] consider the antiplanar case, where the energy is in the form (1.1) but the
displacement u is supposed to be orthogonal to the middle surface ω, so that the
dimension reduction problem becomes scalar and is described in terms of GSBV -
functions (see, e.g., [5, section 4.5]). In [22] the authors considered the convergence
of quasistatic evolutions in the vectorial case, under the assumption that the crack
path is known a priori, is transversal to the middle surface ω, and cuts the whole
of Ωρ. In the static setting, the geometrical restriction on the fracture set was
then removed in [8], where the Γ-limit of Fρ in (1.1) has been studied under the
restriction u ∈ SBD(Ωρ), the space of special functions of bounded deformation [4].
In order to ensure that sequences equi-bounded in energy are sequentially relatively
compact, the authors had however to assume an a priori bound on the L∞-norm
of the displacement u, which is in general not guaranteed by the boundedness of
functional Fρ.

The aim and main novelty of our work is to study the limit of Fρ in a GSBD-
setting, removing the unphysical a priori bound on the norm of the displacement.
As in [8], we prove in theorem 3.4 that the Γ-limit writes

1
2

∫
Ω1

C0e(u) · e(u) dx+ Hn−1(Ju)

for u ∈ GSBD2(Ω1) such that ei,n(u) = 0 for i = 1, . . . , n and (νu)n = 0 on Ju.
Here, νu is the approximate unit normal to Ju and C0 is the reduced elasticity
tensor of the Kirchhoff-Love theory of elastic plates [16] (we refer to (3.13) for
the precise formulation). The most technical part of our result, which in particular
influences the construction of a recovery sequence in the proof of theorem 3.4, is
the characterization of the admissible displacement u in the limit model. Indeed,
in theorem 3.2 we show that u has a Kirchhoff-Love type of structure: the out-of-
plane component un does not depend on the vertical variable xn, while the in-plane
components u1, . . . , un−1 satisfy

uα(x′, xn) = uα(x′) − xn∂αun(x′) (1.2)
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for x = (x′, xn) ∈ Ω1 and α = 1, . . . , n− 1, where uα(x′) :=
∫ 1/2

−1/2
uα(x′, xn) dxn.

In contrast to [8], due to the lack of integrability of u we cannot conclude un ∈
GSBV (ω) while we can ensure that at a.e. x′ ∈ ω un is approximate differentiable.
Moreover, the L∞-assumption used in [8] makes it possible to work in the BD-
context, so that (1.2) is proven by convolution techniques combined with the study
of the distributional symmetric gradient Eu of u (see [8, proposition 5.2]). In our
setting, instead, such an approach is not feasible as Eu is not a bounded Radon
measure for u ∈ GSBD2(Ω1).

To overcome this obstacle, we obtain (1.2) through an approximation result sim-
ilar to [12, theorem 1] and [30, theorem 5], which therefore allows us to work with
functions that are W 1,∞ out of the closure of their jump set. The crucial point in
such an approximation is that we need to

(1) guarantee that on large part of the domain Ω1 the n-th component of the
approximating function uk is still independent of xn;

(2) control the Hn−1-measure of the projection πn(Juk
) of the closure of the jump

set of the approximating sequence uk on ω by means of Hn−1(πn(Ju)).

The two properties above, together with the fact that actually Hn−1(πn(Ju)) = 0,
allow us to apply the Fundamental Theorem of Calculus in the direction xn to the
sequence uk, obtain a first version of (1.2) for uk, and then conclude by passing to
the limit in k and by further exploiting that the jump set Ju is transversal to the
middle surface ω. This argument is made rigorous in propositions 4.4, 4.7 and 4.8.

In a similar way to [8], we show that the jump set Ju takes the form

Ju = (Ju ∪ Jun
∪ J∇un

) ×
(

− 1
2
,
1
2

)
,

where u := (u1, . . . , un−1), concluding the description of the admissible displace-
ments.

Finally, we extend the Γ-convergence result of theorem 3.4 to the case of non-
homogeneous Dirichlet boundary conditions in corollary 4.10 and further discuss
the convergence of minima and minimizers in theorem 4.12 and corollary 4.13. With
respect to [8], we notice that in the proof of convergence of minima and minimizers
we can not rely on the (higher) integrability of the displacement. Hence, we apply
the recent compactness result in GSBDp, p > 1, obtained in [15] (see also [3] for
an alternative proof and for the case p = 1).

2. Preliminaries and notation

We briefly recall here the notation used throughout the paper. For n, k ∈ N, we
denote by Ln the Lebesgue measure in R

n and by Hk the k-dimensional Hausdorff
measure in R

n. The symbol M
n stands for the space of square matrices of order n

with real coefficients, while M
n
s indicates the subspace of M

n of squared symmetric
matrices of order n. For every r > 0 and every x ∈ R

n, we denote by Br(x) the
open ball in R

n of radius r and centre x. We will indicate with {e1, . . . , en} the
canonical basis of R

n and with 1E the characteristic function of a set E ⊆ R
n. For
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every ξ ∈ S
n−1, πξ stands for the projection over the subspace ξ⊥ orthogonal to ξ.

If ξ = ei for i = 1, . . . , n, we use the symbol πi.
For every U ⊆ R

n open, we denote by Mb(U) and M+
b (U) the set of bounded

Radon measures and of positive bounded Radon measures in U , respectively. Let
m ∈ N with m � 1. For every Ln-measurable function v : U → R

m and every x ∈ U
such that

lim sup
r↘0

Ln(U ∩Br(x))
rn

> 0,

we say that a ∈ R
m is the approximate limit of v at x if

lim
r↘0

Ln(U ∩Br(x) ∩ {|v − a| > ε})
rn

= 0 for every ε > 0.

In this case, we write

ap- lim
y→x

v(y) = a.

We say that x ∈ U is an approximate jump point of v, and we write x ∈ Jv, if there
exist a, b ∈ R

m with a �= b and ν ∈ S
n−1 such that

ap- lim
y→x

(y−x)·ν>0

v(x) = a and ap- lim
y→x

(y−x)·ν<0

v(x) = b.

In particular, for every x ∈ Jv the triple (a, b, ν) is uniquely determined up to a
change of sign of ν and a permutation of a and b. We indicate such triple by
(v+(x), v−(x), νv(x)). The jump of v at x ∈ Jv is defined as [v](x) := v+(x) − v−(x).
We denote by (νv)i the components of νv, for i = 1, . . . , n.

The space BV (U ; Rn) of functions of bounded variation is the set of u ∈
L1(U ; Rn) whose distributional gradient Du is a bounded Radon measure on U
with values in M

n. Given u ∈ BV (U ; Rn), we can write Du = Dau+Dsu, where
Dau is absolutely continuous and Dsu is singular w.r.t. Ln. The set Ju is count-
ably (Hn−1, n− 1)-rectifiable and has approximate unit normal vector νu, while the
density ∇u ∈ L1(U ; Mn) of Dau w.r.t. Ln coincides a.e. in U with the approximate
gradient of u, that is, for a.e. x ∈ U it holds

ap- lim
y→x

u(y) − u(x) −∇u(x) · (y − x)
|x− y| = 0.

The space SBV (U ; Rn) of special functions of bounded variation is defined as the
set of all u ∈ BV (U ; Rn) such that |Dsu|(U \ Ju) = 0. Moreover, we denote by
SBVloc(U ; Rn) the space of functions belonging to SBV (V ; Rn) for every V � U .
For p ∈ [1,+∞), SBV p(U ; Rn) stands for the set of functions u ∈ SBV (U ; Rn) with
approximate gradient ∇u ∈ Lp(U ; Mn) and Hn−1(Ju) < +∞.

We say that u ∈ GSBV (U ; Rn) if ϕ(u) ∈ SBVloc(U ; Rn) for every ϕ ∈
C1(Rn; Rn) whose gradient has compact support. Also for u ∈ GSBV (U ; Rn) the
approximate gradient ∇u exists Ln-a.e. in U and the jump set Ju is countably
(Hn−1, n− 1)-rectifiable, with approximate unit normal vector νu. For p ∈ [1,+∞),
we define GSBV p(U ; Rn) as the set of functions u ∈ GSBV (U ; Rn) such that
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∇u ∈ Lp(U ; Mn) and Hn−1(Ju) < +∞. We refer to [5, sections 3.6, 3.9 and 4.5]
for more details on the above spaces.

In a similar fashion, the space BD(U) of functions of bounded deformation
is defined as the set of functions u ∈ L1(U ; Rn) whose distributional symmetric
gradient Eu is a bounded Radon measure on U with values in M

n
s . In particu-

lar, we can split Eu as Eu = Eau+ Esu, where Eau is absolutely continuous and
Esu is singular w.r.t. Ln. Furthermore, the density e(u) ∈ L1(U ; Mn

s ) of Eau is the
approximate symmetric gradient of u, meaning that for a.e. x ∈ U it holds

ap- lim
y→x

(
u(y) − u(x) − e(u)(x)(y − x)

)
· (y − x)

|x− y|2 = 0. (2.1)

The space SBD(U) of special functions of bounded deformation is the set of
u ∈ BD(U) such that |Esu|(U \ Ju) = 0. For p ∈ (1,+∞), we further denote by
SBDp(U) the space of functions u ∈ SBD(U) such that Hn−1(Ju) < +∞ and
e(u) ∈ Lp(U ; Mn

s ).
We now give the definition of GSBD(U), the space of generalized special func-

tions of bounded deformation [17]. For u : U → R
n measurable, ξ ∈ S

n−1, y ∈ R
n

and V ⊆ R
n, we set

Πξ := {z ∈ R
n : z · ξ = 0}, V ξy := {t ∈ R : y + tξ ∈ V },

ûξy := u(y + tξ) · ξ for every t ∈ V ξy , J1
ûξ

y
:= {t ∈ V ξy : |[ûξy]| > 1}.

Then, we say that u ∈ GSBD(U) if there exists λ ∈ M+
b (U) such that for every

ξ ∈ S
n−1 one of the two equivalent conditions is satisfied [17, theorem 3.5]:

• for every θ ∈ C1(R; [− 1
2 ; 1

2 ]) such that 0 � θ′ � 1, the partial derivativeDξ(θ(u ·
ξ)) belongs to Mb(U) and |Dξ(θ(u · ξ))|(B) � λ(B) for every Borel subset B
of U ;

• for Hn−1-a.e. y ∈ Πξ the function ûξy belongs to SBVloc(U ξy ) and∫
Πξ

∣∣∣(Dûξy)∣∣∣(Bξy \ J1
ûξ

y

)
+ H0

(
Bξy ∩ J1

ûξ
y

)
dHn−1(y) � λ(B)

for every Borel subset B of U .

For u ∈ GSBD(U), the approximate symmetric gradient e(u) in (2.1) exists a.e.
in U and belongs to L1(U ; Mn

s ). Its components are denoted by ei,j(u) for i, j ∈
{1, . . . , n}. The jump set Ju is countably (Hn−1, n− 1)-rectifiable with approximate
unit normal vector νu.

