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Two problems on random analytic
functions in Fock spaces

Xiang Fang® and Pham Trong Tien

Abstract. Let f(z) = Y52, anz" be an entire function on the complex plane, and let Rf(z) =
Y20 @nXnz" be its randomization induced by a standard sequence (X,), of independent
Bernoulli, Steinhaus, or Gaussian random variables. In this paper, we characterize those functions
f(z) such that Rf(z) is almost surely in the Fock space F% for any p,« € (0, 00). Then such a
characterization, together with embedding theorems which are of independent interests, is used
to obtain a Littlewood-type theorem, also known as regularity improvement under randomization
within the scale of Fock spaces. Other results obtained in this paper include: (a) a characterization of
random analytic functions in the mixed-norm space F( oo, g, &), an endpoint version of Fock spaces,
via entropy integrals; (b) a complete description of random lacunary elements in Fock spaces; and
(c) a complete description of random multipliers between different Fock spaces.

1 Introduction

The study of random analytic functions in Hardy spaces, induced by a sequence of
Bernoulli or Steinhaus random variables, was initiated by Littlewood [19, 20] and
Paley and Zygmund [25] in 1930s. After that, the topic was extended to a standard
Gaussian sequence [15] and many other situations. Of particular interest to us is
a Banach space viewpoint, especially the study of random analytic functions in
functions spaces on the unit disk, such as H* [5, 15, 22, 23, 25, 27], the Bloch
spaces [3, 10], BMOA spaces [28, 29, 37], Dirichlet spaces [7], and, recently, Bergman
spaces [6].

It appears that, so far, activities along this line of research center around the unit
disk only, and entire functions over the complex plane are largely untapped. The Fock
spaces are paradigms of Banach spaces of entire functions [38], and in this paper, we
initiate a study of random analytic functions in these spaces; in particular, we seek
to answer the following two basic questions concerning them, as well as to consider
several ramifications among which an endpoint Fock space F( o0, g, &) is particularly
interesting.

Question A To characterize entire functions f(z) = Y., a,2" such that the ran-
domization Rf(z) = ¥o°, +a,z" is almost surely in the Fock space F% for p, a €
(0, o).
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Random Fock functions 1177

Question B To characterize indices p, g, «, § € (0, o0) such that
LqP L g
R:Ta =Ty

where R : E — F denotes that Rf € F almost surely for any f € E.

Motivations for these two questions will be given shortly. Here, we point out that,
in contrast to the above Banach space viewpoint, the study of individual Gaussian
analytic functions (GAF) on the complex plane has attracted a lot of attention in recent
years [12, 24, 26, 30-33]. Hence, from the Banach space viewpoint, this work extends
known results from the unit disk to the complex plane; from the GAF viewpoint, this
work provides a new framework to study Gaussian entire functions.

Definition 1.1 A random variable X is called Bernoulli if P(X =1) = P(X = -1) = 1,
Steinhaus if it is uniformly distributed on the unit circle, and by N(0,1), we mean
the law of a Gaussian variable with zero mean and unit variance. Moreover, let X be
either Bernoulli, Steinhaus, or N(0,1). Then a standard X sequence is a sequence of
independent, identically distributed X variables, denoted by (&, ) >0, (€2"7") ;50, and
(&) uso, respectively. A standard random sequence (X, ) nxo refers to either a standard
Bernoulli, Steinhaus, or Gaussian N(0,1) sequence.

To motivate the first question, we let H(C) denote the space of all entire functions.
We extend the definition of Rf to a standard random sequence (X, ) ns0:

Rf(z) := ia,,X,,z" for f(z) = ianz" e H(C).

Let X ¢ H(C) be a p-Banach space of entire functions containing all polynomials such
that the point evaluation functional J§, is continuous on X for z € C. The Hewitt-
Savage zero—one law [9, Theorem 2.5.4, p. 82] implies that

P(Rf € X) € {0,1} for any f € H(C).
This prompts us to introduce a notion called the symbol space X by
X.:={feH(C):P(Rf eX) =1}.

In order to answer Question A, or, more generally, to characterize the symbol space
(F%), for a standard random sequence, we introduce a class of mixed-norm spaces
F(p, g, «) with three parameters p, g, o € (0, 00) for entire functions in Section 2.1.
This class, although not showing up in literature previously, is a natural generalization
of its unit disk analog, which has a long history already (see [14] for more details).
Then, motivated by the Bergman result in [6], it is natural to conjecture (and prove)
the following:

Theorem 1.1 Let p,a € (0,00) and (X, )nso be a standard random sequence. Then
(F&)« =F(2,p, ).

In fact, we can do more by solving this problem for mixed-norm spaces F(p, ¢, a);
see Theorem 2.6 for a characterization of (F(p,q, a)). forall p, g, & € (0, c0), which
reduces to Theorem 1.1 by choosing p = q. Compared with the proof in [6], the main
challenge for Theorem 1.1, besides obviously different function-theoretic issues, is
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to circumvent the difficulty caused by coeflicient multipliers which work effectively
on the unit disk but not on the complex plane. Another novelty for Fock spaces in
this paper is perhaps that, with the help of entropy-type integrals, we are able to
characterize the space (F(o0, g, @) )« (Theorem 2.9), which does not admit a Bergman
counterpart.

The second question in this paper, i.e., to characterize R : F% < "J"Z, is motivated
by the regularity improvement of series summation under randomization. It is well
known that

1 1 1
I+ —+— % -t — %
2p 3¢ np
is convergent almost surely if and only if p > % For similar phenomena in analytic
functions, the classical theorem of Littlewood [19, 20] states that, for any function
f(z) in the Hardy space H*(ID), the randomization R f(z) belongs to H1(ID) almost
surely for all g > 0, so a regularity improvement. More precisely, for p, q € (0, %),

(L1) R : H? (D) - H1(D)

ifand onlyif p > 2and q > 0. Then the Bergman case is solved in [6], and the Dirichlet
case follows trivially from Bergman, due to the commutativity:

(Rf)" = R(f).
Now, it is natural to consider this phenomenon for entire functions and we offer the
following:

Theorem 1.2 Let p,q,a, 3 € (0,00) and (X,) 0 be a standard random sequence.
Then R : Ff 3"; if and only if one of the following holds:

(i) a<B;or

(i) & = B and q > max{2, p}.

