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Logan’s problem for Jacobi transforms

Dmitry Gorbachev®, Valerii Ivanov, and Sergey Tikhonov

Abstract. We consider direct and inverse Jacobi transforms with measures
du(t) = 2% (sinh £)2**! (cosh t)*! d¢
and
20T (a0 +1)T(i1) |—z ar
T((p+id)/2)T((p +iA)/2-B)

respectively. We solve the following generalized Logan problem: to find the infimum

do(1) = (2m)7|

inf A((-1)™7'f), meN,

where A(f) =sup{A>0:f(1) >0} and the infimum is taken over all nontrivial even entire
functions f of exponential type that are Jacobi transforms of positive measures with supports
on an interval. Here, if m > 2, then we additionally assume that [° A2*f(1) do (1) =0 for k =
0,...,m—2.

We prove that admissible functions for this problem are positive-definite with respect to the
inverse Jacobi transform. The solution of Logan’s problem was known only when « = = —1/2. We
find a unique (up to multiplication by a positive constant) extremizer f,,. The corresponding Logan
problem for the Fourier transform on the hyperboloid H is also solved. Using the properties of the
extremizer f,, allows us to give an upper estimate of the length of a minimal interval containing not
less than n zeros of positive definite functions. Finally, we show that the Jacobi functions form the
Chebyshev systems.

1 Introduction

In this paper, we continue the discussion of the generalized Logan problem for entire
functions of exponential type, that are, functions represented as compactly supported
integral transforms. In [13], we investigated this problem for the Fourier, Hankel, and
Dunkl transforms. Here, we consider the new case of the Jacobi transform, which is
closely related to the harmonic analysis on the real hyperbolic spaces [25].

The one-dimensional Logan problem first appeared as a problem in the number
theory [22]. Its multidimensional analogs (see, e.g., [26]) are also connected to the
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Fourier-analytical method used by Selberg to prove a sharp form of Linnik’s large
sieve inequality. Considering various classes of admissible functions in the multivari-
ate Logan’s problem gives rise to the so-called Delsarte extremal problems, which
have numerous applications to discrete mathematics and metric geometry (see the
discussion in [13]). At present, Logan’s and Delsarte’s problems can be considered as
an important part of uncertainty type extremal problems, where conditions both on a
function and its Fourier transform are imposed [6, 11, 12] (see also [3, 4, 17]).

Typically, the main object in such questions is the classical Fourier transform in
Euclidean space. However, similar questions in other symmetric spaces, especially in
hyperbolic spaces, are of great interest (see, e.g., [7, 16]). Harmonic analysis in these
cases is built with the help of the Fourier-Jacobi transform (see [19, 25]). A particular
case of the Jacobi transform is the well-known Mehler-Fock transform [27].

We would like to stress that since the classes of admissible functions and corre-
sponding functionals in the multidimensional Logan’s problem (see Problem E for
hyperboloid in Section 5) are invariant under the group of motions, the problem
reduces to the case of radial functions. Thus, it is convenient to start with the one-
dimensional case (Problem D) and then find a solution in the whole generality.

Positive definiteness of the extremizer in the generalized Logan problem for the
Hankel transform (see Problem C) turns out to be crucial to obtain lower bounds
for energy in the Gaussian core model [5]. We will see that the extremizer in the
generalized Logan problem for the Jacobi transform is also positive definite (with
respect to Jacobi transform).

1.1 Historical background

Logan stated and proved [22, 23] the following two extremal problems for real-
valued positive definite bandlimited functions on R. Since such functions are even,
we consider these problems for functions on R, := [0, 00).

Problem A  Find the smallest A, > 0 such that
f(A) < 07 /\ > Al)

where f is entire function of exponential type at most 27 satisfying

(L) FL) = fo " costdv(e),  F(0) =1,

where v is a function of bounded variation, nondecreasing in some neighborhood of the
origin.

