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Abstract
Let A C {0, 1}" be a set of size 2"', and let ¢ : {0, 1}~ — A be a bijection. We define the average stretch
of ¢ as

avgStretch(¢) = E[dist(¢(x), ¢(x))],

where the expectation is taken over uniformly random x, x’ € {0, 1}"~ that differ in exactly one coordinate.
In this paper, we continue the line of research studying mappings on the discrete hypercube with small
average stretch. We prove the following results.

e For any set AC{0,1}" of density 1/2 there exists a bijection ¢,:{0,1}"' — A such that
avgStretch(¢,) = O (y/n).
o For n=3" let Aecmy={x€{0,1}":rec-maj(x) =1}, where rec-maj:{0,1}" — {0,1} is the func-

tion recursive majority of 3’s. There exists a bijection @recmyj: {0, 1} — Arecmg Such that
avgStretch(@recmy) = O(1).

o Let Agypes ={x€{0,1}": tribes(x) =1}. There exists a bijection @yipes: {0, 1} — Aqines such that
avgStretch(Puives) = O(log (1)).

These results answer the questions raised by Benjamini, Cohen, and Shinkar (Isr. J. Math 2016).
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1. Introduction

In this paper, we continue the line of research from [2, 15, 9] studying geometric similarities
between different subsets of the hypercube #, = {0, 1}"". Given a set A C #,, of size |[A| = 2n—l1
and a bijection ¢ : H,—1 — A, we define the average stretch of ¢ as

avgstretch(®) =E,_ s, [dist (¢(x), ¢ (x))]

where dist(x, y) is defined as the number of coordinates i€ [n] such that x; # y;, and the
expectation is taken over a uniformly random x, x' € H,,_; that differ in exactly one coordinate.!

The origin of this notion is motivated by the study of the complexity of distributions [5, 17, 12].
In this line of research, given a distribution D on H, the goal is to find a mapping h: H,, — H,

INote that any C-Lipschitz function ¢ : H,_1 — A satisfies avgStretch(¢) < C. That is, the notion of average stretch is a
relaxation of the Lipschitz property.
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such that if U, is the uniform distribution over H,,, then h(U,;,) is (close to) the distribution D,
and each output bit h; of the function 4 is computable efficiently (e.g., computable in ACy, i.e., by
polynomial size circuits of constant depth).

Motivated by the goal of proving lower bounds for sampling from the uniform distribution
on some set A C H,, Lovett and Viola [12] suggested the restricted problem of proving that no
bijection from #,_; to A can be computed in ACy. Toward this goal they noted that it suffices
to prove that any such bijection requires large average stretch. Indeed, by the structural results
of [7, 4, 11] it is known that any such mapping ¢ that is computable by a polynomial size circuit
of depth d has avgStretch(¢) < log (1)@, and hence proving that any bijection requires super-
polylogarithmic average stretch implies that it cannot be computed in ACy. Proving a lower bound
for sampling using this approach remains an open problem.

Studying this problem, [2] have shown that if # is odd, and Amaj € Hj, is the hamming ball
of density 1/2, that is Amaj = {x € H,: D _; x; > n/2}, then there is a O(1)-bi-Lipschitz mapping
from H,,_1 to Amaj, thus suggesting that proving a lower bound for a bijection from H,,_1 to Ama;
requires new ideas beyond the sensitivity-based structural results of [7, 4, 11] mentioned above.
In [15] it has been shown that if a subset Ayapq of density 1/2 is chosen uniformly at random,
then with high probability there is a bijection ¢ : H,—1 — Arand With avgStretch(¢) = O(1). This
result has recently been improved by Johnston and Scott [9], who showed that for a random set
Arand € H, of density 1/2 there exists a O(1)-Lipschitz bijection from H,_; to Arang with high
probability.

The following problem was posed in [2], and repeated in [15, 9].

Problem 1.1. Exhibit a subset A € H,, of density 1/2 such that any bijection ¢ : H,_; — A has
avgStretch(¢) = w(1), or prove that no such subset exists.?

Remark. Note that it is easy to construct a set of density 1/2 such that any bijection ¢ : H,—; — A
must have a worst case stretch at least n/2. For example, for odd n consider the set A={y¢€
Hn:n/2 <), yi <n}U{0"}. Then any bijection ¢ : H,_; — A must map some point x € H,_1
to 0", while all neighbours x” of x are mapped to some ¢(x’) with weight at least n/2. Hence, the
worst case stretch of ¢ is at least n/2. In contrast, Problem 1.1 does not seem to have a non-trivial
solution.

To rephrase Problem 1.1, we are interested in determining a tight upper bound on the
avgStretch that holds uniformly for all sets A €, of density 1/2. Note that since the diame-
ter of #, is n, for any set A C #,, of density 1/2 and any bijection ¢ : ,_1 — A it holds that
avgStretch(¢) < n. It is natural to ask how tight this bound is, that is, whether there exists A C #,
of density 1/2 such that any bijection ¢ : ,,_; — A requires linear average stretch.

It is consistent with our current knowledge (though hard to believe) that for any set A of density
1/2 there is a mapping ¢ : H,—1 — A with avgStretch(¢) < 2. The strongest lower bound we are
aware of is for the set Ag = {x €Hp: ) ;xi=0 (mod 2)}. Note that the distance between any
two points in Ag is at least 2, and hence avgStretch(¢) > 2 for any mapping ¢ : H,—1 — Ag.
Proving a lower bound strictly greater than 2 for any set A is an open problem, and prior to this
work we are not aware of any sublinear upper bounds that apply uniformly to all sets.