This implies that, in particular, there is no Littlewood-type improvement for any
F%; on the other hand, when p < 2, the loss is not as drastic as in the Littlewood
theorem. With Theorem 1.1 in hand, the proof of Theorem 1.2 is quickly reduced to
an embedding problem between Fock spaces and mixed-norm spaces. This problem,
of independent interests, is solved in Section 3 (Theorems 3.3 and 3.4).

Section 4 studies random Hadamard lacunary series in Fock spaces induced by a
more general sequence of random variables (Theorem 4.1).

Section 5 contains a complete description of random multipliers between Fock
spaces (Theorem 5.1). To achieve this, we use Theorem 1.1 and characterize
the space of multipliers between Fock spaces, which is of independent interests
(Theorem 5.2).

1.1 Notations

The abbreviation “a.s” stands for “almost surely” We assume that all random variables
are defined on a probability space (Q,F,P) with expectation denoted by E(-).
Moreover, A S B (or, A 2 B) means that there exists a positive constant C dependent
only on the indexes p, g, &, 8, . .. such that A < CB (or, respectively, A > £),and A ~ B
means that both A < Band A > B hold.
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2 The mixed-norm space J(p, g, «) and its symbol space

In this section, we introduce a class of mixed-norm spaces F(p,q,«) of entire
functions for p,qe€ (0,00] and a € (0,00) and characterize the symbol space
(F(p,q>a)) . firstfor p € (0, 00) and then for p = co,and q, a € (0, o). This includes,
in particular, a complete description of the symbol space (F%)., for any p, a € (0, c0)
as special cases since I = F(p, p, «), hence answering Question A. This part follows
the framework of [6], and hence certain details are skipped and we focus on where
the proofs differ; the main challenge, as we mentioned before, is to circumvent the
difficulty caused by coefficient multipliers. Then, with the help of entropy integrals,
we characterize (F(oo, ¢, @) ), which does not admit a Bergman counterpart.

For the reader’s convenience, we recall the definition of Fock spaces. For p > 0 and
a > 0, the Fock space 3"52 consists of entire functions f on C such that

)4

£ e = (%"T‘ fc f(2)Pe "5 dA(z))‘l’ < oo,

where d A is the Lebesgue measure on C. For p = oo and « > 0, the Fock space F7° is
defined as

g = {f SH(C): [floe = sup F)le s < oo}.

2.1 The mixed-norm space F(p, q, «)

For p € (0,00] and ¢, a € (0, o0 ), we introduce the following mixed-norm space:
3 p) = 1) g = (M0 0)) o).

where dAgq(7) = qare™ "3 dr and, as usual,

1

M,(f.r) = (7 fOZ” |f(re"")|f’de)’l’ for p < oo

2
and

Meo(f,r) = sup [f(re”)].

0€[0,27]

Moreover, for g = oo, the space F(p, oo, a) consists of entire functions f such that

YZ

[£1lpsoe.cc 3= sup My ( r)e” T <oo.
r>

Note that & = F(p, p, &) for p € (0, 00] and & € (0, 00).

The corresponding space H(p, g, «) on the unit disk has been intensively studied
for along time [14, Chapters 7 and 8]. Here, we establish a few properties of F(p, q, a)
in order to answer Question A.

The proof of the following lemma is standard, and details are skipped.
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Lemma 2.1 Let p,qe (0,00] and a € (0,00). If p>1and q > 1, then F(p,q, ) isa
Banach space, else F(p, q, a) is an s-Banach space with s = min{p, q}.

The next lemma is an extension of [38, Proposition 2.9].

Lemma 2.2 Let p,qe (0,00], a€(0,00), and feTF(p,q,a), f;(z):=f(rz),re

(0,1).

(a) One has |fr|p.q.0 = [fllp.qa as r—1". Moreover, if q< oo, then f,— f in
F(p,q,a)asr—>1".

(b) Forr € (0,1), the Taylor polynomials of f, converge to f, in F(p, q, «).

Proof (a) Using || fr]p.q.« < [ fllp.q.a for r<1, if g < oo, then by the dominated
convergence theorem,

1

ilpae = (798000000 = ([ MEG.00000)" = 1l

asr — 17. From this and [11, Lemma 3.17], it follows that | f, = f ..« = 0,1e., fr = f
inF(p,q,a) asr - 17. For q = oo, we find a sequence (¢, ), so that

2

aty _ﬁ
lim My(fta)e = =sup My(f.t)e™ = = [ fllp.co.a-
>

n—o0o

Then, forn e N,
2

at’ ut%,
B o o 2 lim My (fr t)e™ = = Mp(ft)e™ = = |flpce

as n — oo. I a

(b) We claim that M,(f,t) < | f|p.qae 2 ; hence, My(f;,t) < | f]p,qae 2 for
t > 0. This implies f, € F(p, oo, r*a). Fix a number 3 € (r*a, a). By Theorem 3.3, we
have

F(p, o0, r*a) c 3"?; cF(p, g, ).

Thus, f, belongs to the Hilbert Fock space %, which implies that the Taylor polyno-
mials (p,), of f, converge to f, in g%, and, hence, also in F(p, ¢, a). It remains to
prove the claim, which is trivial when g = co. If g < oo, then, for t > 1, we have

Hfo,,q,azft M;(f,x)dlqa(x)zMZ(f,t)[ dhga(x) = MI(f,0)e 5. m
2.2 The symbol space (F(p,q,a)).

