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1. Introduction

The aim of this paper is to study qualitative properties such as symmetry and
monotonicity of positive weak solutions to the quasilinear elliptic problems involving
Hardy potential:
. q .
—div (A(|Vu|)Vu) = U + g(x,u) in Q,
u>0 in Q, (1.1)
u =0 on 0f),

where € is a C2-bounded domain in RN, 0€ Q, 9 >0, p € (1,N), ¢ € (0,p).

The interest in this class of problems in recent years is related to the possibility
of modelling wide classes of elliptic problems. For instance, taking into account
the results contained in [4-6] we know that if the real function A :RT — R™ is
assumed to be of class C1(R™) and fulfills the following

. t) _ A'(t)
o —1< ggm =myg < My := igg Al
we can consider problems in which the differential operator satisfies ellipticity and
monotonicity conditions, not necessarily of power type. On the other hand, the
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Symmetry for quasilinear problems 1859

choice A(t) = tP~2 + bt?7=2, b > 0 leads to the well-known classical semilinear ellip-
tic problem [14, 15, 17] for b = 0, or to double-phase type problems (see [8-12,
19, 24]). Such problems are therefore particular cases contained in the more gen-
eral setting that we consider here. We shall borrow some ideas from [13, 15] but,
contrary to the first feeling, the adaptation of such techniques is a quite delicate
issue, once we want to deal with a real general class of operators. In the following
we will also suppose that

e ey >0and 3K > 1:Vn e RVwith || > K, |A(|n))n] < ci|nP~; (1.3)

o Jc2 > 0:Vn e RN, A(In))[n|* > calnl?; (1.4)

o If lim(i)r+1f A(t) =0, 36 > 0: A(t) is non-decreasing on Iy := (0, ). (1.5)
t—

We remark that hypothesis (1.3), that we prefer to state in this way, is equivalent
to request that

3A,B e RY : v € RN, |A(|n)n| < A+ B[P~

The position of the origin with respect to the domain is connected to the presence
of the Hardy potential and it is crucial already to prove existence results (see [7]
and the references therein). Regarding the nonlinear term g € C*(Q x R) we will
suppose that:

(gl) g(z,-) is a locally Lipschitz continuous, uniformly with respect to z, i.e. for
every ' C Q and for every M > 0, there is a positive constant L = (M, )
such that for every x € ' and every u,v € [0, M], we have that

l9(z,u) — g(z,v)| < Llu—v];
(g2) g(-,u) is locally Lipschitz continuous, uniformly with respect to w.

(g3) g(-,u) is non-decreasing w.r.t. the xzj-direction in the set Q) :={z =
(21,...,2n) € Q21 < Awith A < 0};

(g4) g(x,-) > 0 is positive and, more precisely, g(z,u) > 0 in Q' for every Q' C Q
and for every u > 0.

The monotonicity assumption on g, with respect to the first variable, is necessary
for the applicability of the moving plane method; this is well-known already in the
case of non singular source terms. We refer to [3, 25, 26] for a discussion about
such a condition. In this setting the notion of solution has to be understood in the
weak sense as in the next definition

DEFINITION 1.1. We say that u is a weak solution to problem (1.1) if u € Wy (Q),
g(-u(*)) € LY(Q) and

a
/A(|Vu|)(Vu7Vg0)dx:19/ ;ﬁwdx—&—/ g(z,u)pdr, VYoe WP (Q)NLX(Q).
Q Q Q
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REMARK 1.2. We do not prefer to discuss here the wide literature regarding the
L*°-boundedness of the solutions, that is a well-known issue e.g. in the critical or
sub-critical case. Once we reduce to deal with bounded far from the origin VVO1 P(Q)
solutions, by [16, 29], we get that u € C’llo’?(Q\{O}); furthermore, supposing that

2 is smooth, the O}(;g(fz\{()}) regularity follows by [23] while, from [22], it also
follows that u € C?(Q\(Z, U {0})), where

Zy = {x € Q: Vu(zx) = 0}.

Moreover, arguing as in [7], we have that u; € VVllof(Q\{O}) for p € (1,3) and u; €
WL(Q\{0}) for every ¢ < ;% and p > 3.

Our result will be obtained by means of the moving plane method; this technique
is mostly used in this topic and it goes back to the seminal papers of Alexandrov
[1] and Serrin [28] and the celebrated papers [2, 21].

This tool was adapted to the case of the p-Laplacian operator in bounded domains
firstly in [14] for the case 1 < p < 2 and, later on, in [15] for the case of positive
nonlinearities and p > 2. In this paper we will apply the moving plane technique
by means of the achievement of a weak comparison principle in small domains and
the strong comparison principle; this approach is more close to those introduced in
[14, 15] and goes back to the illuminating papers [2, 21].

Such a technique can be performed in general convex domains providing partial
monotonicity results near the boundary. For simplicity of exposition and without
loss of generality, we assume directly in all the paper that 2 is a strictly convex
domain in the z;-direction and symmetric with respect to the hyperplane {z; = 0}.
In this setting, our main result is the following:

THEOREM 1.3. Let u € C*(Q\{0}) be a weak solution to (1.1). Let Q be strictly
conver with respect to xi-direction and symmetric with respect to the hyperplane
{1 =0}. Then it follows that u is symmetric with respect to the hyperplane
{z1 = 0} and non-decreasing in the x1-direction in QN {z; < 0}.

Moreover, if Q is a ball centred at the origin, then u is radially symmetric with
%(r) <0 forr#0.

