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Abstract

Let a random geometric graph be defined in the supercritical regime for the existence of
a unique infinite connected component in Euclidean space. Consider the first-passage
percolation model with independent and identically distributed random variables on
the random infinite connected component. We provide sufficient conditions for the exis-
tence of the asymptotic shape, and we show that the shape is a Euclidean ball. We give
some examples exhibiting the result for Bernoulli percolation and the Richardson model.
In the latter case we further show that it converges weakly to a nonstandard branching
process in the joint limit of large intensities and slow passage times.
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1. Introduction, main results, and examples

First-passage percolation (FPP) was initially introduced in [4] to study the spread of fluids
through a random medium. Since then, several variations of the percolation process have been
extensively investigated (see [1] for an overview of FPP on Z?) due to their considerable theo-
retical consequences and applications. An FPP determines a random metric space by assigning
random weights to the edges of a graph.

We consider the FPP model defined on a random geometric graph (RGG) in R? with d > 2.
Here, the RGG is defined as in [11] by setting the vertices to be given by a homogeneous

Received 20 January 2022; revision received 10 January 2023.

* Postal address: Center for Mathematics, Computation, and Cognition, Universidade Federal do ABC, Avenida dos
Estados, 5001 Bangu, Santo André, Sao Paulo, Brazil.

** Email address: cristian.coletti@ufabc.edu.br

*#* Email address: lucas.roberto@ufabc.edu.br

Rk Postal address: Weierstrass Institute for Applied Analysis and Stochastics, MohrenstraBe 39, 10117 Berlin,
Germany. Email: alexander.hinsen @wias-berlin.de

ki Postal address: Institut fiir Mathematische Stochastik, Technische Universitit Braunschweig, Universititsplatz
2, 38106 Braunschweig, Germany & Weierstrass Institute for Applied Analysis and Stochastics, MohrenstraSe 39,
10117 Berlin, Germany. Email: benedikt.jahnel @ tu-braunschweig.de

ekiokiox Postal address: Department of Statistics, University of Warwick, Coventry, CV4 7AL, United Kingdom. Email:
daniel.valesin@warwick.ac.uk

© The Author(s), 2023. Published by Cambridge University Press on behalf of Applied Probability Trust.

1367

https://doi.org/10.1017/jpr.2023.5 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.5
https://orcid.org/0000-0001-7116-430X
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jpr.2023.5&domain=pdf
https://doi.org/10.1017/jpr.2023.5

1368 C. F. COLETTI ET AL

Poisson point process (PPP) with intensity A > 0, and the edges are defined between any pair of
vertices that are within a Euclidean distance smaller than a fixed threshold » > 0. This random
graph is also known as the Poisson—Gilbert disk model. It is a graph associated to the Poisson—
Boolean model in continuum percolation, and it can also be seen as a particular case of the
random-connection model (see, for instance, [9]).

The properties and other details regarding the structure and definition of the process will be
given later in the text. We present here the basic definition in general terms. Let the parameters
(1, r) of the RGG be supercritical for the almost-sure existence of a random infinite connected
component H. Note that the infinite component  is unique almost surely, and we define the
FPP model on H with independent and identically distributed random variables on the joint
probability space (2, <7, P).

The aim of this paper is to investigate the P almost sure existence of the limiting shape of
the above-defined process. In fact, we show that, under some conditions, the random balls of
‘H converge [P almost surely (a.s.) to the deterministic shape of a Euclidean ball. The additional
conditions refer to the distribution of zero passage time on the edges and the at least linear
growth of the process.

The model will be formally defined in the next sections; we first give a simplified description
of the process to state the main result. Let ¢ be a random variable which defines the common
distribution of the independent and identically distributed passage times 7, along each edge
e E(H).

Set r.(1) > 0 to be the critical r for the existence of the infinite connected component H of
the RGG G, . Let By(x) stand for the open Euclidean ball of radius s > O centered at x € R4,
and denote by vy be volume of the unit ball in d-dimensional Euclidean space. Denote by H;
the random subset of R? of points for which their closest point in # is reached by the FPP
model up to time 7 > 0. We let Hy be the set of points that have the same closest point in H as
the origin. Here is our first main theorem.

Theorem 1.1. (Shape theorem for FPP on RGGs.) Let d > 2 and r > r¢(A). Consider the FPP
with i.i.d. random variables defined on the infinite connected component H of Gy . Suppose
that the following conditions are satisfied:

Al P(r =0) < 1/(vgréa).
Ay There exists n > 2d + 2 such that E[t"] < 4o00.

Then, there exists ¢ € (0, +00) such that, for all ¢€(0,1), P-as., (1—¢&)By(o)C
(1/n)H, € (1 + €)By(o) for sufficiently large n € N.

The existence of the limiting shape is particularly interesting because the RGG is a random
graph which exhibits unbounded holes and unbounded degrees. To avoid the possible extreme
effects of such pathologies on the growth of the process, we control the growth almost surely
by combining the conditions above with properties of the point process.

The interest in applications for this class of models has already been pointed out in [6],
which, in particular, suggests the theorem for the Richardson model on telecommunication
networks. The example is naturally associated with the contact process by stochastic domi-
nation as studied in [10, 14]. Another interesting application is a lower bound for the critical
probability of bond percolation on the RGG. The same lower bound can be obtained by other
methods (e.g. branching processes); however, it shows in comparison how good and suitable
condition Aj is.
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FIGURE 1. Simulation of the open clusters for a bond percolation model on a two-dimensional RGG with
p < 1/(war®n).