Logan showed that admissible functions are integrable, A; = 7/27, and the unique
extremizer is the positive definite function

_ cos*(TA)
SO = 2y

satisfying [, fi(1) dA = 0.
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Recall that a function f defined on R is positive definite if for any integer N

N
Z cicj f(xi—=x;)20, Ve,...,ecneC, Va,...,xneR.
ij=1

Let Cp (R, ) be the space of continuous bounded functions f on R, with norm || f e =
sup, |f|- For an even function f € C,(R,), by Bochner’s theorem, f is positive
definite if and only if

f(x) = fomcosktdv(t),

where v is a nondecreasing function of bounded variation (see, e.g., [8, 9.2.8]). In
particular, if f € L'(R, ), then its cosine Fourier transform is nonnegative.

Problem B Find the smallest A, > 0 such that
f(A)>0, A>1,,
where f is an integrable function satisfying (1.1) and having mean value zero.

It turns out that admissible functions are integrable with respect to the weight A2,
and A, = 37/27. Moreover, the unique extremizer is the positive definite function

cos?(7)
(1-22/(n/21)2)(1- 22/ (3n/21)2)’

satisfying [~ A2 f,(1) dA = 0.
Let m € N. Problems A and B can be considered as special cases of the generalized
m-Logan problem.

fz(/\) =

Problem C  Find the smallest A, > 0 such that
(-1)™ (L) <0, A> Ay,
where, for m =1, f satisfies (1.1) and, for m > 2, additionally
Fel'(R,, 2" d)), fow BEF)dA=0, k=0,....m-2.
If m = 1,2, we recover Problems A and B, respectively. We solved Problem C in [13].

It turns out that the unique extremizer is the positive definite function

cos?(71)
(1-A2/(n[21)?)(1- 22/ (B3n[27)?) - (1= A2/ ((2m —1)m[27)?)’

satisfying fi, € L'(Ry,A*""2d) and [, A*"2f,, (1) dA = 0.
Moreover, we have solved a more general version of the problem C when f is the
Hankel transform of a measure, that is,

= [T a), fo=1

fm(A) =
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where v is a function of bounded variation, nondecreasing in some neighborhood of
the origin, and for m > 2,

Fe L (R, A2m2073 g)), fm ARV AL =0, k=0,...,m-2.
0

Here, a > —1/2 and j,(t) = (2/t)*T(a +1)]4(t) is the normalized Bessel function.
The representation (1.1) then follows for o = —1/2. Note that j,(At) is the eigenfunc-
tion of the following Sturm-Liouville problem:

(M) () + A2y (1) =0, up(0) =1, u4(0)=0, t,AeR,.
1.2 m-Logan problem for the Jacobi transform

In this paper, we solve the analog of Problem C for the Jacobi transform with the kernel
¢, (t) being the eigenfunction of the Sturm-Liouville problem

(A1) + (A% + p*)A(t)ga (1) =0,
92(0) =1 ¢3(0) =0,
with the weight function given by

A(t) = AP (1) = 227 (sinh £)2** (cosh £) 2P+, teR,,

(1.2)

where
a>B>-1/2, p=a+f+1
The following representation for the Jacobi function is known

oa(t) = {*P (1) = F(% 4 2”;0( +1;—(sinh t)Z),
where F(a, b; c; z) is the Gauss hypergeometric function.

For the precise definitions of direct and inverse Jacobi transforms, see the next
section. In the case a = § = —1/2, we have A(t) = 1 and the Jacobi transform is reduced
to the cosine Fourier transform.

Set, for a real-valued continuous function f on R,

A(f) = A(f,Ry) = sup {1 > 0: f(A) >0}
(A(f)=0if f <0)and

Am(f) = A(-D)"S).

Consider the class £,,(7,R;), meN, 7>0, of real-valued even functions
f € Cy(R,) such that:
(1) f is the Jacobi transform of a measure

27
(13) ) = /0 or()dv(t), AeR,,
where v is a nontrivial function of bounded variation nondecreasing in some neigh-
borhood of the origin.
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(2) If m > 2, then, additionally, f € L'(R,, A*"~* d¢) and there holds

(1.4) fomAZkf()L)dU(/\)ZO, k=0,1,...,m-2,

where ¢ is the spectral measure of the Sturm-Liouville problem (1.2), that is,

(1.5) do(A) = da®P (1) =s(1) d]A,

where the spectral weight

‘ 27T (a + 1)T(iA) |
T((p+iM)[2)T((p+ir)/2-p)

This class £,,(7,R,) is not empty. In particular, we will show that it contains the

s(A) =s@@P (1) = (2n)”

function

(1.6) fm(A) = @2 (7)Fm (),
where

17) Fu()) = 21(1)

A=22/A¢ (1)) - (1= R2/A3,(7))

and 0 < A;(¢) <--- < A(¢) < - -+ are the positive zeros of ¢, (t) as a function in A.
The m-Logan problem for Jacobi transform on the half-line is formulated as
follows.