To prove theorem (1.3) we have to face some difficulties, mainly related to the
nonlinear degenerate nature of the operator. In particular, in order to carry on
the procedure, we need to study the asymptotic behaviour of the solution near
to zero. This task was also faced in [25]. However, the presence of the distorsion
A(+), causes that we can not repeat the same argument of [25]. Furthermore, when
proving the weak comparison principle in small domains, we have to overcome the
difficulty arising from many homogeneity problems, that the reader will appreciate
during the reading. Finally, note that, taking into account the literature regarding
the existence of the solutions, we choose a setting of assumptions that involves also
cases when the nonlinearity is not Lipschitz continuous at zero.

The paper is organized as follows: in next section we introduce some preliminary
tools and results such as summability properties of the second derivatives of the
solutions. Furthermore we prove that the solution u blow-up near the origin and we
develop the proof of the weak comparison principle for small domains. The main

https://doi.org/10.1017/prm.2022.74 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.74

Symmetry for quasilinear problems 1861

result, namely theorem (1.3), is proved in the last section. Finally, for the readers
convenience, we add the proofs of some standard results in the appendix.

2. Preliminaries and useful results

In this section, briefly, we enclose some definitions, results and remarks that it will
be useful in the rest of the paper. From now on, in order to get a readable notation,
generic numerical constant will be denoted by ¢ and will be allowed to vary within
a single line or formula. Moreover we denote with f* := max{f,0}.

REMARK 2.1. With respect to the setting (1.2)-(1.4), we observe that:

e From [5, lemma 4.2], calling ¢ := (1 + min{0,m4}) > 0, one has that

[A(EDE — A(nl)n] - 1€ —n] = elé —nl* | A(ln+s(& —n)l) ds, (2.1)

0

for every &, € RY. Using (1.4), we get

A(EDE — A(lnl)n] - [€ — 1] > caelé — 1P / 0+ (6 —m)P2ds

and, arguing as in [13, lemma 2.1], one has that for every &, n € RV
[A(IEDE = A(lnDn] - [€ = n] = cae(€] + [n)"~2[€ — nf*. (2.2)
e In [5, proposition 4.1], it is already proved that
A1) min{t™A M4} < A(t) < A(1) max{t™A, M4}, (2.3)
Since m4 > —1, by (2.3) there exists n € [0, 1) such that m4 +n > 0; hence
lim 7 A(t) = 0 (2.4)
and, in particular lim, .o tA(¢) = 0.
Then, if 0 < ¢t < K there exists a constant Cx := C'(K) > 0 such that
HA(1)] < Ck. (2.5)
Moreover, j(t) := tA(t) is a non-decreasing function on [0, +00) since

tA(1)
A(t)

J'(t) = A(t) + tA'(t) = A1) [1 + ] > A(t)(1+my) > 0.

o If my >0, by (1.2), one has

tA(t)
A(t)

mAA(t)

>may = At) > ;

> 0.

Then,

if ma >0, A(t) is a non-decreasing function on (0, +00). (2.6)
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e Fort € R and t > K, using (1.3) and (2.3), we get

C1

ma < < p—2 ma—p+2 < )
A <A < atP 2 =t < 45

Hence, we note that (m4 — p 4 2) has to be necessarily negative, i.e.
ma<p—2. (2.7)
Analogously, for t € RT and ¢ > K, using (1.4) and (2.3), we get

cot?™2 < A(t) < A(1)EMa = p=27Ma ¢ @.
co

Hence, we note that (p — 2 — M 4) has to be necessarily negative, i.e.
My >=p-—2. (2.8)

The following theorems are devoted to obtain some summability properties of
the second derivatives and the gradient of solutions to (1.1).

THEOREM 2.2. Assume that 2 is a bounded smooth domain and 1 <p < N.
Consider u € CL*(Q\{0}) N C2(Q\(Z, U {0})) a solution to (1.1), where g(-,u) €

loc

Whee(Q) and g(z,-) € WH*(R). We have

2
/degc Vi=1,...,N
E |$_y|’ylui|5

for any E € Q\{0} and uniformly for any y € E, with
C = C(’Y?mAaMAaﬁaga ||VUHOO7E)
foro<f<landy<(N—=2)if N=23 (v=0if N=2).

Moreover, if we also assume that g is positive in Q in the sense of (g4), we have
that

A |2
/degc Vi=1,...,N.

o |z =yl
where Q is a compact such that Q € Q\{0}.

REMARK 2.3. As showed in [7, remark 4.4], if g is a positive function, the set Z,
is such that |Z,| = 0.

THEOREM 2.4. Let u € CH*(Q\{0}) N C%(Q\(Z., U {0})) be a solution to (1.1) with
g(-,u) € WHo(Q) and g(z,-) € WH(R) and g(x,u) positive in the sense of (g4)
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in Bay(xo) C Q\{0}. Then

1 1
dx <C
/B,,(m (A([Vul))or [z —y[7

for any y € B,(x), with o := Z;_é ifp>2and a:= mﬁijl ifpe(1,2), re(0,1),
Y<N—=2if N>23,7v=0if N=2 and

C= C(’y,n,g, ||Vu||oo7p, anO‘7MAa02)-

If Q is a smooth domain and g is nonnegative in )

1 1
dx <C.
/fz (A([Vul))or [z —y|v
where Q is a compact such that Q ¢ Q\{0} and y € Q.
REMARK 2.5. Even if we consider a solution to the problem (1.1), the proof of
theorems 2.2 and 2.4 repeats verbatim the arguments exploited in [7, theorems 4.2,

4.6, 4.8).