Finally, if U has a Lipschitz boundary ∂U and v ∈ GSBD(U), there exists a
function Tr(v) : ∂U → R

n such that for Hn−1-a.e. x ∈ ∂U

Tr(v)(x) = ap- lim
y→xy∈U

v(y).

We refer to Tr(v) as the trace of v on ∂U . Finally, for p ∈ (1,+∞) we say that
u ∈ GSBDp(U) if e(u) ∈ Lp(U ; Mn

s ) and Hn−1(Ju) < +∞. We further refer to [17]
for an exhaustive discussion on the fine properties of functions in GSBD(U).
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3. Setting of the problem and main results

In this section we present the setting of the problem and the main results of the
paper. We start by discussing the energy functional that we consider in the non-
rescaled reference configuration. Let ω be an open bounded subset of R

n−1 with
Lipschitz boundary ∂ω. As we aim at deducing a model of brittle fracture on thin
films moving from the variational theory of brittle fractures in linearly elastic mate-
rials [9], we endow ω with a fictitious thickness ρ > 0 and define Ωρ := ω × (−ρ

2 ,
ρ
2 ).

Therefore, the starting point of our analysis is the functional

Fρ(u) :=
1
2

∫
Ωρ

Ce(u)·e(u) dx+ Hn−1(Ju), (3.1)

where the displacement u : Ωρ → R
n belongs to GSBD2(Ωρ) and C stands for

the usual linear elasticity tensor. In a fracture mechanics setting [9, 27], the vol-
ume integral in (3.1) is the stored elastic energy, while the surface term denotes
the energy dissipated by the production of a fracture set Ju. We assume in (3.1)
that the elastic body Ωρ is homogeneous outside the crack Ju. Thus, the elasticity
tensor C is supposed to be constant in space. As usual, we assume that C is positive
definite, that is, there exist 0 < c1 � c2 < +∞ such that

c1|E|2 � CE·E � c2|E|2 for every E ∈ M
n
s . (3.2)

As it is customary in dimension reduction, we rescale the energy functional Fρ to
the fixed domain Ω1 = ω × (− 1

2 ,
1
2 ), the so-called rescaled configuration. Proceeding

as in [8, section 3.2], for every v ∈ GSBD2(Ωρ) we define the rescaled function u
in the rescaled configuration Ω1 as

u(x) := (v1(ψρ(x)), . . . , ρvn(ψρ(x))), ψρ(x) := (x′, ρxn), for (x′, xn) ∈ Ω1.
(3.3)

We notice that for x ∈ Ω1 and α, β = 1, . . . , n− 1 it holds

eα,β(v)(ψρ(x)) = eα,β(u)(x) =: eρα,β(u)(x), (3.4)

eα,n(v)(ψρ(x)) =
1
ρ
eα,n(u)(x) =: eρα,n(u)(x), (3.5)

en,n(v)(ψρ(x)) =
1
ρ2
en,n(u)(x) =: eρn,n(u)(x). (3.6)

We further define

φρ(ν) :=

∣∣∣∣∣
(
ν1, . . . ,

1
ρ
νn

)∣∣∣∣∣ for every ρ > 0 and every ν ∈ R
n. (3.7)

By a change of coordinate and using the notation (3.4)–(3.7), we rewrite (3.1)
computed for v ∈ GSBD2(Ωρ) as

Gρ(u) :=
ρ

2

∫
Ω1

Ceρ(u)·eρ(u)dx+ ρ

∫
Jv

φρ(νu)dHn−1. (3.8)
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Considering the functional (3.8) for u ∈ GSBD2(Ω1), we define

Eρ(u) :=

⎧⎪⎨⎪⎩
1
ρ
Gρ(u) for u ∈ GSBD2(Ω1),

+ ∞ otherwise in L0(Ω1).
(3.9)

We now study the limit of Eρ as the thickness parameter ρ tends to 0. Before
giving the exact expression of the limit functional, however, we investigate the
closedness of a converging sequence uρ ∈ GSBD2(Ω1) equi-bounded in energy.

Proposition 3.1. Let uρ ∈ GSBD2(Ω1) and u : Ω1 → R
n measurable be such that

sup
ρ>0

Eρ(uρ) < +∞ (3.10)

and uρ → u in measure as ρ→ 0. Then, u ∈ GSBD2(Ω1), e(uρ) ⇀ e(u) weakly in
L2(Ω1; Mn

s ), ei,n(u) = 0 and ei,n(uρ) → 0 in L2(Ω1) for i = 1, . . . , n, and (νu)n = 0
Hn−1-a.e. on Ju.

Proof. From (3.10) we clearly deduce that e(uρ) is bounded in L2(Ω1; Mn
s ) and

admits, up to a subsequence, a weak limit f ∈ L2(Ω1; Mn
s ). Since uρ → u in measure

in Ω1, from (3.10) and [17, theorem 11.3] we deduce that u ∈ GSBD2(Ω1) with
e(u) = f and that e(uρ) ⇀ e(u) weakly in L2(Ω1; Mn

s ).
By definition of Eρ and by (3.2) we have that

c1‖eα,n(uρ)‖2
2 = c1ρ

2‖eρα,n(uρ)‖2
2 � ρ2Eρ(uρ)

and similarly c1‖en,n(uρ)‖2
2 � ρ4Eρ(uρ). Hence, (3.10) implies that ei,n(uρ) → 0 in

L2(Ω1; Mn
s ), from which we deduce that ei,n(u) = 0 for i = 1, . . . , n.

Finally, by [31, proposition 4.6], for every ρ̃ > 0 we have that

1
ρ̃

∫
Ju

|(νu)n|dHn−1 �
∫
Ju

φρ̃(νu) dHn−1 � lim inf
ρ→0

∫
Juρ

φρ̃(νuρ
) dHn−1

� lim inf
ρ→0

∫
Juρ

φρ(νuρ
) dHn−1 � lim inf

ρ→0
Eρ(uρ).

Letting ρ̃→ 0 in the previous inequality and using again (3.10) we infer that (νu)n =
0 Hn−1-a.e. on Ju. �

In view of proposition 3.1, we expect the limit functional to be defined on the
space

KL(Ω1) := {u ∈ GSBD2(Ω1) : ei,n(u) = 0 in Ω1for i = 1, . . . , n, (3.11)

and (νu)n = 0 on Ju}.
We further denote by KL(U) the same space defined on a generic open subset U
of R

n.
In the next theorem we complete the description of KL(Ω1). The proof of the

theorem is given in § 4 (see, in particular, propositions 4.3–4.7).
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Theorem 3.2. Let u ∈ KL(Ω1). Then, the following facts hold:

(i) un does not depend on xn and it is approximately differentiable for Hn−1-
a.e. x′ ∈ ω. Moreover, denoting by ∇un its approximate gradient, we have
∇un ∈ GSBD2(ω);

(ii) for Ln-a.e. (x′, xn) ∈ Ω1 we have

uα(x′, xn) = uα(x′) − xn∂αun(x′), α = 1, . . . , n− 1, (3.12)

where uα(x′) :=
∫ 1/2

−1/2
uα(x′, xn) dxn and u := (u1, . . . , un−1) ∈ GSBD2(ω);

(iii) Ju = (Ju ∪ Jun
∪ J∇un

) × (− 1
2 ,

1
2 ).

Remark 3.3. In view of theorem 3.2 we have that the space KL(Ω1) in (3.11)
is n-dimensional in nature, as the out of plane component un depends on the
planar coordinates x′ and the planar components uα, α = 1, . . . , n− 1 depend
linearly on xn through (3.12). However, the approximate symmetric gradient
e(u) ∈ M

n
s can be identified with an element of M

n−1
s , since the n-th column and

the n-th row are zero. The structure highlighted in theorem 3.2 is typical of the
so-called Kirchhoff-Love plate, which appears in many dimension reduction prob-
lems in elasticity.

In view of theorem 3.2 and of remark 3.3, it is convenient to introduce the
following reduced linear elasticity tensor:

C0E ·E := min
ξ∈Rn

CEξ ·Eξ for every E ∈ M
n−1
s , (3.13)

where for every ξ ∈ R
n we have set

Eξ :=

⎛⎜⎜⎜⎝
e1,1 · · · e1,n−1 ξ1
...

. . .
...

...
en−1,1 · · · en−1,n−1 ξn−1

ξ1 · · · ξn−1 ξn

⎞⎟⎟⎟⎠ (3.14)

With this notation at hand, the Γ-limit of Eρ writes

E0(u) :=

⎧⎪⎨⎪⎩
1
2

∫
Ω

C0e(u) · e(u) dx+ Hn−1(Ju) if u ∈ KL(Ω1),

+ ∞ otherwise in L0(Ω1),

and we have the following convergence result.

Theorem 3.4. The sequence Eρ Γ-converges to E0 w.r.t. the topology induced by
the convergence in measure.

The proof of theorem 3.4 is given in § 4.
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4. Proofs of theorems 3.2 and 3.4

We start by proving theorem 3.2. Its proof is articulated in the next four propo-
sitions. The first two give an approximation result in the spirit of [12, section
4, theorem 1] and [30, theorem 5]. The last two propositions, instead, provide
intermediate results for the proof of items (i)–(iii) of theorem 3.2.

We now recall the definition (cf. [30, formulas (39)–(41)]) of good/bad hyper-
cubes of an (n− 1)-dimensional grid of R

n in relation with a rectifiable set with
finite (n− 1)-dimensional Hausdorff measure.

Definition 4.1. Let h ∈ R
+. The (n− 1)-dimensional h-grid Q0

h centred at zero
and parallel to the coordinate axis is defined as

Q0
h :=

n⋃
i=1

⋃
z∈hZ

{x ∈ R
n : xi = z}.

A generic (n− 1)-dimensional h-grid Qh parallel to the coordinate axis is obtained
simply by translating of a generic vector y ∈ [0, 1)n, i.e., Qh = Q0

h + hy.
We say that Q is a hyper-cube of Qh = Q0

h + hy if there exists z ∈ hZ
n such that

Q = z + hy + (0, h)n.

Definition 4.2. Let Γ ⊂ R
n be a countably (Hn−1, n− 1)-rectifiable set with

Hn−1(Γ) <∞. For every y ∈ R
n we introduce the directional half-neighbourhood

Jy of Γ

Jy :=
⋃
x∈Γ

[x, x− y],

where [a, b] denotes the segment joining a, b ∈ R
n. Set D := {ei, ei ± ej , i, j =

1, . . . , n, i �= j}. Given an (n− 1)-dimensional h-grid Qh, we say that a hyper-
cube Qyh = z + hy + (0, h)n of Qh is a bad hyper-cube relative to Γ if there exist
e ∈ D and η ∈ {0, 1}n such that

⎧⎪⎨⎪⎩
z + hy + hη ∈ Jhe, with ηi = 0, if e = ei,

z + hy + hη ∈ Jhe, with ηi = ηj = 0, if e = ei + ej ,

z + hy + hη + hej ∈ Jhe, with ηi = ηj = 0, if e = ei − ej .