Problem D Find
Lp(t,Ry) =inf{A,(f): feLn(t,Ry)}.

Remark 1.1 In the case o = § = -1/2, Problem D becomes Problem C. Even though
the ideas to solve Problem D are similar to those we used in the solution of Problem C,
the proof is far from being just a generalization. In more detail, considering the cosine
Fourier transform or, more generally, the Hankel transform, we note that its kernel,
i.e., the normalized Bessel function j, (At), is symmetric with respect to the arguments
t and A. Moreover, in this case, the Sturm-Liouville weight 2%+ coincides, up to
constant, to the spectral weight 12", so the direct and inverse Hankel transforms also
coincide (see [13]). In the case of the Jacobi transform, there is no such symmetry for
the kernel ¢, () and weights A(t) and s(1), which gives rise to new, both conceptual
and technical difficulties. In particular, the crucial part of our technique to attack the
main problem is to obtain growth estimates of ¢, (t) and s(1) showing that extremal
functions belong to suitable function classes. To prove these facts, we rely on the
properties of the general Sturm-Liouville problem, whereas for the normalized Bessel
function, they were proved directly.

1.3 The main result

Theorem 1.2 LetmeN, > 0. Then
Ln(7,Ry) = A (1),
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and the function f,, is the unique extremizer up to multiplication by a positive constant.
Moreover, f,, is positive definite with respect to the inverse Jacobi transform and

(1.8) fomAZkfm(/\)da(/\):O, k=01,...,m-1

Remark 1.3 We note the inverse Jacobi transform g, (t) = 7' f,(t) > 0. Further-
more, the function F,, given by (1.7) is positive definite since G,,(t) = J'F,(t) is
nonnegative and decreases on [0, 7], and it has zero of multiplicity 2m — 1 at ¢ = 7.
The relationship between g, (t) and G, (¢) is given by g, (¢) = T*G,,(t), where T"
is the generalized translation operator (see Section 2).

1.4 Structure of the paper

The presentation follows our paper [13]. Section 2 contains some facts on the Jacobi
harmonic analysis as well as a Gauss quadrature formula with zeros of the Jacobi func-
tions as nodes. In Section 3, we prove that the Jacobi functions form the Chebyshev
systems, which is used in the proof of Theorem 1.2.

In Section 4, we give the solution of the generalized Logan problem for the Jacobi
transform. Using Theorem 1.2, in Section 5, we solve the multidimensional Logan
problem for the Fourier transform on the hyperboloid.

Finally, Section 6 is devoted to the problem on the minimal interval containing
n zeros of functions represented by the Jacobi transform of a nonnegative bounded
Stieltjes measure. Originally, such questions were investigated by Logan in [24] for
the cosine transform. It is worth mentioning that extremizers in this problem and
Problem D are closely related.

2 Elements of Jacobi harmonic analysis

Below we give some needed facts (see [9, 10, 14, 18, 19]).

Let €7 be the class of even entire functions g(1) of exponential type at most 7 > 0,
satisfying the estimate [g(1)| < ¢, e™mA ) eC.

The Jacobi function ¢, (¢) is an even analytic function of ¢ on R and it belongs to
the class &/l with respect to 1. Moreover, the following conditions hold:

(2.1) lpa(8)] <1, @o(t) >0, A teRR.

From the general properties of the eigenfunctions of the Sturm-Liouville problem
(see, for example, [21]), one has that, for t > 0, 1 € C,

oo )LZ
(2.2) %(f):%(f)n(l—w)’

k=1

where 0 < A;(t) <--- < Ag(t) < -- - are the positive zeros of ¢, () as a function of A.