Assume that Q € Q\{0}. We recall the definition of weighted Sobolev space
H2(Q).
P

DEFINITION 2.6. Let p,p~! € L*(Q). The space H;’Q(Q) is defined as the comple-
tion of C1(Q) (or C°°()) with the norm

[Vllgz 2 = ol 2y + V0l 2, (2.9)
where
2
IVellia = [ @) Vo(a) P da.
Q
For a discussion on this topic we refer the reader to [31].

We also recall that Hé”i(f)) is defined as the completion of C1(Q) (or C°(Q))

under the norm
[0l 220y = IVl 220, -

THEOREM 2.7 Weighted Sobolev inequality, [20]. Let p be a weight function such

that
1
/ ! w<e
o p%le —y|

withl<0<§%§ fp>2, y<N—=2if N>3, v=0if N=2. Assume, in the
case N = 3, without no loss generality that v > N — 20, which implies No — 2N +
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20 + v > 0. Then, for any w € H0 (Q) there exists a constant Cs such that

[wll Loy < Cs[IVwllp2g,p) -
for any 1 < q < 2*(o) where

1 1 1 1/1 y

= 4 =),

2(c) 2 N o\2 2N
In particular we prove the following Poincaré’s inequality that we will use later

considering the weight p = A(|Vul). Note that this choice is possible thanks to
theorem 2.4.

COROLLARY 2.8. Let us consider w € H&FQ,(Q) Then

/wgdngpp(Q)/p|Vw|2dw, (2.10)
o) )

where Cpp(Q) — 0 when |Q] — 0.

Proof. Choose 2 < g < 2*(0). By Lebesgue’s spaces embedding

/~w2dx< |Q|% ([ wqu)q,
9) Q

then using theorem 2.7 we get

/w2 dz < |S~2|q%2 (/ w? dx)q < |§~2|% /p|Vw|2dx =Cpp(Q )/ p|Vw|? dz.
) 9)

where C,, () == |7 C2. 0

To state the next results we need some notations.
For a real number \ we set

Q)\:{xEQ:x1<>\},
xy = Ra(z) = (2N — 21,29, ...,ZN),

ux(z) = u(xy)

where x is the reflection through the hyperplane Ty := {z € RY : 27 = \}.
Also let us define a := ing 1.
xTe

Let us denote with B, the open ball with centre 0 and radius p > 0. Define
o,(z) € CH(Q), ¢, = 0 such that

1 in Q\Bs,, ko
¢p = {0 n B, P and Vo,| < ; in Bs,\B,, (2.11)

where k is a positive constant.
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LEMMA 2.9. Let u € CH(Q\{0}) a solution to (1.1). Then, the set Q\Z, does not
contain any connected component C such that C C Q.

Moreover, if we assume that Q is a smooth bounded domain with connected
boundary, it follows that Q\Z, is connected.

Proof. We proceed by contradiction. Let us assume that such component exists,
namely

C C Q\Z, such that 9C C Z,.

By remark 2.3, we get that |Z,| = 0.
For all € > 0, let us define J. : RT™ U {0} — R by setting

t if t > 2e,
Jo(t) =42t -2 ife<t< 2,
0 if0<t<e,
We consider the function
_ Je(|Vul)

We point out that supp ¥. C C and . € Wol’p(Q) N L>(Q). By using . as test
function in problem (1.1), since

V. = Vo0 =0 e 1 g, (0)v (W) xe

[Vul [Vul
we obtain
-(|Vul) )) Je(|Vul)

A(|Vul) (V V( op(x Vu Vu,Vo,(x))dx

| At o)) e Avu) =G (7.9,
u4 J(|Vu| / |Vu|)
:19/ z)de + | glx,u)————0¢,(z) dz. 2.12
T v A f gl g ente) 242

Denoting h.(t) = Jat(t), we get

J6(|VU|) _ ul)) = R/ U u
v (Zor) = V(v = 1) V(7

and, by straightforward calculation, we see that [V (|Vu|)| < || D?u||. Therefore, the
first term on the left-hand side of (2.12) can be estimated as

[a0vu (90,9 (EEED) )6, 00] < [ a0vad |02 0,9 ulntvub
(2.13)
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Choosing 71 as in (2.4) and using theorem 2.2, one has

A(|Vul]) || D2

A2(|Va)) || D?u 2¢2dx:/ A(|Vul) |Vl ¢ dzx
LAeu ol e = [ aqeupivar TG 6
A(|Val) || D)
< sup (A(|Vu Vu"/ ——————dz <,
s (Vv [ S

hence, by Lebesgue embedding space, A(|Vul|) || D?ul| ¢, € L*(C), for all p > 0.