Otherwise, we say that a hyper-cube of Qh is a good hyper-cube relative to Γ.

The following proposition provides an estimate of the Hn−1-measure of the
boundaries of the bad hyper-cubes, which will be useful in view of the approximating
result of proposition 4.4.
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Proposition 4.3. Let Γ ⊂ R
n be a countably (Hn−1, n− 1)-rectifiable set with

Hn−1(Γ) <∞, and let Γj be a sequence of measurable sets such that

Γj ⊂ Γ for every j ∈ N and
∞∑
j=1

Hn−1(Γj) = L <∞.

Moreover, for every j ∈ N, every h > 0, and every y ∈ [0, 1)n, let Bh,j,y be the family
of bad hyper-cubes of Q0

h + hy relative to Γj and define

Ah,j :=
⋃

Q∈Bh,j,y

Q. (4.1)

Then, for every δ > 0 there exists a subset H ⊂ (0, 1)n with Ln((0, 1)n \H) � δ for
which for every y ∈ H there exist a sequence hk ↘ 0 and a sequence jm ↗ ∞ such
that

lim sup
k→∞

Hn−1(∂Ahk,jm) <
1
m

for every m, (4.2)

Proof. Let D be as in definition 4.2. For every j ∈ N let us denote by Jej the
directional half-neighbourhood of Γj and define the discrete jump energy

Ey,h(Γj) := hn
∑
e∈D

∑
z∈hZn

1Jhe
j

(z + hy)

h|e| .

Notice that, by definition of bad hyper-cubes, we have

Ey,h(Γj) � C#Bh,j,yhn−1, (4.3)

for a positive constant C independent of h and j. Moreover for every h we can give
the following estimate∫

[0,1)n

∞∑
j=1

Ey,h(Γj) dy =
∞∑
j=1

∑
e∈D

∑
z∈hZn

hn
∫

[0,1)n

1Jhe
j

(z + hy)

h|e| dy

=
∞∑
j=1

∑
e∈D

∫
Rn

1Jhe
j

(y)

h|e| dy

=
∞∑
j=1

∑
e∈D

∫
Πe

(∫
R

1Jhe
j

(y + se)

h|e| ds

)
dy

�
∞∑
j=1

∑
e∈D

∫
Πe

H0((Γj)ey) dy � c
∞∑
j=1

Hn−1(Γj) = cL,

where c = max|ν|=1(
∑
e∈D |ν · e|/|e|). Therefore, if we set g(y) := lim infh→0+

∑∞
j=1

Ey,h(Γj) and define

H := {y ∈ [0, 1)n | g(y) � cL/δ},
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by Fatou lemma and Chebyshev inequality we get that

Ln([0, 1)n \H) � δ.

Moreover, if y ∈ H, we have, up to passing to a subsequence depending on y, that

g(y) = lim
h→0+

∞∑
j=1

Ey,h(Γj) � cL

δ
. (4.4)

Again by Fatou lemma we have, along the same subsequence, that

∞∑
j=1

lim inf
h→0+

Ey,h(Γj) � g(y) � cL

δ
. (4.5)

Therefore, for every ε1 > 0 there exists j1 ∈ N such that

lim inf
h→0+

Ey,h(Γj1) � ε1.

In particular, we can find a subsequence h1
k ↘ 0 such that

lim
k→∞

Ey,h
1
k(Γj1) = lim inf

h→0+
Ey,h(Γj1) � ε1.

Since the bounds (4.4)–(4.5) are still valid along the subsequence (h1
k)k, given ε2 > 0

we can find a sufficiently large j2 ∈ N for which

lim inf
k→∞

Ey,h
1
k(Γj2) � ε2.

As before, we can find a subsequence (h2
k)k ⊂ (h1

k)k such that h2
k ↘ 0 and

lim
k→∞

Ey,h
2
k(Γj2) = lim inf

k→∞
Ey,h

1
k(Γj2) � ε2.

By induction, given a sequence εm ↘ 0, we can construct a sequence jm ↗ ∞ and,
for every m ∈ N, the subsequences (hmk )k ⊂ (hm−1

k )k satisfying

lim
k→∞

Ey,h
m
k (Γjm) = lim inf

k→∞
Ey,h

m−1
k (Γjm) � εm.

Setting hk := hkk for every k, we infer that hk ↘ 0 and

lim
k→∞

Ey,hk(Γjm) � εm for every m.

Finally, by (4.3) and by definition (4.1) of Ahk,jm we estimate, for a suitable
constants c1(n), c2(n) > 0 depending only on the dimension n,

lim sup
k→∞

Hn−1(∂Ahk,jm) � c1(n) lim sup
k→∞

#Bhk,jm,y h
n−1
k

� c2(n) lim sup
k→∞

Ey,hk(Γjm) � c2(n)εm,

so that (4.2) holds. By setting εm := 1/c2(n)m we infer (4.2). �
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We now provide an approximation result for a function v ∈ GSBD2(Ω1) in terms
of more regular functions vk whose jump Jvk

is contained in an (n− 1)-dimensional
h-grid Qh and that are W 1,∞ out of Jvk

, as in [30, theorem 5]. The main difference
is that here, in order to later prove theorem 3.2, we have to carefully estimate the
measure Hn−1(πn(Jvk

)), where πn denotes the orthogonal projection of R
n onto

e⊥n . We further point out that our approximation is local in space, i.e., for Ω′ � Ω1,
and that we do not need to approximate v in energy, as done in [14]. For these
reasons, a construction similar to those in [30, theorem 5] can be performed in our
setting without the additional assumptions v ∈ L2(Ω1; Rn) and e(v) ∈ L2(Ω1; Mn

s ),
which were instead crucial in [12, 30] to guarantee the convergence in energy and
to construct a recovery sequence.

Proposition 4.4. Let U ⊂ R
n be open, v ∈ GSBD2(U) with Hn−1(Jv) <∞, and

V � U a Lipschitz regular domain with Hn−1(∂V ∩ Jv) = 0. Then, there exists
(vk)∞k=1 ⊂ GSBD2(V ) ∩W 1,∞(V \ Jvk

; Rn) such that

(i) vk → v in measure in V as k → ∞;

(ii) ‖e(vk) − e(v)‖L2(V ;Mn
s ) → 0 as k → ∞;

(iii) for every ξ ∈ S
n−1

lim
k→∞

Hn−1(πξ(Jvk
) \ πξ(Jv ∩ V )) = 0;

(iv) Tr(vk) → Tr(v) in Hn−1-measure on ∂V as k → ∞;

(v) If v · ej is independent of xi, then for Hn−1-a.e. x′ /∈ πei
(Jvk

) the function
t �→ vk(x′ + tei) · ej is constant.

Proof. First we prove that there exists a sequence (vhk
)h>0 ⊂ GSBD2(V ) ∩

W 1,∞(V \ Jvhk
; Rn) satisfying (i), (ii), (iv) and (v) as k → ∞, plus the fact that

Jvhk
⊆ Q0

hk
+ hkyk for some (yk) ⊂ [0, 1)n. In order to prove this, we proceed simi-

larly to [30, theorem 5]: consider for a.e. y ∈ [0, 1)n the (n− 1)-dimensional h-grid
Q0
h + hy and consider the discretized function of v

vyhk
(z) := v(z + hy), z ∈ hZ

n ∩ (U − hy),

and define the continuous interpolation of vyhk

wyh(x) :=
∑

z∈hZn∩U−hy
vyhk

(z)Δ
(
x− (z + hy)

h

)
for x ∈ V,

where

Δ(x) :=
n∏
i=1

(1 − |xi|)+.

Let us fix V � V ′ � V ′′ � V ′ � U and let us define the piecewise constant strain
in the direction e ∈ D as

Ey,he (x) :=
∑

z∈hZn∩V ′

[(vyhk
(z + he) − vyhk

(z)) · e]
h

cye,h(z)1z+hy+[0,h)n(x), x ∈ V ′,
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where cye,h(z) := 1 − 1Jeh(z + hy). Notice that, since V � V ′ � V ′ � U , then Ey,he
is well defined in V ′′ for every sufficiently small h > 0. We claim that

lim
h→0+

∫
[0,1)n

(∫
V ′′

|Ey,he (x) − fe(x)|2 dx
)

dy = 0 for every e ∈ D, (4.6)

where fe := e(v)e · e. In order to simplify the next computation let us set

Qyh(z) := [z + hy + [0, h)n] ∩ V, Uyh := U − hy.

Now we write

∫
[0,1)n

( ∫
V ′′

|Ey,h
e (x) − fe(x)|2 dx

)
dy

�
∫
[0,1)n

( ∑
z∈hZn∩V ′

∫
Q

y
h
(z)

∣∣∣∣∣ (v(z + hy + he) − v(z + hy)) · e
h

cy
e,h(z) − fe(x)

∣∣∣∣∣
2

dx

)
dy

=

∫
V

( ∑
z∈hZn∩V ′

∫
[0,1)n

∣∣∣∣∣ (v(z + hy + he) − v(z + hy)) · e
h

cy
e,h(z) − fe(x)

∣∣∣∣∣
2

1Q
y
h
(z)(x) dy

)
dx

�
∫

V

( ∑
z∈hZn∩V ′

−
∫

z+[0,h)n

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

1U\Jeh (ζ) − fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x − ζ

h

)
dζ

)
dx,

(4.7)

where in the last inequality we have performed the change of variable ζ = z + hy
and we have used the trivial inclusion [0, 1)n ∩ (V−z

h − y) ⊂ [0, 1)n. We can continue
the estimate (4.7) by noticing that the cubes z + [0, h)n are pairwise disjoints, so
that

∫
[0,1)n

(∫
V

|Ey,he (x) − fe(x)|2 dx

)
dy

�
∫
V

(
1
hn

∫
U

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

1U\Jeh(ζ) − fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x− ζ

h

)
dζ

)
dx

�
∫
V

(
1
hn

∫
U\Jeh

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

− fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x− ζ

h

)
dζ

)
dx

+
∫
V

(
1
hn

∫
Jeh

|fe(x)|21[0,1)n

(
x− ζ

h

)
dζ

)
dx. (4.8)
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We treat the last two integrals in (4.8) separately. For the first we have that

∫
V

(
1
hn

∫
U\Jeh

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

− fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x− ζ

h

)
dζ

)
dx

=
∫
V

(
1
hn

∫
Πe

(∫
(U\Jeh)e

y

∣∣∣∣∣ (v(y + te+ he) − v(y + te)) · e
h

− fe(x)

∣∣∣∣∣
2

× 1[0,1)n

(
x− y − te

h

)
dt

)
dy

)
dx

�
∫
V

(
1
hn

∫
Πe

(∫
(U\Jeh)e

y

(
−
∫ h

0

|Dsv(y + te+ se) · e− fe(x)|2 ds

)

× 1[0,1)n

(
x− y − te

h

)
dt

)
dy

)
dx

=
∫
V

(
1
hn

∫
Πe

(∫
(U\Jeh)e

y

(
−
∫ h

0

|fe(y + te+ se) − fe(x)|2 ds

)