We also have that A (t) = £;'(t), where ¢, (1) are the positive zeros of the function
¢, (t) asafunction of t. The zeros ¢ (1), as well as the zeros A, (t), are continuous and
strictly decreasing [21, Chapter I, Section 3].
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2.1 Properties of some special functions

In what follows, we will need the asymptotic behavior of the Jacobi function and
spectral weight (see [14]:

1/2 o Im 1
<Pa(t)=(Aéf)/sﬂ()A))1/2(cos(At—ﬂ(;1/2))+€t| Ho()al ))’

(2.3) [A| > 400, t>0,
(2.4) s(A) = (2P T(a+1)) A% (1+ 0(A™), A — +oo.

From (2.3) and (2.4), it follows that, for fixed ¢ > 0 and uniformly on A € R,,

1
(2.5) lor(Ols ez

where as usual F; < F, means F; < CF,. Also, we denote F, < F, if C"'F, < F, < CF,
with C > 1.
In the Jacobi harmonic analysis, an important role is played by the function

SR ONENG.
R OER IO

(2.6) ya() =P (1)

which is the solution of the Sturm-Liouville problem

27) (A () +AA () (1) =0, ¥ (0) =1, y}(0) =0,

where A, (t) = 3(t)A(t) is the modified weight function.
The positive zeros 0 < A (t) <--- <A () < --- of the function v/} (¢) of A alternate
with the zeros of the function ¢, (¢) [14]:

(2.8) 0 <A(t) <Af (1) <Ap(t) <o+ <A () < Ap(8) < Agar () < -+

For the derivative of the Jacobi function, one has

2, 92 o

(,8) , (p® +A%)sinhtcosht  (a41,p+1)
2.9 t =- t).
(2.9) (q’,\ ( ))z 2(a+1) (% (t)

Moreover, according to (1.2),
(A1) (9u(93(1) = 9, (Dga(D)}, = (6> = 1) A1) pu()ga (1),

and therefore

N CAGIAGETACGINE))
HZ _/12

(2.10) fOTA(t)%(t)W(t)dt:
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Lemma 2.1 For the Jacobi functions, the following recurrence formula

(A + (a+ B +3)?)(sinh t cosh t)? (,Hz,l;ﬂ)(t)
d(a+1)(a+2) 7
(a+1) cosh® t + (B +1) sinh® ¢

2.11
21D a+1

1, 1 N
o D (1) — ol &P (1)

and the formula for derivatives

(2.12)
((sinh £)>* (cosh £)#*3{* ¥ (1)) = 2(a + 1) (sinh £)** (cosh 1) #*19 (P (1)

are valid.

Proof Indeed, (2.11) and (2.12) are easily derived from (1.2) and (2.9). To prove (2.11),
we rewrite (1.2) as

APy (1) + A ()i (1) + (A* + p") A(t)pa(t) = 0,

and then we replace the first and second derivatives by the Jacobi functions using (2.9).
To show (2.12), we use (2.9) and (2.11). [ |

Many properties (e.g., inequality (2.1)) of the Jacobi function follow from the
Mebhler representation

t
(2.13) () = Ac(at) -/0 Ay p(s,t)cos(As)ds, Agp(s,t) >0,
I'(a+1) and

where ¢, = T(1/2) T(a+1/2)

Aap(5:8) = 24725 sinh (20) cosh™* cosh (21) ~ cosh (25))
x F((x +B,a-fa I,M)

2 2cosht

We will need some properties of the following functions:

218 o s

ne(A) =ya(e) =

()’ =
(2k)
m—1 718 (0)
@1) o) = ()" (1) - kzo aor V) me2

(2m = 2)!' gm-1,:(1) '
(-1)m17 3" (0)

mel,S(A) =

Lemma 2.2 Foranye>0,m>2,AeR,,

Nm1,e(1) 20, ()" 7" (0) >0,

pm—l,s(/\) >0, ‘lgii%pm—l,s(l) — \2m-2
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Proof Using the inequality

m . l)k)LZk
(-1 (cos/l k;) (2h)! )_
and (2.13), we get
Hmre(1) 20, (=1)" 1@ (0) = 8)(p 8 f (s,€)s*" 2 ds > 0,

Hence, py-1,6(A) > 0. Forany A € R,
= 1(0)

