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Abstract
There is no consensus on the existence of welfare gains from international monetary policy cooperation.
This study adds to the debate by providing a new open macroeconomics model with incomplete exchange
rate pass-through. We find that, from a global perspective, the welfare gains from international monetary
policy cooperation arise with incomplete exchange rate pass-through. Furthermore, the country’s incen-
tive for cooperation increases with its degree of exchange rate pass-through. Cooperation benefits small
countries with high pass-through; however, it is disadvantageous to large countries with low pass-through.
In addition, when there is in the absence of cooperation, fixed exchange rate regime is preferred for a
country suffering from monetary uncertainty, particularly for small economies with high exchange rate
pass-through.
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1. Introduction
The potential gains from cooperation in international monetary policy is a classic question whose
relevance has been brought again to the fore by the adoption of unconventionalmonetary policy in
response to the great recession and, more recently, to the COVID-19 pandemic. Unlimited quan-
titative easing forces trade partners to inject excessive liquidity in order to avoid worsening terms
of trade.1 This may lead to an undesirable regime of competitive devaluation. In such a context, a
mechanism that properly weighs domestic versus international gains in order to foster monetary
policy cooperation is likely to be more beneficial than ever. A growing literature investigates the
international monetary policy problem within a general equilibrium framework. Exchange rate
pass-through is often considered an important factor in the policy design. Two types of exchange
rate pass-through are generally used in literature: producer currency pricing (PCP), in which pass-
through is complete, and local currency pricing (LCP), in which no pass-through exists. However,
some scholars indicate no gains from international monetary policy cooperation in either PCP or
LCPmodels (Corsetti and Pesenti (2005, 2008); Corsetti et al. (2010); Devereux et al. (2003)), while
others reveal contrasting results (Clarida et al. (2002); Obstfeld and Rogoff (2002); Canzoneri et al.
(2005)).

Our study builds a simple two-country dynamic general equilibrium model with incomplete
exchange rate pass-through. To extract the relationship between exchange rate pass-through and
cooperation gains, we assume that the intratemporal elasticity of substitution between domestic
and import goods equals the inverse of the intertemporal elasticity of substitution in consumption,
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and both equal one.2 With this assumption, no gains exist from cooperation under PCP or LCP,
as many models have demonstrated. However, cooperation gains are evident when exchange rate
pass-through lies in the middle range. In addition to Corsetti and Pesenti (2005), we explore an
explicit interest rate rule and analyze how a self-interested and cooperative central bank uses the
interest rate to react to exogenous shocks under different degrees of pass-through. Several results
of the analysis are worth highlighting as follows.

First, the cooperation policy is not necessarily identical to the Nash policy. Cooperation gains
exist under incomplete exchange rate pass-through in which the externality of terms of trade
remains. These gains are derived from internalizing the externality of terms of trade by coop-
eration. Second, there are asymmetric incentives for countries to cooperate: the higher the degree
of exchange rate pass-through, the more the incentive for the country to cooperate. Furthermore,
when the degrees of exchange rate pass-through of two countries significantly differ, coopera-
tion might improve the welfare of the country with a high pass-through, while worsen that of the
country with a low pass-through. In this case, the incentives of two countries to cooperate are
contradictory. Third, the cooperation policy raises variations in exchange rates. High variations
in exchange rates help smooth the shocks across countries by adjusting the terms of trade. Thus,
there seems no benefit in adopting fixed exchange rate regime in the benchmark model. However,
if we add the assumption that the central bank is incapable of controlling monetary policy per-
fectly, high monetary disturbance may force the country to switch to a fixed exchange rate regime.
The degree of exchange rate pass-through and the size of the country significantly influence on the
choice of an exchange rate regime. A fixed exchange rate regime is preferred especially for small
countries with a high degree of exchange rate pass-through.

Related literature. Corsetti et al. (2010) and Devereux et al. (2003) demonstrate that the
cooperation policy, in a two-country model with nominal price rigidity, imperfect competition
and without nontradable goods, is identical to the noncooperation policy under PCP and LCP,
that is, there are no cooperation gains.3 Corsetti et al. (2010) term this phenomenon as “divine
coincidence”: price dispersion within categories of goods automatically corrects any possible mis-
alignment in the relative prices of domestic and foreign goods. This divine coincidence can be
avoided in several ways. Benigno and Benigno (2003, 2006) relax the assumption of the unit
intratemporal elasticity of substitution between domestic and foreign goods and observe coop-
eration gains under PCP, except when the intratemporal elasticity equals one or the inverse of the
intertemporal elasticity of substitution in consumption.4 Canzoneri et al. (2005) add a nontradable
sector into this model under PCP. They observe that cooperation gains are generated when the
technological shocks of the tradable and the nontradable sectors are not completely correlated. In
a sticky wage model, Obstfeld and Rogoff (2002) demonstrate the absence of cooperation gains in
addition to the special case that the intertemporal elasticity of substitution in consumption equals
one. In this model, exchange rate pass-through is complete, as in the case of PCP. Furthermore,
Liu and Pappa (2008) extend this model to asymmetric trading structures and observe potential
cooperation gains under PCP. In addition, Corsetti et al. (2010) indicate cooperation gains in a
model with LCP and asset market imperfections. A review of the existing literature reveals that the
sources of cooperation gains are diversified, though mostly related to terms of trade externality.5

Terms of trade externality is an important channel in international monetary transmission
(Chang et al. (2019); Ji and Seater (2020); Gu (2021); Yilmazkuday (2021)). A country’s monetary
policy may affect those of others through the terms of trade movements. If this externality is neg-
ative, a country’s optimal policy, irrespective of the cost of such externality, may be overreactive
compared with globally optimal policy. If this externality is positive, a country’s optimal policy
is likely to be underreactive. Cooperation gains are evident only in a few models because these
models consider externality. When the intratemporal elasticity of substitution between domestic
and foreign goods equals the inverse of the intertemporal elasticity of substitution in consump-
tion, the externality vanishes under PCP and LCP, that is, divine coincidence occurs. However, this
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externality exists only in general cases (Benigno and Benigno (2003, 2006)). Thus, the occurrence
of externality of the terms of trade depends on model specification.

The externality of terms of trade largely relies on the levels of exchange rate pass-through.
However, a majority of the previous studies have focused on only two extreme cases, PCP and
LCP. The implications of incomplete exchange rate pass-through on international monetary pol-
icy cooperation have not been thoroughly investigated in literature. However, Corsetti and Pesenti
(2005) consider intermediate pass-through after studying PCP and LCP cases and believe that
cooperation gains are associated with exchange rate pass-through levels in a nonmonotonic way.
However, the explicit relationship between cooperation gains and exchange rate pass-through
remains an unresolved issue. This study addresses this gap.

Recent literature has emphasized the importance of “vehicle currency pricing” and partic-
ularly “Dominant Currency Pricing” (DCP). Gita Gopinath’s studies demonstrate that the US
dollar drives global trade prices (i.e. DCP) rather than bilateral exchange rates (Boz et al. (2019);
Gopinath et al. (2020)). In addition, Gopinath et al. (2010) indicate the case when the choices of
invoicing currencies are endogenous.

The remainder of the paper is organized as follows. Section 2 presents the construction of
the general equilibrium model. Section 3 solves the model and compares the Nash policy with
the cooperation policy. Section 4 demonstrates the welfare implication of the cooperation policy
and discusses the incentive problem. Section 5 compares the variations in exchange rates under
different policies and shows the desirability of a fixed exchange rate regime. Section 6 concludes
the paper.

2. The model
We adapt the main framework of Devereux et al. (2003) in two ways. First, we simultaneously
model two types of pricing strategies of firms in line with the study by Betts and Devereux (1999):
PCP and LCP. We combine the PCP and the LCP into a single model, in which firms can price
their goods in either domestic currency or foreign currency. This setting allows us to mimic
incomplete exchange rate pass-through, which introduces important policy implications in the
model.6 Second, we modify the production sectors to allow for a range of subsectors in both trad-
able and nontradable sectors, which facilitates analytical solutions of endogenous variables in the
mixed pricing strategy model without using log-linearization. The mixed pricing strategy enables
different degrees of incomplete exchange rate pass-through. The basic setup of the model is as
follows.

2.1 Households
Two countries are considered in the model, Home and Foreign. Each country produces a range
of nontradable goods, indexed by [0, 1], and tradable goods. The tradable goods are indexed by
[0, 1], with some of them produced in Home, indexed by [0, n], and the rest produced in Foreign,
indexed by (n, 1]. There are n households living in Home and 1− n households living in Foreign.
The representative household in Home is both a consumer and a labor supplier. The expected
lifetime utility function of the household is

E

∞∑
t=0

βt[ln(Ct)− ηLt], (1)

where β ∈ (0, 1) is a subjective discount factor, Ct denotes the final consumption, Lt denotes the
hours worked, and E is an expectation operator.

The household’s consumption is financed by labor income, profit income, and a lump-sum
transfer from government. In addition, the household has access to an international financial
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Table 1. Summary of consumption and price indices of the representative
household in Home

Consumption Price indices
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ct =
[
CN,t
1−γ

]1−γ [
CT,t
γ

]γ
Pt = P1−γN,t P

γ

T,t
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CT,t =
[
CH,t
n

]n [
CF,t
1−n

]1−n
PT,t = PnH,tP

1−n
F,t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CN,t = exp
[∫ 1
0 lnCN,t(i)di

]
PN,t = exp

[∫ 1
0 lnPN,t(i)di

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CH,t = n× exp
[ 1
n

∫ n
0 lnCH,t(i)di

]
PH,t = exp

[ 1
n

∫ n
0 lnPH,t(i)di

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CF,t = (1− n)× exp
[

1
1−n

∫ 1
n lnCT,t(i)di

]
PF,t = exp

[
1

1−n
∫ 1
n lnPF,t(i)di

]

market, where state-contingent nominal bonds (denominated in home currency) are traded. The
budget constraint of the household is

PtCt +Et(Qt,t+1Bt+1)=WtLt +�t + Bt , (2)
whereWt is the nominal wage rate, Qt,t+1 is the bonds’ price, Bt+1 is the nominal bonds holding
that pays one unit of home currency in period t + 1, and�t is the profit income.

Table 1 summarizes the consumption and price indices. The final aggregate consumption Ct
comprises nontradable aggregate goods CN,t and tradable aggregate goods CT,t in the Cobb–
Douglas form. The consumption of tradable goods is added with domestically produced aggregate
tradable goods CH,t and import aggregate goods CF,t in the Cobb–Douglas form. CN,t(i), CH,t(i),
and CF,t(i) are the consumption of goods produced in industry i in nontradable and tradable
sectors in Home and Foreign country. As indicated in the construction of CN,t , CH,t , and CF,t
in Table 1, we impose the elasticity of substitution across industries as unity. This is our key
innovation in the model setting that facilitates analytical solution with any degree of exchange
rate pass-through. The final goods production needs to be aggregated across different industries.
Owing to the assumption of unit elasticity of substitution across industries, any variables related
to PCP and LCP would be in a multiplicative form (or additive form with logarithm), enabling us
to solve the model analytically.