It is worth pointing out that a bigger class of random geometric graphs was studied in [5]
where the graph distance was interpreted as an FPP model. This suggests that the class of
RGGs could also be expanded in our case. We chose to focus our attention on the standard
definition in this work due to the usage of intermediate results presented in the next section.

Before we state our second main result, let us present some examples.

Example 1.1. (Bond percolation.) We define bond percolation by considering the clusters of
the Bernoulli FPP only at time zero; see Fig. 1 for an illustration. For this, let us call e € E(H)
an open edge when t, = 0. Set 7, ~ Ber (1 — p) independently for every e € E(H), and observe
that condition A, is immediately satisfied.

Then, the open clusters are maximally connected components defined by sites with passage
time zero between them. Let us define the critical probability p. for the bond percolation on
the d-dimensional RGG by

pe:= inf{p € [0, 1] : P(there exists an infinite open cluster in ) > 0, t, ~ Ber (1 — p)}.

Note that, by Theorem 1.1, the case p < 1/ (vdrdk) implies the existence of the limiting
shape. Thus, an immediate consequence of the theorem is the lower bound for the critical
probability p. > 1/ (vdrdk), and for p = 0 we recover H. We observe that the same lower bound
can also be obtained by exploration methods.

Example 1.2. (Richardson’s growth model.) Consider the interacting particle system known
as the Richardson model defined on the infinite connected component H of the RGG with
parameter Ay > 0. It is a random growth process based on a model introduced in [15] and
illustrated in Fig. 2. It is commonly referred to as a model for the spread of an infection or for
the growth of a population.
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FIGURE 2. Simulation of the spread of an infection given by the Richardson model on a bidimensional
RGG.

At each time >0, a site of H is in either of two states, healthy (vacant) or infected
(occupied). Let & : V(H) — {0, 1} indicate the state of the sites at time ¢, assigning the values
0 and 1 for the healthy and infected states, respectively. The process evolves as follows:

e A healthy particle becomes infected at rate Ap Zy~x & ().
e An infected particle remains infected forever.

It is easily seen that the process is determined by FPP with edge passage times t, ~
Exp(A1) independently for each e € E(H). In particular, this version of the Richardson model
conventionally stochastically dominates the basic contact process.

Conditions Aj and A are straightforward since P(t =0)=0< 1/ (vdrd)») and since
Elexp(at)] < 400 for o € (0, A1). Hence, Theorem 1.1 is valid for the Richardson model on
‘H for any supercritical » > rc(}).

Futhermore, it is immediate to see that Theorem 1.1 still holds for any initial configuration
7 CRY of infected particles whenever Z C By(0) for some s’ > 0. In that case, we simply
replace H; by H- := | .z H;.

Our second main result concerns the asymptotic behavior of the Richardson model in the
limit as « diverges to infinity in o) and A;/«. In words, we consider a coupled limit of high
densities and slow infection rates.
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Indicating the parameters explicitly now, we write 7—[?")‘1 for the set of points in H reached
by the FPP model up to time ¢ > 0. As before, Hé"kl is the closest point in H to the origin, with
’H();’)" = (J if there is no infinite component.

The limiting process is a branching process (7;)”’) defined as follows. At time zero,

>0
the process has a node only at the origin, i.e. 76)"M = 0. Then, iteratively, each node X; € R?
of the process produces offspring independently according to a Poisson process in time with
intensity vgr?AA1, and the offspring are placed independently and uniformly within B,(X;). We
note that this process has similarities with the growth process as presented in [2]. Our second
main result follows.

Theorem 1.2. (Time—space rescaling for Richardson models.) Let d > 2. For the Richardson
model with parameters r, A, and Ay, where r > rc(X), we have (H‘,X)”’A]/Q)PO — (7;)")“)t>0
weakly with respect to the Skorokhod topology based on the weak topology, as a tends to
infinity.

More details regarding the topologies involved in the above convergence are given in
Section 4.

The rest of the manuscript is organized as follows. In Section 2 we have compiled some
basic facts about RGGs and show results on the asymptotic behavior of the infinite component
‘H. The FPP model is defined in detail in Section 3, where we also present the proof of Theorem
1.1. Finally, in Section 4 we present the proof of Theorem 1.2.

2. On the random geometric graph

In this section we present the definition and parameters for an RGG, and the existence of
the infinite connected component. We also present some results about its geometry in order to
study the asymptotic shape in the next section.

Let P; be the random set of points determined by the homogeneous PPP on R? with
intensity A > 0. The RGG G, , = (V, E) on R? is defined by

V="P, E:{{u,v}gv:||u—v||<r,u;év},

where || - || is the Euclidean norm. Since A~'/4P;, ~ Py, we may regard X as fixed due to the
homogeneity of the norm. We write G, := G; , and P =P;. Set (E, .%, u) to be the probabil-
ity space induced by the construction of P. Let us now introduce the group action ¢ : RY ~
determined by the spatial translation as a shift operator. That is, Po ¥, ={v—z:veP}.
The following lemma is a classical result on PPPs, which can be found, for example, in [9,
Proposition 2.6].

Lemma 2.1. The homogeneous PPP is mixing on (8, %, u, 9).

Remark 2.1. Let S : R — R? be an isometry. Then, it is known that S induces a j-preserving
ergodic function o : E — & where S[P]=Poo.