() = A,
kZ:;) (2k)!
By differentiating equality (2.2) in A and substituting A =0, we obtain
i 1
( )k (2k)(0) 2k . .
L RH LD, B0
Hence,
=1
O bl
and for k > m,
zk)
(2m Zg() ‘ |’7 (0)|k m+1
Therefore,
Pmor,e(A) = A" | Nm-1,6(1) Azm2 ‘:‘ Hm,e(4) |
(2m-2)! (2m 2)(0 (zm_z)g (2m—2)(0)

< i 7’752](_)(0) |

m Azk
2 o i <O WO

It remains to show that
lim[¢'(0))] =
=0
Zeros Ag (&) monotonically decrease on ¢ and, for any k, lir% Ak(€) = oo. In view of
E—>

(2.3), we have A4 (1) < k as k — oo. Finally, the result follows from

N
SZAZ +Z)L2

k=1 k k=N+1 k=1

1
N
2.2 Jacobi transforms, translation, and positive definiteness

As usual, if X is a manifold with the positive measure p, then by L? (X, dp), p > 1, we
denote the Lebesgue space with the finite norm | |4, = (/x| f|? dp) P For p = oo,
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Cp(X) is the space of continuous bounded functions with norm | f |« = supy |f]. Let
supp f be the support of a function f.

Let t,A e Ry, du(t) = A(t)dt and do(L) be the spectral measure (1.5). Then
L*(R,,du) and L*(R,, do) are Hilbert spaces with the inner products

(0= [ 2OGO (). (fF)o= [ FOFD) doh).

The main concepts of harmonic analysis in L*(R,,du) and L*(R,, do) are the
direct and inverse Jacobi transforms, namely,

950 =2Pg(1) = [ g(Dga(t) du(t)
and

90 =@ (0 = [T FNea() do().

We recall a few basic facts. If g € L*(R,, du), f € L*(R,,do), then Jg € L*(R,,do),
J7'f e L*(Ry,du) and g(t) =J7'(dg)(t), f(1) =3(37'f)(A) in the mean square
sense and, moreover, the Parseval relations hold.

In addition, if geL'(R,,du), then Jge Cy(R,) and [Iglco < [gliau If
feLl'(Ry,do), then g f € Cp(Ry) and [I7 f oo < | fllLdo-

Furthermore, assuming g € L'(R,,du) n Cy(R,), dg € L'(R,, d0), one has, for
any t € R,,

8= [ agWer(t)da().

Similarly, assuming f € L'(R,,do) n Cy(R,), J7'f € L'(R,,du), one has, for any
AeR,,

FO) = [T O duto).

Let Bf, 7> 0, be the Bernstein class of even entire functions from E%, whose
restrictions to R, belong to L' (R, do). For functions from the class B7, the following
Paley—Wiener theorem is valid.

Lemma 2.3 [15,18] A function f belongs to B{ if and only if
fel'(R,,do)nCy(R,) and suppd'fc0,7].
Moreover, there holds

f(/l)=[013_1f(t)g01(t) du(t), LeR..

Let us now discuss the generalized translation operator and convolution. In view
of (2.1), the generalized translation operator in L*(R, du) is defined by [9, Section 4]

T'g(x) = [T o0eaagh)de(h). txeR,.
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Ifa>f>-1/2, a > -1/2, the following integral representation holds:

(2.15) T'g(x) = /It:: g()K(t,x,u) du(u),

where the kernel K is nonnegative and symmetric. Note that, for a = = -1/2, we
arrive at T'g(x) = (g(t +x) + g(|t — x]))/2.

Using representation (2.15), we can extend the generalized translation operator
to the spaces LP(R,,du), 1< p < oo, and, for any t € R,, we have |T*|,-, =1
[9, Lemma 5.2].

The operator T* possesses the following properties:

(1) If g(x) >0, then T*g(x) > 0.

(2) T'pa(x) = a(t)pa(x), 3(T'g)(A) = pa(£)dg(R).

(3) T'g(x)=T*g(t), T'1=1.

(4)If g e L'(RY,dy), then [, T'g(x)du(x) = [, g(x) du(x).

(5) If supp g < [0, 8], then supp T*g c [0, 8 + £].