× 1[0,1)n

(
x− y − te

h

)
dt

)
dy

)
dx,

where in the last equality we have used the fact that t /∈ (U \ Jeh)ey implies {t+ s :
s ∈ [0, h)} ∩ (Ju)ey = ∅. We can continue the previous estimate with

∫
V

(
1
hn

∫
U\Jeh

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

− fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x− ζ

h

)
dζ

)
dx

�
∫
V ′′

(
−
∫ h

0

(
1
hn

∫
U

|fe(ζ + se) − fe(x)|21[0,1)n

(
x− ζ

h

)
dζ

)
ds

)
dx

= −
∫ h

0

(∫
V ′′

(
−
∫
x−[0,h)n

|fe(ζ + se) − fe(x)|2 dζ

)
dx

)
ds

= −
∫ h

0

(∫
V ′′

(
−
∫

[0,h)n

|fe(x− ζ + se) − fe(x)|2 dζ

)
dx

)
ds

=
∫ 1

0

(∫
[0,1)n

(∫
V

|fe(x+ h(se− ζ)) − fe(x)|2 dx

)
dζ

)
ds.
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The continuity property of the translations in L2(U) plus the Dominated Conver-
gence Theorem allow us to deduce that

lim
h→0+

∫
V ′′

(
1
hn

∫
U\Jeh

∣∣∣∣∣ (v(ζ + he) − v(ζ)) · e
h

− fe(x)

∣∣∣∣∣
2

1[0,1)n

(
x− ζ

h

)
dζ

)
dx

� lim
h→0+

∫ 1

0

(∫
[0,1)n

(∫
V ′′

|fe(x+ h(se− ζ)) − fe(x)|2 dx

)
dζ

)
ds = 0. (4.9)

The second term on the right-hand side of (4.8) can be estimated as follows∫
V ′′

(
1
hn

∫
Jeh

|fe(x)|21[0,1)n

(
x− ζ

h

)
dζ

)
dx

�
∫
Jeh

(
−
∫

[0,h)n

|fe(ζ + x)|2 dx

)
dζ

=
∫

[0,1)n

(∫
Jeh+hx

|fe(ζ)|2 dζ

)
dx.

Being Ln(Jeh) infinitesimal as h→ 0+ (see the proof of proposition 4.3), we easily
deduce that

lim
h→0+

∫
V

(
1
hn

∫
Jeh

|fe(x)|21[0,1)n

(
x− ζ

h

)
dζ

)
dx

� lim
h→0+

∫
[0,1)n

(∫
Jeh+hx

|fe(ζ)|2 dζ

)
dx = 0. (4.10)

As a consequence of (4.8)–(4.10) we obtain the claim (4.6). Moreover, by looking
at the proof of [30, theorem 5, formulas (1’)–(3’b)], thanks to the fact that V � U
and Hn−1(∂V ∩ Jv) = 0, we deduce that

lim
h→0+

∫
[0,1)n

(∫
V

|wyh(x) − v(x)| ∧ 1 dx

)
dy = 0, (4.11)

lim
h→0+

∫
[0,1)n

(∫
∂V

|Tr(wyh)(x) − Tr(v)(x)| ∧ 1 dHn−1(x)

)
dy = 0, (4.12)

lim
h→0+

∫
[0,1)n

Ey,h2 ((∂V )2nh) dy = 0, (4.13)

where (∂V )2nh := {x ∈ R
n : d(x, ∂V ) < 2nh} and Ey,h2 ((∂V )2nh) is defined as in

[30, formula (32)] as

Ey,h2 ((∂V )2nh) := hn
∑
e∈D

∑
z∈(∂V )2nh−hy

z∈(∂V )2nh−hy−he

1Jhe(z+hy)

h|e| .
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We recall that since Jv is countably (Hn−1, n− 1)-rectifiable and has finite
measure, arguing similarly to [21, lemma 3.2.18] we find a sequence Kj of com-
pact subsets of R

n−1 with associated Lipschitz maps ψj : Kj → R
n such that

ψj1(Kj1) ∩ ψj2(Kj2) = ∅ for j1 �= j2 and

Hn−1

(
Jv \

∞⋃
j=1

ψj(Kj)

)
= 0 and Hn−1(ψj(Kj) \ Jv) = 0 for j ∈ N. (4.14)

In addition, being Hn−1(∂V ∩ Jv) = 0 we may also suppose that

ψj(Kj) � V or ψj(Kj) � U \ V for j ∈ N. (4.15)

For every m ∈ N \ {0}, let jm be such that

∑
j>jm

Hn−1(ψj(Kj)) � 1
m2

. (4.16)

Let us set ΓJ0 := Jv and Γjm := Jv \ ∪j�jmψj(Kj) for m � 1. In view of
(4.14)–(4.16) we can apply proposition 4.3 from which we deduce, in combination
with (4.6) and (4.11)–(4.13), that there exists y ∈ [0, 1)n, a subsequence of (jm)m,
which with abuse of notation we still denote by (jm)m, and a subsequence (hk)k
for which we have

lim
k→∞

∫
V ′′

|Ey,hk
e (x) − fe(x)|2 dx = 0 for e ∈ D, (4.17)

lim
k→∞

∫
V

|wyhk
(x) − v(x)| ∧ 1 dx = 0, (4.18)

lim
k→∞

∫
∂V

|Tr(wyhk
)(x) − Tr(v)(x)| ∧ 1 dHn−1(x) = 0, (4.19)

lim
k→∞

Ey,hk

2 ((∂V )2nhk
) = 0, (4.20)

lim sup
k→∞

Hn−1(∂Ahk,jm) <
1
m

for every m, (4.21)

where Ahk,jm is the union of bad hyper-cubes of Q0
hk

+ hky relative to Γjm .
We further notice that, following the proof of proposition 4.3, we may assume
that the first term of the subsequence Γj0 = Jv. Since y is fixed, in what follows we
omit the dependence on y.

Now we proceed with the construction of (vk)∞k=1. Arguing similarly to [30,
theorem 5] we define the function vk equals to 0 on each bad hyper-cube of Q0

hk

relative to Jv and vk := whk
otherwise in V . In this way (4.18)–(4.20) imply (i)

and (iv) by arguing in a very same way as in [30, theorem 5], while (v) comes by
construction. Now we need an intermediate step which allows us to prove at the
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end (ii). If we introduce the discretized bulk energy

Ehk
(vhk

) := hnk
∑
e∈D

∑
z∈hkZn∩V ′′′

α(e)
((vhk

(z + hke) − vhk
(z)) · e)2

h2
k

ce,hk
(z), (4.22)

where α(e) = n− 1 whenever e = ei, i = 1, . . . , n, and 1/4 for e = ei ± ej , 1 � i <
j � n, then [13] tells us that the contribution of a good hyper-cube Q of Q0

hk
having

non-empty intersection with V to the discretized bulk energy is exactly

IQ =
(n− 1)hnk

2n−1

n∑
i=1

∑
η∈{0,1}n

ηi=0

((vhk
(z + hkη + hkei) − vyhk

(z + hkη)) · ei)2
h2
k

+
hnk

2n−2

∑
1�i<j�n

∑
η∈{0,1}n

ηi=ηj=0

×
(

((vhk
(z + hkη + hk(ei + ej)) − vhk

(z + hkη)) · (ei + ej))2

4h2
k

+
((vhk

(z + hkη + hkej) − vhk
(z + hkη + hkei)) · (ei − ej))2

4h2
k

)
,

and that the following fundamental relation holds true

IQ �
∫
Q

∑
e∈D

α(e)|e(vhk
)e · e|2 dx.

By definition of piecewise constant strain we can thus write∑
e∈D

∫
V

α(e)|e(vhk
)e · e|2 dx �

∑
Q∈Qgood

hk

Q∩V 
=∅

∫
Q

∑
e∈D

α(e)|e(vhk
)e · e|2 dx

�
∑

Q∈Qgood
hk

Q∩V 
=∅

IQ � Ehk
(vhk

) �
∑
e∈D

∫
V ′′

α(e)|Ehk
e |2 dx,

(4.23)

where we have denoted by Qgood
hk

the set of good hyper-cubes relative of Q0
hk

relative
to Jv. Inequality (4.23) together with (4.17) immediately implies

lim sup
k→∞

∑
e∈D

∫
V

α(e)|e(vhk
)e · e|2 dx �

∑
e∈D

∫
V ′′

α(e)|e(v)e · e|2 dx. (4.24)

To prove (iii) we fix ξ ∈ S
n−1. To simplify the notation we denote by Ak and A′

k

the union of bad hyper-cubes of Q0
hk

relative to Jv and Jv ∩ V , respectively. By
construction, Jvk

is contained in ∂Ak ∩ V . We proceed as follows: first we estimate
the measure of the projection of A′

k onto ξ⊥, then we show that the measure of
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the projection of (Ak \A′
k) ∩ V onto ξ⊥ is infinitesimal as k → ∞, and finally we

deduce (iii).
In what follows we consider only those indices j for which ψj(Kj) � V (see

(4.15)). Let us denote by Bhk,j the set of bad hyper-cubes relative to ψj(Kj) and let
B′
hk,j

be the set of hyper-cubes for which one of their edges is contained in the set
{x ∈ V | dist(x, ψj(Kj)) � hk}. Then, Bhk,j ⊆ B′

hk,j
. Now fix a direction ξ ∈ S

n−1.
If we set B′′

k,j := πξ(∪Q∈B′
hk,j

Q), we have that

Hn−1(B′′
k,j \ πξ(ψj(Kj))) = O(1/k). (4.25)

Indeed, equality (4.25) follows from the fact that B′′
k,j ⊂ {y ∈ Πξ | dist(y, πξ

(ψj(Kj))) � (1 +
√
n)hk} and clearly, since πξ(ψj(Kj)) is compact, it holds true

lim
k→∞

Hn−1
(
{y ∈ Πξ | dist(y, πξ(ψj(Kj))) � (1 +

√
n)hk} \ πξ(ψj(Kj))

)
= 0.