As the first step to characterize the symbol space (F(p,q,a))., we extend
[6, Theorem 8] from the unit disk to the complex plane.

Proposition 2.3 Let p,q € (0,00], a € (0,00), and (X, )nz0 be a standard random

sequence. Let f(z) = Y.or anz" € H(C). Then the following statements are equivalent:
(i) RfeF(p,q,a) as;

(il) E(|Rf[5,q.a) < oo for some s > 0; and

(i) E(|RF 5 00) < o0 for any's > 0.
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1

Moreover, the quantities (IE( HfRfH;,,q,a))‘ are equivalent for all s > 0 with some con-
stant depending only on s.

To prove Proposition 2.3, we need the following two auxiliary lemmas. The
first lemma is the Khintchine-Kahane inequality for p-Banach spaces (see [6,
Lemma 11]).

Lemma 2.4 Let (e,)n>0 be a sequence of elements in a p-Banach space X, and let
(X4) nzo0 be a standard random sequence. Let S := Y-, X e, be an a.s. convergent series
in X. Then S € L1(Q, X) for all q € (0, 00), and moreovet,

ISTzmcax = ISl a0
for any 1,42 € (0, 00), where [S]%, 5, = E(IS]%).

We also use this lemma several times with X = C in this section. The second lemma
is the extension of [6, Lemma 10] from the spaces H(p, g, «) on the unit disk to the
spaces F(p, g, «) on the complex plane.

Lemma 2.5 Letp,qe (0,00], a0 € (0,00), and (X, )nxo be a sequence of independent
and symmetric random variables. If f(z) = Y77 anXnz" belongs to F(p,q,a) a.s.,
then the Taylor series S,(z) = Yo ax Xx2* converges a.s. to f(z) in F(p, g, ) with
q < oo, whereas it is a.s. bounded in F(p, oo, ).

Proof We follow the strategy in [6, Lemma 10]. The proof outlined below is based on
Lemma 2.2 and the Marcinkiewicz-Zygmund-Kahane (MZK) theorem for s-Banach
spaces. When g < oo, we fix an increasing sequence of positive number r,, -1~ as
m — oo, Then, for m 21, f,, (2) ==Y rmanX,z" as. in F(p, g, ). Moreover, by
Lemma?2.2, f,, — fas.in F(p, g, a) as m — oco. From this and the MZK theorem [6,
p. 11], we arrive at the assertion.

When g = co, by Lemma 2.2, |f;, [ p,c0,a = [ fllp,c0,« @ m — oo and, for fixed
m € N, the Taylor polynomials of f,,, converge to f,,, in F(p, oo, a). This allows us to
replace the A-convergent version of the MZK theorem with an s-Banach space version
of the A-bounded MZK theorem [17, Theorem II.4] to conclude that the Taylor series
(S1n)n isa.s. bounded in F(p, oo, ). Note that we need the A-bounded MZK theorem
in this case because we do not have f, — fin F(p, o0, ). [ ]

Remark 2.1 Thisresultis interesting since there exists a function f(z) = Y an2" €
F%, with p < 1in [18] and with p =1 in [21], whose Taylor series S, (z) = ¥.¢_, axz*
does not converge to f; hence, sup .. |Su p,a = o0.

The proof of Proposition 2.3 (iii) = (ii) = (i) is trivial, and (i) = (iii)
follows from Lemma 2.4. It remains to prove (i) = (ii). f Rf € F(p, ¢, a) a.s., then
by Lemma 2.5, the Taylor series S,(z) = X7_, ax Xxz* is a.s. bounded in F(p, g, «),
ie, P(M < o0) =1, where M :=sup,. ||Su 3,4« and s := min{p, q,1}. Thus, by [6,
Lemma 9],

E (exp (MRf5,4.0)) < E(exp(AM)) < o0
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for a small enough constant A > 0, from which and Jensen’s inequality, (ii) follows.
Moreover, Lemma 2.4 implies that the quantities (E(|Rf]/}, ;) )+ are equivalent for
all s > 0 by a constant depending only on s.

Now, we come to the first of the two symbol space theorems in this section.

Theorem 2.6 Let p,q, o € (0, 00) and (X, )s0 be a standard random sequence. Then
(F(p.q @)« = F (2,9, ).

Remark 2.2 A reader acquainted with [6] should be able to predict the above theo-
rem quickly since it was observed (before Theorem 7) in [6] that the randomization
R(-) is an operation of “circular orthogonalization”; namely, it changes the circular
p-norm to an orthogonal 2-norm, and it does nothing to the radial parameters g in
the definition of mixed-norm spaces. This echoes well with the classical Littlewood
theorem (H?), = H? for all 0 < p < oo. The root for this phenomenon should, per-
haps, be credited to Khintchine’s inequality.

Proof Let f(z) =X, anz" € H(C). By Proposition 2.3, Rf € F(p, q, a) a.s. ifand
only if E(|Rf |3 4,4) < o0. Moreover,

B ) - [ [ (L [ Rre)Pa0) drge(r)ip

[ w[ [ f 2"|szf<rei9>|1’de)zdP]dAw)-

Let p < g. Using the Minkowski inequality, we get

L(;tfozn|ﬁf(rei6)|pd9)gdPs[217[ fozn(L|Rf(rei0)|qu)£d0]g.

Moreover, by Lemma 2.4,

1 1

([ imrceypnar)’=( [ IRf(re"e)PdIP’); _ (ganwﬂ)z.