We are interested in studying the spread of an infection on an infinite connected component
of G,. Itis a well-known fact from continuum percolation theory (see [9] or [11, Chapter 10] for
details) that, for all d > 2, there exists a critical r > 0 such that G, has an infinite component
‘H p-a.s. for all r > r.. Moreover, H is p-a.s. unique. Since H is a subgraph of G,, we denote
by V(H) and E(H) its sets of vertices and edges, respectively.
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From now on, we write (£’, %, ) for the probability space of the PPP conditioned on the
existence of H when r > rc. It suffices for our purposes to know that r, > 1/ vg'/4, where vy
denotes the volume of the unit ball in the d-dimensional Euclidean space. Indeed, improved
lower and upper bounds can be found in [17], and r. approximates to 1/ vg'/? from above as
d— +o0.

Let us write 0, := w(B,(0) N V(H) # @) and denote the cardinality of a set by | - |.

Proposition 2.1. (Weaker version of [12, Theorem 1].) Let d >2, r > r., and ¢ € (0, 1/2).
Then, there exist ¢ > 0 and so > 0 such that, for all s > s,

_ d
M((l e, < [VH)N [ ;/2, s/29 _ 1 +8)9r> > 1~ exp (—es® ™).
S

As a consequence of the last result, we present the following lemma without proof (see [18,
Lemma 3.3]).

Lemma 2.2. Let r > r.. Then there exist C, C' > 0 such that, for each x € R4 and all s > 0,
w(Bs(x) NV(H) =) < Cexp (—C's™1).

Let P(x, y) denote the set of self-avoiding paths from x to y in . The simple length of a
path y = (x =x0, X1, . . ., Xy =y) € P(x, y) is denoted by |y | = m.

Write D(x, y) for the H-distance between x,y € V(H) given by D(x, y)=inf{|y|:y €
P(x, y)}.

Let x € RY; then we define g : R? — V(H) by

g(x) := argmin{|ly — x|/}, 2.1
yeV(H)

the closest point to x in the infinity cluster. Observe from (2.1) that ¢ may be multivalued
for some x € R?. In that case, we assume that g(x) is uniquely defined by an arbitrarily fixed
outcome of (2.1). Hence, ¢ induces a Voronoi partition of R with respect to H; see Fig. 3 for
an illustration.

We now extend the domain of the H-distance by defining D(x, y) := D(gq(x), g¢(y)) for
every x, y € RY. The following proposition can be immediately adapted from the proof of [18,
Theorem 2.2] by applying properties of Palm calculus and Lemma 2.2

Proposition 2.2. (Adapted from [18, Theorem 2.2].) Let d > 2 and r > r.. Then there exists
pr > 0 depending on r such that, u-a.s. for all x € R%,

D(x, y)
im ——==p,
Iylt+oo [ly — x|
The constant p, is called the stretch factor of H. Observe that p, > 1/r. Due to the subad-
ditivity of the H-distance, we can easily see that £, [D(o, z)] with ||z|| =1 is an upper bound

for p,.
We have the following result about the tail behavior of D(o, z).

Lemma 2.3. Let d > 2 and r > r.. Then there exist ci, co >0 and B’ > 1 such that, for all
x€R? and every t > B'||x||, w(D(o, x) > 1) < c1 exp (—cat).

Proof. Let us write u, ,, for the Palm measure u * §, * §,, for any given v, w € R4. Set D to
be the simple G,-distance. In what follows, v «~+ w represents the existence of a path between
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FIGURE 3. A random geometric graph on R? with the Voronoi partition generated by the infinite
connected component # (in blue).

v and w in G,. It is clear that D(v, w) = D(v, w) whenever v, w € V(). By [18, Lemma 3.4],
there exist ¢1, ¢, > 0 and 8’ > 1 such that

,uv,w(v s wandD(v, w) > t) <cjexp(—cat) 2.2)

for all # > B’||lv — w||/2. Consider now B,(z) := B,(z) NP. We apply Lemma 2.2, (2.2), and
Campbell’s theorem to obtain that there exist C, C’ > 0 such that

(Do, x) = 1) < ullg()ll = t/2B") + n(llg) — x|l = 1/(28")

+u U {v e wand D(v, w) > 1}
veB,/(zﬁ/)(o), weB,/(zﬁ/)(x)
2

’ / _ Vg 24 _
<2Cexp(—C't/2B8"))+ 1 Zﬁt exp (—cat)

for all £ > B’||x||. We conclude the proof by choosing suitable cy, ¢; > 0. O

Next, let us define, for every x € R?, the quantity Wy = {self-avoiding paths of length # in
G, starting at x} and note that, using [6, Theorem 4.6.11]), we have E, [|W;|] = (vde)".

Consider now |W,‘,1(0) |, the number of self-avoiding paths in H starting at g(0). We apply the
previous result to prove the following lemma.

Lemma 2.4. Let d > 2, r > r., and k > 1. Then we have, i-a.s. for sufficiently large n € N,
|Wf,1(o)‘ < (kvgréy™.
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Proof. Let neN and define the events A, := {|Wg(0)| > (kvgr?)"}. Recall the notation
B,(0) := B, (o) NP. Then

Ang( U W= tevar™)”, llgol <n}> U {llg(o)ll = n}.
veB, (o)

Hence, by Markov’s inequality, for any given x € R?,
w(IWl = (evar™)") < Eu[IWy1]/Gevar®y = 176",
Thus, by Lemma 2.2 and Campbell’s theorem, there exist C, C’ > 0 such that

R d /o d—1
Zu(An><wZ +c2 i
and thus an application of the Borel-Cantelli lemma completes the proof. t

3. First-passage percolation

We proceed to formally define our process. Let {7.}.cg be a family of independent and
identically distributed random variables taking values in the time set [0, +00). We say that 7,
is the passage time of the edge e € E(H).