Since
1 if t > 2e, 0 ift> 2,
he(t)y =q2—2 ife<t<2, h(t)=<(2% ife<t<2e, (2.14)
0 ifo<t<e 0 fo<t<e,
we get that lir% [Vul||hL(|]Vul)] = 0 a.e. in C and |Vul|hL(|Vu])| < |Vu|=—5 |V ‘2 < 2.
e—

Then, since A(|Vul)|Vu|[hL(|Vu])| || D?ul| ¢, < 2A(|Vu]) ||D?ul| ¢, € L*(C),
using Dominated convergence theorem in (2.13), we obtain

lim /A IVul) (V v (J|(|vvu“|)>) ¢,dz| =0, Vp>0. (2.15)
From (2.15), passing to the limit in (2.12), we get

;E%/CA(WUDJE('VVTD(VU, Vé,) do

- lim <19/Czlp¢p |(|VV1|L|)d —|—/g(a: u)qsp‘]j('vzl'”)dx). (2.16)

Since

RCAYISedvA
e—=0  |Vul

using Dominated convergence theorem, we obtain

/c A(IVul)(Vu, Ve,) d 19/| |pq§pdx+/ (2, w)g, dz

and in particular, by (2.11), one has

/Cﬂ(sz\Bp) A(|Vu])(Vu,Ve,)d 19/‘ |p¢pdx—|—/ (z,u)p,dz.  (2.17)
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Using Holder inequality and (2.5), we estimate the left-hand side of (2.17) as

/ A(Vu) (Y, Vo) da
Cﬂ(ng\Bp)

< A(Vul)Vul|Ve,| d

/Cﬂ(ng\Bp)ﬁ{VuKK}

+ / A(Vul)Vul|Ve,| d
CN(B2p\B,)N{|Vul>K}

1
< k:CK/ —dz+c \VulP~|Ve,|dx
C

(Bap\B,)N{|Vu| <K} P /cmsz\Bp)n{vmw}

1 (%
< ckCg (/ PNt dr)
PJp
p—1
b (/ vwm) </ |V¢ppdx>
CN(B2,\B,)N{|Vul>K} CN(Ba,p\Bo)N{|Vul>K}

| 1 ’ 1 r2re ¥
<e [kCrpN 1 + / —dz =c |kCxpV ™t + (/ pNl dr>
Ba,\B, P¥ 2P

- NN L
=c kCKpN_l-i-(p) ‘|ﬂ>0.

pp

p

Therefore, passing to the limit in (2.17) for p — 0, we get

. uf
0:;1_)1% (ﬁ/cw%dm—k/cg(x,u)(ﬁp dx). (2.18)

On the other hand, since ¢,(x) — 1 for p — 0 and g(z,u) >0, using again
dominated convergence theorem, we get
ud

lim ¢

ud
d li , de =9 [ —dz+ yu)de > 0,
lim v . mp(ép x—l—plil%/cg(x )¢, dx x /Cg(a: u) dx

c |z?

which contradicts (2.18). If € is smooth, since the right-hand side of (1.1) is pos-
itive, by Hopf’s Lemma (see [27, 30]), a neighbourhood of the boundary belongs
to a component C of Q\Z,. The case Q\Z, not connected would imply the exis-
tence of a second connected component C’ with 9C’ C Z,,, but this would provide
a contradiction with the first part of the proof. Thus Q\Z, is connected. O

REMARK 2.10. We remark that the previous theorem still holds if we replace the
assumption g(z,u) > 0 by the assumption (%= + g(z,u) > 0 for every z € €.

|[?

LEMMA 2.11. Let u € Wy P(Q) be a nonnegative weak solution to the problem (1.1).
Then

lim wu(z) = +o0. (2.19)

|z]—0
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Proof. Since g(x,u) >0, u is a supersolution to —div(A(|Vu|)Vu) = 19%. By

strong maximum principle (see [27, theorem 7.1.2]), if we set C .= ifrglfu >0, we
R

get

v AV 29 C = C s (2.20)
el qae U '
If we consider

—div (A(|Vw|)Vw) = ﬁp in Bp,

w >0 in Bpg, (2.21)
w =70 on 0Bg,

we have that (2.21) admits an unique radial non-increasing solution w € Wy (Bg)
such that w(r) — +oo for r — 07 (see the appendix for details).

Since u > w on dBg, using (w — u)T € W,P(Bg) as function test in (2.20) and
(2.21), we get

/ (VP 2V — [VulP 2V, V(w — u)*) dz < 0.
Br
Using (2.2), we have that
cza/ (V| + [Vu)P~2|V(w — u)* 2 dz
Br

< / (|Vw[P~2Vw — |Vu|P~2Vu, V(w — u) ") dz < 0
Br

then (w —u)™ =0 on Bg, i.e. w < u on Bpg.
Therefore, since w(r) — +oo for r — 0, we have that lim u(z) = +oo. O

|z|—0

3. Symmetry and monotonicity results

3.1. Weak comparison principle

Let us first prove the following result:

THEOREM 3.1 Weak comparison principle. Let A < 0 and Q be a bounded domain
such that Q € Q. Assume that u € CY(Q\{0}) is a solution to (1.1) such that
uw< uy on Q. Then there exists a positive constant § = 6(A,p,q,g,dist(Q,BQ))
such that if || < &, then it holds

u < uy in €.
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Proof. We have (in the weak sense) that u and uy satisfy

—div(A(|Vu|)Vu) = 19% +g(z,u) in (3.1)
B ganuy) i Ra(9). (3.2)

—div(A(|Vux|)Vuy) =9
( (| >\|) )\) |(,C)\|p

If (u—ux)*=0in Q, we have the claim. Then, we assume by contradiction that
(u—ux)" #0in Q and we want to use ¢ := (u — uy) T xg as test function.
In order to do this, we notice that, by lemma 2.11, ‘lilm u(z) = +oo.

z|—0

Then, since u € C*(Q\{0}) (see remark 1.2) and 0 ¢ Q, we have that u € L>®(Q);

therefore uy € L>(2) in supp(u — uy)™.
By lemma 2.11, we have that

lim u(z) =400 < lim wuy(y)
ly[—0x

= +OO,
|z|—0

hence
0x = R(0) ¢ supp(u — uy)™. (3.3)

From the assumption u < uy on 98, it follows ¢ == (u — ux)"xg € Wy P(9), then,
we can choose ¢ as test function in weak formulation of (3.1) and (3.2) obtaining

/QA(|V’U,|)(VU, V(u—uy)")dz = /Qﬁw(u —uy)tdz + /Qg(:c,u)(u —uy)tda
(3.4)
/ A(Vur)(Vuy, V(u — uy) ") dz = / 0L§(u —uy)Tda
o o |zalP
(3.5)

+ /Q gz, un)(u — uy) dr.