Consequently,
o0 3
B ga) 5 [, (S lonfr™) dhn)
n=0

- fo‘” (L /02” |f(re“9)|2de)g ddga(r) = [ £ 4.0

27
Thus, F(2, ¢, a) c (F(p, g, «)).. On the other hand, by Lemma 2.4,

fﬂ(i f02ﬂ|9{f(rei9)|1’d9)zd[P’z[/(;(zlﬂ /;2n|Rf(rei9)|Pd9)dP];q
:[;ﬂ [Ozn([)|ﬁf(rei9)|2dP)§d9]p,
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which is equal to (X5, [au[*r*") *. Therefore,
B 2 [ (Sl D) = 111
n=0

Thus, (F(p, g, @)« € F(2, g, «). Similar methods apply to the case g < p in order to
prove the inclusion F(2, g, @) c (F(p,q, «) )~ and the inverse inclusion. Details are
skipped. [ ]

It is interesting to observe that one can reformulate the a.s. membership problem
R:F(2, p,a) = FL as the boundedness of a (deterministic) operator.

Corollary 2.7 Let p,a € (0,00) and (X,,)u>0 be a standard random sequence. Then
the map R : F(2, p,a) - L*(Q, Fh) is continuous for s € (0, o).

Proof By Lemma 2.4, it is sufficient to consider s = p. For f(z) =Y., a,z" €

F(2,p, ), we get
(2 [repe™ )dP)’l’

H:RfHLP(Q,S"P

d

([a( (* |9Qf(rei6)|pd0)d/\pa(r)) d]P)P
(G U)o
( ( (et de)cupa(r));

1
4

([ (Z |a,,|2 2”) ‘Mptx(r)) = flzpa- .

Remark 2.3 From the proof of Theorem 2.6 and Lemma 2.4, we see that, for s > 0,
the quantities E(|Rf]5, , ,) < oo for RE) £, RO) £, and R(P f are equivalent.

Now, we move on toward the second theorem in this section, which treats the case
p = oo and q < co. More notations and auxiliary results are needed for this purpose.
Let (a, ) be a sequence of complex numbers. For simplicity, we define, if finite, the
following quantities:

1

t) a, 62”"”—12)Z andl—f
o1 (z| A - rge/t
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where p(s) :=sup{y: m({t: p(t) < y}) < s} is the nondecreasing rearrangement of
p(t). For an entire function f(z) = Y., anz", we define

( ) (i| |2 2n| 2nnti |2); ( ) ! E(t)
t):= an|"r"|e -1 and I r::fidt,
Pr = ! 0 ty/loge/t
where, as above, p; is the nondecreasing rearrangement of p,.

The p =1 case of the following auxiliary result can be found in [23, Theorem 1.4,
p. 11]. The general case follows from the Fernique theorem ([8, Theorem 2.7, p. 37] or
[16, Corollary 3.2, p. 59]), since X := ¥, a, e'"? X,, defines a Gaussian vector in H*
when I < oo by the Marcus-Pisier theorem, so the gth-moment of | X|| . is equivalent
to B([[X]oo)-

Proposition 2.8 Let q € (0, 00) and (X,,) nx0 be a sequence of independent, symmetric
random variables. Then there is a constant K such that

o o 1/q
1 .
— (ianE\X,,|) S lan>+1]< [E( sup | ane™X, q)]
K\ n n=0 0<0<27 [n=0

<K, [supE|X,|? (\ ’ > |an|2+1).
n n=0

Now, we present the second theorem in this section.

Theorem 2.9 Let q, a0 € (0, 00) and (X,,) n»0 be a standard random sequence. Then

(F(o0,q, )« ={f e H(C) : Is(r) e L1(R", dAga) } -

Proof Let f(z) =Y ;> anz" be an entire function. For r € (0, c0), applying Propo-
sition 2.8 to the sequence (a,r"),., instead of (@, )50, we get

1) (Ma(f,r) +1p(r))" = E (ML (Rf, 7).

First, suppose that f € (F(oo,q,))., i.e., Rf belongs to F(oo, g, a) a.s. Then, by
Proposition 2.3, E(|Rf |, 4,a) < co. Using this and (2.1), we get

|‘If||2q(R+)qua) S L E(MZo(:Rf’r))d/\qa(f’)
= ]E(fo MZo(fRf,r)qu,,(r)) :E(HRJ‘HZO,%U < o0,
which implies that I¢(r) € LI(R*, dA4q).

Conversely, suppose that I(r) e L1(R*,d);,). We claim that f e JF(2,q,a).
Using this and (2.1), we obtain

E(IRfI%a) = [ EMLERS) dhgucr
S [T (M0 + 1) dAgacr

S (1 Vg * e e any) < -
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From this and Proposition 2.3, it follows that R f belongs to F(co, g, a) a.s. Now, we
prove the claim. For n e Nand r > 0, we get

pr(t) > 2]a,|r"|sin(nnt))|,

and hence,
_ 4 no
pr(t) > ;|an|r arcsint, t € (0,1).
Thus,
4 1 in ¢
(22) 1) > Slan [ ez far,
T 0 fy/loge/t

for n e Nand r > 0. Moreover, using [23, Theorem 1.2, p. 126], we get

=

1 5o 1 5 1
pr(t) pr(t) —(1) dt

Ir:fidtzjidtzrffi
s o t\/loge/t ty/loge/t Pr\2 3 ty/loge/t

(1 * n n %

ZPT(Z)Z(Z(ak)Z) :(Z|an|2r2 —sup|an|2r2 ) >

k=2 n>l n>1
where (ag)* is the nonincreasing rearrangement of the sequence (|a,|r"),. From

this and (2.2), it follows that M,(f,r) S I¢(r) for all r > 0, which implies that f e
F(2,q, a). ]

I

3 Embedding theorems

The purpose of this section is to answer Question B in the introduction; namely,
we characterize R : F% — EFZ. To achieve this, we solve completely the embedding

problem from the Fock space F% to the mixed-norm space F(s, g, ). We shall do
a little more and cover the case p = co. On the other hand, it would be desirable to
solve the full embedding problem for mixed-norm spaces at the generality of Arévalo’s
solution for the disk case [4], namely, to characterize the embedding F (¢, p, a) ©
F(s, q, B) with six parameters. (Despite our repeated efforts, in this paper, we can
handle five parameters only.) An obstacle is our limited knowledge on the mean
growth function M, (r, f) as r - oo, which calls for more study. In contrast, the same
function is well understood in the unit disk (with r — 17).