Most of the research on metric embedding, we are aware of, focuses on worst case stretch.
For a survey on metric embeddings of finite spaces see [10]. There has been a lot of research on
the question of embedding into the Boolean cube. For example, see [1, 8] for work on embeddings
between random subsets of the Boolean cube, and [6] for isometric embeddings of arbitrary graphs
into the Boolean cube.

2Throughout the paper, the density of a set A C H., is defined as j,(A) = %

https://doi.org/10.1017/5S0963548322000281 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000281

336 L. Boczkowski and I. Shinkar

1.1. A uniform upper bound on the average stretch

We prove a non-trivial uniform upper bound on the average stretch of a mapping ¢ : H,—1 — A
that applies to all sets A C H,, of density 1/2.

Theorem 1.2. For any set A C H, of density u,(A) =1/2, there exists a bijection ¢ : Hy—1 — A
such that avgStretch(¢) = O (/n).

Toward this goal we prove a stronger result bounding the average transportation distance
between two arbitrary sets of density 1/2. Specifically, we prove the following theorem.

Theorem 1.3. For any two sets A, B C H,, of density uy(A) = wa(B) = 1/2, there exists a bijection
¢ : A — B such that E [dist (x, ¢(x))] < +/2n.

Note that Theorem 1.2 follows immediately from Theorem 1.3 by the following simple
argument.

Proposition 1.4. Fix a bijection ¢:H,—1 — A. Then avgStretch(¢) <2E,cy, ,[dist
(x, p(x))] + 1.

Proof. Using the triangle inequality we have

avgStretch(¢) = Eyeyy,,, [dist(d(x), ¢(x + e))]

ie[n—1]
< E[dist(x, ¢(x)) + dist(x, x + ¢;) + dist(x + e;, ¢(x + ¢;))]
= E[dist(x, p(x))] + 1 + E[dist(x + ei, p(x + ¢1))]
= 2E[dist(x, ¢(x))] + 1,

as required. O

1.2. Bounds on the average stretch for specific sets

Next, we study two specific subsets of 7{,, defined by Boolean functions commonly studied in the
field “Analysis of Boolean functions” [13]. Specifically, we study two monotone noise-sensitive
functions: the recursive majority of 3’s, and the tribes function.

It was suggested in [2] that the set of ones of these functions Ay = f ~1(1) may be such that any
mapping ¢ : H,—1 — Ay requires large avgStretch. We show that for the recursive majority func-
tion there is a mapping ¢rec-maj: Hn-1 — rec-maj (1) with avgStretch(¢rec-maj) = O(1). For
the tribes function we show a mapping @iribes : Hn—1 — tribes™1(1) with avgStretch (dribes) =
O(log (n)). Below we formally define the functions, and discuss our results.

1.2.1. Recursive majority of 3’s
The recursive majority of 3’s function is defined as follows.

Definition 1.5. Let k€ N be a positive integer. Define the function recursive majority of 3’s
rec-majy : Hyx — {0, 1} as follows.

o For k=1 the function rec-maj, is the majority function on the 3 input bits.

o For k> 1 the function rec-maj, : Hyx — {0, 1} is defined recursively as follows. For each
xeHy write x=xDox@ox®, where each x e€Hy 1 for each re[3]. Then,
rec-maj,(x) = maj (rec-maj_; (x{V), rec-maj;_; (x?), rec-maj;_; (x*)).

Note that rec-maji(x) =1 — rec-maj.(1 — x) for all x € H,, and hence the density of the
set Arec-maj, = {x € Hy : rec-maji(x) = 1} is Uy (Arec—majk) =1/2. We prove the following result
regarding the set Arec-maj, -
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Theorem 1.6. Let k be a positive integer, let n = 3k and let Arec-maj, = {x € Hy : rec-maji(x) = 1}.
There exists a mapping drec-mai, : Hn—1 = Arec-maj, such that avgStretch (¢rec.maj,) < 20.

1.2.2. The tribes function
The tribes function is defined as follows.

Definition 1.7. Let s, w € N be two positive integers, and let n=s - w. The function tribes: H, —
{0, 1} is defined as a DNF consisting of s disjoint clauses of width w.

N
tribes (Xl,xz, ce s Xws e e S X (s—Dw+1 - - ~x5w) = \/ (-x(i—l)w+1 AXGi—Dw2 N A Xiw) .
i=1
That is, the function tribes partitions n = sw inputs into s disjoint ‘tribes’ each of size w, and
returns 1 if and only if at least one of the tribes ‘votes’ 1 unanimously.

It is clear that Pycyy, [tribes(x) = 1] =1 — (1 — 27")°. The interesting settings of parameters
w and s are such that the function is close to balanced, that is, this probability is close to 1/2.
Given w e N, let s =5, =1n (2)2" 4+ ©(1) be the largest integer such that 1 — (1 —27")° <1/2.

For such choice of the parameters we have Py, [tribes(x) = 1] = % -0 (@) (see, e.g., [[13],

Section 4.2]).

Consider the set Atripes = {x € H,, : tribes(x) = 1}. Since the density of Ayripes is not necessarily
equal to 1/2, we cannot talk about a bijection from #,_; to Atripes. In order to overcome this
technical issue, let Aj; . be an arbitrary superset of Atripes of density 1/2. We prove that there
is a mapping @tribes from H,—1 to Ay, with average stretch avgStretch(gyibes) = O(log (n)).
In fact, we prove a stronger result, namely that the average transportation distance of ¢iripes is

O(log (n)).