Set (2, <7 P) to be the joint probability space associated with the construction of the ran-
dom geometric graph G, and the independent assignment of the random passage times {7, }ecE-
The joint probability space can be constructed as a product space and we will write E = Ep for
short.

Given any path y = (x, x1, ..., X, y) € P(x, y) forx, y € V(H), we write e € y for an edge
e € E(H) between a pair of consecutive vertices of y. We denote the passage time of the path
y by T(y):=>_ cey Te- The passage time between x, y € R? is then defined by the random
variable T'(x, y) := mf{T(y) : y € P(q(x), q(y))}. In fact, we see later that T(x, y) is a random
pseudo-metric when associated with a group action. To avoid cumbersome notation, we set
T(x):= T(o, x) for all x € R4.

Using these definitions, we have H;:= {x € RY: T(x) < t} for the set of Voronoi cells
induced by H reached up to time ¢ with the FPP starting in g(0).

Next, consider ¢ : R? ~ € to be an extension of the group action introduced in Section 2
such that 9, will induce 7 y) = T{x—;,y—} independently in the product space. It is easily seen
that ¢ inherits the ergodic property of the previously defined group action and that Remark 2.1
still holds for actions on €2 associated with isometries by extending them in the same fashion.
Then, we observe that T'(x, x + y) = T(y) o Uy, and that the subadditivity

T(x+y) =Tx)+T(y) o Yy, (3.1)

for all x, y € RY, is straightforward.
We have the following lemma.

Lemma 3.1. Let d > 2, r > re, and P(t = 0) < 1/(vgr?). Then there exists a > 0 depending on
r such that, for all x € R%, a||x|| < E[T(x)].

Proof. 1t suffices to prove this statement for large ||x|| as, due to the subadditivity (3.1) and
stationarity of T'(nx, (n 4+ 1)x) for all n € N, we have

E[T(mx)]/llmx|| < Y BIT( — 1)x, ix)]/[lmx]| = E[T()]/|1x].

i=1
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Define the event A}C = {max{||g(0)|l, llg(x) — x||} < ||x||/4}. In order to simplify the notation,
let us abbreviate m, = [||x||/(2r)]. Note that on A, every path y € 2(q(0), g(x)) has |y| > my
and therefore includes a subpath of length at least m,. Consequently, for any 7 > 0,

P({T(x)gt}ﬁAi):P(! inf T(y)ft}ﬂAi)f]P’( inf T(y)ft).
ye (q(o), q(x)) Y€ Wﬁn(;)

In order to proceed, we first observe that, using Chernoff’s bound for the binomial
distribution with X ~ Binomial(n, p), we have

1— _
P(X < cn) <exp <—n<c log < + (1 —c)log 1 c)) = (p—c(l —p) 179 (1 — c)(l—C)) "
p 4

where for ¢ — 0 the base converges to (1 — p)~!. Also, because of the right continuity of the
cumulative distribution function associated to t, there exist ¥ > 1 and § > 0 such that P(t <
8 <1/ (/c vdrd). Further, consider a random variable X’ ~ Binomial(n, P(t > §)) with respect
to P.

Note that T > §1{r > §}, and therefore on any self-avoiding path of length |y | = n the sum
of n i.i.d. copies of = stochastically dominates §X’.

Therefore, there exists ¢ > 0 and " > 1 such that, for all n € N and |y| = n,

B(T(y) < en) <PX' > cn/8) < ('var®) ™"

Fix 1 <«” < «’ and define A2 := {|WiA”| < («"vgr?)"™} and A, := Al N A2. Then, we have

ye W,‘{,(;)

P (T(x) <cmy) < ]P)((Ax)c) + IP)(A)c N { inf T(y)< me})

sP((Ax>°>+E[1A, > 1{T(y>5cmx}]

yewn
<P((A)) + (k" var®)™ - (c'var®) ™™,

where P((A,)¢) can be made arbitrarily small by choosing ||x| large enough via Lemmas 2.2
and 2.4. As k" <«’, the exponent in the second summand is negative and dominates the
polynomial term for large x. Therefore, there is a k such that, for all x e R? with x| >
k, P(T(x) <cmy) < % Setting a=c/4r we arrive at the statement al|lx| <E[T(x)] when
[Ix]| > k. O

Remark 3.1. Observe that E[T'(x)] < E[D(o, x)]E[t] due to the subadditivity and Fubini’s the-
orem. Moreover, condition A, implies that E[t] < 4-00. We can easily see from Proposition 2.2
and the L! convergence given by Kingman’s subadditive ergodic theorem [8] applied to the
H-distance, that, for all x € RY,
b:= p,/E[t] > lim sup E[T(nx)]/|nx||.
nt+o00

Denote by P¢ the quenched probability of the propagation model given a realization § € &’

The following lemma ensures the at least linear growth of the passage times.