Then, if we set Q1 := supp(u — ux)*t N Q and we subtract (3.4) and (3.5), we get

[ (AQTu T AT P, Tl ) da
lg(x,u) — g(zx,ux)](u — uy) dz.

/mﬁ(“q “3> (ufu,\)dx+/g+
(3.6)

[P sl

Noticing |z| > ||, (3.6) becomes
/ (A(IVul)Vu — A(Vur)Vur, V(u — uy)) de
.
1 [ud—ud
Sﬁ/ (u UA) (u—uy)?dz
a+ |z|P \ u—uy

+ /Q+ g(ﬂc,uz : z(;v,u/\) (u—uy)?de + /Q+ [g(z,un) — g(zx, ux)](u — uy) d.
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Using monotonicity of g(-,u), the locally Lipschitz continuity of g(z,-) and taking
in account that for A < 0 one has that |z| > C in Q, for some positive constant C,
one has

/Q+ (A(JVu|)Vu — A(JVux|)Vuy, V(u —uy)) dz

u? — uy 2 2
< v (u—wuy)“de+ K (u—uy)*de. (3.7)
o+ \ U —Ux Q+

We recall that y is locally Lipschitz continuous in (0,+o00) and the solution wu is
strictly positive in © and also in Q. Then, (3.7) becomes

/m (A(Vu)Vu — A(Vur) Vi, V(u — 1y)) do

< 190,;/ (u —uy)? de + KL/ (u —uy)? do =: c/ (u —uy)? d. (3.8)
Q+ Q+ Q+
Let us now consider separately the following cases.
o l<p<2
e p>2 my =0.

e p>2 my<0and A(t) > 7(C) > 0 with 7 positive constant that depends on
C C [0,+00) compact.

e p>2my<0,3C C [0, +00) compact such that inf A(t) = 0.
¢

Case: 1 <p< 2.
Using (2.2) and classic Poincaré inequality, (3.8) becomes

C2a/ (V] + |[Vur] P2V (1 — up) 2 dz gc/ (1 — uy)? dz

O+ Q+

<cc§(m+|)/ IV (u— uy)|? de
o+

=003(\Q+I)/ IV (u—ux) (| Vul + [Vur P72 (|Vu| + [Vup|)* Pda. (3.9)
Q+

Now, from (3.3), we infer that |Vuy| € L= (Q1).
Then, since |[Vu| € L (1), using also the fact that 2 — p > 0, (|Vu| + [Vuy|)2 =P
is bounded in Q7. Thus, equation (3.9) becomes

/(|Vu|—|—|Vu,\|)p_2|V(u—u,\)\2dx

O+

<cC21H) [ (Va4 [Fur) 29 - u) do
O+

which gives a contradiction if ¢cC2(|QF]) < 1.
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_This occurs if we consider ¢ := §(\, q,p, g, dist(Q, 09)) sufficiently small such that
2] < 6 (that satisfies our assumption) and C,(|Q27]) = C, (|2 Nsupp(u — uy)™|) <

\/g jointly.
Then, taking into account the boundary condition,

u—uy=0 in Q" :=QnNsupp(u—uy)".
This shows that actually (u —uy)t =0 on €, that is

u < uy in Q.

Case: p > 2 and mp > 0.
Since m4 > 0, by (2.6) we get that A(t) is a non-decreasing function; then we
can use [5, lemma 4.3], namely

(A(IEDE — Allnln, € =) = (AU + A(nDIg —nl?, V& neRY.  (3.10)

W =

Hence, (3.8) becomes

1
A(Vu])|V(u — uA)\Qd:r < g/ A(|Vu| + |[Vur) |V (u — U)\)|2 dz
O+

Wl =
2
T

< /m (A(Vu)Vu — A(Vur) Vs, V(u — uy)) do < c/m (1 — uy)? da.
(3.11)

Moreover, exploiting theorem 2.4, we can use in the right-hand side of (3.11) the
weighted Poincaré inequality (see corollary 2.8) with p = A(|Vu|). Therefore, we

get
1/ A(|Vu\)|V(u—u)\)|2dx<c/ (u—uy)*dz
3 Ja+ Q+
<O [ ANTUDIT(a— ur) P da (3.12)
O+

which gives a contradiction if cC2,(|Q27]) < 1.
Arguing as in the case 1 < p < 2, we obtain

u < uy in Q.