Theorem 1.8. Let w be a positive integet, and let s be the largest integer such that 1 — (1 —27")° <
1/2. For n=s-w let tribes:H, — {0, 1} be defined as a DNF consisting of s disjoint clauses of
width w. Let Atribes = {x € H,, : tribes(x) = 1}, and let A C Hy be an arbitrary superset of

tribes

Atribes of density (i, (A;kribes) = 1/2. Then, there exists a bijection Grripes : Hn—1 —> A}, .. such that

tribes

E[dist(x, @tribes(x))] = O(log (n)). In particular, avgStretch(drribes) = O(log (n)).

1.3. Roadmap

The rest of the paper is organized as follows. We prove Theorem 1.3 in section 2. In section 3, we
prove Theorem 1.6, and in section 4, we prove Theorem 1.8.

2. Proof of Theorem 1.3

We provide two different proofs of Theorem 1.3. The first proof, in subsection 2.1 shows a slightly
weaker bound of O (v/n1In (n)) on the average stretch using the Gale-Shapley result on the stable
marriage problem. The idea of using the stable marriage problem was suggested in [2], and we
implement this approach. Then, in subsection 2.2, we show the bound of O (y/n) by relating the
average stretch of a mapping between two sets to known estimates on the Wasserstein distance on
the hypercube.

2.1. Upper bound on the average transportation distance using stable marriage

Recall the Gale-Shapley theorem on the stable marriage problem. In the stable marriage problem
we are given two sets of elements A and B each of size N. For each element a € A (resp. b € B) we
have a ranking of the elements of B (resp. A) given as an bijection rk, : A — [N] (rkb :B— [N])
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representing the preferences of each a (resp. b). A matching (or a bijection) ¢ : A — B is said to be
unstable if there are a, a’ € A, and b, b’ € Bsuch that ¢(a) = b/, ¢(a’) = b, but rk,(b) < rks(V'), and
rkyp(a) < rky(a’); that is, both a and b would prefer to be mapped to each other over their mappings
given by ¢. We say that a matching ¢ : A — B is stable otherwise.

Theorem 2.1. (Gale-Shapley theorem) For any two sets A and B of equal size and any choice of
rankings for each a € A and b € B there exists a stable matchingm: A — B.

For the proof of Theorem 1.3 the sets A and B are subsets of , of density 1/2. We define the
preferences between points based on the distances between them in 7{,,. That is, for each a € A we
have rk,(b) < rk,(V') if and only if dist(a, b) < dist(a, ') with ties broken arbitrarily. Similarly, for
each b € Bwe have rk;(a) < rky(a’) if and only if dist(a, b) < dist(a’, b) with ties broken arbitrarily.

Let ¢ : A — Bbe abijection. We show that if E,c4 [dist(x, ¢(x))] > 3k for k= («/ nln (n)-|, then
¢ is not a stable matching. Consider the set

F:= {x e A|dist(x, ¢(x)) > k}.

Note that since the diameter of H,, is 7, and Eyc 4 [dist(x, ¢(x))] > 3k, it follows that u,(F) > k.

Indeed, we have 3k < E 4 [dist(x, ¢(x))] <n- Z"((f;; +k- (1 — Z”&) <n ﬁ"g)) + k, and thus

un(F) > =5 ,un(A) Next, we use Talagrand’s concentration inequality.

Theorem 2.2. ([[16], Proposition 2.1.1]) Let k <n be two positive integers, and let F C H,. Let
Fsp = {x €M, dist(x,y) > k Vy € F} be the set of all x € H, whose distance from F is at least k.

Then iy (Fai) < e F 7"/ 1y (F).

By Theorem 2.2 we have 1, (sz) < eikz/”/,un(F), and hence, for k= («/ nln (n)] it holds that

tin (For) < e/, (F) < (1/n)/(k/n) = 1/k.

In particular, since w,(¢(F)) = un(F)>k/n>1/k> pu, (sz), there is some b € ¢(F) that
does not belong to Fsj. That is, there is some a € F and b € ¢(F) such that dist(a, b) < k. On
the other hand, for @’ = ¢~ 1(b), by the definition of F we have dist(a, ¢(a)) > k and dist(a’, b =
¢(a)) > k, and hence ¢ is not stable, as a and b prefer to be mapped to each other over their
current matching. Therefore, in a stable matching Eyc4[dist(x, ¢(x))] <3 |—«/ nln (n)], and by the
Gale-Shapley theorem such a matching does, indeed, exist.

2.2. Proof of Theorem 1.3 using transportation theory

Next we prove Theorem 1.3, by relating our problem to a known estimate on the Wasserstein
distance between two measures on the hypercube. Recall that the £;-Wasserstein distance between
two measures u and v on H,, is defined as

Wi, v) = infz dist(x, y)q(x, y),
q Xy
where the infimum is taken over all couplings q of x and v, that is, Zy/ q(x,y') = n(x) and

> w9, y) =v(y) for all x, y € H,. That is, we consider an optimal coupling g of ;1 and v mini-
mizing Ey,,)~4[dist(x, y)], the expected distance between x and y, where x is distributed according
to u and y is distributed according to v.

We prove the theorem using the following two claims.

Claim 2.3. Let 14 and up be uniform measures over the sets A and B respectively. Then, there exists
a bijection ¢ from A to B such that E[dist(x, ¢(x))] = Wi(ua, 1p).
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Claim 2.4. Let pa and pp be uniform measures over the sets A and B respectively. Then
Wi(pa, up) < v/2n.