Lemma 3.2. Letd > 2, r > r., and assume that condition Ay holds. Then there exist determinis-
tic B> 0 and x > 1 such that, for every x, y € R¢ and for each & € &/, Pe(T(x,y) >0 < ~d+9
forallt> BD(x, y).
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Proof. Let y € P(x, y)(§) be a geodesic given by the H-distance. Then, by Markov’s
inequality, for # > E[t]D(x, y) and n from condition A,

Ee[(Xee, (te —ElTD)"]
(t—E[t]D@, y)"

Pe(T(x,y) 2t) <Pe(T(y) =0 < (3.2)
Rosenthal’s inequality [16] states that, if Y1, . . ., ¥, are independent random variables with
mean zero and finite moment of order p > 2, then

n P n n p/2
E[(ZK) }scp'max{ZEHYI-V’];(ZE[(Y»Q]) }
i=1 i=1

i=1

where C, > 0 is a constant that depends only on p. Since condition A, holds and (7, — E[t.])
are identically distributed for all e € y, this yields

n
E¢ [( PR E[r])) } < D@, )2, (33)

ecy

where C is now a constant that depends both on 7 and on the distribution of the random
variables.

In the case ¢ > 2[E[7] D(x, y) we have t — E[t] D(x, y) > #/2. Using this and (3.3), the right-
hand side of (3.2) is smaller than 27CD(x, y)"/?+~". If we also have r > 4C?/"D(x, y), this is
smaller than ~/2. We have thus proved that Ps(T'(x, y) > t) < @+ forall £ > BD(x, y), with
B:= max{2E[r],4C%"} and k := n/2 —d > 1. O

Before proving our first main theorem, we state and prove the following result. It is an
annealed version of the at least linear growth from the lemma above in all directions.

Lemma 3.3. Let d > 2 and r > r.. Consider the i.i.d. FPP on the RGG satisfying condition A;.
Then, there exist constants §, C > 0 and k > 1 such that, for all t > 0 and all x € Rd,

YEBs1(x)

IE”( sup T(x,y)> t) <Cr*.

Proof. Due to the translation invariance it suffices to prove the lemma for x=0. Let
§=(B'B)~" with g’ and B from Lemmas 2.3 and 3.2. Set c; > 0 to be such that Brs(0) €
[—ca/2, cd/Z]d, and write Cy4 := 260,c4 with 6, > 0 from Proposition 2.1. Let us now define
the following events:

G:

{9(0) € B5:(0)} N {Bs2(0) N V(H)| < Cq - 11},

Gy

{ sup D(o,y) < t/,B] NGy,
Iyl <st

Gz = sup T(o,y) >ty NG NGy.
Iyl <st

]P’( sup T(o0,y) > t) <P(G3)+P(GS) + P(G5), (3.4)
Y€Bs(0)
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where the last two summands decrease exponentially in # due to Proposition 2.1 and Lemmas
2.2 and 2.3. By Lemma 3.2, there exists k > 1 such that

P(G3) < IE|:1{§ €GN G2}P$< sup T(y) > t)} < Cat? /1%,

Iyl <dr

Combining this with (3.4), the desired bound is obtained by choosing a suitable C > 0. O

After this preparatory work, we now proceed to prove Theorem 1.1. The methods are closely
related to standard techniques for shape theorems which can be found in [7], for instance.

Proof of Theorem 1.1. We begin by verifying properties of T(nx). Note that, for every x € R?,
E[T(x)] < +o00 by Lemmas 2.3 and 3.2. Recall that the process is mixing on (2, <7, P, §) by
Lemma 2.1. Then, by the subadditivity (3.1), we apply Kingman’s subadditive ergodic theorem
to obtain that, P-a.s. for all x € R4,

. T(nx)
lim
nt+o00

=¢(x), (3.5)

where ¢ : RY — [0, 4+-00) is a homogeneous and subadditive function given by

b0 = inf LOIT_y, ELTO0L

n>1 n nt+oo n

Since the process is rotation invariant, there exists a constant ¢ (the time constant) such that
¢x) = (p_l |lx|| for all x € R?. In fact, from Lemma 3.1 and Remark 3.1,

1

O<a<¢  <b=pE[r] <+o0.

Let us now prove the P almost sure asymptotic equivalence

o) _1

im =—. 3.6)
I¥It+oo llyll @

For the approach from below, we prove the equivalent statement that, for every € € (0, 1),
T T 1
lim sup sup Q = lim sup sup Q < - P —as.,
sPHoo Ivi<(l—e)s § meN,mt+oo \ |yll<(l—e)m M ¢

where the first equation holds as [s]/s converges to 1. Fix € € (0, 1) and let § be given
by Lemma 3.3. Due to compactness, there exists a finite cover of open balls with centers
Oiie(l....ny S RY with [ly;]| < 1 — € such that

Bi_< | BsesapOi-

Furthermore, Bin(1-¢)(0) € U;eq
we obtain

n) Bmsej2¢)(my;) for every m € N. Applying Lemma 3.3,

.....

Z P sup T(my;, y) > me/(2¢) | < oo.
meN ly—myill<mde/(2¢)
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Therefore, by the Borel-Cantelli lemma,

: T(my;, y) €
lim sup sup — | < — P —as.
meN,mt+oo \ lImyi—yll<mse/2g) M 2¢

Applying (3.5) and subadditivity, we obtain

. Ty . T(o, my;) T(myi, y)
lim sup ——= <limsup| max ———+ sup —_—
mp+oo;yl<(1—eym M mt+oo \i€{l..n} m lmyi—yll<mse/2¢) M

sﬁlax lvill /o +€/2e)<1/¢ P—as.,
1S

where we used that ||y;|| <1 —e.