Theorem 3.1 Let p € (0,00], g,s,a, 3 € (0,00), and (X, )nso be a standard random
sequence. Then % c (F (s, q, B))+ if and only if one of the following conditions holds:

(i) a<pBor

(i) a =B and q > max{2, p}.

Corollary 3.2 Let pe (0,00], g,a, € (0,00), and (X,,)nx0 be a standard random
sequence. Then R : FP ’J"g iff either (i) or (ii) in Theorem 3.1 holds.

The proof of Theorem 3.1 follows from the following characterizations of the
inclusion relationship between EFZ and F(s,p,a). In the case a # 3, we get the
following theorem.
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Theorem 3.3 Let a, 5 € (0, 00). The following statements are true:

(@) If a < B, then F5 c F(s,q,B) and the inclusion is proper for p,q,s € (0, 00]. In
particular, T c 3"2 for p,q € (0,00].
(b) If B < a, then F(s, q, B) c F& and the inclusion is proper for p, q,s € (0, co].

In the case = f3, by [38, Corollary 2.8 and Theorem 2.10], the family of Fock spaces
FP is nested, i.e.,

(3.1) FEeTFlfor0< p<qcsoo.
In view of this, we only need to consider the case g # s.

Theorem 3.4 Let p,q,s € (0,00] and a € (0, 00).

(a) Ifs < qand p < q, then F§ c F(s, q, a) and the inclusion is proper.
(b) Ifs < q< p, then F5 ¢ F(s,q, &) and F(s, g, ) ¢ FP.
(c) Ifq < sand q < p, then F (s, q, ) c Fh and the inclusion is proper.
(d) Ifp<q<s, thenFh ¢ F(s,q, ) and F(s, q, &) ¢ FP.

The rest of this section is devoted to the proofs of Theorems 3.3 and 3.4. For the
reader’s convenience, we recall two facts first. We consider the reproducing kernel
Ka,w(z) = e, w € C, of the Hilbert Fock space 2. Then

alw?
(3.2) | Kayw p,a = €2 for p e (0, 00].

By [38, Corollary 2.8],

(3.3) £ ()| < €5 |f ] pa for f € FEand 0 < p < oo,

Proposition 3.5 Let p,q € (0,00] and a € (0, 00). The following holds:

(@) FLE F(p,q ) for0< p < q < oo; and
(b) F(p.g-a) $Fd for0< g < p < oo.

Proof We first observe that F(p,, g, a) ¢ F(p1, g, ) for 0 < p; < pp < oo, which is
a consequence of My, (f,r) < My, (f,r) for an entire function f and r > 0.

(a) Suppose that 0 < p < q < co. Then F¢ = F(q,q,«) c F(p, g, «). We need to
prove that F2 # F(p, q, «). Otherwise, by the open mapping theorem, there is a
constant C > 0 such that

(34) Cflga < 1flp.ga < Clf lg.a for f € T3

We estimate the norm || Ky, | p,q,-

» 1 2
M, (Ky w1 :—f
p( @) 21 Jo
palw|r

= I ~—_—
0(p0£|W|7’) \/W

ethreie r4g = i fzn eptx|w|rc059d6
2m Jo

as [w|r - oo,
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where I, is the modified Bessel function and the last estimate is deduced from [2,
Section 9.7]. Thus,
ea|w\r
(3.5) Mp(Kg,w>1) 2 ——— forr>1and |w| > 1.
(Iwlr)z

If g = oo, then by (3.5), for |w| > 1, we get

2 2
| Kl proosa S SUp Mp (Koo )e™ T + |w|7ﬁ sup e®Ir=% r
r<l r>1
aw| | 2L _aCowd? a1
(3.6) Se"™ +e 2 |w| T supe” 2 Se 2 |w| .

r>1

From this and (3.2), it follows that

| Kol p,00,a
HKlX,W HOO,(X
If 2p < q < oo, then by (3.5), for |w| > 1, we get

HKOC,W Hg,q,a
qurz

1 2 oo
q - - qalw|r-2%— 1--L
~ [ My(Kew,r)e 2 rdr+|w| 2 e Tr 2 dr
0 1

aalw? 4 [ ga(r—lwD)? .
S ey e w2 f ™ dr [since1- L <0
1 2p

< |w|7ﬁ — 0as |w| > oo.

2
qalw|

_4a 0 pa(r—|wh)? aalw®> 4
(3.7) setl 4 s w2 f e o drse 7 |w| .
—o0o

Similarly as above, we get

| K .50
| Kaywllg.a
If p < q < 2p, then by (3.5), for |w| > 1, we get

< |w|_$ — 0as |w| > oo.

Iwl? q 0 ga(r-wD? q
q qalw| < -4 - -4
[ Ko, Hp’q)a <Se +e 7 |w| 1 e T r 2w dr

| |2 4 oo 2 4
< ety o *7 |w % f e 7 (|t] + |w])" W dt (sincel— 4, 0)
oo 2p
2 2 2
T w| % (|w\1_% fooe_qazt dt+[me_qa2t ¢t dt)
—o0 —oo

2
qalw|

(38) ef|w|17%,

which, together with (3.2), implies that

Lemrer
I1Kawllg.a
Thus, we get a contradiction to (3.4).