Using the generalized translation operator T*, we can define the convolution and
positive-definite functions. Following [9], we set

(§+G)u(x) = [ T'g(x)G(r) du(t).

Lemma 2.4 [9, Section 5] If g,G € L'(R,,du), then J(g » G), = JgJG. Moreover,
if supp g c [0, 8], supp G c [0, 7], then supp (g * G), c [0,8 + 7].

An even continuous function g is called positive-definite with respect to Jacobi
transform g if for any N
N
Z cicjTYg(xj)20, Ve,...,eneC, Vx,...,xyeR,,
i,j=1

or, equivalently, the matrix (T% g(x;))V j-1 is positive semidefinite. If a continuous
function g has the representation

§@) = [T o dv),

where v is a nondecreasing function of bounded variation, then g is positive definite.
Indeed, using the property (2) for the operator T, we obtain

N o N
cic;j T g(xj) = /(; Z cici T @a(xj)dv(])
i,j=1 ij=1
oo N . oo, N 2
=fo 5 cicjgoA(xi)(pA(xj)dv()L)zj() |5 ciga ()| dv() 2 0.
i,j=1 i=1

Ifg e L'(R,, du), then a sufficient condition for positive definiteness of gis g (1) > 0.
We can also define the generalized translation operator in L*(R,, do) by

SN = [ (D03 F(D du(e), AR,
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Then, for o > § > -1/2, & > —1/2, the following integral representation holds:

@16) S = [ AOLAD do (),

where the kernel

Lk O = [T o n@ecdute). [T LA o) -1

is nonnegative continuous and symmetric [10]. Using (2.16), we can extend the
generalized translation operator to the spaces L?(R,,do), 1 < p < o0, and, for any
neR,, 8" p-p =1[10].

One has:

(D If f(A) 20, then S"f(X) > 0.

@) S191(1) = 94()92(0), T (ST)(E) = 9o (DT F(2).

(3)S"f(A) =S*f(n), S" =1.

(4 If f e L'(RY,do), then [~ STf(A)do(A) = [;~ f(A)da(D).

The function { — L(#, A, {) is analytic for [Im {| < p. Hence, the restriction of this
function to R, has no compact support, in contrast with the function x — K(¢,s,x)
in (2.15).

Similarly to above, we define

(f*B)a) = [ S"FQ)F(n) do(n).

If f,Fel'(Ry,do), thend ' (f *F)y, =37 fJ7'F.
An even continues function is called positive definite with respect to the inverse
Jacobi transform J7! if

N
Z Ci?jSlif(Aj)ZO, VCl,...,CNE(C, VA],...,/\NER+,
i,j=1

or, equivalently, the matrix ($* f(1;))} j-1 is positive semidefinite. If a continuous
function f has the representation

0= [T e,

where v is a nondecreasing function of bounded variation, then f is positive definite.
If f € L'(R,,d0), then a sufficient condition for positive definiteness is g f(¢) > 0.

2.3 Gauss quadrature and lemmas on entire functions

In what follows, we will need the Gauss quadrature formula on the half-line for entire
functions of exponential type.

Lemma2.5(14] Foran arbitrary function f € B3, the Gauss quadrature formula with
positive weights holds

@) S 10 de) = 3 n(@)0u),

=0

The series in (2.17) converges absolutely.
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Lemma 2.6 [13] Let o > —1/2. There exists an even entire function w(z) of exponen-
tial type 2, positive for z > 0, and such that

we(x) 2 x2**, x> +o0,

lwa (iy)] = y

2a+le2y, y = +oo.

The next lemma is an easy consequence of Akhiezer’s result [20, Appendix VII.10].

Lemma 2.7 Let F be an even entire function of exponential type T > 0 bounded on R.
Let Q) be an even entire function of finite exponential type, let all the zeros of Q) be zeros
of F, and let, for some m € Z..,

liminf e™™ y*™|Q(iy)| > 0.
y—>+oo
Then the function F(z)[Q(z) is an even polynomial of degree at most 2m.