Case: p > 2, mp <0 and A(t) > 7(C) > 0 with 7 positive constant that
depends on C C [0, +00) compact.
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Using (2.1) in the left-hand side of (3.8), one has

/Q+ (A(JVu|)Vu — A(JVux|)Vuy, V(u — uy)) dz

> a/m V(1 —uy)[? (/01 A(Vuy + 5 (V(u—uy))|) ds) da (3.13)

As we remarked in the first part of the proof, [Vu| and [Vuy| are in L>(Q%); hence
there exists K € RT such that

[Vuy + sV (u—uy)| < (1= s)|Vur| + s|Vu| < max{|Vul, |[Vuy|}
< max{|[Vul ., [Vual .} < K. (3.14)

Therefore, if we consider the compact set [0, K], equation (3.13) becomes

/Q+ (A(|Vu|)Vu — A(|Vur|)Vur, V(u — uy)) dz

se [ - ([ A0%u s (- ) ds) a

>

QA

(K /m V(1 — )2 dz

Hence, substituting in (3.8) and using classic Poincaré inequality, we have

er(K) /m V(1 — un) 2 dz < Gy (10)) /Q+ IV (u — uy)? da

which gives a contradiction if ¢C,(|Q"|) < er(K).
Arguing as in the case 1 < p < 2, we obtain

u < uy in €.

Case: p>2, mpa <0 and there exists C C [0,4+00) compact such that
inf A(t) = 0.
¢

By (1.4), A(t) — 400 for t — 400, then if there exists C' C [0, 4+00) compact set
such that inf A(¢) = 0, we have that necessarily lim(i)grlfA(t) = 0.
C t—

Therefore, by (1.5), there exists ¢ > 0 such that A(t) is a non-decreasing function
on Iy := (0,0).
Let us set

Qf =={z € Q" :|Vu(z)| <}
Qf ={x Q" :6<|Vu()| < K}
QF =={2€ Q" :|Vu(z)| > K}

where K is chosen as in (1.3).
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Using the weighted Poincaré inequality in the right-hand side of (3.8) with
p = A(|Vul), we get
c/ (u—uy)?dz < cCpp(|Q+|)/ A(|Vu) |V (u — uy)t?de
Q+ Q+

< cCpp(I7])

/ AVl |V (1 — up) 2 de
QF

+ sup A(|Vu|)/ \V(u—u,\)ﬂgdx—l—/ A(|Vu) |V (u —uy)t? de
5<|Vu|<K QF of

(3.15)

For the left-hand side of (3.8) we use (3.10) on the set Qi since A(t) is non-
decreasing, while we use (2.2) on € and Q. Then

/Q+ (A(|Vu|)Vu — A(|Vux|)Vuy, V(u —uy)) dz

1
> 7/ A(|Vu|)|V(u7u>\)|2 dx+026/ (|Vu| + \VUA|)”*2\V(U7UA)|2 dz
3 Jat of

+ CQE/NVU\ +[Vur )PV (u - un)[* do
QS

1

27/ A(|Vu|)|V(u—u,\)|2dx+02é/ V2|V (1 — uy) 2 da
3 Jar of

+ czé/ |VulP~2|V (u — uy)? do
OF

3

1
> 7/ A(|Vu|)|V(ufu,\)|2dx+02651’*2/ IV (u — uy)|? dz
3 Jap of
025 2
— A(Vul)|V(u — uy)|* de (3.16)
C1 QS+

Using (3.15) and (3.16) in (3.8), we get
1
(-9 [ QT - w) ds
of

+ <0265p2 —cC’pp(\Qﬂ) ( sup A(|Vu|)>> /Q+ IV (u— uy)|* dz

0<|Vu|<K a
+ (Cjc - ccpp(m)> /+ A(Vu) |V (u — up)|?dz < 0 (3.17)
1 o
and arguing as for 1 < p < 2 we get that © < uy in Q. (]
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3.2. Symmetry result

Now we can prove our symmetry and monotonicity result.
Proof of theorem 1.3. The proof follows via the moving planes technique [2, 14,
15, 18, 21]. First we define

Ap:={a<A<0:u<uinQ forall t € (a, \]}.

We start showing that
Ao # 0.

To prove this, we observe that, since u(a) = 0 and {2 is smooth and strictly convex,
by Hopf Lemma [27, theorem 5.5.1]

0
36 > 0 such that aTU(m) > 0 for all z € I5(a).
1

Moreover we note that, by the Hopf Lemma applied to a solution u of problem
(1.1), we know that

Zy C Q.

Hence, we can consider a < A < a + € with € a small positive constant such that
(2 U RA(QN)) C Is(a).
So, by monotonicity, we have that
u < uy in Q).

Now we define
X := sup Ay.

We want to show that u < uy in Q) for every A € (a, 0], namely that:

A=0.

Assume by contradiction that A < 0. We will prove that u < uy,, in Q5. for any
0 < 7 < 7 with 7 small enough.

By continuity we have that u < uy in 5\05.

Let us consider Zﬁ;\ = {z € Q5 : Vu(zr) =0V Vus(z) = 0} and open set A5 C
Q25 such that

Zl\ c Ay eq

We note that by Hopf Lemma, we can assume that Ay € € and since |Z f;\| =0,

we can take Ay of arbitrarily small measure. Since we are working in Qj, with

A < 0, the weight —- is not singular there. Moreover, in a neighbourhood of 0y, by

P

lemma 2.11, we have that u < u). Since elsewhere i L

Toy]7 18 not singular and w, uy
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are bounded, we can use Strong Comparison Principle (see [27, theorem 2.5.2]) to
get that, if C is a connected component of Q;\\ij\, then

u <uyoru=uyinC.

Actually, we prove that the latter case is not possible. In fact, supposing that
u = wuy in C, if we reflect C through the hyperplane T, we obtain that

u=uj3 in C U R5(C) connected component of Q\Z,. (3.18)

We note that C N 9 # 0 follows by Dirichlet datum. Then, (3.18) would imply
the existence of a local symmetry phenomenon where (OC\T5) U R5(0C\T) C Zy;
therefore Q\Z, would be not connected, contradicting lemma 2.9.