Proof of Claim 2.3. Observe that any bijection ¢ from A to B naturally defines a coupling g of 114
and up, defined as

400 y) = {%I ifxeAand y=¢(x),

0 otherwise.

Therefore, W1 (4, ) < Exealdist(x, ¢(x))].

For the other direction note that in the definition of W; we are looking for the infimum of the
linear function L(q) = Z(x,y)e ax g dist(x, ¥)q(x, y), where the infimum is taken over the Birkhoff
polytope of all n x n doubly stochastic matrices. By the Birkhoff-von Neumann theorem [3, 18]
this polytope is the convex hull whose extremal points are precisely the permutation matrices. The
optimum is obtained on such an extremal point, and hence there exists a bijection ¢ from A to B
such that W (pa, ug) = E[dist(x, ¢(x))]. O

Proof of Claim 2.4. The proof of the claim follows rather directly from the techniques in
transportation theory (see [[12], Section 3.4]). Specifically, using Definition 3.4.2 and combining
Proposition 3.4.1, equation 3.4.42, and Proposition 3.4.3, where X = {0, 1}, and p is the uniform
distribution on X we have the following theorem. O

Theorem 2.5. Let v be an arbitrary distribution on the discrete hypercube H,, and let y, be the
uniform distribution on H,. Then

/1
Wi(v, uyn) < En-D(v | tn)s

where D(v || ) is the Kullback-Leibler divergence defined as D(v || ) =), v(x) log<%).

In particular, by letting v=ps be the uniform distribution over the set A of cardi-

nality 2”71, we have D(pua || ) = Y s a(x) log (’;’28) =D iea ﬁ log (2) =1, and hence

Wi(n, ra) < ,/%n -D(uy || v) = +/n/2. Analogously, we have Wi (i, up) < +/n/2. Therefore,

by the triangle inequality, we conclude that W1 (ua, p) < Wi(ia, thn) + Wi(un, i) < +/2n, as
required.

This completes the proof of Theorem 1.3.

3. Average stretch for recursive majority of 3’s
In this section we prove Theorem 1.6, showing a mapping from H, to Arec-maj, With constant
average stretch. The key step in the proof is the following lemma.

Lemma 3.1. Let k be a positive integet, and let n = 3k, There exists fi. : Hn —> Arec-maj, satisfying the
following properties.

L. fi(x) = x for all x € Arec-maj,-
2. For each x € Arec-maij, there is a unique z € Zrec-maij, = Hn \ Arec-maj, such that fi(z) = x.
3. Foreveryie [n] we have Excyy, [diSt (fk(x)>fk (x + ei))] = 10.
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We postpone the proof of Lemma 3.1 for now, and show how it implies Theorem 1.6.

Proof of Theorem 1.6. Let fi be the mapping from Lemma 3.1. Define /0, Y1 : Hu—1 — Arec-maij,
as Yy (x) = fr(x o b), where x o b € H,, is the string obtained from x by appending to it b as the n’th
coordinate.

The mappings v, ¥ naturally induce a bipartite graph G=(V,E), where V=%, U
Arec-maj, and E = {(x, Yp(x)):x € Hp1,b € {0, 1}}, possibly, containing parallel edges. Note that
by the first two items of Lemma 3.1 the graph G is 2-regular. Indeed, for each x € H,, the neigh-
bours of x are N(x) = {t/o(x) = fx(x 0 0), Y1 (x) = fy(x o 1)}, and for each y € Arec-maj, there is
a unique x € Arec-maj, and a unique z € Zrec-maj, such that fi(x) = fy(z) = 1, and hence N(y) =

{x[l,...,n—l]; 2[1,...,n—1] }

Since the bipartite graph G is 2-regular, it has a perfect matching. Let ¢ be the bijection from
Hn—1 to Arec-maj, induced by a perfect matching in G, and for each x € H,, let by € H,, be such that
@ (x) = Yy, (x). We claim that avgStretch(¢) = O(1). Let x ~ x’ be uniformly random vertices in
‘H,—1 that differ in exactly one coordinate, and let r € {0, 1} be uniformly random. Then

E [dist ($(0), & (¢))] = E[dist (f (x 0 by) . fi (¥ 0 b))]
< E[dist (fi (x 0 bx) . fi (xo )|+ E [dist (fx (xo 1), fi (x' o7))]
+E [dist (fi (x' o 7). fi (¥ 0 by))].

For the first term, since r is equal to b, with probability 1/2 by Lemma 3.1 Item 3 we get
that E [dist (f; (x 0 by) , fi(x 0 7))] < 5. Analogously the third term is bounded by 5. In the sec-
ond term we consider the expected distance between f(-) applied on inputs that differ in a
random coordinate i € [n — 1], which is at most 10, again, by Lemma 3.1 Item 3. Therefore,

E [dist (¢(x), ¢ (x'))] < 20. O

We return to the proof of Lemma 3.1.
Proof of Lemma 3.1. Define fi : H; — Arec-maj, by induction on k. For k =1 define f; as

000 +— 110
100 — 101
010+ 011
001 — 111
x> x forallx €{110,101,011,111}.
That is, f acts as the identity map for all x € Arec-maj,> and maps all inputs in Zrec-maj, to
Arec-maj, in @ one-to-one way. Note that f] is a non-decreasing mapping, that is, (f;(x)); > x; for

all x e H3 and i € [3].
For k>1 define f; recursively using fi_; as follows. For each re[3], let T,=

[(r —1)-3kty e 3k_1] be the r’th third of the interval [3k]. For x € Hax, write x =
xW 0 x® 0x3), where x) = x1, € Hy1 is the r'th third of x. Let y = (y1, y2, y3) € {0, 1}* be
defined as y, = rec-maj;_, (x(’)), and let w = (w1, w, w3) = fi(y) € {0, 1}*. Define

’ . fk—l (x(r)) if wy #}’r,
70, () = {

Finally, the mapping fi is defined as
x) = X 2 3
Ji(x) fk(l)l( (1)) o k(f)l():(Z)) o k()l(x(s))_

That is, if rec-maj,(x) = 1 then w = y, and hence f(x) = x, and otherwise, fk(r_)1 (x(r)) £ x\) for
all r € [3] where y, =0and w, = 1.

x™ otherwise.
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Next we prove that f; satisfies the properties stated in Lemma 3.1.