For the approach from above, define A;:= By(142¢)(0) \ Bi(1+¢)(0) and observe that it
suffices to prove

lim inf < inf ﬂ) P —a.s.
meN,mt+o00 \ yeA; m (p
for arbitrary but fixed € > 0, as for t > € and any x with ||x|| > #(1 4 2¢) there exists an x € A;
with T(x) < T(x).
Similar to the approach from below, fix € > 0 and § > 0 small enough that Lemma 3.3
holds. There exists a set of centers (yi)ie(1,...n} R? with |yl >1+¢€ such that A, C

Uiet.....n) Bse/2) (i), and hence

,,,,,

min ——— — sup

T
lim inf (inf ﬂ) > liminf ‘
iethony m Imyi—yl<mde/Qg) M

meN,mt+oo \ yeA,, m meN,mt+o00

( . T(o, my;) T(my;, y))

= r{nm Iyill /o —€/(2¢) > 1/,

which concludes the proof of the asymptotic equivalence in (3.6). The proof of the theo-
rem is now complete by standard arguments of the IP almost sure uniform convergence given
by (3.6). O

4. Proof of Theorem 1.2

Throughout this section, we fix r, A, and Aj.

We start by giving some details on the topologies involved in the statement of Theorem 1.2,
and introducing some notation.

Let M denote the space of measures of the form u = Zf: 1 8tzi)» where ke Ny and
s ...,z € R? are distinct. We endow this space with the weak topology, under which a
sequence [, converges to u if and only if f fdu, —— e f fdu for all f:RY — R that are
continuous and bounded. This topology is metrizable; see [13]. A sequence w, converges to
w= Z;‘:l 8(z in this topology if and only if the following two conditions are satisfied: first,
for n large enough, the total masses agree, i.e. ;L,,(]Rd) = M(]Rd) =k, and second, we can take
an enumeration (for n large enough) u, = Zf:l 8(z,.;} S0 that z, ; il z; for each i.

We let Dy be the space of all functions y : [0, c0) — M of the form

o0
y0)=> s <0)dpyy. >0,
k=0
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where zg,z1, ... € R? are distinct, O=sog<sy<sp<---,and s, oo 00. For y of this
form, we let ¢px(y) = 2, k > 0, and Y (y) = sk — sk—1, k > 1. We endow Dg with the Skorokhod
topology; see [3, Chapter 3]. Note that this gives rise to a topological subspace of the more
usual space D of cadlag functions; since the processes we are considering have constant-by-
parts trajectories, it is more natural for us to work on Dy than in D. By the definition of the
Skorokhod topology, it is easy to see that

v 2275 0 if and only if

D) 22F2 gy for all k> 0, Yi(yn) 2223 wi(y) forall k> 1. (4.1)

Now let A(y) = (¢o(y), ¢1(¥), ¥1(¥), ¢2(¥), Y2(y), . ..), ¥ € Do. Note that A is a one-to-
one mapping from Dy to A(Dy) C R? x (Rd x (0, oo))N . We endow A(Dg) with the product
topology (under which convergence means convergence in each coordinate, with respect to
the Euclidean topology). With this choice, by (4.1), A is a homeomorphism between Dy and
A(Do).

We now return to the processes (H?A’AI/ )= and (7,120 and note that, for any 7> 0,

?A’AI/ “ can be written as > .en Usi < 1}8(;,), where s; is the (random) time at which the point

z; is first reached in the FPP model. In particular, by Theorem 1.1, 7—[?)”’)"/ % € M and the same

holds for 7,1, Now, write Z  := ¢x(HZ"%)=0) and Z := (T )=0) for k > 0, and

note that Z, o = g(0) and Zy = 0. Also, write Ty 0=To:= 0, Ty := wk((’}-l?'\’k[/a)tzo), and
Ty := wk((ﬁ)"kl),zo), k > 1. With this notation, we can state the folllowing result.
Proposition 4.1. Let k€N, fy, ..., fi: RY - R, and g1y .-, 8k: (0, +00) = R; assume all
these functions are continuous with compact support. Then,

k k
E |:f0(Za,o) ]"[ﬁ@,»&(h,»} L foto) E[ ]"[ﬁ(zngi(n)}. (4.2)

i=1 i=1

We will prove this proposition later; for now, let us show how it implies Theorem 1.2.

Proof of Theorem 1.2. Proposition 4.1 and standard approximation arguments imply that,
for all £,

+
(Za.0s Za1s Tats -+ s Zaoks Tok) ——> (Zo, Z1, T, - - - Zie, Te)
in distribution. This implies that

o—+00
(ZD(,O’ Za,l, TO{,15 ZO[,Z» TO{,27 ... ) I (ZO’ Zlv T19 Z25 T2’ ... ) (43)
in distribution, because convergence in distribution in the infinite product topology is equiva-
lent to convergence of all finite-dimensional distributions. Given a function % : Dy — R that is
continuous and bounded, we have

E[h(( ;X)L’M/a)tzo)] = E[h(A_l (Z(X,Ov ZOl,l ) Tot,la Za,Z’ Ta,Z, ce ))]

IS BA(ATN (20, 21, T, 22, T, ) =E[R((TM),20) ]

where the convergence follows from (4.3) and the fact that 2 o A~ is continuous and bounded.