(b) Let 0 < g < p < c0. Then F(p, q, &) € F(q, q, «) = FL. It remains to show that
the inclusion from F(p, g, a) into F{ is proper. Otherwise, as above, we assume that

pS |w|i_% — 0as|w| — oo (since g > p).
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(3.4) holds by contradiction. If g < p < oo, then using (3.5), for |w| > 1, we get
1
o) ar2 a
”Ka,pr,q,oc > (|W|_% [l ethlwlr*qTrl—%dr)q
w

1_1 b a(r— \W> i
q p([ e : dr) (sincel—q>0)
wl 2p

v

alw®

(3.9) e ? |w|
From this and (3.2), it follows that

| Kl p.g.0
HK%W ||‘Z:¢X

> |W|§’% — 00 as [w| > oo.

If g < p = oo, then Moo (K, 7) = eI, and hence,

1 1
ar? q afw® _ga(r—w)? q
HKa,wHoo,q,a:(f edevir=45- rdr) =e 7 ([ e 2 rdr)
0 0
1
alw]? ©  ga? q
2eT(f e 2(t+|w|)dt)
=|w|
aw)® © _gal ®© _gal? ¥ aw? 1
e ? (|w|/ e 2dt+f e 2tdt) 2e 2 |wli.
=lwl =[wl

Similarly as above, we obtain

K,
7H w0 > |w|i — 00 as [w| > oo.
1K el g,

Thus, we obtain a contradiction to (3.4). ]
Now, we come to the proof of Theorem 3.3.

The proof of Theorem 3.3 (a) Let « < . For f € FP by (3.3),

[f(2)] < Hf”p,ae# forall z € C.

Hence,

M(f.r) < |f]pae’™ forallr> 0.

If g < oo, then

llar= [~ MICF0e d)
Wl (5 ) 5 1l
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If g = oo, then

_(p-a)r?
|p.a supe” * = If
r>

_s?
[ lls.c0p = sup Ms(fsr)e™ = < | f P
r>

Therefore, 7% c F(s, g, B). As above, to prove properness of the inclusion, we assume
by contraction and by the open mapping theorem that there is a constant C > 0 such
that

(3.10) cf

sg.B < Hf”p,oc <C|f $,q,p for f € Stg-

Moreover, for p, g € (0, o0 ], we have

G1) 2"

n n
n\z . n\> .
[pa ™ (a) n¥ and ”Zn”%qﬁ = ||Z"||q’ﬁ ” () rhasn -

ep
where, here and below, we write % := 0 if p = oo for simplicity. Thus,
z" A
7” lsap ~|=] n2 % - 0asn— oo,
Izl \B

which is a contradiction to (3.10).
(b) The case 8 < « is divided into three subcases.

Subcase 1. Suppose that g < s. By Proposition 3.5 and part (a), we have
F(s,q,B) c 3"; c F% for p € (0, 00].

Subcase 2. Suppose that p < s < g. If g < oo, then
oo ar?
flhex [ MECFr)e S rar
0
< (M) (T

0

P

q

) 2 0 pg(p-a)r?
< ([ MI(f, r)e_%rdr) (f e 2ap rdr)
0 0

= Hf”f,q,ﬁ

a-r
q

If g = oo, then

* _par?
flax [ MEr)e" S rar

el 2 (—ot)r2
Sf (Mf(f,r)e_pﬂz )(e“}Z r)dr
0
© ppor?
Wy [T =11

Subcase 3. Let ¢ >s and p > s. By Subcase 2 and (3.1), F(s,q, 8) ¢ F5 c Fh. The
remaining arguments for the properness of the inclusion are similar to the above,
hence skipped. [ ]

Now, we come to the proof of Theorem 3.4.
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The proof of Theorem 3.4 (a) Lets < gand p < q. Then, by Proposition 3.5 and (3.1),
FLcTFLe (s, q, ).

(b) Lets < q < p. First, we assume that F5 ¢ F(s, g, a). As above, there is a constant
C > 0 such that

(3.12) [fls.q.0 < Clfllp.a for f € T5.
On the other hand, by (3.11), we get

2" Hs,q,oc 1_ L
———— ~ N2 2 > 00aS N —> 00,
[E2 P

Thus, we get a contradiction to (3.12), which implies that 7% ¢ F(s, g, «). Next, we
assume that (s, ¢, «) c FX. Then, there is a constant C > 0 such that

(3.13) 1f 1.0 < Cllflls.q.0 for f € F(s, g, ).
On the other hand, using (3.2) and (3.6)-(3.8), we get

H Ka,w Hs,q,cx
| Kl p.a

Thus, we get a contradiction to (3.13), which implies that F(s, g, &) ¢ F%.
(c) Let g < sand g < p. Then, by Proposition 3.5 and (3.1), we get

F(s,qa) S FL c TE.

— 0as |w| > oo.

(d) Let p < g < s. Similar to the proof of part (b), by contradiction, we assume that
FP c F(s, g, a), and hence, (3.12) holds. On the other hand, using (3.2) and (3.9), we
get

||K0t,WHS,q,Ot
——T~ > 00 as |w| - oo.

1Kl p.a
Thus, we get a contradiction to (3.12). Now, we assume that F(s, p, a) c F1 and hence
(3.13) holds. On the other hand, by (3.11), we get
|1z Hs,q,tx
Iz"]lp.a

which is a contradiction to (3.13). [

1 _ 1
~nz 2 —(0asn — oo,

4 Hadamard lacunary series

This section studies random Hadamard lacunary series in Fock spaces induced by a
more general sequence of random variables (X, ) u»0. Recall that a Hadamard lacunary

sequence is a subsequence (71 ) x> ¢ Nsuch thatinfy, "r’,‘;‘ > 1. The main result in this
section is the following.

Theorem 4.1 Let p,q,s,a, € (0,00), (nx)k>1 be a Hadamard lacunary sequence,
and (X,)nso a sequence of independent, identically distributed symmetric random
variables with finite variances.
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(a) For an entire function f(z)= Yo, arz"™, the series Rf(z) = Yo axXn, 2™
belongs to F (s, p, &) a.s. if and only if f € FE.