1. Itis clear from the definition that if rec-maj;(x) = 1, then w = y, and hence f;(x) = x.

2. Next, we prove by induction on k that the restriction of f to Zrec-maj, induces a bijec-
tion. For k=1 the statement clearly holds. For k > 2 suppose that the restriction of f;_;
to Zrec-maj,_, induces a bijection. We show that for every x € Arec-maj, the mapping fi
has a preimage of x in Zrec.maj,. Write x =xW1 0x® 0 xO3), where x = xr, € Hyi1 is
the 7’th third of x. Let w = (w1, w2, w3) be defined as w, = rec-maj; [k — 1] (x(’)). Since
X € Arec-maij, it follows that w € {110,101,011, 111}. Let y = (y1, 2, ¥3) € Zrec-maj, Such
that f1(y) =w. For each r € [3] such that w, =1 and y, =0 it must be the case that
% e Arec-maj,_,» and hence, by the induction hypothesis, there is some 2 e Zrec-maij;_,
such that fr_; (z(’)) =x), For each r e [3] such that yr =w, define 2" =% Since
¥ = (1,92, ¥3) € Zrec-maj, » it follows that z = ZW0 622620 ¢ Zyec-maj,- It is immediate by
the construction that, indeed, f(z) = x.

3. Fix i e [3"]. In order to prove E[dist(fi(x), fi(x + €;))] = O(1) consider the following
events.

rec-maj(x) = 1 = rec-maji(x + ¢;) } ,

rec-maj(x) = 1, rec-maji(x + ¢;) = 0},

{ )=
= {rec-maj;(x) =0, rec-maji(x + ¢;) = 1},
{ )=

)=

E4 = {rec-maji(x
Then E[dist(fk(x),fk(x + ei))] = Zj=1,2,3,4 E [diSt (fk(x),fk(x + 8,’)) |E]] . P[Ej]. The
following three claims prove an upper bound on E [dist (fk(x), Sfelx+ e,-))].
Claim 3.2. E [dist (ft(x), fi(x + €)) [E1] = 1.

= rec-maji(x + ¢;)} .

Claim 3.3. E [dist (fc(x), fi(x + €;)) |[E2] <2 - 1.5%.
Claim 3.4. E [dist (fi(x), fi(x + e:)) |Es] - P[E4] <8.

By symmetry, it is clear that E [dist (fi(x), fk(x + €)) |E2] = E [dist (fi(x), fi(x + e:)) |E3].
Note also that P[El] <0.5and P [E, UE3] = 27k 3 Therefore, the claims above imply that

E [dist (f(x), fix +e))] = Y E[dist (fiCx), filx+ ) |E] - PIE] <1-05
j=1234
+2-155.27F 8 <10,

which completes the proof of Lemma 3.1.

Next we prove the above claims.
Proof of Claim 3.2. If E; holds then dist (fi(x), fi(x + €;)) = dist(x, x + ¢;) = 1. O
Proof of Claim 3.3. We prove first that

E [dist (x, fx(x)) [rec-maj; (x) = 0] = 1.5%, (1

3Indeed, note that P[E, UEs]=P [rec-majk(x) # rec-maji(x + e,-)], and suppose for concreteness that i=1. We
claim that P [rec-majk(x) # rec-maji(x + el)] =2"% which can be seen by induction on k using the recurrence
P[rec-maj,.(x) # rec-maiji (x + )] = P[rec-maj;_ (x?) # rec-maij;_; ()] P[rec-maj;_; (xV) #rec-maji_; (xV+e1)]
=(1/2) - P[rec-maj,_; (xV) # rec-maj,_; (xV +¢1)] = (1/2) - 27D =27k,
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The proof is by induction on k. For k=1 we have E [dist (x,fl(x)) [rec-majj.(x) =0] =
1.5 as there are two inputs x € Zrec-maj, With dist (x,f1 (x)) =1 and two X’s in Zrec-maj, with
dist (x,f1 (x)) = 2. For k > 1 suppose that E [dist(x,fk_l(x))|rec-majk_1(x)] = 151, Write each
x € Hyasx=x1 0 x?) 0 x3), where x() = x1, € Hyi-1 is the r’th third of x, and let y = (y1, y2, y3)
be defined as y, = rec-maj;_, (x(r)). Since Exer [rec-maj;_;(x)] = 0.5, it follows that for a
random z € Zrec»majk each y € {000, 100,010, 001} happens with the same probability 1/4, and
hence, using the induction hypothesis we get

E [dist (x, fx(x)) [rec-maj;.(x) = 0] = P [y € {100, 010}|rec-maj;(x) = 0] x 1.5k1
+ P [y € {000, 001}|rec-maj(x) = 0] x 2- 1.5~
= 1.5k,
which proves equation (1).
Next we prove that?
k-1
E [dist (x, fi(x)) [E2] < > 1.9 =2- (1.5k — 1) . )

]:
Note that equation (2) proves Claim 3.3. Indeed, if E; holds then using the trian-

gle inequality we have dist (fi(x), fi(x + €;)) < dist(fi(x), x) + dist(x, x + ¢;) + dist(x + e;, fi(x +
e;)) = dist(fx(x), x) + 1, and hence

E[dist(fi(x), x)|[E2] +1<2- (1.5 — 1) + 1 < 2 1.5%,

as required.