This proves that (H;"*/%) _, converges to (7,*"),_ in distribution. O
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In order to prove Proposition 4.1, it is important to have a more explicit description of the
expectations that appear in (4.2). To this end, let us give some definitions. Recall that P,
denotes a PPP on R? with intensity a; we assume that this is the point process that gives rise
to the infinite cluster in which the growth process (’H,?A’M/ *

of P, and a finite set S C Py, define

) >0 is defined. Given a realization

Na($):= Y |(Pur NBAO\S|= Y [{xeS:|x—yl <.

xes YePw\S

We now introduce probability kernels for each value of «; these encode the jump rates of
the dynamics of the growth process, conditioned on the realization of P,;. We start with the

temporal kernel
No ()AL ( No (A1 )
-exp | — -t ) dt,
o o

Lo(S, dt) :=

where S is any finite subset of Py, and L, (S, -) gives a measure on the Borel sets of (0, 00),
described above in terms of its density with respect to Lebesgue measure. Next, define the
spatial kernel

1
K, (S, A) = S g;\s {xeS:[lx—yll <7}l - 8y(A),

where S is any finite subset of Py, and A is a Borel subset of R4, so that KCo(S, -) gives a
probability measure on R?. Finally, define the kernel K, (S, d(x, 1)) := Ko(S, dx) ® Lo(S, d1),
i.e. Ky(S, ) is the measure on R? x (0, +00) that satisfies, for any continuous functions
f:R?— Randg: (0, +00) — R with compact support,

/ f)g®) Ky (S, d(x, 1) = / S Ko (S, dx) x / g(t) Lo(S, di).
R4 x (0, +00) R4 (0,+00)

Now, using the strong Markov property, we can write

k
E [fa(za,w Hﬁ(za,,»)gi(n,i)}

i=1

- E[fo(Q(O)) f Ka(lg()}, d(z1, 1)1 (1) ()
« / Ka(lg(0), 21}, d(z2, 2)fa(z2)gats) - -

X/Ka({Q(O)»Zl,---,Zk—1}7d(zk, tk))fk(Zk)gk(lk)] 4.4)

We now define the analogous kernels for the limiting growth process. The temporal kernel
is given by
LS, dt) := |S|vgrfany - exp (=IS|var?ang - 1) dt,

where § C R is finite, and again we obtain a measure on (0, co). Next, the spatial kernel is
given by
1
K(S, dy) := 1{yeB d
(S, dy) <|S|vdrd ers {v r(x)}> y
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for § € R finite. So K(S, -) is the probability measure on R? obtained from first choosing x € §
uniformly at random, and then choosing a point y € B,(x) uniformly at random. We again let
K(S, d(x, 1)) := K(S, dx) ® L(S, dr). Again by the Markov property, the equality in (4.4) holds
for the limiting process with respect to this kernel (that is, the same equality with g(o) replaced
by o and all as omitted).

The following is the essential ingredient in the proof of Proposition 4.1.

Lemma 4.1. Let f : R? — Rand g : (0, +00) — R be continuous with compact support, k € N,
and ¢ > 0. There exists ag > 0 such that, for any « > ag, we have that, with probability larger
than 1 — g, Py, satisfies the following. For any set S C By-(0) NPy, with |S| <k,

f JFx)g(r) Ko (S, d(x, t))—/ J)g®) K(S, d(x, n)| <e.
R¢ R¢

We postpone the proof of this lemma; it will immediately follow from Lemmas 4.3 and
4.4 below, which separately treat the spatial and temporal kernels. For now, let us show how
Lemma 4.1 implies Proposition 4.1.

Proof of Proposition 4.1. We abbreviate

[Kaf81(S) := / F()g®) Ko (S, d(x, 1)),
R4 % (0,+00)
and also Sy k := {Zw.0, Za.1, - - - » Za.k}> k € Np; similarly when « is absent.

We proceed by induction on ke Ny We interpret the case k=0 to mean that

Elfo(Za.0)] e f0(0), which holds because Z, o = g(0) converges in probability to o as
o — 400, as is easily seen. Now assume that the statement has been proved for k — 1 > 0, and
take functions f1, . .., fkx, &1, - - - » &k as in the statement. It is convenient to add and subtract as
follows (for k = 1, we interpret ]_[?=1 as being equal to one):

k—1
E[fo(za,o) Hﬁ@»&(h,»]

i=1

k-1
= IE[fo(Zoz,o) [ [/iZa.gi(Tai)- [Kocfkgk](Sa,k)j|

i=1

k—1
= E[ Hfi(za,i)gi(Toz,i) ([Kafk8k1(Se k) £ [kagk](sot,k)):|-
i=1
Noting that the function that maps (zo, z1, t1, - - - , Zk—1, fk—1) into
k—1

folzo) [ [ izgit - [Kfigd(z0, 21, - - 21 )
i=1

is continuous, the induction hypothesis and the definition of weak convergence give

k—1
E|:f0(Za,0) Hﬁ(za,»gi(Ta,»[kagkksa,k)}

i=1

k—1 k
IR E [fo(Zo) Hﬁ(zi>gi(T,->[kagk](Sk>} = E[fo(Zo) Hﬁ(zl-)g,-(T,-)}.

i=1 i=1
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Next, we bound

k=1
IE3|:f0(Zo4,0) [ [/iZa.008i(Teri) - 11K i@k (S ) — [kagk](Sa,k)l]

i=1
k
< (igagl (Wflloe v ||gi||oo)) - Bl [Kafigi](Sat) = [Kfige) Sa) 11

By Lemma 4.1, the right-hand side converges to zero as o — oo. This completes the
proof. O