The household’s problem is to maximize (1) subject to (2). The optimal labor supply decision
and the intertemporal decision are

Wt = ηPtCt , (3)

Qt,t+1 = β
PtCt

Pt+1Ct+1
, (4)

Equation (4) indicates that the intertemporal marginal rate of substitution equals the price of
the state-contingent bond. Let Rt denote the gross nominal interest rate on a risk-free nominal
bond, Rt = 1/EtQt,t+1 . Then equation (4) becomes the intertemporal Euler equation:

βRtEt

[
PtCt

Pt+1Ct+1

]
= 1. (5)

2.2 Firms
A continuum of firms engages in producing differential intermediates in each industry, indexed
by [0, 1]. The firms in the same industry i are monopolistically competing with each other with the
elasticity of substitution θ > 1 . A final goods firm in each industry assembles the intermediates
with CES technology:

Yk,t(i)=
[∫ 1

0
Yk,t(i, j)

θ−1
θ dj

] θ
θ−1

, k=N,H, (6)
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where Yk,t(i) is the output of industry i in sector k, k is either a nontradable sector (N) or a tradable
sector in Home (H), and Yk,t(i, j) is the input intermediate produced by firm j in industry i. The
final goods firms across industries behave competitively. Then, the prices of final goods in each
industry are

Pk,t(i)=
[∫ 1

0
Pk,t(i, j)1−θdj

] 1
1−θ

, k=N,H. (7)

By solving the cost-minimizing problem of the final goods firm, the demand function of each
intermediate is

Yk,t(i, j)=
[
Pk,t(i, j)
Pk,t(i)

]−θ
Yk,t(i), k=N,H. (8)

The intermediate goods firms use only labor with the technology:

Yk,t(i, j)=AtLk,t(i, j), k=N,H, (9)

where Lk,t(i, j) is the labor input and At is the stochastic technology level. The logarithm of the
technology level follows an AR(1) process, that is at = ρat−1 + ut , where at = ln(At), ρ ∈ [0, 1],
and ut is mean-zero, i.i.d. the white noise process with variances σ 2

u . The production function (9)
implies that the marginal cost isMCk,t(i, j)=Wt/At .

Intermediate goods firms are price takers in the labor market and monopolistic competitors in
the intermediate goods markets. They can set prices to maximize their profits. However, a type
of price stickiness exists in the economy, in which firms must set prices one period prior to the
realization of shocks. Meanwhile, all prices fully adjust to all shocks after one period, indicating
there is no price persistence. With such price stickiness, the problem of each firm is to choose a
price at period t − 1 to maximize the expected profit of period t. The problem of the firm j in
industry i of the nontradable sector lies in maximizing its profit (10) subject to (8):

Et−1Qt−1,tYN,t(i, j)[PN,t(i, j)−MCN,t(i, j)]. (10)

The solution of the profit-maximizing problem gives the following optimal pricing rule:

PN,t(i, j)= θ

θ − 1
Et−1Qt−1,tYN,t(i, j)MCN,t(i, j)

Et−1Qt−1,tYN,t(i, j)
. (11)

In the tradable sector, goods are sold in both Home and Foreign. The problem of firms selling
goods inHome is similar to the problem of nontradable firms. Consequently, their optimal pricing
rule is

PH,t(i, j)= θ

θ − 1
Et−1Qt−1,tYH,t(i, j)MCH,t(i, j)

Et−1Qt−1,tYH,t(i, j)
. (12)

From the perspective of pricing currency, trade firms have two types of pricing strategies:
domestic currency, that is, PCP, and foreign currency, that is, LCP. For simplicity, we assume
that all firms in the same industry adopt only one pricing strategy, either PCP or LCP. There is τ ∗
industries in Home’s tradable sector adopting PCP strategy, and (1− τ ∗) adopting LCP strategy.
Therefore, PCP firms’ pricing rule in Home’s tradable sector is

PH,PCP,t(i, j)= θ

θ − 1
Et−1Qt−1,tYH,PCP,t(i, j)MCH,t(i, j)

Et−1Qt−1,tYH,PCP,t(i, j)
. (13)

Since the price is fixed in home currency a period ago, every unit change in the exchange rate
will translate into one unit change in the price in terms of foreign currency. Thus, there exists
complete exchange rate pass-through in PCP goods.
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By contrast, the LCP firms need to take exchange rate changes into their pricing consideration.
Their problem is

Max Et−1Qt−1,tYH,LCP,t(i, j)[StP∗
H,LCP,t(i, j)−MCH,t(i, j)], (14)

s.t. YH,LCP,t(i, j)=
[StP∗

H,LCP,t(i, j)
PH,LCP,t(i)

]−θ
YH,LCP,t(i). (15)

The optimal pricing rule is

P∗
H,LCP,t(i, j)=

θ

θ − 1
Et−1Qt−1,tYH,LCP,t(i, j)MCH,t(i, j)

Et−1Qt−1,tYH,LCP,t(i, j)St
, (16)

where St is the nominal exchange rate (Home-currency price of Foreign currency). The pricing
rule of LCP goods indicates that only the expected exchange rate will affect the optimal price in
foreign currency and that the realized current exchange rate has no effect on it. Therefore, there
is no exchange rate pass-through in LCP goods.

In a model with mixed pricing strategy, that is, both PCP and LCP coexisting in the econ-
omy, the overall exchange rate pass-through may be incomplete. The degree of incompleteness
depends on the shares of these two strategies. The exchange rate pass-through is high when PCP
dominates, and low when LCP dominates. In extreme cases, when all firms adopt the PCP strat-
egy, the pass-through is complete; when all firms adopt the LCP strategy, the pass-through is zero.
The following analysis indicates that the degree of incompleteness of pass-through significantly
impacts the optimal monetary policy and its welfare implication.

The Foreign country’s structure is similar to that of Home country. In what follows, we denote
all Foreign variables with a superscript asterisk and assume that all other parameters are identical
to their counterparts in Home country, except that Foreign country has 1− n households, the
PCP ratio of Foreign trade industries is τ , and the LCP ratio is (1− τ ).

2.3 Risk sharing andmarket clearing
We assume a complete international financial market in which residents in each country can pur-
chase a full set of state-contingent nominal bonds. This setting allows each household to enjoy
perfect risk sharing across countries. Accordingly, the Foreign household’s optimal intertemporal
decision is

Qt,t+1 = β
P∗
t C∗

t
P∗
t+1C

∗
t+1

St
St+1

, (17)

By combining the equation with its Home counterpart (4) and iterating with respect to t, we
arrive at a risk-sharing condition:

Et = φ0
Ct
C∗
t
, (18)

where Et = StP∗
t /Pt is the real exchange rate and φ0 = E0C∗

0/C0. For simplicity, let φ0 = 1. This
condition implies that factor price equalization holds. This arises immediately out of equations
(3) and (18), and thus we haveWt = StW∗

t .
Using the labor supply condition (3), its counterpart of Foreign, and the risk-sharing condi-

tion, we can simplify the optimal pricing rules and price indices in Table 2. The prices in Table 2
reveal that the exchange rate pass-through in the short run depends on the ratio of PCP strat-
egy in the tradable sector, and on two preference parameters, γ and n. The short-run elasticity
of exchange rate to consumer price index is (1− n)γ τ in Home, and −nγ τ ∗ in Foreign. Thus,
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Table 2. Prices in Home and Foreign

Prices in Home Prices in Foreign
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

PN,t = PH,t = θη
θ−1Et−1

PtCt
At

P∗
N,t = P∗

F,t = θη
θ−1Et−1

P∗
t C

∗
t

A∗
t. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

P∗
F,PCP,t = θη

θ−1Et−1
PtCt
StA∗

t
PH,PCP,t = θη

θ−1Et−1
StP∗

t C
∗
t

At
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

PF,LCP,t = θη
θ−1Et−1

PtCt
A∗
t

P∗
H,LCP,t = θη

θ−1Et−1
P∗
t C

∗
t

At
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

PF,t = (StP∗
F,PCP,t)

τ (PF,LCP,t)1−τ P∗
H,t = (PH,PCP,t/St)τ

∗
(P∗
H,LCP,t)

1−τ∗

when a country is smaller in terms of the smaller ratio of nontradable consumption to tradable
consumption, or the larger PCP ratio in import goods, the exchange rate considerably affects the
aggregate price level.

Since labor is mobile within each country (but not across countries), labor market clearing
condition for Home is

nLt = LN,t + LH,t , (19)

where labor demands in the nontradable sector and the tradable sector are

LN,t = n
(1− γ )PtCt

AtPN,t
, (20)

LH,t = n
nγPtCt
AtPH,t

+ (1− n)

[
nγ τ ∗StP∗

t C∗
t

AtPH,PCP,t
+ nγ (1− τ ∗)P∗

t C∗
t

AtP∗
H,LCP,t

]
. (21)

The nominal bonds are traded in the international financial market, and the bond market
clearing requires that the sum of bonds is zero, nBt + (1− n)B∗

t = 0.

2.4 Monetary policy
The monetary policies adopted by both countries’ central banks are interest rate rules. Similar
with the study by Obstfeld (2006), the central bank uses nominal interest rate to respond to the
price fluctuations and real shocks. Home’s and Foreign’s monetary policy rules are

rt = r + φpt − αHut − α∗
Hu

∗
t , (22)

r∗t = r∗ + φp∗
t − αFut − α∗

Fu
∗
t , (23)

where rt = lnRt and r∗t = lnR∗
t . These rules imply that the interest rate responds to both nom-

inal changes and real shocks. The crucial task is to calculate the optimal values of coefficients
{αH , α∗

H , αF , α∗
F} under different settings in the following.

2.5 Log form of the model
The preceding setup allows us to solve the model explicitly with analytical solutions through log
form of the model. The unexpected part of each variable is log-normally distributed, because all
shocks (Home and Foreign labor productivity shocks) follow log-normal distributions. We let the
lowercase denote the log value of that variable, that is, xt = lnXt . Taking log of the equations in the
first column in Table 1, we get

pt =�p + pt|t−1 + ct|t−1 + (1− n)γ τ (st − st|t−1)−t|t−1, (24)

where �p = ln θη
θ−1 + 1

2 [σ
2
p + σ 2

c + σ 2
ϑ ]+ σpc − σpϑ − σcϑ + (1− n)γ τ ( 12σ

2
s + σsu∗ − σps − σcs),

t = [1− (1− n)γ ]at + (1− n)γ a∗
t , ϑt = [1− (1− n)γ ]ut + (1− n)γ u∗

t .
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The variances and covariances in the expression are endogenously determined, and they can
be computed once the equilibrium values of c, p, and s are solved in terms of current shocks. By
taking expectation at time t − 1 on (24), the expected consumption is obtained as follows:

ct|t−1 = −�p +t|t−1, (25)

which implies that the expected consumption level is affected by the expected productivity, and
the magnitude of fluctuations of the economy. Combining (24) and (25), we have

pt − pt|t−1 = (1− n)γ τ (st − st|t−1). (26)

It indicates that the unexpected change in the price level is determined by the unexpected
change of exchange rate exclusively. The magnitude of the effect of exchange rate on price level
depends on three parameters {n, γ , τ }. When all firms in the tradable sector of Foreign adopt the
LCP strategy (τ = 0), the unexpected change in exchange rate does not affect Home’s price level,
given that all import prices are fixed in Home’s currency in the short run.