We prove equation (2) by induction on k. For k = 1 equation (2) clearly holds. For the induc-
tion step let k> 1. As in the definition of f; write each x € Hs as x=xU 0 x® 6 x® where
x") = xr, is the r’th third of x, and let y = (y1, y2, y3) be defined as y, = rec-maj,_, (x(r)).

Let us suppose for concreteness that i € T;. (The cases of i € T, and i € T3 are handled sim-
ilarly.) Note that if rec-maj.(x) =0, rec-maji(x +e;) =1, and i € T}, then y € {010,001}. We
consider each case separately.

1. Suppose that y =010. Then w=f(y) =011, and hence f(x) differs from x only in T3.
Taking the expectation over x such that rec-maj.(x) =0 and rec-maj.(x+e¢;) =1 by
equation (1) we get E [dist(x,f(x))|E2,y = 010] =FE [dist (fk_l(x(3)), x(3)) [rec-maj;_,;
(x®) =0] =151,

2. If y=001, then w= f;(y) = 111, and f(x) differs from x only in T} U T5. Then

E [dist(x, f()) B2, y = 001] = E [ dist(f (+?), ) |z, y = 001
+E [dist(fi 1 (+®), x?) Bz, y=001]

Denoting by E, the event that rec-maj,_; (x{V)) =0, rec-maj,_;(xV) + ¢;) =1 (i.e., the
analogue of the event E; applied on rec-maj;_, ), we note that

E [ dist(fe1 (+"), V) 1Bz, y = 001 | = E [ dist(fe 1 (+"), xV) 13 |

4Note that equation (2) can be thought of equation (1) conditioned on the event rec-maj, (x + ;) = 1, which happens with
probability only 27k, A naive application of Markov’s inequality would only say that E[dist(x, f(x))|E2] < 1.5% . 2k, which
would not suffice for us. Equation (2) says that the expected distance is comparable to 1.5F even when conditioning on this
small event.
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which is upper bounded by ZJI-;_OZ 1.5/ using the induction hypothesis. For the second term
we have

E [dist(fi1 (+®), @) Bz, y = 001 | = [dist(fi1 (+®), x?) rec-mai_ (+?) = 0],

which is at most 1.5¥7! using equation (1). Therefore, for y = 001 we have
k=2 ‘
E[dist(x, f(x))|Ez, y=001] < » " 1.5 + 1.557".
=0

Using the two cases for y we get
E[dist(x, fx(x))|E2] = E[dist(x, fi(x))|E2, y = 010] - P[y = 010|E;
+ E[dist(x, fk(x))|E2, y = 001] - P[y = 001| E

<) 15,

ks
—_

~.
Il
(=}

This proves equation (2) for the case where i € T}. The other two cases are handled similarly.
This completes the proof of Claim 3.3. U

Proof of Claim 3.4. For a coordinate i € [n] and for 0 <j <k let r=r;(j) € N be such that
iel(r—1)-3+1,...,r-3], and denote the corresponding interval by Ti(j)=[(r—1)- 3+
1,...,r-3/].> These are the coordinates used in the recursive definition of rec-maj, by the
instance of rec-maj; that depends on the i’th coordinate.

For x € H,, and X' = x + e;, define v(x) as
L T recemai. () — recemai. (Y f recomai (x) — recomai. (x/

) = min {] € [k] : rec-maj; (x1,(5)) = rec maj; (xm))} if rec-maj;.(x) = rec-maj; (x'),

k+1 if rec-maj;(x) # rec-maji(x').

That is, in the ternary tree defined by the computation of rec-maj, v(x) is the lowest j on the
path from the 7’th coordinate to the root where the computation of x is equal to the computation
of x + e;. Note that if x is chosen uniformly from #,,, then

271 ifje [kl

27k ifi=k ®
j=k+1.

Pw=ﬂ={

Below we show that by conditioning on E4 and on the value of v we get

E [dist (fi(x), fi(x + €;)) [Es, v =j] <4 1.5. (4)
Indeed, suppose that E4 holds. Assume without loss of generality that x; = 0, and let x’ = x + ;.
Note that fi(x) and fy(x") differ only on the coordinates in the interval T;(v). Let w = x7,(,), and
define y = (y1, y2, y3) € {0, 1)3 asy, = rec-majv_l(w(’)) for each r € [3], where w!") is the 7th third
of w. Similarly, let w' = x7. 1, andlety’ = (¥}, 5, ;) € {0, 1}’ be defined as y, = rec-maj,_,(w'™)
for each r € [3]. This implies that
E [dist (fi(x), fi(x + €)) |E4] = E [dist (f,(w)) , ()| E4] .
Furthermore, if rec-majv(xTi(v)) =1 (and rec-majv(x’Ti(v)) = 1), then fi(x)1,() = *T,(v)> and
thus dist (fi(x), fi(x)) = 1.