(b) Theseries Rf (z) belongs to F(s, q, B) a.s. for alacunary series f(z) = Yo, axz™ €
F% if and only if one of the following conditions holds:
(i) a<B;or
(ii) o =Pand q > p.

To proceed, we need to extend a result of Tung [35, Theorem (Summary)] from
pe[l,oo)tope(0,00).

Proposition 4.2 Let p,s, a € (0, 00), (ny)ks1 be a Hadamard lacunary sequence. For
an entire function f(z) = Yo axz", the following statements are equivalent:
(i) feTE
(i) feF(s,p,a); and
(iii)

£ P
2 _p,1
) nt ? <oo.
o

> gl (2
k=0 "

To prove this proposition, we need the following characterization of functions in
F(2, p, &) through their Taylor coefficients. In particular, the case p = 2 reduces to the
well-known characterization of functions in the Hilbert Fock space F2.

Lemma 4.3 Let p,a € (0,00) and f(z) = Yoy anz”" be an entire function.
(a) For0<p<2,
[eS) 1 % o | %
n! n! 3
Sl (2) 0 coo = FeTpa) = X lal () n¥ <o
n=0 ar n=0 ar

(b) For2 < p < oo,

P P
oo 12 oo 1\ :
Z|an|f’(n—’;) N1 <oo= feF(2,pa) = Z|an|P(%) n i1 < co.
n=0 « n=0 «

Proof (a) Let p € (0,2]. Using Stirling’s approximation, we get
%
o] s s oo _M
Hf”g,p,a = L (2}|an|272n) dApa(r) < 2)|an|P ‘/0 rnpp“re > dr
n= n=

np
< m s 2\ np
t2e 'dt = AP | — r(— 1)
Jy ¥ 2l (poc) 2"
)4

From this, the first implication follows, whereas the second one can be reduced from
Proposition 3.5 and [34, Theorem 4(i)].
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(b) Let p € [2, c0). Similarly as above, we have
0

) NP -
Hf“z,p,a = L (Z |an| r ") d/lpu(f’) > Z ‘an|P [ ran(xre = dr
n=0 n=0

i
[e o] ' 5
= Z |an|P ( nn)2 noi,
n=0 a

From this, the second implication follows, whereas the first one can be obtained from
Proposition 3.5 and [34, Theorem 4(ii)]. [ |

Proof of Proposition 4.2 From Khintchine’s inequality for lacunary series ([14,
Theorem 6.2.2, p. 114] or [36], [39]), it follows that M (f,r) ~ M, (f,r) fors € (0, c0),
which implies that f € F% if and only if f € F(2, p, &) or, equivalently, f € F(s, p, a).
In the rest of the proof, we consider s = 2. For p € [2, ), (ii) = (iii) by Lemma
4.3(b) and (iii) == (i) by [35, Theorem 2.4]. For p € (0, 2], (ii) follows from (iii) by
Lemma 4.3(a). It remains to prove (ii) == (iii). For f € F(2, p, a), we get

P
2

11 5= |, (Z|aj|2r2"f) Apa ()
j=0

> ail’r’™ | dly(r
> [ (B pe(1)

20
Mh+1

> «
> |al? ff— PP o (1)

where the last inequality is based on [35, Lemma 2.1]. [ ]

The proof of Theorem 4.1 (a) For a Hadamard lacunary series f(z) = Yoo axz™,
by Proposition 4.2, the series Rf(z) belongs to F(s, p, «) a.s. if and only if

P
ad nEl\z byt
> lakXn, [P (—k) nk4+2 < oo as.,
k=0 ak

which, by [15, Theorem 5, p. 33], is equivalent to

> ol (2
k=0 e

[o4

NI

pa
I e .
) n ' % <oo, ie, fedh,

where the last argument is based on Proposition 4.2 again.
(b) The sufficiency follows from part (a), (3.1), and Theorem 3.3. For the necessity,
we consider & = f and g < p first. We construct the following function:

o0 ank % 1_1
fo(z) =) axz™ with ay ::(n ') ng M, keN.
k=1 k-
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Then
q
nEl\z -4l &
Sl () i =T
=0 =1
and
>, 2 _py1 X4
(2 - e
k=0 k k=1

where the last inequality is based on the fact that (ny)x»; is @ Hadamard lacunary
sequence. From this and Proposition 4.2, it follows that f; € FP and fo ¢ FZ, and
hence, by part (a), R fo does not belong to F(s, g, «) a.s. Now, let f < «. Similarly as
above, we consider the function

0 Megy2 1_1
80(2) = ) bz with by := (/3 ) n, M, keN,
k=1 ny!

and get that the series Rfy ¢ F(s, ¢, 8) a.s. and fy € ffg, for ' > q, and hence f; € F2
by Theorem 3.3. ™

5 Random multipliers

In this section, we present a complete description of random multipliers between Fock
spaces; namely, we characterize the symbol space (M (F%, 3";))*, where M(J%, 3'7;)

denotes the space of multipliers from % to 3’2.

Theorem 5.1 Let p,q € (0,00] and a, 3 € (0, 00).

(a) Ifeither a > Bor a = B and q < p, then (M((fo’,?g))* ={0}.

(b) Ifa = Band p < q, then (M(F%, 3"2))* consists of only constant functions.
(c) Ifa<Band p < q, then (M(S"ﬁ,&"g))* = (FF )

(d) Ifa < Bandq< p < oo, then (M(S"f;,&”g))* = 3"(2, %, - oc).

(e) Ifa < fand g < p = oo, then (M(S"Z",”J"Z))* =5F(2,9,p - a).

The proof of this theorem follows from Theorems 2.6 and 5.2, which characterizes
the space M (J%, 3"2). This is clearly of independent interests. Recall that an entire
function ¢ is called a multiplier from F% to ?g, if ¢ f belongs to ?g for f e Fh. If
¢ e M(FE, S"g), then, by the closed graph theorem, the multiplication operator My :
f = ¢f is necessarily bounded.