Similarly, the price of Foreign can be derived as follows:

p∗
t =�p∗ + p∗

t|t−1 + c∗t|t−1 − nγ τ ∗(st − st|t−1)−∗
t|t−1, (27)

where �∗
p = ln θη

θ−1 + 1
2 [σ

2
p∗ + σ 2

c∗ ,+σ 2
ϑ∗]+ σp∗c∗ − σp∗ϑ∗ − σc∗ϑ∗ + nγ τ ∗( 12σ

2
s + σsu − σp∗s −

σc∗s),∗
t = nγ at + (1− nγ )a∗

t , ϑ∗
t = nγ ut + (1− nγ )u∗

t .
The expected consumption of Foreign’s household is

c∗t|t−1 = −�p∗ +∗
t|t−1. (28)

Substituting (28) into (27), we obtain the relationship of the unexpected price level and
exchange rate:

p∗
t − p∗

t|t−1 = −nγ τ ∗(st − st|t−1). (29)

Compared with (26), the exchange rate changes have contrasting effects on the price levels
of Home and Foreign, because the rise of exchange rate means depreciation of Home currency,
and appreciation of Foreign currency. Thus, when the exchange rate increases, Home’s price level
inflates and Foreign’s price level deflates provided there are at least some PCP firms in both
the countries. This expression indicates that there exists no one-to-one correspondence between
changes in exchange rate and price level in the short run even when all firms adopt the PCP
strategy, because of the existence of nontradable goods, constituting a significant share in the con-
sumer price index, which are not affected by the exchange rate immediately. This result differs
from those of many other models in which no nontradable goods exist and the law of one price
holds.

The log form of (5) is

rt = −lnβ + pt+1|t − pt + ct+1|t − ct − 1
2
(σ 2

p + σ 2
c )− σpc. (30)

Substituting log nominal interest rate by Home’s monetary policy rule and after some algebraic
manipulations, we have the following expression of the price level:

pt = −�p̄ + ρ

1+ φ − ρ
(t|t−1 −t−1)+ (1− n)γ τ (st − st|t−1), (31)

where �p̄ = [r + lnβ + (σ 2
p + σ 2

c )/2+ σpc]/φ. Several implications can be inferred from this
expression. First, the price level will be directly affected by exchange rate movements, and its mag-
nitude depends on the share of PCP. Second, the expected changes in productivity in both Home
and Foreign affect the price level through the price markup channel. In fact, Foreign’s productivity
changes also affect Home’s price level. This does not rely on the pricing strategies that firms adopt
but rests on the preference of households. The more the domestic residents prefer import goods,
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the more the price level is affected by Foreign’s productivity. Third, the price level is negatively
associated with the volatilities of price and consumption. This originates from risk-averse house-
holds, and hence, uncertainty lowers their welfare. Consequently, a lower average price, implying
a higher average consumption, is needed to compensate this risk.

Combining (22), (25), (30), and (31), the consumption in log form is

ct = (1+ φ)(1− n)γ τ (st − st|t−1)+ φ

1+ φ − ρ
t+1|t + αHut + α∗

Hu
∗
t +�c, (32)

where�c is a function of date t − 1 (and earlier) information including variances and covariance
of variables. Taking expectation of (32) at period t − 1, and abstracting from (32), we get

ct − ct|t−1 = (1+ φ)(1− n)γ τ (st − st|t−1)+ φ

1+ φ − ρ
ϑt + αHut + α∗

Hu
∗
t . (33)

Unexpected change in consumption would be affected through three channels. The first is
the exchange rate pass-through. Fluctuations in exchange rate alter import prices, and expen-
diture switching becomes effective by shifting the consumption between domestic and foreign
goods, thereby affecting the total consumption. The second channel is the expected change in
future productivity. Households expect that the price level will be lower based on an expected
rise in productivity. The expected lower price means higher consumption in future. Therefore,
households will increase current purchase to smooth intertemporal consumption. The last chan-
nel is the monetary policy rule, which responds to variations in productivity. When there is a
positive productivity shock, the central bank will lower the interest rate, encouraging current
consumption.

Similarly, we have the counterpart of (33) for Foreign, which is as follows

c∗t − c∗t|t−1 = −(1+ φ)nγ τ ∗(st − st|t−1)+ φ

1+ φ − ρ
ϑ∗
t + αFut + α∗

Fu
∗
t . (34)

The factors affecting the unexpected change in Foreign’s consumption is similar to those of
Home’s consumption.

Equations (33) and (34) yield the relationship of unexpected exchange rate movements and
unexpected changes in Home’s and Foreign’s consumption, respectively. Another equation related
to these three endogenous variables is needed, then these three variables can be solved and
expressed in functions of exogenous shocks. The final equation is the risk-sharing equation (18).
The log form of (18) is st + p∗

t − pt = ct − c∗t . Abstracting it from its expected form at t − 1, we
obtain

(st − st|t−1)+ (p∗
t − p∗

t|t−1)− (pt − pt|t−1)= (ct − ct|t−1)− (c∗t − c∗t|t−1). (35)
Substituting (26) and (29) into equation (35), we get

[1− nγ τ − (1− n)γ τ ∗](st − st|t−1)= (ct − ct|t−1)− (c∗t − c∗t|t−1). (36)
Thus, equations (33), (34), and (36) can solve these three endogenous variables, and subse-

quently all other variables can be solved explicitly. The solutions of the system are
st − st|t−1 = b(ᾱH − ᾱF)ut + b(ᾱ∗

H − ᾱ∗
F)u

∗
t , (37)

ct − ct|t−1 = [(1+ ξ )ᾱH − ξ ᾱF]ut + [(1+ ξ )ᾱ∗
H − ξ ᾱ∗

F]u
∗
t , (38)

c∗t − c∗t|t−1 = [− ξ∗ᾱH + (1+ ξ∗)ᾱF]ut + [− ξ∗ᾱ∗
H + (1+ ξ∗)ᾱ∗

F]u
∗
t , (39)

where b= 1
1−(1+nφ)γ τ∗−[1+(1−n)φ]γ τ , ᾱH = αH + [1− (1− n)γ ] φ

1+φ−ρ , ᾱ∗
H = α∗

H +
(1− n)γ φ

1+φ−ρ , ᾱF = αF + nγ φ
1+φ−ρ , ᾱ∗

F = α∗
F + (1− nγ ) φ

1+φ−ρ , ξ = (1+ φ)ζb, ξ∗ =
(1+ φ)ζ ∗b, ζ = (1− n)γ τ , and ζ ∗ = nγ τ ∗.
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The solutions indicate that monetary policy significantly affects unexpected changes in endoge-
nous variables. In the following sections, these solutions are used to study the optimal policy
according to the welfare criterion. The first question that arises is, as a central bank acting in a
self-interested manner, how does one react to exogenous shocks to improve welfare. The second
question of interest is whether international monetary cooperation will increase welfare in each
country.

3. Optimal policy design
Two policy scenarios are examined. Under the first scenario, self-interested central banks play
noncooperative games and pursue their own Nash policies. Under the second scenario, both the
countries cooperate in monetary policy, aiming to maximize worldwide welfare.

Under the first policy scenario, central banks make their own optimal interest rate rules, given
the actions of the other central bank. Equations (33) and (34) indicate that the exchange rate
changes affect consumptions in both the countries with incomplete exchange rate pass-through.
Therefore, the optimal policy of a self-interested central bank might unintentionally change the
other country’s consumption, a typical type of externality. When this externality is positive, that
is, an expansionary monetary policy, it benefits the home country. It also raises the welfare of the
other country, which is a monetary policy desirable from the world’s perspective (Obstfeld and
Rogoff (1995)). However, a self-interested country will not engage in a policy action to benefit
another country. Therefore, the self-interested policy might be inefficient from a global perspec-
tive. In contrast, when the externality is negative, that is, a self-interested monetary policy is
“beggar-thy-neighbor” as in Betts and Devereux (1999), a less active policy action is needed to
alleviate the harms to the other country. Correspondingly, the Nash equilibrium might trap both
countries in a prisoner dilemma. In these cases, international monetary policy cooperationmay be
desirable.

Given the full tractability of the model, the optimal policy rules can be solved in a closed form.
The general solutions of optimal monetary policies are solved for both the central banks under the
Nash scenario and the cooperation scenario; then, the properties of the solutions are examined
using three special cases. Finally, a numerical example is presented for better understanding the
solutions.

3.1 The general solutions of the Nash policy
The goal of each self-interested central bank is to maximize expected national welfare. The
expected labor supply of Home can be retrieved from (19) as follows:

Lt|t−1 = θ − 1
θη

. (40)

This implies a constant expected amount of labor. Therefore, there is no need for the central
bank to be concerned with labor disutility. This is the special result attributable to the log form of
consumption in the utility function. Thus, the expected utility is

ct|t−1 − θ − 1
θ

. (41)

It implies that maximizing expected utility is equivalent to minimizing�p. Using the solutions
in the system of (37), (38), and (39),�p can be expressed as a function of variations of exogenous
shocks ut and u∗

t . Therefore, we arrive at the following proposition.
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Proposition 1. Under the Nash equilibrium, the optimal policy rules for central banks are the
solutions of

[
A −B

−B∗ A∗

] [
ᾱNH

ᾱNF

]
=

[
D
K∗

]
,

[
A −B

−B∗ A∗

] [
ᾱ

∗,N
H

ᾱ
∗,N
F

]
=

[
K
D∗

]
, (42)

where

{
A= (1+ ξ )2 + ζ (1− ζ )b2

A∗ = (1+ ξ∗)2 + ζ ∗(1− ζ ∗)b2
,

{
B= ξ (1+ ξ )+ ζ (1− ζ )b2

B∗ = ξ∗(1+ ξ∗)+ ζ ∗(1− ζ ∗)b2
,

{
D= [1− (1− n)γ ](1+ ξ + ζb)
D∗ = (1− nγ )(1+ ξ∗ + ζ ∗b)

,

{
K = (1− n)γ (1+ ξ + ζb)− ζb
K∗ = nγ (1+ ξ∗ + ζ ∗b)− ζ ∗b

.

Proof: see the Appendix.
The proposition indicates that the Nash policy has a closed-form solution. However, it is diffi-

cult to examine how the pricing strategies affect the policy rules explicitly. Therefore, three special
cases, that is, PCP case, LCP case, and single currency pricing (SCP) case, are examined in depth.
The SCP case is where all firms in both countries price their export goods in Foreign’s currency.
Furthermore, a numerical example is adopted to investigate the properties of the solutions in other
cases.

System (42) shows that each country’s central bank chooses a reaction coefficient considering
the other country’s monetary policy rule. The reaction functions of Home’s central bank are as
follows:

{
ᾱNH = B

A ᾱ
N
F + D

A
ᾱ

∗,N
H = B

A ᾱ
∗,N
F + K

A
. (43)

Given B> 0, (43) indicates that if the Foreign’s policy is more active, then the Home’s policy is
also more active. This may lead to a suboptimal equilibrium, that is, a type of prisoner dilemma.
The logic is as follows. Considering temporary positive technological shocks in Home, Home’s
central bank uses this advantage and lowers the domestic interest rate to encourage current con-
sumption. However, the lower interest rate in Home leads to a depreciation of Home’s currency,
which negatively affects Foreign’s consumption and welfare. To counteract this negative effect,
Foreign’s central bank will also lower Foreign’s interest rate. The action taken by Foreign’s central
bank will, in turn, mitigate the effect of Home’s policy. Therefore, a more active action is needed
for Home’s central bank. This interaction will continue, and the two countries will be trapped into
a situation of competitive depreciation. Therefore, Nash equilibrium in this case might not be
optimal from the world’s perspective.