Then

u < uy in C. (3.19)
Now, let us consider a compact set K C Q5\As. We get that:

e By lemma 2.11, in a neighbourhood of 0y, u < uy for every A € [\, A + 7] for
any 0 < 7 < 7 with 7 > 0 small.
By uniform continuity of u we have that v < uy,, in K; it is equivalent to
say that

wi= (u—uz,,)"T=0in K (3.20)
then
supp(w) C Qx4 \K. (3.21)

e Taking into account the zero Dirichlet boundary datum and using Hopf Lemma,
it is easy to show that, for some § > 0, there exists a tubular neighbourhood
such that

U < Uxjr in Ig(aﬂ) n Q;\+T (3.22)

forany 0 <7 < 7.

Instead, for the region near 9Q NT5, ., we use the monotonicity properties
of solutions obtained by Hopf Lemma. In fact, since 2 is smooth and strictly
convex, if we consider p € 9Q N Ty, ., we get that

- 0
36 > 0 such that 87’“(1') > 0 for all z € I5(p).
1

So we have obtained that
u < ux,, in I5(0Q) N Tx . (3.23)

If we denote with N5, . a neighbourhood of 0§25, . N 0€2, from (3.22) and (3.23),
we obtain that

U < Uy, in Nf\+7- (3.24)
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Summarizing up, in particular we get that
u < ux,,in KUN5,,. (3.25)
Moreover, equation (3.21), using (3.24), becomes
supp(w) € 2y, \K.
Now , we choose |K| big enough such that |5\ (K UN5,,)| is sufficiently small

so that theorem 3.1 works.
Since K is a closed set, using (3.20) and (3.24), it follows

u < usp, on (s \ (KUN5,)). (3.26)
Therefore, by theorem 3.1 it follows that
u < usy, in Q5 \ (KUN5y,)

forany 0 < 7 < 7.
Exploiting also (3.25), we have that

w< uy, inQy,

for any 0 <7 < 7, but this gives a contradiction with the definition of . So we
have that A = 0 and so

uéuo in QQ.

If we perform the moving plane technique in the opposite direction, we obtain that
u = Uuo in Qo.

Then w is symmetric with respect to the hyperplane {x; = 0}.

Moreover, the fact that the solution is non-decreasing in the x;-direction in 2N
{xz1 < 0} is implicit in the moving plane procedure. Finally, if Q is a ball centred
at origin, repeating this argument along any direction, it follows that u is radially
symmetric. The fact the % < 0 for r # 0, follows by Hopf boundary lemma which
works in this case since the level sets are balls and therefore fulfill the interior sphere
condition.
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Appendix A.

In this appendix we study the existence and the asymptotic behaviour of solutions
to the problem

—div (A(|Vw|)Vw) = 57 in Bg,
w >0 in Bg, (A].)
w=70 on 0BpR.
Taking into account [5], the problem (A.1) is the Euler equation of the
minimization problem for the functional .J : W, ?(Bg) — R defined as

J(w) = G(\Vw\)dz—/B % wdx

Br R|‘

where G : [0,4+00) — [0, +00) is defined as

¢
G(t) ::/ sA(s)ds. (A.2)
0
By (1.4), sA(s) = casP™! for s > 0. Integrating

[Vwl?

[Vw| [Vw|
/ sA(s)ds = / cosP L ds = G(|Vw|) > e (A.3)
0 0
Our goal is to apply Weierstrass Theorem to prove that the functional J has a
global minimum point.
We set h(z) = ﬁ € LYBg) with 1 < ¢ < %.

e First, we prove that J is coercive.
Let us consider a minimizing sequence w,, € VVO1 P(Bg) for J. Using (A.3)
we get

J(wm)/BR G(|Vwm|)dx7/ h() Wy da

Br
>2 | VupPde— [ h@)|wn|de
P By o
> 2 gy~ W@l ]
> el o = eI lom g )

Since p*’ < % and p > 1, if ||wm||W01,p(BR) — 400 we have J(w,,) — +o0.

e To prove the weak lower semi-continuity of J, we write the functional as

J (W) = G(|Vwp,|) dz —/ hz) Wy, dz = J1(wa,) — J2(wi).

Br Br

Let us consider w,, — w in Wol’p(BR). We take s < p* and §’, conjugate expo-
nent of s, such that s’ < %. By compact embedding, up to a subsequence,
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Wy, — w in L*(BR), hence

|J2(wm) — J2(w)] < /B [h(@)wm — h(z)w|de < [|h(z)]], [[wm = w][; — 0

for m — 4o00. Therefore, we have proved that

lim h(x)wy, dz = h(z)w dz. (A.4)

m— 400 Br Br

While for the functional J; (w,,), we first prove the strict convexity.
For w,, # zpm,

(‘H(wm} - J{(Zm))(wm — Zm)

_ /B (AT W)V — AV 20 )V 2, V(w0 — 7))

> 026/ (|Vwm| + V2| )P 2|V (W — 2m)|>dz > 0
Br

then J; is strictly convex.
Now, let us consider w,, — w in W, *(Bg). Using Lagrange Theorem, (A.2),

(2.5), Holder inequality and (1.3), for & € {min{|Vwy,|,|Vw|}, max{|Vwy,|,
[Vw|}}, we have

|J1(wm) = Ji(w)] </ G(IVwn|) = G([Vwl)| dz

Br

=/ IG"(|ED] VWi | — V|| dz =/ EJA(IED) [[Vwim| — [Vw|| dz
Br Br

< | V| — [Val| do
Brn{|¢|<K}
—|—cl/ masc{ [V [P, [Vwl?~1} [[Vin| — [Vol| dz
BrN{|§[Z2K}

g OK me - w”WOl’l(BR)

+e (/BRmax{|wm|p,Vw|P}dx> ’ (/BRw(wm—w)de)p

< Ck || w, — w||W01,1(BR) + cre||lwp, — w||W01,p(BR) — 0, for m — 4oo0.