In view of (4.25) given m we can find km such that for every j � jm and for every
k � km

Hn−1(B′′
k,j \ πξ(ψj(Kj))) � ε

jm
. (4.26)

Let us define Bk,1 := B′′
k,1 and, by induction, Bk,j := B′′

k,j \ ∪j−1
l=1Bk,l for every

1 < j � jm and for every k � km. Notice that (4.26) implies

Hn−1(Bk,j \ πξ(ψj(Kj))) � ε

jm
for 1 � j � jm and k � km. (4.27)

Now for every k � km, by construction we have that if Q ∈ B′
hk,j

for some 1 � j �
jm, then πξ(Q) ⊂ ⋃jm

j=1Bk,j . Therefore, we can use (4.14) and (4.27) to estimate
for every k � km

Hn−1

((
jm⋃
j=1

⋃
Q∈Bhk,j

πξ(Q)

)
\ πξ(Jv ∩ V )

)

� Hn−1

((
jm⋃
j=1

⋃
Q∈Bhk,j

πξ(Q)

)
\
( ∞⋃
j=1

πξ(ψj(Kj))

))

� Hn−1

((
jm⋃
j=1

⋃
Q∈B′

hk,j

πξ(Q)

)
\
( ∞⋃
j=1

πξ(ψj(Kj))

))

� Hn−1

((
jm⋃
j=1

Bk,j

)
\
( ∞⋃
j=1

πξ(ψj(Kj))

))

�
jm∑
j=1

Hn−1
(
Bk,j \ πξ(ψj(Kj))

)
� ε. (4.28)

To estimate the Hn−1-measure of the projection of the bad hyper-cubes relative
to Jv ∩ V which do not belong to Bhk,j for some 1 � j � jm, we can notice that
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such hyper-cubes are contained in the family of bad hyper-cubes relative to Γjm =
(Jv ∩ V ) \ ∪j�jmψj(Kj). If we denote by A′

hk,jm
the union of such bad hyper-cubes,

we can use relation (4.21) to write

lim sup
k→∞

Hn−1(πξ(∂A′
hk,jm

)) � lim sup
k→∞

Hn−1(πξ(∂Ahk,jm)) (4.29)

� lim sup
k→∞

Hn−1(∂Ahk,jm) = 0,

where in the first inequality we have used the following general fact

A′ ⊂ A⇒ πξ(∂A′) ⊂ πξ(∂A),

for every couple of sets A′, A ⊂ R
n with A′ ⊂ A and A bounded. Now we define

A1
k := {Q ∈ Q0

hk
: Q is a bad hyper-cubes for Jv, Q ∩ V �= ∅,

Q ∩ (V \ (∂V )2nhk
) �= ∅}

A2
k := {Q ∈ Q0

hk
: Q is a bad hyper-cubes for Jv, Q ∩ V �= ∅,

Q ∩ (V \ (∂V )2nhk
) = ∅}.

Notice that if Q ∈ A1
k then Q ⊂ V and Q ∩ (∂V )hk

= ∅; but this implies that actu-
ally Q is a bad hyper-cube relative to Jv ∩ V . Namely, the following implication
holds true

Q ∈ A1
k ⇒ Q ⊂ A′

k. (4.30)

On the other hand, if Q ∈ A2
k then Q is a bad hyper-cube relative to Jv such

that Q ⊂ (∂V )2nhk
which means that each of its edges is contained in (∂V )2nhk

.
A similar argument to the proof of (3’) [30, theorem 3.5] shows that there exists a
dimensional constant c > 0 for which

(#A2
k)h

n−1
k � cEhk

2 ((∂V )2nhk
).

In particular we can infer

Hn−1

(
∂

( ⋃
Q∈A2

k

Q

))
� (#A2

k)h
n−1
k � cEhk

2 ((∂V )2nhk
).

Condition (4.20) ensures that

lim
k→∞

Hn−1

(
∂

( ⋃
Q∈A2

k

Q

))
= 0. (4.31)

Every bad hyper-cube relative to Jv which has non-empty intersection with V is
contained in A1

k ∪ A2
k. Therefore, if we set

A1
k :=

⋃
Q∈A1

k

Q and A2
k :=

⋃
Q∈A2

k

Q
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we can give the following estimate

Hn−1(πξ(∂Ak ∩ V ) \ πξ(Jv ∩ V )) (4.32)

� Hn−1(πξ(∂A1
k) \ πξ(Jv ∩ V )) + Hn−1(πξ(∂A2

k))

� Hn−1(πξ(∂A′
k) \ πξ(Jv ∩ V )) + Hn−1(πξ(∂A2

k)),

where for the last inequality we have used (4.30) to deduce that πξ(∂A1
k) ⊂ πξ(∂A′

k).
We estimate separately the limsup of the last two terms of (4.32). Concerning the
first term we can use implication (4.30) to write

Hn−1(πξ(∂A′
k) \ πξ(Jv ∩ V )) � Hn−1(πξ(∂Ahk,jm))

+ Hn−1

((
jm⋃
j=1

⋃
Q∈Bhk,j

πξ(Q)

)
\ πξ(Jv ∩ V )

)
,

for every m, where we have used that

πξ(∂(A′
k \Ahk,jm)) ⊂

jm⋃
j=1

⋃
Q∈Bhk,j

πξ(Q).

Hence, we can make use of (4.28) and (4.29) to write

lim sup
k→∞

Hn−1(πξ(∂A′
k) \ πξ(Jv ∩ V )) � O(1/m) + ε. (4.33)

The second term on the right-hand side of (4.32) can be estimated by using (4.31),
i.e.

lim sup
k→∞

Hn−1(πξ(∂A2
k)) � lim sup

k→∞
Hn−1

(
∂

( ⋃
Q∈A2

k

Q

))
= 0. (4.34)

Thanks to (4.33)–(4.34) and the arbitrariness of m ∈ N and ε > 0 we obtain from
(4.32)

lim
k→∞

Hn−1(πξ(∂Ak ∩ V ) \ πξ(Jv ∩ V )) = 0.

Finally, (iii) is proved since Jvk
⊂ ∂Ak ∩ V .

Now we are in position to prove (ii). Thanks to the arbitrariness of the sets V ′ �
V ′ � V ′ we can consider sequences V ′′′

l+1 � V ′′
l+1 � V ′

l+1 � V ′′′
l � V ′′

l � V ′
l and V �

V ′′′
l , l = 1, 2, . . . with ∩lV ′′′

l = V . As above we associate to every l an approximating
sequence vlhk

satisfying (i), (iii)–(v), and (4.24). By eventually using a diagonal
argument we can find a sequence which with abuse of notation we still denote by
vhk

still preserving items (i), (iii)–(v) but with the following refinement of (4.24)

lim sup
k→∞

∑
e∈D

∫
V

α(e)|e(vhk
)e · e|2 dx �

∑
e∈D

∫
V

α(e)|e(v)e · e|2 dx. (4.35)

This immediately gives (ii) and the conclusion of the proof. �
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Remark 4.5. We remark that the results of [30, theorem 6] and [12, theorem 2]
can not be used to prove proposition 4.4, as they do not comply with item (v), i.e.,
with the independence of the approximating sequence of the variable xi. We further
mention that items (i)–(iv) of proposition 4.4 could also be deduced from the recent
results of [11, theorem 5.1]. As for property (v), instead, it could be proven that
t �→ vk(x′ + tei) · ej is constant for Hn−1-a.e. x′ /∈ πei

(Λ), for a set Λ ⊆ Ω1 which
in general is not (essentially) closed.

Remark 4.6. Here we limit ourselves to observe that, in point (iii) of the previous
theorem, also Hn−1(πξ(Jv ∩ V ) \ πξ(Jvk

)) goes to zero as k → ∞ but possibly only
for a.e. ξ ∈ S

n−1.

In the next proposition we show (i) of theorem 3.2 and do a first step towards
the proof of formula (3.12).

Proposition 4.7. Let u ∈ KL(Ω1). Then, un does not depend on xn. Moreover, for
every α = 1, . . . , n− 1 there exists an Hn−1-measurable function ψα : ω → R such
that

uα(x′, xn) = Tr(uα)

(
x′,−1

2

)
−
(
xn +

1
2

)
ψα(x′) for Ln − a.e. (x′, xn) ∈ Ω1.

(4.36)

Proof. Combining the fact that en,n(u) = 0 with (νu)n = 0 we easily deduce that
Dnun = 0, so that un does not depend on xn.

To show formula (4.36) we consider a Lipschitz-regular open set ω′ � ω such
that Hn−1((∂ω′ × (− 1

2 ,
1
2 )) ∩ Ju) = 0. For 0 < δ < 1

2 , we apply proposition 4.4 to
the function u on the open sets ω × (− 1

2 ,
1
2 ) and ω′ × (−δ, δ), taking care to have

chosen δ > 0 such that Hn−1(∂(ω′ × (−δ, δ)) ∩ Ju) = 0 (a.e. choice of δ does the
job). We denote by (uh)h ⊂ GSBD2(ω′ × (−δ, δ)) ∩W 1,∞(ω′ × (−δ, δ) \ Juh

; Rn)
the approximating sequence given by proposition 4.4.

First of all notice that since (νu)n = 0, by property (iii) of proposition 4.4
we know that Hn−1(πn(Juh

)) → 0 as h→ ∞. By passing eventually through a
subsequence we may suppose

∑
hHn−1(πn(Juh

)) <∞. Hence, if we define

Ah :=
⋃
k�h

πn(Juk
) and A :=

∞⋂
h=1

Ah,

then Hn−1(A) = 0. Moreover, from (i) and (iv) of proposition 4.4 we deduce that
there exists a set I ⊂ (− 1

2 ,
1
2 ) with H1(I) = 0 such that for α = 1, . . . , n− 1 the

following holds true:

(1) lim
h→∞

∫
ω′

|uh(x′, xn) − u(x′, xn)| ∧ 1 dHn−1(x′) = 0, xn ∈ (− 1
2 ,

1
2 ) \ I;

(2) lim
h→∞

∫
ω′

|Tr((uh)α)(x′,−δ) − Tr(uα)(x′,−δ)| ∧ 1 dHn−1(x′) = 0.
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We claim that for every t1, t2 ∈ (− 1
2 ,

1
2 ) \ I we have

uα(x′, t1) − Tr(uα)(x′,−δ)
(t1 + δ)

=
uα(x′, t2) − Tr(uα)(x′,−δ)

(t2 + δ)
Hn−1-a.e. in ω′.

(4.37)
To show (4.37) fix ε > 0. We use conditions (1) and (2) together with Egoroff’s

Theorem to deduce that, up to subsequences, there exists a measurable set E ⊂ ω′

with Hn−1(ω′ \ E) � ε such that

lim
h→∞

‖uh(·, t1) − u(·, t1)‖L∞(ω′\E) = 0, (4.38)

lim
h→∞

‖uh(·, t2) − u(·, t2)‖L∞(ω′\E) = 0, (4.39)

lim
h→∞

‖Tr((uh)α)(·,−δ) − Tr(uα)(·,−δ)‖L∞(ω′\E) = 0. (4.40)

Now let x′ ∈ ω′ \ (A ∪ E). Then, there exists h for which x′ /∈ Ah, that is, x′ ∈⋂
k�h[ω

′ \ πn(Juk
)]. Therefore, being πn(Juk

) closed sets, for every k � h there
exists r > 0 (depending on k) for which

Bn−1
r (x′) × (−δ, δ) ∩ Juk

= ∅, (4.41)

where Bn−1
r (x′) ⊆ ω′ denotes here the (n− 1)-dimensional ball of radius r and

centre x′. In particular, being un independent of xn, by (4.41) and by (v) of propo-
sition 4.4 we have that the approximating functions uk is such that (uk)n does not
depend on xn in the set Bn−1

r (x′) × (−δ, δ). Moreover, since uk is Lipschitz contin-
uous on Bn−1

r (x′) × (−δ, δ), we can apply the Fundamental Theorem of Calculus
on the segment {x′} × (−δ, t1) (xn < δ) to deduce that, for α = 1, . . . , n− 1,

(uk)α(x′, t1) − Tr
(
(uk)α

)
(x′,−δ) = 2

∫ t1

−δ
eα,n(uk)(x′, t) dt− (t1 + δ)Dα(uk)n(x′).