Only when B= 0, the policy interaction disappears. The LCP and the SCP cases satisfy this
condition. In the LCP and SCP cases, at least one of B and B∗ equals zero because τ = 0 and/or
τ ∗ = 0. Then, one country’s policy no longer depends on the other country’s policy. In these cases,
whether B and B∗ are equal to zero depend on exchange rate pass-through. The policy interaction
appears only in the situation such that there is, at least, some degree of exchange rate pass-through.
In other words, when exchange rate movements affect a country’s consumption price index, its
Nash policy rule will be affected by the foreign country’s policy.

In addition, the degree of interaction between two countries’ policies depends on the complete-
ness of exchange rate pass-through. A lower degree of pass-through for Home means a smaller
absolute value of B/A. Equation (43) shows that the impact of Foreign’s policy on Home’s pol-
icy is smaller. Thus, the lower the degree of exchange rate pass-through, the weaker the policy
interaction between the countries.
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3.2 The general solutions of the cooperation policy
When the central banks of both countries cooperate in monetary policy, their policies aim tomax-
imize the expected total welfare of all households living in both countries. The world’s aggregate
welfare adds the utility of all households equally in both Home and Foreign:

nUt|t−1 + (1− n)U∗
t|t−1. (44)

The cooperation policy goal is to maximize (44) by choosing policy reaction rules, that is,
{ᾱH , ᾱF , ᾱ∗

H , ᾱ∗
F}. This is equivalent to maximizing nct|t−1 + (1− n)c∗t|t−1 in the model. Solving

this problem, we obtain the following proposition.

Proposition 2. Under the cooperation equilibrium, the optimal policy rules for central banks are
the solutions of

�

[
ᾱcH

ᾱcF

]
=

[
nD+ (1− n)(nγ −K∗)

n[1− (1− n)γ −D]+ (1− n)K∗

]
,�

[
ᾱ

∗,c
H

ᾱ
∗,c
F

]
=

[
nK + (1− n)(1− nγ −D∗)
n[(1− n)γ −K]+ (1− n)D∗

]

(45)

where�=
[
nA+ (1− n)(B∗ − ξ∗) −nB− (1− n)B∗

−nB− (1− n)B∗ (1− n)A∗ + n(B− ξ )

]
.

Proof: see the Appendix.
The solutions show that the optimal cooperation policy rules for both the countries are affected

by several key parameters in the model, including country’s size n, the substitution elasticity
between tradable and nontradable goods γ , the share of LCP strategy of both countries’ tradable
firms {τ , τ ∗}, and the coefficient of price level φ. Furthermore, we consider three special cases to
show the properties of the cooperation solutions.

In general, we find that, the Nash and cooperation policies are not identical. However, the opti-
mal policies in these two scenarios are the same in PCP and LCP cases, both of which are studied
in literature (Corsetti and Pesenti (2005, 2008); Devereux and Engel (2003)). The advantage of
the model in this study is that it nests these two cases into one model with two parameters τ and
τ ∗. Therefore, the PCP and LCP cases are merely two special cases of our model, and the model
can be used to study any intermediate degree of exchange rate pass-through by choosing different
values of τ and τ ∗.

3.3 The LCP case
The LCP case assumes that all firms adopt the LCP strategy, that is, τ = τ ∗ = 0. In this case, the law
of one price does not hold, because each firm prices its goods separately in its domestic market.
Several studies have been built on this assumption (Betts and Devereux (1999); Obstfeld (2006);
Duarte and Obstfeld (2008)). In this case, exchange rate pass-through vanishes. Thus, the Nash
and cooperation policies can be reduced to the same following forms:[

ᾱH,LCP

ᾱF,LCP

]
=

[
1− (1− n)γ

nγ

]
,

[
ᾱ∗
H,LCP

ᾱ∗
F,LCP

]
=

[
(1− n)γ
1− nγ

]
. (46)

The solutions indicate that the optimal policy rules are determined by households’ preference.
The higher preference of Home’s households for domestic goods (both nontradable and domestic
tradable), that is, a higher value of 1− (1− n)γ , the higher the degree of Home’s monetary policy
reaction to Home’s productivity shocks. Meanwhile, the higher preference of Home’s households
on import goods, that is, a higher value of (1− n)γ , implies a higher degree of Home’s mone-
tary policy reaction to Foreign’s productivity shocks. The rationale is intuitive. When there is no
exchange rate pass-through, the only source of the variation in import goods’ prices is Foreign’s
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productivity shocks. It affects the marginal cost, and therefore the pricing behavior of Foreign’s
firms. Similarly, the prices of domestic goods are affected only by domestic productivity shocks,
since there is no expenditure switching effect from the fluctuations of exchange rates. Therefore,
the domestic central bank reacts to shocks in line with the composition of consumption. The
solutions (46) is similar to the case in the study by Obstfeld (2006) when n= 1/2.

Why is the cooperation policy identical to the Nash policy under the LCP? The reason also
rests on the nonexistence of exchange rate pass-through. Under the LCP, the pass-through van-
ishes, that is, consumer price index does not respond to exchange rate changes, because of the
predetermined import prices in local currency. This implies that all prices of consumption goods
are predetermined. The only monetary policy in need is to adjust the nominal interest rate accord-
ing to productivity changes. Therefore, the solution (46) shows that there is no need to cooperate
without exchange rate pass-through. As in Obstfeld (2006), the economy arrives at flexible price
equilibrium under the Nash rules, and there is no room for international monetary cooperation.7

3.4 The PCP case
In the second case, all firms adopt the PCP strategy, that is, τ = τ ∗ = 1. Here, the law of one price
holds (Obstfeld and Rogoff (1995, 1998); Benigno and Benigno (2003, 2006, 2008); Liu and Pappa
(2008)), and the exchange rate pass-through in both countries is immediate and complete. Any
change in the exchange rate will translate into the price changes of import goods in terms of the
currency of the importing country. The solutions of the Nash and cooperation policies coincide
again. They can be reduced to[

ᾱH,PCP

ᾱF,PCP

]
=

[
1− (2+ φ)(1− n)γ

(2+ φ)nγ

]
,

[
ᾱ∗
H,PCP

ᾱ∗
F,PCP

]
=

[
(2+ φ)(1− n)γ
1− (2+ φ)nγ

]
. (47)

Compared with the LCP case, the reaction coefficient of domestic shocks in the PCP case is
smaller, and that of foreign shocks becomes larger, given φ ≥ 0. In the PCP case, the higher degree
of exchange rate pass-through raises the variations in the consumer price index. Consider a posi-
tive shock of Home’s productivity. It raises the potential output level and leads to a negative output
gap, which, in turn, requires a lower interest rate to boost demand. A lower interest rate induces
depreciation of Home’s currency, which positively affects demand. In the LCP case, the latter pos-
itive effect does not exist. Hence, in the PCP case, the central bank need not respond to domestic
shocks as large as it does in the LCP case. With regard to a positive foreign shock, a more active
reaction is needed in the PCP case, because currency appreciation reduces the import prices and
increases domestic demand for imports further.

Both the LCP and PCP cases indicate that there is no room for international monetary coop-
eration because the Nash and cooperation policies are identical. This is evident in the LCP case,
because there is no exchange rate pass-through, and thus, no terms of trade externality. However,
while complete exchange rate pass-through exists in the PCP case, the externality is important for
optimal policy design. Why does the Nash policy remain identical to the cooperation policy under
the PCP case? It is because the Nash equilibrium coincides with the flexible price allocation. On
the one hand, the central banks of both countries are able to restore flexible price equilibrium for
nominal variables. On the other hand, the monopoly powers on the terms of trade are equally
distributed across countries and canceled out with each other. Hence, there is no room for policy
cooperation in the PCP case either.8

To conclude, we present the following proposition.

Proposition 3. The optimal Nash policies of both countries are identical with the optimal coop-
eration policies in both the PCP and LCP cases. There is no cooperation gain in these two
cases.
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3.5 The SCP case
In the third case, all firms in both Home and Foreign price their goods in a single currency
(Foreign’s currency, for simplicity), that is, τ = 1, τ ∗ = 0. In this study, it is referred to “SCP
case,” in which, there is complete exchange rate pass-through in Home, and no pass-through in
Foreign.9 By solving (42), the Nash policy solutions are[

ᾱNH,SCP

ᾱNF,SCP

]
=

[
1− (1− nγ )(2+ φ)(1− n)γ

nγ

]
,

[
ᾱ

∗,N
H,SCP

ᾱ
∗,N
F,SCP

]
=

[
(1− nγ )(2+ φ)(1− n)γ

1− nγ

]
.

(48)
The Nash policy of Foreign in the SCP case is identical to that in the LCP case because of

the nonexistence of exchange rate pass-through for Foreign in both the cases. In the absence
of pass-through, the consumption of Foreign’s households will not be affected by exchange rate
movements. In addition, the shocks of technology in both the countries do not affect the Foreign’s
demand because all prices are fixed one period ago in Foreign’s currency. This can be verified
by (42). When τ ∗ = 0, the Nash monetary policies of Foreign are ᾱNF = nγ and ᾱ∗,N

F = 1− nγ ,
regardless the value of τ . However, Home’s central bank needs to respond to domestic shocks
less and to foreign shocks more in the SCP case than in the LCP case, given (1− nγ )(2+ φ)> 1.
This is because the increase in exchange rate pass-through raises the impact of foreign shocks on
domestic welfare.

Unlike the PCP and LCP cases, the cooperation policy is no longer identical to the Nash policy
in the SCP case. Solving (45) with τ = 1, τ ∗ = 0, we obtain[

ᾱCH,SCP

ᾱCF,SCP

]
=

[
1− (2+φ)(1−n)γ

1+nγ
nγ

1+nγ

]
,

[
ᾱ

∗,C
H,SCP

ᾱ
∗,C
F,SCP

]
=

[ (2+φ)(1−n)γ
1+nγ
1

1+nγ

]
. (49)

It is easy to verify that ᾱCH,SCP < ᾱ
N
H,SCP, ᾱ

∗,C
H,SCP > ᾱ

∗,N
H,SCP, ᾱ

C
F,SCP < ᾱ

N
F,SCP, and ᾱ

∗,C
F,SCP > ᾱ

∗,N
F,SCP.

These results show diverse reaction coefficients of both countries. When Home cooperates with
Foreign in the SCP case, Home’s interest rate responds less to the domestic shock and more to
the foreign shock, compared with the Nash policy. In contrast, Foreign’s interest rate responds
more to the domestic shock and less to the foreign shock. From the global perspective, the
monetary policies of both countries must carefully consider the shock of the country with low
pass-through, because it is the dominator in the variation of the terms of trade through exchange
rate movements.

The SCP case can be used to understand the issue of currency internationalization in reality.
A few international currencies function as pricing currencies, such as US dollar, euro, and Japanese
yen, while others are insignificant in international trade. The extent the currency is used as pricing
currency by foreign countries can be taken as the measure of currency internationalization. With
this measure, 1− τ is the degree of internationalization of Home’s currency, and 1− τ ∗ is the
degree of internationalization of Foreign’s currency. Thus, in the SCP case, Home’s currency is a
pure local currency and Foreign’s currency is a complete international one. Therefore, in the SCP
case, the Foreign’s currency has full pricing power in trade, while the Home’s currency has none.