3 Chebyshev systems of Jacobi functions

Let I be an interval on R,. By N;(g), we denote the number of zeros of a continuous
function g on interval I, counting multiplicity. A family of real-valued functions
{@k(t)}72, defined on an interval I is a Chebyshev system (T-system) if for any n € N
and any nontrivial linear combination

p(t) = an:Ak(Pk(t),

there holds N;(p) < n —1(see, e.g., [1, Chapter II]).

Our goal is to prove that some systems, constructed with the help of Jacobi
functions, are the Chebyshev systems. We will use the convenient for us version of
Sturm’s theorem on zeros of linear combinations of eigenfunctions of the Sturm-
Liouville problem (see [2]).

Theorem 3.1[2] Let {uy };2, be the system of eigenfunctions associated with eigenval-
ues & < & < ... of the following Sturm~Liouville problem on the interval [0, 7]:

(3.1) (wu') +&wu=0, u'(0)=0, cosOu(r)+sinfu'(r)=0,
where &=2A*+13, & =17 +A5, weC[0,7], we C'(0,7), w>0 on (0,7), B¢

[0, 7/2].
Then for any nontrivial real polynomial of the form

n
p= Z arug, m,neN, m<n,
k=m

we have
m-—1< N(O’.,)(p) <n-1

In particular, every kth eigenfunction uy has exactly k — 1 simple zeros.
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Asabove, we assume that 7> 0,0 > > -1/2, a > -1/2, 95 (t) = (pg'x’ﬁ)(t), v (t) =
w0, Ae(8) = M (1), and A5(r) = AL P(1) for keN. Let 0<p(t) <
p2(t) < ... be the positive zeros of the function ¢/ (¢) of A.

Theorem 3.2 (i) The families of the Jacobi functions

(3-2) {gohk(‘r)(t)};o:l’ {goyk(f)(t)};o:l

form Chebyshev systems on [0, 7) and (0, T), respectively.
(ii) The families of the Jacobi functions

{9 O} AL {9u@ () = eum(D}id
form Chebyshev systems on (0, 7).

Proof The families (3.2) are the systems of eigenvalues for the Sturm-Liouville
problem (3.1) when Ag=p=a+B+1, w(t)=A(t), and 0 =0,7/2. Then, by
Theorem 3.1, the statement of part (i) is valid for the interval (0, 7). In order to include
the endpoint ¢ = 0 for the family {¢), (r) () }2;, we first take care of part (ii).

Since

(A* + p?) sinh t cosh ¢ ,
Pz(oc +1) o\ (1), p>o,

9a(t) = -

it is sufficiently to prove that the families {q)i‘zg)ﬁ +) (£)}72, and {(pSL‘ZZTl)ﬁ H)(t)};il

are the Chebyshev systems on (0, 7).
(a+1,4+1)
(1)
the system of eigenvalues of the Sturm-Liouville problem (3.1) with A = p, w(t) =
ACFLED (1) and 6 = 0.

(a+1,B+1)

For the second family {¢ Ae(o) (£)}52,> let us assume that the polynomial

For the family {¢ (£)}72,, this again follows from Theorem 3.1 since it is

n
p(t) = Y axplebF 0 (1)
k=1

has 7 zeros on (0, 7). We consider the function g(t) = (sinh t)2%*2(cosh t)2#*2p(¢).
It has n + 1 zeros including t = 0. By Rolle’s theorem, for a smooth real function g, one
has No,+)(g") = N(o,r)(g) —12 n (see [2]). In light of (2.13), we obtain

g'(t) = 2(a +1)(sinh t)2**2(cosh £)2F+2 Y akpr (o (1)
P

This contradicts the fact that {¢,, (r)(¢) } 32, is the Chebyshev system on (0, 7).

To show that { @, (r)(t) = @, (r)(T) } 2, is the Chebyshev system on (0, 7), assume
that p(t) = Xk @k (@, (1) (t) = @, (r) (7)) has n zeros on (0, 7). Taking into account
the zero ¢ = 7, its derivative p'(t) = ¥i_, ax¢), (,(t) has at least n zeros on (0, 7).
This cannot be true because {(p;k( ()}, is the Chebyshev system on (0, 7).