Hence, by using (4.38), (4.40), the convergence (ii) of proposition 4.4, and the
fact that eα,n(u) = 0, we can take the integral on an arbitrary measurable set
B ⊂ ω′ \ (A ∪ E) on both sides of the previous inequality and let k → ∞ to deduce
that

∫
B

uα(x′, t1) − Tr(uα)(x′,−δ)
t1 + δ

dHn−1(x′) = lim
k→∞

∫
B

Dα(uk)n(x′) dHn−1(x′).

(4.42)

Notice that the uniform convergence (4.38)–(4.40) together with the fact that uk ∈
W 1,∞([ω′ × (−δ, δ)] \ Juh

; Rn) guarantee that the integrand in the left-hand side
of (4.42) belongs to L1(ω′ \ (A ∪ E)). Thanks to (4.39), the same argument shows
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that for every measurable set B ⊂ ω′ \ (A ∪ E) it holds true∫
B

uα(x′, t2) − Tr(uα)(x′,−δ)
t2 + δ

dHn−1(x′) = lim
k→∞

∫
B

Dα(uk)n(x′) dHn−1(x′).

(4.43)

Finally, putting together (4.42) with (4.43) we deduce that

uα(x′, t1) − Tr(uα)(x′,−δ)
t1 + δ

=
uα(x′, t2) − Tr(uα)(x′,−δ)

t2 + δ
, Hn−1-a.e. in ω′ \ (A ∪ E).

Letting ε↘ 0 in the construction of E, we deduce (4.37) since Hn−1(A) = 0.
Now fix t ∈ (− 1

2 ,
1
2 ) \ I and define the measurable set

H :=

{
x ∈ ω′ × (−δ, δ) | uα(x′, xn) − Tr(uα)(x′,−δ)

(xn + δ)

× =
uα(x′, t) − Tr(uα)(x′,−δ)

(t+ δ)

}
.

We claim that H has full measure in ω′ × (−δ, δ). Indeed by using Fubini’s Theorem
we can write

Ln(H) =
∫ δ

−δ
Hn−1({x′ ∈ ω | (x′, xn) ∈ H}) dxn,

which immediately implies our claim thanks to (4.37). By applying again Fubini’s
Theorem we infer that

H1({xn ∈ (−δ, δ) | (x′, xn) ∈ H}) = 2δ Hn−1-a.e. x′ ∈ ω′.

Thus, defining

ψδα(x′) :=
Tr(uα)(x′,−δ) − uα(x′, t)

(t+ δ)
for Hn−1-a.e. x′ ∈ ω′,

we obtain exactly that for Ln-a.e. x = (x′, xn) ∈ ω′ × (−δ, δ)
uα(x′, xn) = Tr(uα)(x′,−δ) − (xn + δ)ψδα(x′), (4.44)

for every α = 1, . . . , n− 1. Moreover, since Tr(uα)(x′,−δ) → Tr(uα)(x′,− 1
2 ) as

δ → 1
2

+, defining

ψα(x′) :=
Tr(uα)(x′,− 1

2 ) − uα(x′, t)
t+ 1

2

for Hn−1-a.e. x′ ∈ ω′

and passing to the limit as δ → 1
2

+ in (4.44) (this can be done since a.e. δ > 0 is
admissible) we obtain (4.36) for Ln-a.e. (x′, xn) ∈ ω′ × (− 1

2 ,
1
2 ). Finally, (4.36) is

achieved by letting ω′ ↗ ω. �
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Proposition 4.8. Let u ∈ KL(Ω1). Then, there exists Γ′ ⊂ ω such that

Ju = Γ′ ×
(

− 1
2
,
1
2

)
. (4.45)

Moreover, if ψα are as in proposition 4.7, then the functions

v(x′) :=

(
Tr(u1)

(
x′,−1

2

)
, . . . , T r(un−1)

(
x′,−1

2

))
,

ψ(x′) := (ψ1(x′), . . . , ψn−1(x′))

belong to GSBD2(ω).

Remark 4.9. Notice that being the jump of u of the form Ju = Γ′ × (− 1
2 ,

1
2 ) and

being un independent of xn, then also Jun
is of the form Γ′ × (− 1

2 ,
1
2 ) for some

Γ′ ⊂ Γ′.

We are now ready to prove proposition 4.8.

Proof of proposition 4.8. By [17, theorem 4.19] we know that for L1-a.e. xn ∈
(− 1

2 ,
1
2 ) it holds true

(u1(·, xn), . . . , un−1(·, xn)) ∈ GSBD2(ω).

In order to simplify the notation, set w(x′, xn) := (u1(x′, xn), . . . , un−1(x′, xn)).
Thus, by (4.36) there exist yn �= zn such that

w(x′, yn) − w(x′, zn)
(zn − yn)

= ψ(x′) ∈ GSBD2(ω),

which in turn, by using again formula (4.36), also implies v ∈ GSBD2(ω). This
gives the second part of the proposition. In particular, we notice that w(·, xn) ∈
GSBD2(ω) for every xn ∈ (− 1

2 ,
1
2 ).

In order to prove Ju = Γ′ × (− 1
2 ,

1
2 ) for some Γ′ ⊆ ω, it is enough to prove that

for Hn−1-a.e. x = (x′, xn) ∈ Ju we have

H1

((
{x′} ×

(
− 1

2
,
1
2

))
∩ Ju

)
= 1. (4.46)

Suppose x = (x′, xn) ∈ Ju. Since, by proposition 4.7, un does not depend on xn,
(4.46) is satisfied whenever x′ ∈ Jun

. Thus, without loss of generality we may
assume x′ /∈ Jun

. Then, there are two possibilities:

(1) there exists yn ∈ (− 1
2 ,

1
2 ) \ {xn} such that (x′, yn) ∈ Ju;

(2) (x′, t) /∈ Ju for every t �= xn.
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In case (1), we further distinguish two subcases: either νu((x′, yn)) =
±νu((x′, xn)) or νu((x′, yn)) �= ±νu((x′, xn)). In the first case, by using formula
(4.36) together with the fact that un does not depend on xn we have

u(x′, t) − u(x′, s)
s− t

= (ψ(x′), 0) for (x′, t, s) ∈ ω ×
(

− 1
2
,
1
2

)
×
(

− 1
2
,
1
2

)
.

(4.47)
This implies that x′ is a point of approximate continuity for ψ or a jump point
for ψ with νψ(x′) = ±νu(x′, xn). In particular, the last relation follows from (4.47)
written for (t, s) = (yn, xn), from the equality νu((x′, yn)) = ±νu((x′, xn)), and from
the fact that ψ does not depend on xn and (νu)n = 0.

Suppose now that x′ is a jump point of ψ (in the case of a point of approximate
continuity one can argue in the very same way). Then, there exist a �= b ∈ R

n and
a′ �= b′ ∈ R

n−1 such that

u(x+ ry) → a1{νu(x)·z>0}(y) + b1{−νu(x)·z>0}(y),

locally in Ln-measure as r → 0+, and

ψ(x′ + ry′) → a′1{νu(x)·z′>0}(y′) + b′1{−νu(x)·z′>0}(y′),

locally in Hn−1-measure as r → 0+. These two convergences imply that if we set
x0 := (x′, t) with t �= xn, by using

u(x′, t) − u(x′, xn)
xn − t

= (ψ(x′), 0),

we deduce

u(x0 + ry) → [a+ (xn − t)(a′, 0)]1{νu(x)·z>0}(y) (4.48)

+ [b+ (xn − t)(b′, 0)]1{−νu(x)·z>0}(y),

locally in Hn−1-measure as r → 0+. Since

a+ (xn − t)(a′, 0) �= b+ (xn − t)(b′, 0) for a.e. t ∈ (−1
2
,
1
2
)

the convergence in (4.48) implies that (x′, t) ∈ Ju for a.e. t ∈ (− 1
2 ,

1
2 ). Hence, (4.46)

is satisfied if (1) holds and νu(x′, yn) = ±νu(x′, xn).
In order to show that the set of x′ satisfying (1) and νu(x′, yn) �= ±νu(x′, xn) is

Hn−2-negligible, we recall that ψ, w(·,xn)
yn−xn

, w(·,yn)
yn−xn

∈ GSBD2(ω), and notice that,
since x′ ∈ Jψ \ Jun

and (νu)n = 0, it holds x′ ∈ Jw(·,xn) ∩ Jw(·,yn) and νu(x′, xn) =
(νw(·,xn)(x′), 0). Hence, applying for instance [5, proposition 2.85],

0 = Hn−2({x′ ∈ Jw(·,xn) ∩ Jw(·,yn) : νw(·,xn)(x′) �= ±νw(·,yn)(x′)})
= Hn−2({x′ ∈ ω \ Jun

| (1) holds and ± νu(x′, xn) �= νu(x′, yn)}).

Therefore, Hn−1-a.e. x satisfying case (1) also fulfills (4.46).
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Finally, suppose (2) holds. Such points are a subset of Ju, denoted here by A,
satisfying H0((A)en

x′ ) = 1 for every x′ ∈ πn(A). Since (νu)n = 0, by the Area
Formula we have

Hn−1(πn(A)) =
∫

Πen

H0((A)en

x′ ) dHn−1(x′) =
∫
A

|νu · en|dHn−1 = 0,

and we conclude (4.46). �

We are now in a position to conclude the proof of theorem 3.2.

Proof of theorem 3.2. First we prove that un is approximately differentiable Ln-a.e.
in Ω1. In view of [21, theorem 3.1.4] it is enough to prove that the approximate
partial derivatives ∂iun exist Ln-a.e. in Ω1 for every i = 1, . . . , n. Since we already
know that un does not depend on xn, we need only to prove ∂αun exist Ln-a.e. in
Ω1 for every α = 1, . . . , n− 1.

Given α, we notice that since u ∈ GSBD2(Ω1), setting ξ := (en + eα)/
√

2 we
have that ∂ξ(u · ξ) and ∂αuα exist Ln-a.e. in Ω1 and by formula (4.36) also ∂nuα
exists Ln-a.e. in Ω1.