The extent of currency internationalization has important policy implications. First, as
observed in the Nash equilibrium, it influences the interaction of the policy game across coun-
tries. A low degree of currency internationalization means a high exchange rate pass-through,
indicating that the country’s policy will be affected more by the other country’s policy in the Nash
equilibrium. Second, currency internationalization also affects the cooperation rules. Comparing
(46) with (49) reveals that a low degree of Home’s currency internationalization requires the
Home’s monetary rule to respond less to domestic shocks, and more to foreign shocks. Third,
currency internationalization governs the efficiency of the Nash polices.When both currencies are
fully internationalized, the Nash policies are Pareto optimal for both countries. However, the Nash
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policies are no longer Pareto optimal when one or both currencies are not fully internationalized,
except for the PCP case.

The difference in the Nash and cooperation policies implies that the self-interested policy is no
longer optimal from a global perspective. The solution (49) shows that if both countries react more
to Foreign’s shocks than to Home’s shocks relative to the Nash equilibrium, the total world welfare
will improve. This welfare improvement cannot be gained under self-interested policies. Solutions
(43) and (49) confirm that Home has incentive to engage in policy cooperation, given Foreign’s
promise to act cooperatively. However, the cooperation policy in the SCP case is not incentive
compatible for Foreign’s central bank. Given that Home’s central bank adopts the cooperation
policy, the self-interested policy of Foreign’s central bank is{

ᾱNF = B∗
A∗ ᾱCH + K∗

A∗

ᾱ
∗,N
F = B∗

A∗ ᾱ
∗,C
H + D∗

A∗
. (50)

B∗ = 0 in the SCP case, which implies that the Nash policy is a dominant strategy for Foreign’s
central bank, regardless of the magnitude of exchange rate pass-through in Home. Cooperation
cannot improve Foreign’s national welfare. Thus, Foreign has no incentive to cooperate, even
though it can enhance total world welfare.

This result has an important implication for international monetary policy cooperation.
A country with an internationalized currency is less likely to engage in cooperation, while another
with a local currency often suffers a welfare loss in the Nash equilibrium. The latter country has an
incentive to cooperate, especially those with international currencies. Unfortunately, without the
promise of other benefits to the countries with international currencies, cooperation is not easy
to develop. This might explain why monetary policy cooperation between developing countries
(usually with local currencies) and developed countries (usually with international currencies) is
rare. It is not the unwillingness of developing countries to cooperate, but that the developed coun-
tries have no incentive to cooperate with developing countries. Without cooperation, developing
countries have to use other policies to reduce the negative externality of the terms of trade, such
as fixed exchange rate regime.

3.6 A numerical example
In addition to the four simple cases illustrated earlier, propositions 1 and 2 also give the Nash
policy rules and the cooperation policy rules for both countries regardless of the exchange rate
pass-through. To help understand, we present a numerical example.

Set n= 0.5, γ = 0.25, φ = 1.5, and ρ = 0. Figure 1 depicts the Nash policy rules of both coun-
tries along with the changes in two exchange rate pass-through parameters {τ , τ ∗}. Two properties
of the Nash policy are worth mentioning.

First, when exchange rate pass-through in Home increases, Home’s policy rules respond less to
Home’s shocks than to Foreign’s shocks, while Foreign’s policy rules respond more on Foreign’s
shocks and less on Home’s shocks. A higher degree of pass-through leads to a larger variation in
prices of import goods due to exchange rate fluctuations. As a result, a more aggressive response
is needed to reduce this negative effect.

Second, the sensibility of one country’s policy rule to the other country’s pass-through depends
on its own degree of pass-through. As indicated in Figure 1, whenHome’s pass-through is very low
(the value of τ close to 0), changes in Foreign’s pass-through slightly affects Home’s two reaction
coefficients. When Home’s pass-through increases, this effect becomes more significant.

The preceding three cases show that the cooperation policy and Nash policy are identical in
the LCP and PCP cases but different in the SCP case. However, when are the optimal policies of
cooperation and noncooperation identical? Propositions 1 and 2 show that the Nash policy is not

https://doi.org/10.1017/S1365100521000468 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100521000468


414 Z. Huang and J. Li

Figure 1. Sensibility of the Nash monetary policy with respect to pricing strategies.

the same as the cooperation policy in general, because the solutions of (42) and (45) are different.
For better understanding, a numerical example is presented to compare these two solutions.

Set n= 0.5, γ = 0.25, φ = 1.5, and ρ = 0 again, and given τ ∗ = 0. Figure 2 depicts the Nash
policy and cooperation policy of both countries along with the changes in exchange rate pass-
through in Home.

Figure 2 clearly indicates that the cooperation policy is different from the Nash policy except
for a certain value of parameter τ . When τ is smaller than that certain value, Home’s cooperation
policy reacts more to domestic shocks than to foreign shocks than its Nash policy. On the contrary,
when τ is larger than that certain value, Home’s cooperation policy reacts less to domestic shocks
than its Nash policy. Foreign’s responses can be similarly found. In short, when Home’s exchange
rate pass-through is low, the Nash policies of both countries will underreact to Home’s shocks and
overreact to Foreign’s shocks, compared with the cooperation policy. Meanwhile, when Home’s
pass-through is high, the Nash policies of both countries will overreact to Home’s shocks and
underreact to Foreign’s shocks.

3.7 The DCP case
Recent evidence documents the importance of DCP (Gopinath et al. (2020)). Boz et al. (2019)
reveal that the majority of international trade is invoiced in dominant currencies, specifically the
US dollar. This motivates further exploration of exchange rate pass-through. Our two-country
model, Home and Foreign, cannot explicitly include the third (dominant) currency. However, we
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Figure 2. Nash policy and cooperation policy under different exchange rate pass-through in Home.

develop a case when τ + τ ∗ = 1 in our two-country model to mimic the DCP case. We use the
following example to explain this case.

The trade between Home and Foreign is invoiced in the third dominant pricing currency.
Suppose that Home’s currency appreciates against the third currency by x, and Foreign’s cur-
rency depreciates against the third currency by y. Thus, Home’s currency appreciates against that
of Foreign by x+ y. Correspondingly, the export price from Home to Foreign increases by y in
Foreign’s currency, and the export price from Foreign to Home decreases by x in Home’s cur-
rency. Therefore, the degrees of exchange rate pass-through of Home’s and Foreign’s import price
are τ = x/(x+ y) and τ ∗ = y/(x+ y), respectively. The summation of the two countries’ exchange
rate pass-through (τ + τ ∗) is [x/(x+ y)]+ [y/(x+ y)]= 1. Thus, the DCP case can be translated
into the case when τ + τ ∗ = 1 in our two-country model. Then, we analyze the monetary coop-
eration problem with an additional binding constraint, where τ + τ ∗ = 1. With this assumption,
we adopt a numerical simulation to emphasize the optimal policy. Figure 3 depicts the simulation
results, given the parameter values: n= 0.5, γ = 0.25, φ = 1.5, and ρ = 0,

When Home’s currency is stable against the third currency and Foreign’s currency is otherwise,
the reaction coefficients of Home’s optimal policy relevant to its shocks are greater than those rel-
evant to Foreign’s shocks under the Nash and cooperation equilibria. As Home’s currency stability
against the third currency decreases and Foreign’s increases, respectively, the reaction coefficients
of Home’s optimal policy decrease and those of Foreign’s increase with Home’s and Foreign’s
shocks, respectively. Thees results are still due to terms of trade externality. Furthermore, the
impact of exchange rate changes on terms of trade decreases in the country with stable exchange
rate against the dominant pricing currency, resulting in the reduced influence of foreign factors.
Domestic monetary policy can focus on domestic shocks than on foreign shocks.
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Figure 3. Nash policy and cooperation policy under the DCP case.

Home and Foreign need to cooperate in their monetary policies under the DCP case. Figure 3
depicts that when Home’s currency is stable against the third currency (τ is smaller), its mone-
tary policy underreacts to domestic shocks and overreacts to foreign shocks, compared with its
cooperation scenario. In contrast, when Home’s currency is unstable against the third currency (τ
is greater), its monetary policy overreacts to domestic shocks and underreacts to foreign shocks,
compared with the cooperation scenario.

4. When does cooperation lead to a pareto improvement?
The present analysis shows that cooperation may not lead to a Pareto improvement. In other
words, cooperation brings either no gain at all or good for one country and is bad for the other.
Are there any cases in which both countries’ households are better off?

4.1 Conditions of a pareto improvement
The model can be solved by computing the welfare of each household and comparing the welfare
under different scenarios. For Home, the condition that the cooperation policy is better than the
Nash policy is

�N
p >�

C
p , (51)

where�p is defined in (25),�N
p is the value of�p under the Nash policy, and�C

p is the value of�p
under the cooperation policy. Given the values of the other parameters, whether Home’s welfare
in the Nash policy is higher than that in the cooperation policy depends on two pass-through
parameters τ and τ ∗. Let n= 0.5, γ = 0.25, φ = 1.5, and ρ = 0 and assume that the variances of
technological shocks of both Home and Foreign are the same. Figure 4 shows the relationship of
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Figure 4. Policy preferring of Home’s central bank.

the degrees of exchange rate pass-through and Home’s welfare. In Figure 4, the white area shows
the parameters’ region that the welfare of Home’s households from the Nash policy is better than
that from the cooperation policy, and the colored area shows the opposite. This figure indicates
that Home’s central bank prefers the cooperation policy when the exchange rate pass-through
is high in Home and low in Foreign and prefers the Nash policy otherwise. Each point along
the border of the two areas shows Home’s indifference over these two policies. Both the LCP
and PCP cases lie on the border. The SCP case is located in the “Cooperation Area,” that is, the
cooperation policy is preferred by Home’s central bank. Similarly, Foreign’s central bank prefers
the cooperation policy when the exchange rate pass-through is high in Foreign and low in Home
and prefers the Nash policy when the pass-through is low in Foreign and high in Home. However,
the policy choices of two countries may not be compatible.

We need to search for the conditions under which both countries are better off. It requires that
the condition (51) holds for both Home and Foreign.

Given n= 0.5, γ = 0.25, φ = 1.5, and ρ = 0, the values of τ and τ ∗ that satisfy (51) are shown
in Figure 5 (the colored area). When the values of the two pass-through parameters are close to
each other (located in the diagonal area of Figure 5), it is a Pareto improvement to switch from
the Nash policy to the cooperation policy for both countries. In the white area in Figure 5, the
cooperation policy can only improve a country’s welfare while worsening the other. The SCP case,
located in this white area, is a special case.

The symmetry of the colored area in Figure 5 is altered in case of unequal sizes of two coun-
tries. Figure 6 shows the case with n= 0.25. The cooperation policy domination areas of each
country in this case differ significantly from those in the symmetric case and from each other. The
large country has a large range of parameter values of Cooperation Area (Figure 6(b)), while the
small country’s Cooperation Area is small (Figure 6(a)). The conjunct area of the two countries’
Cooperation Area is also asymmetric (Figure 6(c)). A necessary condition to improve the welfare
of both countries is that the extent of the large country’s exchange rate pass-through is lower than
that of the small country.
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Figure 5. The condition of the cooperation policy with Pareto improvement.

Figure 6. Policy domination when n= 0.25.
(a) The colored area is Home’s Cooperation Area, (b) the colored area is Foreign’s Cooperation Area, and (c) the colored area
is the conjunct of two countries’ Cooperation Areas.