SFor example, for j = 0 we have T;(0) = {i}. For j=1ifi=1 (mod 3) then T;(1) = [i,i + 1, i + 2]. For j = k — 1 the interval
Ti(k — 1) is one of the intervals T}, T3, T3. For j = k we have T;(k) =1, .. ., 3k].
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Next we consider the case of rec-majy (xr»)) =0 (and rec—majk(x/Ti(U)) =0). Since x; =0 and
x' = x + e;, it must be that y =000 and y’ is a unit vector. Suppose first that y' = 100, that is, the
coordinate i belongs to the first third of T;(v). Write w = w0 w@ o w3 where each w") is one
third of w. Analogously, write w' = w/ MW 6 W@ 6 WO where each W one third of . Then,
since W' = w + ¢; we have

E [dist (f; (w), w) |[Es,v=j] = E [dist (fj_l(w“)), w(1)> |rec—majj_1(w(1))
=0, rec-maj]-,l(w(l) +e) = 1]
+E [dist (ﬁ_l(w(z)), w(z)) |rec-majj,1(w(2)) = O]
<2 (L' -1)+15'=3.1.5"1 -2
where the last inequality is by equation (1) and equation (2). Similarly,
E [dist (), w) |Eg, v =7] = E [dist (-1 (w'®), w) Irec-maj_, (') = 0] < 1.5,
where the last inequality is by equation (1). Therefore,

E [dist (f,(w), (W) |Es, v =j] <4-1.57L.

The cases of y =010 and 001 are handled similarly, and it is straightforward to verify that in
these cases we also get the bound of 4 - 1.5/71,
By combining equation (3) with equation (4) it follows that

k
E[dist (fi(x), fi(x + €)) |Ea] - P[E4] = Y _ E[dist (fe(x), fi(x + €)) [Ea, v =j] - P[v = j|E4] - P[E4]

j=1
k
<Y 415 Pv=j]
j=1
k
<4-) 157127 <8
j=1
This completes the proof of Claim 3.4. O

4. Average stretch for tribes

In this section we prove Theorem 1.8, showing a mapping from H, to Af; .. with O(log (1))
average stretch. Let “tlribes be the uniform distribution on Agyipes, and let M?ribes be the uniform
distribution on Ziipes = Hn \ Atribes- The proof consists of the following two claims.

Claim 4.1. For “tlribes and M“'(c)ribes as above it holds that

0 1
Wi ('U“tribes’ /’Ltribes) = O(log (n)).
Next, let AL, . € H, be an arbitrary superset of Atripes of density 1/2, and let g, .. be the

tribes

uniform distribution on Afibes:

Claim 4.2. Consider H,—1 as {x € H,:x, =0}, and let p,—1 be the uniform measure on H,_.
Then,

Wi (M"—l’ thkribes) =W (M?ribes’ /’Ltlribes) + O(log (n)).
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By combining Claim 4.1 and Claim 4.2 we get that the average transportation distance between
Huor and A%, o is Wi (-1, o) = Olog (n)). By Claim 2.3 it follows that there exists
Btribes : Hn—1 —> Afjjpes Such that E[dist(x, dtribes(x))] = O(log (1)), and using Proposition 1.4 we
conclude that avgStretch(¢ripes) = O(log (n)). This completes the proof of Theorem 1.8.

Below we prove Claim 4.1 and Claim 4.2.

Proof of Claim 4.1. Let D = D,, the uniform distribution over {0, 1} \ {1"}, let p=2"", and
denote by £ = L,, s the binomial distribution Bin(p, s) conditioned on the outcome being positive.
That is,

(et —p

PlL=0]= 0 -
Zj:l (j)P’(l —p)

Veell,...,s).

Note that M?ribes is equal to the product distribution D*. Note also that in order to sample

from the distribution u“tlrib s> We can first sample £ € {1, .. ., s}, then choose £ random tribes that
vote unanimously 1, and for the remaining s — £ tribes sample their values in this tribe according
to D.

We define a coupling giribes between M?ribes and “tlrib os as follows. First sample x according to
M?ribes’ Then, sample £ €{1,...,s}, choose L tribes T C [s] uniformly, and let S={(t — 1)w +
j:teT,je [w]} be all the coordinates participating in all tribes in T. Define y € H, as y; =1 for
allie S,and y; =x; forall i € [n] \ S.Itis clear that y is distributed according to /‘“tlrib o> and hence
Qtribes is indeed a coupling between H“?ribes and 'u“tlrib o5’

We next show that [y ))~ge [dist(x, y)] = O(log (n)). We have E(yy)~gyipes [dist(x, y)] <

E[Bin(2™",s)]  __
1—P[Bin(2=",5)=0] —

By the choice of s <In (2)2" + O(1) it follows that E[£] = O(1), and hence

[L', -w], and by the choice of parameters, we have w <log (n) and E[L] =

12ws

W1 (b0 Hhibes) = Eey) s [t )] < ELL - w] = Ollog ().

This completes the proof of Claim 4.1. U
Proof of Claim 4.2. We start by showing that

Wi (MH’ /Ltlribes) =W (/j“?ribes’ /j‘tlribes) > >

where 1, is the uniform measure on #,. Indeed, let giribes be a coupling between M?ribes and
H“tlribes’ Define a coupling g, between 1, and H“tlribes as

| Ztribes| :

% * Gtribes (_x, }/) ifxe Ztribes and)’ € Atribes’
qn(x,y) = { 1/2" if x =y € Atribess

0 otherwise.

It is straightforward to verify that g, is indeed a coupling between ., and '“tlrib o5+ Letting girives
be a coupling for which Ey y)~ g6 [dist(x, y)] = Wi (/’L?ribes’ 'utlribes) we get
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Wi (I Iiripes) < Y dist(x,y)qa(x, y)
x€H,

Y€EAtribes

= Y disttey)gu(ny)+ Y dist(x, y)gn(x, y)
XE€Ztribes X€EAtribes
YEAtribes YE€Atribes
|Ztribes| . .