It remains to prove Lemma 4.1. To do so, let us now introduce some more notation. For
each § > 0, we define the collection of cubes Cs := {8z + [—8/2, §/2) : z € Z4}. Additionally,
given ¢ > 0, £ € N, and é > 0, we define the event (involving the set P, , but not the passage
times)

[Par N O

REG, (¢, 8) 1= H YT

- 1' < § for all Q € Cs with Q ng(o)}.
By the law of large numbers we have

aEToo P(REG, (¢, 8)) = 1. 4.5)
Lemma 4.2. For any ¢ > 0 and k € N there exists §1 = §1(¢, k) such that the following holds

for § €(0, §1). For any £ > r, if o is large enough and the event REGy(£ + 1, §) occurs, then,
for any S C Py N By—,(0) with |S| <k,

Z Z |(Par. N QN B ()\S|

A
xeS QeCs o

- /Q Ully— ]l < dy| <e. 4.6)

Proof. It is not hard to see that we can choose 8’ > 0 so that, for any § < &,

4 sup Z 1{Q N 8B.(x) # &} <3 4.7

XER QGC(S

where dB,(x) := {y € R?: |x — y|| = r}. Next, we let §; := min(8’, &/2vqr?).
Now, assume that § <§; and that REG, (£ + 1, §) occurs. Fix S C Py N By (0) with
|S| <k, and also fix x € S. For each Q € Cs define

Por N O N B ())\S
£(0) = "( 2N QN BN —/ Uy —xll < 1} dy).
Ol)x 0
If Q N 9B(x) # & we bound
E(Q) < ——= 'P‘“ a < (1468)8+59=2+68)5¢

by the triangle inequality and the definition of REG (¢, §). If Q C B,(x) with QN 9B, (x) =

we have
|Pax. N O N B(x)] _ [Par N O c ((

- 1—8)89, (1 +8)89),
oy " )84, (1+ 8)87)
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so we bound &.(Q) < (k/ar) + 8 - 8¢ < 289! (the factor k/aA is there to account for the pos-
sibility that Q contains some points of S; the second inequality holds if « is large enough that
k/(aA) < 84t1) Now, also using (4.7), the left-hand side of (4.6) is at most

I OEDD ((2+8)8d 3 1{QN 3B, (x) # @) + 25+ d”d>

xeS QeCs x€S QeCs
<k Q2+ 8)e 2d+1vdrd .
3k 8d
If 6 is small enough, the right-hand side is smaller than ¢, completing the proof. U

Lemma 4.3. Let f : R? — R be continuous with compact support, k €N, and & > 0. There
exists ag > 0 such that, for any o > g, with probability larger than 1 — g, Py, satisfies the
following. For any set S C By,(0) NPy with |S| <k,

<Eé&.

‘/ J ) Ka(S, dX)—/ J ) K(S, dx)
R4 R4

Proof. Fix f, k, and ¢ as in the statement of the lemma. Since f is continuous with compact
support, it is easy to see that we can choose a constant §p small enough that, for any § € (0, &),

Sup, f]Rd fdu — fRd fdu” | < &, where the supremum is taken over all pairs of probability
measures 1/, 1/’ on Borel sets of R? with
> IW©@ - 1" Q) <s. (4.8)
0¢eCs

Next, let ¢’ := 80vdrd/2, and choose the constant §; = §;(¢’, k) as in Lemma 4.2.

Letting ¢ be large enough that the support of f is contained in By(0), assume that the event
REGy (£ + rk+ 1, 81) occurs, and let S € B,«(0) N Py, be a set with at most k points. Using
the triangle inequality and Lemma 4.2, we bound

‘N «). — |Sluar’ - K, Q)‘
0eCs,
Por N mB, S ,
=2 2 "( L0@ R / Yly—xl<rd|<e. @9
xeS QeCs, o
Using the fact that ZQ Kao(S, Q)= ZQ K(S, Q) = 1, this readily gives
Ny (S Na(S
a; ) \Slr| = ‘% > Ka(S, Q) = ISlvar? Y KIS, Q)‘
QeCs 0eCs
Ne (S) — ISJvart - K(S, Q)| < &'. (4.10)
QECal

Next, the triangle inequality gives, for any Q € Cs,

No(S
Ka(S. 0)— KIS, Q)] < (‘m var — ai)'-ms,@

Na(S)
+ oA

|S|va

Ka(S, Q) — ISlvar? - K(S, Q)D-
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Combining this with (4.9) and (4.10), we obtain

!/ /

€ 2¢
Y KaS Q=K. 0= o5 3 KalS Q) +1) =25 =4
QEC(SI Q€C5I

This shows that /Cy (S, -) and /C(S, -) are close enough in the sense that (4.8) is satisfied. The
proof is now completed using (4.5). O

The following lemma is proved in a similar manner to Lemma 4.3, only simpler, so we omit
the details.

Lemma 4.4. Let g: (0, +00) —> R be continuous with compact support, k€N, and ¢ > 0.
There exists oy > 0 such that, for any a > o, with probability larger than 1 — ¢, Py, satisfies
the following. For any set S C Byr(0) N Py with |S| <k,

‘ / g(t) Lo(S, df) — / g(1) LGS, dn)| < e.
(0,4-00) (0,4-00)
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