4.2 Incentives of cooperation
The solutions of the Nash equilibrium and the cooperation equilibrium reveal that these two
equilibriums coincide only in a few cases. The cooperation incentive in these cases is trivial. In
the other cases, the Nash policy is always better for both countries from their own perspectives.
However, another interesting question that arises is whether the other country has an incentive to
cooperate given that one country is cooperating. We examine this incentive problem with another
numerical example (Figure 7). Given the benchmark values of parameters and τ ∗ = 0.5, the mixed
lines in Figure 7(a) and (b) show the Nash responses of Home, determined by (43), at different
values of τ when Foreign follows the cooperation policy.

Figure 7 shows an interesting result of the incentive problem.WhenHome’s exchange rate pass-
through is low, given the cooperation policy of Foreign, Home’s self-interested policy is close to
its Nash policy and away from its cooperation policy, that is, the mixed line is coinciding with the
Nash line and away from the cooperation line in Figure 7 (a) and (b) at small values of τ . When the
Home’s pass-through is high, its self-interested policy is close to its cooperation policy and away
from its Nash policy, that is, the mixed line is near the cooperation line and away from the Nash
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Figure 7. The sensitivity of Home’s Nash rules with respect to the exchange rate pass-through when Foreign uses
cooperation policy.

line in Figure 7 (a) and (b) at large values of τ . This implies that the willingness to cooperate rises
with exchange rate pass-through. A country with a high pass-through has more incentive to coop-
erate, and the opposite is true for one with a low pass-through. This is a generalized conclusion of
the SCP case.

The exchange rate pass-through of one country also impacts the cooperation incentive of the
other. The mixed lines in Figure 7(c) and (d) show the optimal policy of self-interested Home
given the cooperation policy of Foreign at the benchmark values of parameters and τ = 0.5. These
lines imply that Home’s self-interested policy is close to its cooperation policy at low degrees of
Foreign’s exchange rate pass-through, and close to its Nash policy at high degrees of Foreign’s
pass-through. This indicates that one country has high incentive to cooperate with others when
the degrees of other countries’ pass-through are low. The SCP case is an extreme case.

5. Implications for exchange rate regime choices
This section presents the policy implications of the preceding analysis on exchange rate arrange-
ments. As indicated by Devereux et al. (2003), the optimal monetary policy in a two-country
model is equivalent to a fixed exchange rate regime. We want to examine whether fixed exchange
rate regime remains optimal in this model.
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5.1 Will the variations in exchange rates diminish under cooperation?
The variations in exchange rates can be calculated by (37) after we specify the policy rules:

σ 2
s = [b(ᾱH − ᾱF)]2σ 2

u + [b(ᾱ∗
H − ᾱ∗

F)]
2σ 2

u∗ . (52)
Because of the complex expression of the policy rules in general cases, we focus on three special

cases first. In the LCP case, the Nash and the cooperation policies for both countries are identical,
so the variations of exchange rates under both the scenarios are the same as

σ 2
s,LCP = (1− γ )2(σ 2

u + σ 2
u∗). (53)

There are two points observed in (53). First, the variations in exchange rates are in proportion
to the sum of the variances of technological shocks of both countries. This expression is the same
with the equation (21) in the study by Duarte and Obstfeld (2008) because the LCP model in this
paper is the same as theirs except that they specify the monetary policies as quantity rules. Second,
the variations in the exchange rate are also in proportion to the size of nontradable sector in both
countries (represented by 1− γ ). Given the variances in technological shocks of both countries,
the larger the size of the nontradable sector, the larger the variations in exchange rates. In an
extreme case, when γ = 1, that is, there is no nontradable sector in the economy and the variations
in exchange rates are absent. Thus, the optimal monetary policy in the LCP case is equivalent to
that in the fixed exchange rate regime, similar to the case in the study by Devereux et al. (2003). In
this sense, the current model is a generalized version of the models of Devereux et al. (2003) and
Duarte and Obstfeld (2008). Their models can be taken as two special cases of the current model.

In the PCP case, the Nash policy and the cooperation policy are identical. Thus, the variations
in exchange rates under both the scenarios are

σ 2
s,PCP = [1− (2+ φ)γ ]2(σ 2

u + σ 2
u∗). (54)

In the SCP case, the variations in exchange rates under the Nash policy are

σ
2,N
s,SCP = (1− nγ )2(σ 2

u + σ 2
u∗). (55)

In addition, the variations in exchange rates under the cooperation policy are

σ
2,C
s,SCP = 1

(1+ nγ )2
(σ 2

u + σ 2
u∗). (56)

A comparison of (56) and (55) shows that the variations in exchange rates under the
cooperation policy are larger than those under the Nash policy.

Given γ = 0.25 and φ = 1.5, it can be verified by the numerical simulation that the variations
in exchange rates under the cooperation policy are larger than those under the Nash policy at any
values of τ , τ ∗, and n, except for the PCP and LCP cases. This is because both countries have incen-
tives to reduce the negative effect of the variations in exchange rates. For example, when Home
experiences a positive technological shock, the Home’s central bank will cut down interest rate to
make use of this advantage. However, a lower interest rate in Home leads to the appreciation of
Foreign’s currency. The Foreign’s central bank will also reduce the interest rate to counteract this
negative effect. As a result, the exchange rate will not change substantially. However, under coop-
eration, from a global perspective, appreciation of Foreign’s currency is necessary to understand
this advantage.

5.2 Why do some countries prefer fixed exchange rate regime?
The preceding analysis shows that monetary cooperation will increase the variations in exchange
rates, regardless of exchange rate pass-through. However, in reality, some developing countries
prefer fixed exchange rate regime when they face a high exchange rate pass-through. Moreover,
it is easy to verify that the welfare of Home does not improve when Home switches from its
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Nash policy to fixed exchange rate regime, given that Foreign adopts the Nash policy. Thus, the
model presented cannot provide a rationale to justify why some developing countries prefer fixed
exchange rate regime. This problem can be resolved by modifying the benchmark model.

We conjecture that incapability to control monetary policy may be the cause to opt for fixed
exchange rate regime for the developing countries. In the following section, we extend the bench-
mark model by assuming that Home’s central bank cannot control its interest rate precisely.
Accordingly, Home’s interest rate rule is assumed to be

rt = r + φpt − αHut − α∗
Hu

∗
t +wt , (57)

where wt is a white noise with Ewt = 0 and Var(wt)= σ 2
w. When σ 2

w = 0, the model reduces to the
benchmark one. The magnitude of σ 2

w measures the controllability of Home’s monetary policy.
Incomplete controllability of monetary policy creates another type of shocks in the economy.

These monetary shocks can affect real variables through the interest rate channel due to nominal
stickiness. As a result, they may affect the intertemporal consumption decisions of households,
which, in turn, changes aggregate demand and output. Therefore, monetary uncontrollability may
bring economic fluctuations and reduce welfare. From this perspective, fixed exchange rate regime
could potentially be desirable, because it reduces the impact of such monetary shocks. However,
fixed exchange rate regime also restricts the central bank to use monetary tool to counteract the
effects from other types of shocks, such as technological shocks. Therefore, fixed exchange rate
regime might be a better policy when the former benefit dominates the latter cost. We formally
model this trade-off in this version of themodel. Furthermore, we will show that themagnitudes of
these two opposite effects of fixed exchange rate regime are associated with the degrees of exchange
rate pass-through.

The condition is derived under which Home’s welfare under fixed exchange rate regime is
higher than that under the interest rate rule specified in (57):

σ 2
w >G(γ , n, φ, τ , τ ∗)(σ 2

u + σ 2
u∗), (58)

whereG(γ , n, φ, τ , τ ∗)> 0 is a function of model’s parameters, including preference, country size,
price coefficient in the interest rate rule, and the degrees of both countries’ exchange rate pass-
through. This expression has two implications. First, the relative magnitude of monetary shocks
and technological shocks determine whether fixed exchange rate regime is preferable. When the
variations in Home’s monetary shocks are larger than the product of G and the sum of techno-
logical shocks of two countries, fixed exchange rate regime performs better than the interest rate
rule.10 This result is intuitive. The welfare deterioration from monetary shocks offsets the benefit
of the interest rate rule from reacting to the technological shocks. Meanwhile, fixed exchange rate
regime can rule out the negative effect of monetary shocks although it limits the central bank’s
ability to intervene the economy. When monetary shocks are dominating in the economy, fixed
exchange rate regime is desirable.

Second, (58) also shows that some parameters significantly affect the policy preference. We
mainly focus on two types of parameters: the degree of exchange rate pass-through and the
country size. It can be verified that the first-order derivatives of G function satisfy

∂G
∂τ

< 0,
∂G
∂τ ∗ < 0,

∂G
∂n

> 0. (59)

Hence, G is a decreasing function of exchange rate pass-through. With the benchmark values
of other parameters, Figure 8 shows the property of the function G: G is very sensitive to the
degrees of Home’s exchange rate pass-through. A higher degree of Home’s pass-through translates
into a smaller value of G, implying that the condition (58) is easier to satisfy. Therefore, a fixed
exchange rate regimemight be preferable for Home when its degree of exchange rate pass-through
is high. This is because fixed exchange rate regime can help eliminate the externality of the terms
of trade, arising from exchange rate pass-through. Moreover, the degree of Foreign’s pass-through
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Figure 8. The property of the function G.

also influences the Home’s policy preference. Similar to the effect of Home’s pass-through, a fixed
exchange rate regime is preferable for Home when Foreign’s pass-through is high. The reason is
also rooted in the externality of the terms of trade. When the degree of Foreign’s pass-through is
high, Foreign’s central bank needs to adoptmore active policy to alleviate the negative impact from
Home’s shocks, which increases the variations in exchange rates. Greater variations in exchange
rates lead to greater negative externality of the terms of trade and subsequently, a lower level
of welfare of Home. Under this condition, a fixed exchange rate regime might be preferable for
Home.

The function G is also an increasing function of country size, indicating that small countries
prefer a fixed exchange rate regimemore. This is because the degree of openness of a small country
is higher than that of a large country. As a result, a small country is highly affected by foreign
shocks compared with a large country, and so is the externality of terms of trade. Thus, a fixed
exchange rate regime, which helps in reducing the externality of the terms of trade, brings more
benefits for a small country.

In reality, those countries with a flexible exchange rate regime are either large countries or have
currencies broadly accepted in international trade, or both. Meanwhile, those countries adopting
fixed exchange rate regime are either small or have unacceptable local currencies in international
trade. The degrees of exchange rate pass-through and country size appear highly significant in
exchange rate regime choice.

6. Concluding remarks
Exchange rate pass-through significantly affects international monetary policy cooperation.
Earlier studies have not arrived at a consensus on welfare gains in international monetary pol-
icy cooperation in PCP and LCP cases. A general equilibrium model with monopolistic firms
and nominal rigidities in this paper shows that cooperation gains arise when exchange rate
pass-through is incomplete. However, the cooperation gains are not equally distributed across
countries. The country with a higher degree of exchange rate pass-through gains more from coop-
eration and thus has a greater incentive to participate. Furthermore, when the degrees of exchange
rate pass-through of two countries largely vary from each other, cooperation may improve the
welfare of the country with a high pass-through and worsen that of the country with a low
pass-through. In this case, the incentives of two countries to cooperate are incompatible.