We now claim that

∂αun = 2∂ξ(u · ξ) − ∂αuα − ∂nuα Ln-a.e. in Ω1. (4.49)

Indeed, up to a set of Ln-measure zero we have that for every x ∈ Ω1 the following
holds true:

ap- lim
h→0

u(x+ hξ) · ξ − u(x) · ξ
h

= ∂ξ(u · ξ)(x), (4.50)

ap- lim
h→0

uα(x+ hen) − uα(x)
h

= ∂nuα(x), (4.51)

ap- lim
h→0

uα(x+ heα) − uα(x)
h

= ∂αuα(x), (4.52)

ap- lim
h→0

ψ(x′ + heα) = ψ(x′). (4.53)

By a simple algebraic computation we can write

un(x+ heα) − un(x)

= un(x+ heα) − un(x+ heα + hen) + un(x+ heα + hen) − un(x)

= un(x+ heα) − un(x+ heα + hen) +
√

2u(x+ h
√

2ξ) · ξ −
√

2u(x) · ξ
− (uα(x+ h

√
2ξ) − uα(x)). (4.54)

By proposition 4.7, un does not depend on xn. Thus,

un(x+ heα) − un(x+ heα + hen) = 0. (4.55)

By (4.50) we have that for Ln-a.e. x ∈ Ω1

ap- lim
h→0

√
2u(x+ h

√
2ξ) · ξ −√

2u(x) · ξ
h

= 2∂ξ(u · ξ)(x). (4.56)
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We re-write the last term on the right-hand side of (4.54) as

uα(x+ h
√

2ξ) − uα(x) = uα(x+ h(en + eα)) − uα(x+ heα)

+ uα(x+ heα) − uα(x).

Using formula (4.36) we have that

uα(x+ h(en + eα)) − uα(x+ heα) = −hψα(x′ + heα),

which implies, together with (4.53), that for Ln-a.e. x ∈ Ω1

ap- lim
h→0

uα(x+ h(eα + en)) − uα(x+ heα)
h

= −ψα(x′) = ∂nuα(x), (4.57)

where ψα, α = 1, . . . , n− 1 are the functions determined in (4.36). Therefore,
combining (4.51), (4.52) and (4.57) we deduce that for Ln-a.e. x ∈ Ω1

ap- lim
h→0

uα(x+ h
√

2ξ) − uα(x)
h

= ∂nuα(x) + ∂αuα(x). (4.58)

Inserting (4.55)–(4.58) in (4.54) we obtain (4.49).
Since α ∈ {1, . . . , n− 1} was arbitrary, we deduce that un is approximately

differentiable Ln-a.e. in Ω1. Furthermore, since un does not depend on xn, un is
approximately differentiable Hn−1-a.e. on ω. If we denote (with abuse of notation)
∇un = (∂1un, . . . , ∂n−1un), then ∇un is the approximate gradient of un.

In order to prove that ∇un ∈ GSBD2(ω), we claim that

∇un(x′) =
(
ψ1(x′), . . . , ψn−1(x′)

)
for Hn−1 -a.e. x′ ∈ ω. (4.59)

Once we show (4.59), the fact that ∇un ∈ GSBD2(ω) will follow from proposi-
tion 4.8. The equality (4.59) is a consequence of the hypothesis ei,n(u) = 0 and of
(4.36). The latter yields that ∂nuα = −ψα Ln-a.e.. Hence, being eα,n(u) = 0, we
infer exactly ∂αun = ψα Ln-a.e., which is (4.59).

In order to prove (3.12) notice that formula (4.36) becomes now

uα(x′, xn) = Tr(uα)

(
x′,−1

2

)
−
(
xn +

1
2

)
∂αun(x′) for Ln-a.e. (x′, xn) ∈ Ω1.

(4.60)
Recalling that Ω1 = ω × (− 1

2 ,
1
2 ), by integrating both sides of (4.60) with respect

to xn ∈ (− 1
2 ,

1
2 ) we obtain

uα(x′) = Tr(uα)

(
x′,−1

2

)
− 1

2
∂αun(x′) for Ln-a.e. (x′, xn) ∈ Ω1.

Combining the last two equalities we deduce exactly (3.12). The fact that u ∈
GSBD2(ω) simply follows now by (3.12).

We are finally left to prove that Ju = (Ju ∪ Jun
∪ J∇un

) × (− 1
2 ,

1
2 ), for which we

follow the lines of [8, proposition 5.2, step 4]. By proposition 4.8 we already know
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that Ju = Γ′ × (− 1
2 ,

1
2 ) for some Γ′ ⊂ ω. Thus, we only need to show that Γ′ = Ju ∪

Jun
∪ J∇un

up to a set of Hn−2-measure zero. First, we prove Γ′ ⊂ Ju ∪ Jun
∪ J∇un

.
By formula (3.12) and by proposition 4.7 we have that

(∇un(x′), 0) =
u(x′, t) − u(x′, s)

s− t
for (x′, t, s) ∈ ω ×

(
−1

2
,
1
2

)
×
(
−1

2
,
1
2

)
.

Hence, for Hn−2-a.e. x′ ∈ Γ′, either x′ ∈ J∇un
or x′ is an approximate continuity

point for ∇un. In the first case, we clearly have x′ ∈ Ju ∪ Jun
∪ J∇un

.
Let us suppose, instead, that x′ is an approximate continuity point of ∇un.

By rewriting formula (3.12) in the vectorial form as

u = (u1, . . . , un−1, un) − xn(∂1un, . . . , ∂n−1un, 0),

then, it is easy to see that, being x′ a point of approximate continuity for ∇un,
the fact that (x′, xn) ∈ Ju for xn ∈ (− 1

2 ,
1
2 ) forces x′ ∈ Ju ∪ Jun

. This gives the first
inclusion Γ′ ⊂ Ju ∪ Jun

∪ J∇un
.

To prove Ju ∪ Jun
∪ J∇un

⊂ Γ′ we argue as follows: if x′ ∈ Jun
, then, by definition

of Jun
, we have

H1

((
{x′} ×

(
− 1

2
,
1
2

))
∩ Ju

)
= 1.

Hence, we can reduce ourselves to prove the inclusion in the case x′ ∈ Ju ∪ J∇un
.

Since Ju = Γ′ × (− 1
2 ,

1
2 ), we can choose x̃n ∈ (− 1

2 ,
1
2 ) such that v(·) := u(·, x̃n) ∈

GSBD2(ω) and Jv = Γ′ up to a set of Hn−2-measure zero in ω. Moreover, formula
(3.12) implies that

J∇un
⊂ Ju ∪ Jv and Ju ⊂ J∇un

∪ Jv.
Thus, we deduce that, up to an Hn−2-negligible set in ω,

J∇un
\ Ju ⊂ Jv = Γ′ and Ju \ J∇un

⊂ Jv = Γ′. (4.61)

It remains to prove that

J∇un
∩ Ju ⊂ Γ′. (4.62)

If x′ ∈ J∇un
∩ Ju and J∇un

, Ju have the same tangent plane at x′, i.e., ν := νu(x′) =
±ν∇un

(x′), for α = 1, . . . , n− 1 there exist ξ±, η± ∈ R
n−1 with ξ+ �= ξ− and η+ �=

η− such that, by (3.12),

(u1, . . . , un−1)((x′, xn) + ry) → (ξ+ − xnη
+)1{ν·z>0}(y)

+ (ξ− − xnη
−)1{−ν·z>0}(y)

locally in Ln-measure as r → 0. Since ξ+ − xnη
+ �= ξ− − xnη

− for a.e. xn ∈
(− 1

2 ,
1
2 ), we deduce that H1(({x′} × (− 1

2 ,
1
2 )) ∩ Ju) = 1 and x′ ∈ Γ′.

Finally, applying [5, proposition 2.85] to the functions u, xn∇un ∈ GSBD2(ω)
for xn ∈ (− 1

2 ,
1
2 ), we deduce that

Hn−2
(
{x′ ∈ J∇un

∩ Ju : νu(x′) �= ±ν∇un
(x′)}

)
= 0.

This gives (4.62) and the conclusion of the theorem. �
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We are now in a position to prove the Γ-convergence result of theorem 3.4.

Proof of theorem 3.4. We follow here the steps of [8, theorem 5.1]. Since the con-
vergence in measure is metrizable, we can show the Γ-convergence in terms of
converging sequences. As for the Γ-liminf, for every infinitesimal sequence ρk, every
u : Ω1 → R

n, and every uk ∈ GSBD2(Ω1) such that uk → u in measure and

lim inf
k→∞

Eρk
(uk) < +∞,

we have, in view of proposition 3.1, that u ∈ KL(Ω1). Furthermore, since (νu)n = 0
Hn−1-a.e. in Ju, by [31, proposition 4.6] for every ρ̃ > 0 we have that

Hn−1(Ju) =
∫
Ju

φρ̃(νu) dHn−1 � lim inf
k→∞

∫
Juk

φρ̃(νuk
) dHn−1 (4.63)

� lim inf
k→∞

∫
Juk

φρk
(νuk

) dHn−1.

For every v ∈ GSBD2(Ω1) let us set e(v) := (eαβ(v))n−1
α,β=1. Then, by definition

(3.8)–(3.9) of Eρ we have∫
Ω1

C0e(u) · e(u) dx � lim inf
k→∞

∫
Ω1

C0e(uk) · e(uk) dx

� lim inf
k→∞

∫
Ω1

Ceρk(uk) · eρk(uk) dx.
(4.64)

Hence, combining (4.63) and (4.64) we infer that

E0(u) � lim inf
k→∞

Eρk
(uk),

which in turn implies that E0 � Γ-lim infρ→0 Eρ.
We conclude with the Γ-limsup inequality. Let u ∈ GSBD2(Ω1). If u /∈ KL(Ω1),

then E0(u) = +∞ and there is nothing to show. If u ∈ KL(Ω1), let us fix λ =
(λ1, . . . , λn) ∈ L2(Ω1; Rn) such that

C0e(u) · e(u) = C(e(u))λ · (e(u))λ a.e. in Ω1, (4.65)

where we recall the notation introduced in (3.13)–(3.14). Let hρ,1, . . . , hρ,n ∈
C∞
c (Ω1) be such that

hρ,α → 2λα in L2(Ω1), for α ∈ {1, . . . , n− 1}, (4.66)

hρ,n → λn in L2(Ω1), (4.67)

ρhρ,i, ρ∇hρ,i → 0 in L2(Ω1) for i ∈ {1, . . . , n}. (4.68)

In particular, (4.66)–(4.68) imply that the sequences

Hρ,α(x′, xn) := ρ

∫ xn

0

hρ,α(x′, t) dt ∈ L2(Ω1) for α ∈ {1, . . . , n− 1},

Hρ,n(x′, xn) := ρ

∫ xn

0

hρ,n(x′, t) dt ∈ L2(Ω1)
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satisfy Hρ,i, ∂jHρ,i → 0 in L2(Ω1) for every i, j ∈ {1, . . . , n}.
For every x = (x′, xn) ∈ Ω1 we define

uρ(x) := u(x) + (Hρ,1, . . . , Hρ,n) (x). (4.69)

Then, uρ ∈ GSBD2(Ω1), Juρ
= Ju for every ρ > 0, and (νuρ

)n = 0 on Juρ
. More-

over, we have that uρ → u in measure on Ω1.
We now write the components of eρ(uρ). Since u ∈ KL(Ω1), for every α,

β = 1, . . . , n− 1 we have

eρα,β(uρ) = eα,β(u) +
1
2
(∂αHρ,β + ∂βHρ,α),

eρα,n(uρ) =
1
2
hρ,α(x′, xn) +

1
2
∂αHρ,n(x′, xn),

eρn,n(uρ) = hρ,n(x′, xn).