= T By [diSt 06 )] + > dist(x, x)qa(x, x)

XEAtribes
_ | Ztribes| W 0 1 W 0 1
= T on 1 (““tribes’ u‘tribes) < Wi (H“tribes’ u‘tribes) >
which proves equation (5).
Next, we show that
Wi (/’L"—l’ Mtlribes) =W (M"’ /’Ltlribes) +1. (6)

Indeed, let g, be a coupling between u, and H“tlribes minimizing
Z(x,y)e’H,, « Atribes dist(x, y)qn(x, y). Define a coupling g, between p,,_; and Mtlribes as

Gn-1069) =qu(%,y) + gu(x + e, y) VxeH,_1and y € Ayipes.

It is clear that g,,_; is a coupling between p,—; and ,utlrib «s- Next we prove equation (6).

Wi (tn—1s iripes) < D dist(x, )gn—1(x,y)

xE'Hn71

Y€Atribes
= Y distteygu(xy) + D dist(x, y)ga(x+ eir y)
x€Hp—1 x€Hp—1

Y€Atribes Y€Atribes
< Z dist(x, y)qu(x, ) + Z (dist(x + e;, y) + 1)gn(x + i, »)
XEHn_l XEHH—I

Y€Atribes Y€Atribes
= > distt)gxy)+ Y. qulx+eiy)

xeHy x€Hn—1

YEAtribes YEAtribes

=W ('U“”’ V“tlribes) +1,

which proves equation (6).
Next, we show that

W1 (n—1> Ugsibes) < W1 (n=1> Iiiries) + Olog (n)). 7)

In order to prove equation (7), let § = % - M‘;%Sl. By the discussion in subsection 1.2.2 we

have § =0 (@) Then {A* \Atribes| =4§-2". Let q,—1 be a coupling between 1,—; and

tribes
,utlribes*such that E(yy)~q,_, [dist(x, )] = W) (/Ln_l, H“tlribes)‘ Define a coupling q* between 1,1
and Firipes a8

(1—=28)-gn-1(x,y) ifxeHy—1andy€ Ayibes

q(xy)= { 5 . x
4.27m if x € Hpoy and y € Ay o \ Atribes-
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It is straightforward to verify that g* is a coupling between w,—1 and uj,;, ... Next we prove
equation (7).

Wi (-1 Wiipes) < D, dist(x,y) - 4*(xy)
ern_l

*
Y eAtribes

=(1-28) Y distty)gualoy)+ Y dist(xy)-4-27
x€Hp—1 x€Hp—1
Y€Atribes yEA:ribes \Atribes

= (1=28) - Wi (1> Hyges) +26 - max (dist(x, ).
n—1
yeH,

Equation (7) follows from the fact that max(dist(x, y)) <nand § =0 (@)

By combining equations (5) to (7) we get W; (/’L”—l’“jckribes)fwl ('u?ribes"“%ribes)""
O(log (n)). O

5. Concluding remarks and open problems

Uniform upper bound on the average stretch. We've shown a uniform upper bound of O (/1) on
the average transportation distance E[dist(x, ¢(x))] from H,,_; to any set A C H,, of density 1/2,
where H,_; is treated as {x € #, : x, = 0}. This bound is tight up to a multiplicative constant.
Indeed, it is not difficult to see that for any bijection ¢ from H,_1 to Amaj={x€Hpu: >, xi >
n/2} (for odd n) the average transportation of ¢ is E[dist(x, ¢(x))] > Q (ﬁ)

In contrast, we believe that the upper bound of O (/1) on the average stretch is not tight, and
it should be possible to improve it further.

Problem 5.1. Prove/disprove that for any set A CH, of density 1/2 there exists a mapping
¢4 : Hno1 — A with avgStretch(¢) = o (v/n).

The tribes function. Considering our results about the tribes function, we make the following
conjecture.

Conjecture 5.2. Let w be a positive integer, and let s be the largest integer such that 1 — (1 —
27")* < 1/2. For n=s-w let tribes: H, — {0, 1} be defined as a DNF consisting of s disjoint

clauses of width w, and let Ayripes = {x € M, : tribes(x) = 1}. There exists A}, . C Hy a superset

of Atribes Of density iy (A;"ribes) =1/2 such that Wi(n—1, Uipes) = O(1), where iy o is the

uniform distribution on Al .

As a first step toward the conjecture we proposed the following strengthening of Claim 4.1.

Problem 5.3. Let '“tlribes be the uniform distribution on Atibes, and let M?ribes be the uniform
distribution on Zyibes = Hn \ Atribes. It is true that W (M?ribes’ /’“tlribes) =0(1)?

A candidate set that requires large average stretch. We propose a candidate set A* for which

we hope that any mapping from #H,_; to A* requires large average stretch. The set is
defined as follows. Let k* € [n] be the maximal k such that (S"k) = ZJIF:O (7) <2772 Let BY =
{xeMu: Yicpxi <kjand By, = {x€Hy: ¥ic() xi = n — k} be two (disjoint) antipodal balls
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of radius k*, and let CC H,, \ (B(l)/4 U 31/4) be an arbitrary set of size |C| =2""! — ‘B(l)/‘l U B}/‘l"
Define A* =B} ,UB] ,UC.

Conjecture 5.4. There is no bijection ¢* : H,—1 — A* with avgStretch(¢*) = O(1).
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