Then Jy (wy,) is strong continuous. Since Ji(wy,) is strictly convex, Ji(wy,) is
weakly lower semi-continuous.
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Hence, using (A.4), we get

J(w) = Jy(w) — Ja(w) < limJirnf J1(wm) — lm  Jy(wy,)

m——+o0

< liminf (Jy(wp,) — Jo(wy,)) = liminf J(w.,).
m— 400 m— 400
Thus J has a global maximum point w that is a weak solution to the problem
(A.1). In particular, since .J; is strictly convex and Jy is linear, the functional
J is strictly convex. Then, the solution w is unique.

Moreover we point out that the solution w is radial.
In fact, recalling the definition of ) and uy, since |z| = |z —o], if we consider w
solution to (A.1) and wq, we get

/ (A(JVw|)Vw — A(|Vwg|) Vwe, V(w — wg)) dz = 0.
Br
Then, by (2.2) we obtain
625/ (|Vw| + [Vwo|)P~2|V (w — wp)[* dz < 0
Br

and w = wy. Repeating this argument along any direction, it follows that w is
radially symmetric. The radiality can be obtained also by the uniqueness of solution.
Let us now study the asymptotic behaviour of w near the origin.
First, we observe that w is non-increasing with respect to r.
In fact, for A < 0, if we consider w and w) that respectively satisfy the following

A(IVl) (Vaw, V(w — wy) ") de = /

B, Bp, |lP
+ ¢ +
A(|Vwyr])(Vwy, V(w — wy) ") de = ——(w —wy)"dx
B, Br, |TAlP

we get, using the fact that || > |xx| and (2.2), that

026/ (V| + [V )P~2|V (w — wy)* | de
Ry

1 1
<C (—) (w—wy)Tdz < 0.
s, \JalP ~ Joal?

Then, (w —wy)t =0, i.e. w <wy YA <O0.
If we choose ¢ = ¢(|z|) as test function in weak formulation of (A.1), we get

C
A(Vul)(Vu, Ti(fal)) do = [ (el d
Br B |2l
Passing in radial coordinates, for r = |z|, we get
— (A(Jw' )TN = CcrNTP 0 € (0, R). (A.5)

Since w is radial, we have proved that w is non-increasing with respect to r. Then
w’ is negative and |w'(r)| = —w'(r).
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We rewrite (A.5) as

—(A(lwhuw'r¥ 1)

(N—-p)=0C, re(0,R).

(=)
Then
= (A PurrN Ty
rl—1>%l+ (rN-pry =c#0.

From (A.5), since CrN =177 > 0, we have that (—A(|w’|)w'r¥ 1) is a non-decreasing
non negative function, hence

lim —A(w')w'rVN ! =«
r—0+

WV

0. (A.6)

If @« =0, we can apply de 'Hospital Theorem and we obtain

— A '

Jmm —— ¢ (A7)
that we can rewrite as
lim+ A(lw')|w'|rP~t = c. (A.8)
r—0

Since A € C*(RT), ¢ # 0 and (2.4) holds, we have to consider only the cases 0 <
|w'| < 7 with 7 enough small and |w'| > K.
Using (A.8), we get

—A(lw')w'rP! = ¢+ o(1), for r — 0F
then, there exists ¢ > 0 such that

c

o / / +
A(Jw)w" > e forr — 07. (A.9)
If |w'| > K, using (1.3) in (A.9) one has
erlw' P71 = Al | = A’ > ==
T

Let us consider ¢ > 0. Integrating on [e, R] the following

[w'| = -,

R R ~
/ —w’dr>/ ;dr = w(e) = ¢log (f)

then w(e) — +oo if ¢ — 0F.

< o

we get
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If 0 < |w'| <7, using (2.3) in (A.9) we get

A" > Alw' '] = —A(jw' )’ >

rp—1’
Let us consider € > 0. Integrating on [, R], one has that
c

p—1
pmatl

'] >

and, using (2.7), we obtain that an_il > 1 and then w(e) — +oo if ¢ — 0F.
If @ >0, arguing in (A.6) as in (A.8), we consider only the cases 0 < |w'| < T
with 7 enough small and |w'| > K.

From (A.6), there exists & > 0 such that

— A(Jw')yw'" > N1 (A.10)
If |w'| > K, using (1.3) in (A.10) one has
_ a
arfw/ P72 A '] = —A(jw e’ >~z
Integrating on [, R] the following
c
—w' = ‘w/‘ Z —w"—1»
TPl
since % > 1 we obtain w(g) — +o0 if € — 0F.
If 0 < |w'| < 7, using (2.3) in (A.10) we get
«
A" = Ao Dlw'| = —A(lw )’ > —F=-

Considering € > 0. Integrating on [e, R], one has

c

N—1
pmatl

jw'| >

and, using (2.7), we obtain that =1~ > 1 and then w(¢) — +oo if ¢ — 0.

ma+1l =
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