Our model also highlights the choice of exchange rate regime. We find that in the benchmark
model, the variations in exchange rates are higher under the cooperation policy than those under
the Nash policy. This cannot explain why some countries prefer fixed exchange rate regime. We
extend the benchmark model by including a monetary controllability problem, and this extended
model explains why small developing countries prefer a fixed exchange rate regime. A fixed
exchange rate regime can eliminate both monetary uncertainty and the negative externality of
terms of trade. However, it restricts a central bank from reacting to other shocks. When the for-
mer benefit dominates the latter cost, a fixed exchange rate regime is preferred. Furthermore, the
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degree of exchange rate pass-through and the size of the country significantly affect the exchange
rate regime choice. A smaller country with a higher degree of exchange rate pass-through benefits
more from fixed exchange rate regime.

The analysis in this study is still limited in the understanding of the international monetary
cooperation. As mentioned earlier, several other mechanisms exist, in addition to incomplete
exchange rate pass-through, through which cooperation policy can contribute to reducing terms
of trade externality. These include more general preferences, trade structure, trade cost, produc-
tion structure, incomplete asset markets, and asymmetries in nominal inertia (Canzoneri et al.
(2005); Benigno and Benigno (2006); Coenen et al. (2007); Liu and Pappa (2008)). There are
gains from cooperation under each of these specifications. An interesting question is how these
mechanisms are interlinked to contribute to cooperation gains, which deserves further inquiry.
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Notes
1 The research on the issue started right after the collapse of the Bretton Woods System. See Canzoneri et al. (2005) for a
comprehensive review on this issue.
2 We analyze the more general case when both elasticities are allowed to be different from one. Similar results yield, as shown
in the Appendix.
3 Corsetti and Pesenti (2005, 2008) conclude similar findings in a simple model with log-utility.
4 Clarida et al. (2002) study a special case of this result. They assume a unit intratemporal elasticity of substitution between
domestic and import goods and find that gains from cooperation exist in addition to the case that the intertemporal elasticity
of substitution in consumption equals one.
5 A large body of literature measures the degrees of exchange rate pass-through empirically and theoretically investigate the
sources of pass-through. While these two goals are beyond the scope of this study, it is noteworthy that the pricing-to-market
behavior is positively associated with exporters’ productivity (Martin and Mayer (2012)) and export goods’ quality (Chen
and Juvenal (2016); Antoniades and Zaniboni (2016)). Moreover, the declining exchange rate pass-through may result from
enhanced international financial integration (Enders et al. (2018)), an inflation targeting regime (Lopez et al. (2017)), or large
importers (Devereux et al. (2017)).
6 Empirical studies show that exchange rate pass-through is incomplete (Gagnon and Knetter (1995); Engel and Rogers
(1998); Engel (1999, 2001)). Engel (2001) uses Mexican data to demonstrate that the finding may be due to the failure of the
law of one price. Obstfeld and Rogoff (2000) highlight that pass-through is often found to be less than 1, but seldom 0 (as
it would be under LCP). Therefore, neither PCP nor LCP is realistic. We mix both pricing strategies to model incomplete
pass-through in the real world and thus overcome the polar PCP and LCP.
7 This case is similar to the study by Duarte and Obstfeld (2008) when the coefficient of risk aversion is 1. It is also similar
to the study by Devereux et al. (2003) when γ = 1 in the current model, although these authors discuss money supply rules,
rather than interest rate rules.
8 This result is also found by Corsetti and Pesenti (2005, 2008) in a different setting.
9 This case was considered by some researchers. Devereux and Engel (2003) study this in the Euro case, while Devereux et al.
(2007) in the dollar setting. However, both do not consider the issue of monetary policy cooperation.
10 Engel (2001) asks a similar question:What is the optimal exchange rate policy forMexico in a new open economymacroe-
conomic model? Engel only specifies monetary shocks for both countries in his model and finds the similar conclusion that
fixed exchange rate regime is better when the home monetary shocks are large. Devereux and Engel (2001) also study the
choice of exchange rate policy under different pricing strategies. Li et al. (2020) study the heterogeneous responses of currency
depreciation and Li et al. (2021) document the impact of China’s exchange rate regime reform.
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Appendix A. Appendix
A.1 Proof of Expression (24) and (31):
The log forms of Home’s prices in Table 1 are

pN,t = pH,t = ln
θη

θ − 1
+ pt|t−1 + ct|t−1 − at|t−1 + �PD , (A.1)

p∗
F,PCP,t = ln

θη

θ − 1
+ pt|t−1 + ct|t−1 − a∗

t|t−1 + �PF,PCP , (A.2)

pF,LCP,t = ln
θη

θ − 1
+ pt|−1 + ct|t−1 − a∗

t|t−1 + �PF,LCP , (A.3)

where �PD = 1
2 (σ

2
p + σ 2

c − σ 2
u )+ σpc − σpu − σcu, �P∗

F,PCP
= 1

2 (σ
2
p + σ 2

c + σ 2
s + σ 2

u∗ )+ σpc − σps − σpu∗ − σcs − σcu∗ + σsu∗ ,
and �PF,LCP = 1

2 (σ
2
p + σ 2

c + σ 2
u∗ )+ σpc − σpu∗ − σcu∗ .

So we have

PF,t = τp∗
F,PCP,t + (1− τ )pF,LCP,t

= ln
θη

θ − 1
+ pt|t−1 + ct|t−1 − a∗

t|t−1 + τ (st − st|t−1)+ �PF , (A.4)

where �PF = τ�P∗
F,PCP

+ (1− τ )�PF,LCP . Then the log form of consumer price index is

pt = (1− γ )pN,t + γ [npH,t + (1− n)pF,t]
=�p + pt|t−1 + ct|t−1 + (1− n)γ τ (st − st|t−1)−t|t−1, (A.5)

where�p = ln θη
θ−1 + (1− γ )�PN + γ [n�PH + (1− n)�PF ] andt = [1− (1− n)γ ]at + (1− n)γ a∗

t .
The counterpart expression (27) for Foreign’s price level can be deduced similarly.
The log form of Home’s intertemporal condition is

rt = −lnβ + pt+1|t − pt + cpt + 1|t − ct − 1
2
(σ 2

p + σ 2
c )− σpc. (A.6)

Combining it with the interest rate rule, we have

(1+ φ)pt = pt+1|t + ct+1|t − ct + αHut + α∗
Hu

∗
t − r − lnβ − 1

2
(σ 2

p + σ 2
c )− σpc. (A.7)

Denote p̄t = pt − (1− n)γ τ (st − st|t−1), we have p̄t|t−1 = pt|t−1 = p̄t . Then (A.7) can be written as:

(1+ φ)p̄t = p̄t+1|t−1 + ct+1|t−1 − ct|t−1 − r − lnβ − 1
2
(σ 2

p + σ 2
c )− σpc. (A.8)

Iterating (A.8), we get

p̄t =
∞∑
k=0

(1+ φ)−k−1(ct+k+1|t−1 − ct+k|t−1 −�p, (A.9)

where�p̄ = [r + lnβ + (σ 2
p + σ 2

c c)/2+ σpc)/φ. (25) shows that

ct+k+1|t−1 − ct+k|t−1 =t+k+1|t−1 −t+k|t−1 = ρk+1(t|t−1 −t−1). (A.10)
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Substituting (A.10) into (A.9), we obtain

p̄t = −�p + ρ

1+ φ − ρ
(t|t−1 −t−1). (A.11)

So the log Home’s consumer price index can be expressed as (31).

A.2 Proof of Proposition 1:
The aim of Home’s central bank is choosing the coefficient and tomaximize expected utility of households, which is equivalent
to

min
ᾱH ,ᾱ∗

H
�P , (A.12)

where�p is defined in (43). Using (26),�p can be simplified as:

�p = ln
θη

θ − 1
+ 1

2
[σ 2

c + ζ (1− ζ )σ 2
s + σ 2

ϑ ]− σcϑ + [1− (1− n)γ ]ζ (σsu∗ − σsu). (A.13)

The variance and covariance in (A.13) are

σ 2
c = [(1+ ξ )ᾱH − ξ ᾱF]2σ 2

u + [(1+ ξ )ᾱ∗
H − ξ ᾱ∗

F]
2σ 2

u∗

σ 2
s = [b(ᾱH − ᾱF)]2σ 2

u + [b(ᾱ∗
H − ᾱF)]2σ 2

u∗

σ 2
ϑ = [1− (1− n)γ ]2σ 2

u + [(1− n)γ ]2σ 2
u∗

σcϑ = [1− (1− n)γ ][(1+ ξ )ᾱH − ξ ᾱF]σ 2
u + (1− n)γ [(1+ ξ )ᾱ∗

H − ξ ᾱ∗
F]σ

2
u∗

σsu = b(ᾱH − ᾱF)σ 2
u

σsu∗ = b(ᾱ∗
H − ᾱ∗

F)σ
2
u∗ .

The first-order conditions for ᾱH and ᾱ∗
H are

AᾱH − BᾱF =D, (A.14)

Aᾱ∗
H − Bᾱ∗

F =K, (A.15)

where A= (1+ ξ )2 + ζ (1− ζ )b2, B= ξ (1+ ξ )+ ζ (1− ζ )b2, D= [1− (1− n)γ ](1+ ξ + ζb), and K = (1− n)γ (1+ ξ +
ζb)− ζb.

Similarly, we can simplify Foreign’s�P∗ as follows:

�P∗ = ln
θη

θ − 1
+ 1

2
[σ 2

c∗ + ζ ∗(1− ζ ∗)σ 2
s + σ 2

ϑ∗ ]− σc∗ϑ∗ + (1− nγ )ζ ∗(σsu∗ − σsu). (A.16)

The variance and covariance are

σ 2
c = [− ξ∗ᾱH + (1+ ξ∗)ᾱF]2σ 2

u + [− ξ∗ᾱ∗
H + (1+ ξ∗)ᾱ∗

F]
2σ 2

u∗

σ 2
ϑ∗ = (nγ )2σ 2

u + (1− nγ )2σ 2
u∗

σc∗ϑ∗ = nγ [− ξ∗ᾱH + (1+ ξ∗)ᾱF]σ 2
u + (1− nγ )[− ξ∗ᾱ∗

H + (1+ ξ∗)ᾱ∗
F]σ

2
u∗ .

Solving the problem of the self-interested Foreign’s central bank, we can get the following first-order conditions:

−B∗ᾱH +A∗ᾱF =D∗, (A.17)

−B∗ᾱ∗
H +A∗ᾱ∗

F =K∗, (A.18)

where A∗ = (1+ ξ∗)2 + ζ ∗(1− ζ ∗)b2, B∗ = ξ∗(1+ ξ∗)+ ζ ∗(1− ζ ∗)b2, D∗ = (1− nγ )(1+ ξ∗ + ζ ∗b), and K∗ = nγ (1+
ξ∗ + ζ ∗b)− ζ ∗b.

Combining (A.14), (A.15), (A.17), and(A.18), we get the Proposition 1.