Theorem 5.2 Let p,q € (0,00] and a, B € (0, 00).

(a) Ifeither a > B ora = B and q < p, then M(FE, ?Z) ={0}.

(b) Ifa = Band p < q, then M(FE, 3’7;) consists of only constant functions.
(c) Ifa < B and p < q, then M(?ﬁ,&"g) =33, and

[Mglgzg0 = [ 4lloo,p-a
B
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Pq
(d) Ifa < Band g < p < oo, then M(FE, F1) = F2* qnd
q p B f-a
| M, H'fg_>?§ = H‘ﬁ”%,ﬁ—m
(e) Ifa<Bandq< p=oo, then M(F,F1) =F1 and
q p a B o
Mylsz .t = [8]5-c

Proof Fix a nonzero function ¢ € M(J%, 3";). Then

Mg fllap < [Mpllrrsal flp.a for £ e Ih-

For each w € C, we consider the normalized reproducing kernel

thz—M
ka,w =e 2
of the Hilbert Fock space 7. Then, [Kka,u|p« =1 for pe(0,00]. By (3.3), for
z,weC,

-Blz2
[Moll52-50 2 [ Mokawlap > |9(2)kaw(2)le™

In particular, with w = z, we get

B-a)z?
(5.1) ()] < IMgl5pr0e

for z € C.

If a > B, then, by (5.1), ¢(2) — 0 as |z| — oo, that is, ¢(z) = 0 on C. If « = f3, then, by
(5.1), ¢(z) is a constant function. If g < p, then, by (3.1), S"g is a proper subspace of

F%, and hence M(F%, 3";) ={0}. Thus, (a) and (b) are proved.
(c) Let @ < B and p < q. Then, by (5.1),

M(FG, T5) € T and 9o, pa < | Mgllz 1.

On the other hand, for ¢ € 3’,‘;‘10(, using (3.1) and (3.3), we get

a8

Moflas= (L [lo@hlf@le* aae)’

qa

<19lesa (L [E@pe " dae))
= 9l p-al o 5 19lep-al T

Thus,

¢ € M(F5, T5) and | My 259 S Il co o
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(d) Letw < Band q < p < oo. Fixing a nonzero function ¢ € M(J%, &"Z),forf € Fh,
we get
).‘z

Molozag e > 1Mo flas = (22 [ 170

a(p-a)lz?
2

(L@ g 22 aam)’

([l tdugapaa)

a(p-a)lz?
2

where  dug g p-a(2) = [¢(2)|%e” dA(z). 'The last inequality means
that ug -« is a (p,q)-Fock Carleson measure [13, Section 3]. Then, by
[13, Theorem 3.3],

."‘%q,ﬁ—a(w) = /é |ka,W(z)|qu

For w,z € C, by (3.3),

_a(2) € L#3 (T, dA).

i) = [ k(@71 (2) e
> ke (2)[119(2)| 6"

a(p- w)\ 2

Thus, ig,q.p-a(2) 2 |¢(2)|%e” for z € C. Hence,

160 1 -0 = ( [ lo@IFse 55 dA(z)) 7

([ (are@) 7 aa@) " = ligagali, <o
L?-4(C,dA)

Pq
Therefore, ¢ € F é’:“a and, by [13, Theorem 3.3] again,

19122 5-a 5 6,05~ ALR S 1My lsps-

L?=4 (C,dA)

_pa
Conversely, fixing a nonzero function ¢ € ¥, for f € F%,

)l qu(z));

‘1

Mol = ( [ [f@e s
(=)l dA(z))

<( L@ PdA(z))( o
S 181 g ol £l

Thus, ¢ € M(I%, FF) and | Mg |50 5 9] 1 5o
« p-a’
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(e) Leta < fand g < p = oo. Fixing a nonzero function ¢ € M(F, 3";), similar to
part (d), for f € F°, we get

LT

Mooz g floe > Mo Sl = (£ [f0I1 " da@))"

a8

< [Ir@ipene ™ da)’
- (f(c|f(Z)|qd,1¢,q)ﬁ(z))§’

a8

where dAg g5 :=|¢(2)|%e” : dA(z). The last inequality means that Ag , is a
q-Carleson measure for F;° [1, Section 3.2]. Then

_a(-a)lz? aalz?
191250 = [ 191 FdAz) = [ ™ dhgap(2) < o,

where the last step is based on [1, Section 3.2.2]. Therefore, ¢ € EFg_a. Moreover,
following the arguments in the proof of [1, Theorem 1.2], we conclude that

Ipllg,p-a S Mg H'f;u'fg-

Conversely, fixing a nonzero function ¢ € ffg_a, for f € I, using (3.3), we get

1

qu(z))E

2
l2|

Mol = [ @] [pcore

<flle [ [p21e 2
$ 18]a.p-a1 1o

Thus, ¢ € M(FZ, Fg) and [My |l 551 S [$]g,p-a- m

q

DN
2

q

qu(z))

Remark 5.1 We end this paper with a remark on the definition of standard ran-
dom sequences. It is perhaps natural to wonder whether one can replace them by
more general sequences of i.i.d. random variables, which are centered (E(X) = 0),

symmetric (X 4 -X), and with finite second moment (E(X?) < o). This is perhaps
true, but not obvious to us. The obstacle lies in the Fernique theorem, which holds for
Gaussian vectors. For the Bernoulli and Rademacher cases, one has Kahane’s inequal-
ity to roughly the same effect. These two inequalities are needed, in particular, for
Proposition 2.3. Extending them to more general random sequences (in a meaningful
way) is a nontrivial task in probability. On the other hand, since there exist no other
obviously contending methods of randomization to the standard random sequences,
we are content with our choice so far. Another small extension, to complex Gaussian
variables, however, holds true easily for every result in this work by considering the
real and imaginary parts separately.
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