Thus, from (4.65)–(4.69) we deduce that

lim
ρ→0

Eρ(uρ) = lim
ρ→0

1
2

∫
Ω1

Ceρ(uρ) · eρ(uρ) dx+ Hn−1(Ju)

=
1
2

∫
Ω1

C(e(u))λ · (e(u))λ dx+ Hn−1(Ju) = E0(u),

and the proof is thus complete. �

In the following corollary we show that we can naturally handle the presence
of boundary conditions satisfying the properties of (3.11). Although the result fol-
lows directly from theorem 3.4, it justifies the study of convergence of minima and
minimizers, considered in theorem 4.12 and corollary 4.13 below.

Corollary 4.10. Let g ∈ KL(Rn) ∩H1(Rn; Rn), and let us define, for u ∈
GSBD2(Ω1),

Egρ (u) := Eρ(u) + Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
, (4.70)

Eg0 (u) := E0(u) + Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
. (4.71)

Then, Egρ Γ-converges to Eg0 w.r.t. the topology induced by the convergence in
measure in Ω1.
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Proof. We consider ω̃ ⊆ R
n−1 smooth, bounded, and such that ω � ω̃, and define

Ω̃ := ω̃ × (− 1
2 ,

1
2 ). For every u ∈ GSBD2(Ω1), we consider the extension

ũ :=
{
u in Ω1,

g in Ω̃ \ Ω1.
(4.72)

Then, we can rewrite Egρ (u) as

Egρ (u) :=
1
2

∫
Ω1

Ceρ(ũ) · eρ(ũ) dx+
∫
Jũ∩Ω̃

φρ(νũ) dHn−1.

With this notation at hand, we can show the Γ-liminf inequality by following step
by step the proof of theorem 3.4. Given uρ ∈ GSBD2(Ω1) such that uρ converges
in measure to u ∈ GSBD2(Ω1), we consider their extensions ũρ, ũ ∈ GSBD2(Ω̃). If

sup
ρ>0

Egρ (uρ) < +∞,

we deduce that e(uρ) ⇀ e(u) weakly in L2(Ω1; Mn
s ) and u ∈ KL(Ω1), so that also

ũ ∈ KL(Ω̃). Furthermore, the bulk energy satisfies∫
Ω1

C0e(u) · e(u) dx � lim inf
ρ→0

∫
Ω1

Ceρ(ũρ) · eρ(ũρ) dx.

As in (4.63) we have that

Hn−1(Jũ ∩ Ω̃) � lim inf
ρ→0

∫
Jũρ∩Ω̃

φρ(νũρ
) dHn−1.

Noticing that Hn−1(Jũ ∩ (Ω̃ \ Ω1)) = 0 and

Jũ ∩ ∂ω ×
(

− 1
2
,
1
2

)
=
{
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

))
,

we deduce that Eg0 (u) � lim infρ→0 Egρ (uρ).
A recovery sequence can be constructed as in (4.69), where we modify a function

u ∈ KL(Ω1) within Ω1 by considering hρ,i ∈ C∞
c (Ω1) as in (4.66)–(4.68), so that u

remains unchanged on ∂ω × (− 1
2 ,

1
2 ). �

We now discuss the convergence of minimizers of the functionals Egρ . To do this,
we recall here the GSBD-compactness result obtained in [15, theorem 1.1] (see also
[3]).
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Theorem 4.11. Let U ⊆ R
n be an open bounded subset of R

n, let φ : R
+ → R

+ be
an increasing function such that

lim
t→+∞

φ(t)
t

= +∞,

and let uρ ∈ GSBD2(U) be such that

sup
ρ>0

∫
U

φ(|e(uρ)|) dx+ Hn−1(Juρ
) <∞.

Then, there exists a subsequence, still denoted by uρ, such that the set

A := {x ∈ U : |uρ(x)| → +∞ as ρ→ 0+}
has finite perimeter, uρ → u a.e. in U \A and e(uρ) ⇀ e(u) weakly in L1

(U \A; Mn
s ) for some function u ∈ GSBD2(U) with u = 0 in A. Furthermore,

Hn−1(Ju ∪ ∂∗A) � lim inf
ρ→0

Hn−1(Juρ
).

From theorem 4.11 we deduce the convergence of minima and minimizers.

Theorem 4.12. Let g ∈ KL(Rn) ∩H1(Rn; Rn), and let Egρ be the sequence of
functionals defined in (4.70). Assume that uρ ∈ GSBD2(Ω1) satisfies

lim inf
ρ→0

Egρ (uρ) < +∞. (4.73)

Then, there exists a subsequence, still denoted by uρ, such that the set

A := {x ∈ Ω1 : |uρ(x)| → +∞ as ρ→ 0}
is a set of finite perimeter. Moreover, there exist A′ ⊆ ω and u ∈ KL(Ω1) with u = 0
in A such that

A = A′ ×
(

− 1
2
,
1
2

)
, (4.74)

uρ → u a.e. in Ω1 \A, (4.75)

e(uρ) ⇀ e(u) weakly in L2(Ω1 \A; Mn
s ), (4.76)

Hn−1(Ju ∪ ∂∗A) + Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))

� lim inf
ρ→0

∫
Juρ

φρ(νuρ
) dHn−1

+ Hn−1

({
Tr(uρ) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
. (4.77)
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Proof. Let ω̃ and Ω̃ be as in the proof of corollary 4.10. Along the proof, we denote
by ∂∗E and ∂̃∗E the reduced boundary of a set E ⊆ Ω̃ in Ω and Ω̃, respectively.

The existence of the set A and of a limit function u ∈ GSBD2(Ω1) such
that (4.75)–(4.76) holds follows from theorem 4.11 applied to the sequence ũρ ∈
GSBD2(Ω̃) defined as in (4.72). Precisely, there exists A ⊆ Ω̃ and ũ ∈ GSBD2(Ω̃)
such that (4.75)–(4.76) hold for ũρ and ũ in Ω̃. Since ũρ = ũ = g in Ω̃ \ Ω1 and
g ∈ H1(Rn; Rn), we clearly have that u := ũ1Ω1 ∈ GSBD2(Ω1) and A ⊆ Ω1.

Let us denote by νũ∪∂̃∗A the approximate unit normal to Jũ ∪ ∂̃∗A. By
[31, proposition 4.6], ũ and A are such that∫

Jũ∪∂̃∗A
φ(x, νũ∪∂̃∗A) dHn−1 � lim inf

ρ→0

∫
Jũρ

φ(x, νũρ
) dHn−1 (4.78)

for every φ ∈ C(Ω̃ × R
n) such that φ(x, ·) is a norm on R

n for every x ∈ Ω̃ and

c1|ν| � φ(x, ν) � c2|ν| for every x ∈ Ω̃ and every ν ∈ R
n,

for some 0 < c1 � c2 < +∞.
Recalling (3.7), we deduce from (4.78) that for every ρ̃ > 0∫

Jũ∪∂̃∗A
φρ̃(νũ∪∂̃∗A) dHn−1 � lim inf

ρ→0

∫
Jũρ

φρ̃(νũρ
) dHn−1 (4.79)

� lim inf
ρ→0

∫
Jũρ

φρ(νũρ
) dHn−1

= lim inf
ρ→0

∫
Juρ

φρ(νuρ
) dHn−1

+ Hn−1

({
Tr(uρ) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
< +∞.

Passing to the limsup in (4.79) as ρ̃→ 0 we deduce that (ν∂̃∗A)n = (νu)n = 0 Hn−1-
a.e. in Ju ∪ ∂̃∗A. It follows that there exists A′ ⊆ ω such that (4.74) holds.

As a consequence of (4.73), we infer that ei,n(u) = 0 in Ω1 for every i = 1, . . . , n.
Hence, u ∈ KL(Ω1). Taking into account that (νu)n = (ν∂̃∗A)n = 0 and that

Jũ ∩ ∂ω ×
(
−1

2
,
1
2

)
= {Tr(u) �= Tr(g)} ∩

(
∂ω ×

(
−1

2
,
1
2

))
,

we infer (4.77) by rewriting (4.79), and the proof is thus concluded. �

Corollary 4.13. Under the assumptions of theorem 4.12, let uρ ∈ GSBD2(Ω1)
be a sequence of minimizers of Egρ . Then, there exist a subsequence, still denoted by
uρ, such that the set A := {x ∈ Ω1 : |uρ(x)| → +∞} is of finite perimeter, and a
minimizer u ∈ KL(Ω1) of Eg0 with u = 0 on A such that (4.75)–(4.76) hold.
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Moreover, ∂∗A ⊆ Ju, e(uρ) → e(u) in L2(Ω1; Mn
s ), and

Hn−1(Ju) + Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))

= lim
ρ→0

∫
Juρ

φρ(νuρ
) dHn−1

+ Hn−1

({
Tr(uρ) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
. (4.80)

Proof. Let uρ be as in the statement of the corollary. Then, it is easy to check that
(4.73) is satisfied. Hence, theorem 4.12 implies that there exist A and u ∈ KL(Ω1)
such that (4.74)–(4.77) hold. The minimality of u follows from theorem 3.4 by a
Γ-convergence argument. Indeed, by (4.76)–(4.77) we have that∫

Ω1

C0e(u) · e(u) dx � lim inf
ρ→0

∫
Ω1

Ceρ(uρ) · eρ(uρ) dx, (4.81)

Hn−1(Ju ∪ ∂∗A) + Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))

� lim inf
ρ→0

∫
Juρ

φρ(νuρ
) dHn−1

+ Hn−1

({
Tr(uρ) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
. (4.82)

Thanks to corollary 4.10, for every v ∈ KL(Ω1) there exists a sequence vρ ∈
GSBD2(Ω1) converging to v in measure such that

Eg0 (v) = lim
ρ→0

Egρ (vρ). (4.83)

Combining (4.81), (4.82), and (4.83) we deduce that

Eg0 (u) �
∫

Ω1

C0e(u) · e(u) dx+ Hn−1(Ju ∪ ∂∗A)

+ Hn−1

({
Tr(u) �= Tr(g)

}
∩
(
∂ω ×

(
− 1

2
,
1
2

)))
� lim inf

ρ→0
Egρ (uρ) � lim inf

ρ→0
Egρ (vρ) = Eg0 (v),

which yields the minimality of u. Since we can construct a recovery sequence wρ ∈
GSBD2(Ω1) for u such that Egρ (wρ) → Eg0 (u) and uρ is a minimizer of Egρ for every
ρ, we deduce that, along a suitable not relabelled subsequence, the inequalities
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(4.81)–(4.82) are actually equalities. This implies that ∂∗A ⊆ Ju, (4.80), and that∫
Ω1

C0e(u) · e(u) dx = lim
ρ→0

∫
Ω1

C0e(uρ) · e(uρ) dx.

From the last equality and from proposition 3.1 we infer that e(uρ) → e(u) in
L2(Ω1; Mn

s ). �
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nonlinear elasticity. Math. Models Methods Appl. Sci. 23 (2013), 2701–2748.
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