A.3 Proof of Proposition 2:
The aim function under cooperation is to maximize (44), which is equivalent to

min
ᾱH ,ᾱ∗

H ,ᾱF ,ᾱ∗
F
n�P + (1− n)�P∗ . (A.19)

The first-order conditions of this problem are the same as that of Proposition 2.
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A.4 Proof of Condition (58):
When Home’s interest rate rule is in the form (57), solutions (37), (38), and (39) become

st − st|t−1 = b(ᾱH − ᾱF)ut + b(ᾱ∗
H − ᾱ∗

F)u
∗
t + bwt , (A.20)

ct − ct|t−1 = [(1+ ξ )ᾱH − ξ ᾱF]ut + [(1+ ξ )ᾱ∗
H − ξ ᾱ∗

F]u
∗
t + (1+ ξ )wt , (A.21)

c∗t − c∗t|t−1 = [− ξ∗ᾱH + (1+ ξ∗)ᾱF]ut + [− ξ∗ᾱ∗
H + (1+ ξ∗)ᾱ∗

F]u
∗
t − ξ∗wt . (A.22)

The expression�P becomes

�w
P =�N

P + 1
2
Aσ 2

w. (A.23)

The expression�N
P in (A.23) is the expression of (A.13) under theNash equilibrium, which can be reduced as the following

form:

�N
P = ln

θη

θ − 1
+ 1

2
f (γ , n, τ , τ ∗)(σ 2

u + σ 2
u∗ ),

where f (γ , n, τ , τ ∗) is a function of parameters γ , n, τ , and τ ∗.
When Home adopts the fixed exchange rate regime, (26) and (29) become pt = pt|t−1 and p∗

t = p∗
t|t−1. Then, (33) and

(34) implies that ct − ct|t−1 = c∗t − c∗t|t−1 = αFut + α∗
Fu∗

t . Under this condition, the optimal policy of self-interested Foreign’s
central bank is ᾱF = nγ and ᾱ∗

F = 1− nγ .
The expression�P under the fixed exchange rate regime becomes

�s
P = ln

θη

θ − 1
+ 1

2
(σ 2

c + σ 2
ϑ )− σcϑ

= ln
θη

θ − 1
+ 1

2
(1− γ )2(σ 2

u + σ 2
u∗ ). (A.24)

Whether the Home’s households are better off under the fixed exchange rate regime depends on the relative magnitude
of �w

P and �s
P . The condition that the welfare of the fixed exchange rate regime is higher than that in interest rate rule is

�w
P >�

s
P , that is,

σ 2
w >G(γ , n, τ , τ ∗)(σ 2

u + σ 2
u∗ ) (A.25)

where G(γ , n, τ , τ ∗)= [(1− γ )2 − f (γ , n, τ , tau∗)]/A.

A.5 Model Extension
Here, we relax the assumption that the intratemporal elasticity of substitution between domestic and import goods and
intertemporal elasticity of substitution in consumption equal one. We demonstrate that the main results hold under a
more general assumption. Accordingly, we assume that the household’s utility function is a constant relative risk aversion
(CRRA) function with risk aversion coefficient (intertemporal elasticity of substitution in consumption) χ . In addition, the
intratemporal elasticity of substitution between domestic and import goods is assumed to be ε.

A.5.1 Themodel
The household’s optimization problem is as follows:

Max E�∞
t=0 β

t[
C1−χ
t

1− χ
− ηLt]

s.t. PtCt + Et(Qt+1Bt+1)=WtLt +�t + Bt .

Then, the corresponding consumption and price indices are as follows:
Similarly as in the main text, we can reach three key equations about exchange rate, Home’s and Foreign’s consumption:

st − st|t−1 = b(ᾱH − ᾱF)ut + b(ᾱ∗
H − ᾱ∗

F)u
∗
T , (A.26)

χ(Ct − Ct|t−1)= [(1+ ξ )ᾱH − ξ ᾱF]ut + [(1+ ξ )ᾱ∗
H − ξ ᾱ∗

F]u
∗
t , (A.27)

χ(C∗
t − C∗

t|t−1)= [− ξ∗ᾱH + (1+ ξ∗)ᾱF]ut + [− ξ∗ᾱ∗
H + (1+ ξ )ᾱ∗

F]u
∗
t . (A.28)

Take the second-order logarithm expansion of Home’s household’s utility function as follows:

C1−χ (Ct|t−1 + 1− χ

2
σ 2
c )− ηLt|t−1,

where χCt|t−1 = −�p +t|t−1.
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Table 3. Summary of consumption and price indices

Consumption Price indices
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ct =
[
CN,t
1−γ

]1−γ [
CT,t
γ

]γ
Pt = P1−γN,t P

γ

T,t
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CT,t = [(CH,t)
ε−1
ε + (CF,t)

ε−1
ε ]

ε
ε−1 PT,t = [(PH,t)1−ε + (PF,t)1−ε ]

1
1−ε

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CN,t = {∫ 10 [CN,t(i)] ε−1ε di} ε
ε−1 PN,t = {∫ 10 [PN,t(i)]1−εdi} 1

1−ε
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CH,t = {∫ n0 [CT,t(i)] ε−1ε di} ε
ε−1 PH,t = [

∫ n
0 PH,t(i)

1−εdi]
1
1−ε

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CF,t = {∫ 1n [CT,t(i)] ε−1ε di} ε
ε−1 PF,t = [

∫ 1
n PF,t(i)

1−εdi]
1
1−ε

Therefore, the expected utility maximization is equivalent to maximizing the following:

−�p + (1− χ)χ
2

σ 2
C , (A.29)

where �p ≡ ln( θη
θ−1 )+ χσpC − σCϑ − χσCϑ + 1

2 (σ
2
p + χ2σ 2

C + σ 2
ϑ )+ nγ τ ( 12σ

2
s + σps + χσCs − σsu∗ )+ γ n(1− ε)τ (1−

nτ ) 12σ
2
s .

Similarly, we can arrive at Foreign’s maximization problem to maximize the following:

−�∗
p + (1− χ)χ

2
σ 2
C∗ , (A.30)

where �p∗ ≡ ln( θη
θ−1 )+ χσp∗C∗ − σC∗ϑ∗ − χσC∗ϑ∗ + 1

2 (σ
2
p∗ + χ2σ 2

C∗ + σ 2
ϑ∗ )+ nγ τ ∗( 12σ

2
s + σp∗s + χσC∗s − σsu)+ γ n(1−

ε)τ ∗(1− nτ ∗) 12σ
2
s .

Given the model solutions of (A.26), (A.27), and (A.28), we have the following Nash equilibrium policy by maximizing
(A.29) and (A.30):

Proposition 4. Under the Nash equilibrium, central banks’ optimal policy rules are the solutions of the following:⎡
⎣ ᾱNH
ᾱNF

⎤
⎦ =ψ−1

⎡
⎣ D

K∗

⎤
⎦ ,

⎡
⎣ ᾱ∗,N

H

ᾱ
∗,N
F

⎤
⎦ =ψ−1

⎡
⎣ K

D∗

⎤
⎦ ,

where ψ =
⎡
⎣ A −B

−B∗ A∗

⎤
⎦ ,

⎧⎨
⎩A= (2− 1

χ
)(1+ ξ )2 + ζ [(1− ζ )+ (1− ε)(1− τ + nτ )]b2

A∗ = (2− 1
χ
)(1+ ξ∗)2 + ζ ∗[(1− ζ ∗)+ (1− ε)(1− τ + nτ ∗)]b2⎧⎨

⎩ B= (2− 1
χ
)(1+ ξ )ξ + ζ [(1− ζ )+ (1− ε)(1− τ + nτ )]b2

B∗ = (2− 1
χ
)(1+ ξ∗)ξ∗ + ζ ∗[(1− ζ ∗)+ (1− ε)(1− τ + nτ ∗)]b2⎧⎨

⎩D= [1− γ (1− n)](1+ ξ + ζb)

D∗ = (1− γ n)(1+ ξ∗ + ζ ∗b)⎧⎨
⎩K = γ (1− n)(1+ ξ + ζb)− ζb

K∗ = γ n(1+ ξ∗ + ζ ∗b)− ζ ∗b
.

Given the objective function of cooperation policy, nUt|t−1 + (1− n)U∗
t|t−1, we have the following:

Proposition 5. Under the cooperation equilibrium, central banks’ optimal policy rules are the solutions of the following:⎡
⎣ ᾱcH
ᾱcF

⎤
⎦ =�−1

⎡
⎣ nD+ (1− n)(nγ −K∗)

n[1− (1− n)γ −D]+ (1− n)K∗

⎤
⎦

⎡
⎣ ᾱ∗,c

H

ᾱ
∗,c
F

⎤
⎦ =�−1

⎡
⎣ nK + (1− n)(1− nγ −D∗)

n[(1− n)γ −K]+ (1− n)D∗

⎤
⎦ ,

where�=
⎡
⎣ nA+ (1− n)P∗ −nB− (1− n)Q∗

−nQ− (1− n)B∗ nP + (1− n)A∗

⎤
⎦
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Figure 9. The Nash equilibrium with different values of intertemporal elasticity of substitution in consumption (χ ) and
intratemporal elasticity of substitution between domestic and import goods (ε). The parameter values are given as: n= 0.5,
γ = 0.25, φ = 1.5, ρ = 0, and τ ∗ = 0.5.

Figure 10. Comparison between the Nash and cooperation equilibria with different values of χ . The parameter values are
given as: n= 0.5, γ = 0.25, φ = 1.5, ρ = 0, and τ∗ = 0.5.
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Figure 11. Comparison between the Nash and cooperation equilibria with different values of ε. The parameter values are
given as: n= 0.5, γ = 0.25, φ = 1.5, ρ = 0, and τ ∗ = 0.5.

Figure 12. Cooperation Areas with different values of χ and ε. The shaded area by the dotted dashed line denotes the
(smallest) Cooperation Area when χ = ε = 1. The shaded area by the dashed line indicates the (larger) Cooperation Area
when χ = 2 and ε = 1. The shaded area by the solid line indicates the (largest) Cooperation Area when χ = 1 and ε = 2.
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⎧⎨
⎩ P = (2− 1

χ
)ξ 2 + ζ [(1− ζ )+ (1− ε)(1− τ + nτ )]b2

P∗ = (2− 1
χ
)ξ∗2 + ζ ∗[(1− ζ ∗)+ (1− ε)(1− nτ ∗)]b2⎧⎨

⎩ Q= (2− 1
χ
)ξ (1+ ξ )+ ζ [(1− ζ )+ (1− ε)(1− τ + nτ )]b2

Q∗ = (2− 1
χ
)ξ∗(1+ ξ∗)+ ζ ∗[(1− ζ ∗)+ (1− ε)(1− nτ ∗)]b2

.

A.5.2 The simulation results
The numerical simulation in Figure 9 indicates that the different values of χ and ε significantly affect the Nash equilibrium.
The higher the intertemporal elasticity of substitution (χ), the lower is the optimal policy response coefficients, αNH , α

N
F ,

α
∗,N
H , and α∗,N

F . Moreover, the higher the intratemporal elasticity of substitution between domestic and import goods (ε), the
more responsive is the optimal monetary policy to domestic shocks. Thus, the reaction coefficient of Home’s monetary policy
increases with its shocks, whereas it decreases with Foreign’s shocks.

Figure 10 shows that the reaction coefficients of monetary policy significantly decrease with shocks under the Nash and
cooperation equilibria, with increasing χ .

Figure 11 shows that the difference between the Nash and cooperation equilibria increases with ε. When the parameter
values are set at the benchmark, the reaction coefficients of the two equilibria do not significantly differ. However, when ε = 2,
the reaction coefficient of the Nash equilibrium significantly differs from that of the cooperation equilibrium.

Compared with the benchmark model, the same degree of exchange rate pass-through allows significantly high
cooperation motives for both countries when χ and ε increase, as Figure 12 shows.

Cite this article: Huang Z and Li J (2023). “Incomplete Exchange Rate Pass-through and International Monetary Policy
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