Now we are in a position to show that the first system in (3.2) is Chebyshev on [0, 7).
If p(t) = X4 akPa,(r)(t) has n zeros on [0, 7), then always p(0) = 0. Moreover,
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p(7) = 0. Therefore, p’(t) has at least n zeros on (0, 7), which is impossible since
P'(t) = Tkor k@), (o) (1) and {9} ) (£)}72, is the Chebyshev system on (0,7). =

Theorem 3.3 (i) The families of the Jacobi functions

(33) Vi O B u{vio ()}

form Chebyshev systems on (0, T) and [0, 7], respectively.
(ii) The families of the Jacobi functions

{V/'A;(T)(t)}iip {¥ar (o) () = vz (0 (1)}l
form Chebyshev systems on (0, 7).

Proof The families (3.3) are the systems of eigenvalues for the Sturm-Liouville prob-
lem (3.1) in the case Ag = 0, A, () = 3 (¢)A(t),and 6 = 0, /2. Then the statement of
part (i) is valid for the interval (0, 7). In order to include the endpoints, we first prove
part (ii).

Let w(t) = A, () = 92 ()A(t), W(t) = [ w(s)ds, wo(t) = WH(E)w™'(£). Tt is
known [14] that vy (t) = —w(t) W' (£)A~y/(¢) is the eigenfunction of the Sturm-
Liouville problem

(wov") + A*wov =0, v/(0) = 0.

Hence, the family {v}. ) () };Z, is the system of eigenvalues for the Sturm-Liouville
k
problem

(wov') + Awov =0, +v'(0)=0, v(7)=0.

By Theorem 3.1, the family {vg*(f)(t)};"zl and the family {y}. ,(¢)};2, are the
k k

Chebyshev systems on (0, 7).

To prove that {yx(1) () = Yz (+)(7) }i2, forms the Chebyshev system on (0, 7),
we assume that p(t) = Xi_; ak(Ya:(x) (t) — Yz (+) (7)) has n zeros on (0, 7). Taking
into account the zero t = 7, its derivative p’(t) = 3}_; akwf\:( - (t) has at least n zeros
on (0, 7). This contradicts the fact that {‘/’:\;(T)(t)}zil is the Chebyshev system on
(0, 7).

Now we are in a position to show that the second system in (3.3) is Chebyshev
on [0,7]. If p(t) = 2325 akyaz (v (t) (we assume Ag(7) = 0) has n zeros on [0, 7],
then one of the endpoints is zero. Then p’(t) = X721 akV/A;(r)(t) has at least n —1

zeros on (0, T), which is impossible for Chebyshev system {l//:\: (0 (D} ]

4 Proof of Theorem 1.2

Below we give a solution of the generalized m-Logan problem for the Jacobi transform.
As above, let m € N and 7 > 0. For brevity, we denote

Ak = A(7), yk = yi(7).

We need the following lemma.
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Lemma4.1 Let f(A) be a nontrivial function from L, (7, R,) such that A, (f) < oo.
Then

@) fel'(R,A2"2dg), (-1)"! /0 T2 p (1) do(M) 2 0,

Proof Letm =1.Lete >0, y.(t) be the characteristic function of the interval [0, ¢],

(D) = P a0 = [ du

By Lemma 2.4, supp ¥, c [0, 2¢]. According to the properties (1)-(4) of the general-
ized translation operator T* and Lemma 2.4, we have

Ye(£) 20, J¥e() = ¢.*(Tx:(1))*

[ w@an = [t [T dun dutx) = 1.
Since y. € L'(Ry,du) n L*(Ry,du), dxe € L*(Ry,do) n Cyp(R,), and
Il <o limeaxe () =lime! [“oa(t)du(t) =1
we obtain
I, e LY(R,,do) nCy(R,), 0<J¥:(1) <1, lim 3% (1) = 1.

The fact that £,(7,R;) c L'(R,,dv,) can be verified with the help of Logan’s
method from [23, Lemma]. Indeed, let f € £;(7,R,) be given by (1.5). Taking into
account that dv > 0 in some neighborhood of the origin, we derive, for sufficiently
small ¢ > 0, that

ngole\ys(t)dv(t)= /Om‘l’s(t) dv(t) = fowf(/\)g‘l’s()t)do()t)
() -
- [ sae @y doy - [ ) do(h).

This gives
[ revnydom < [ farayasy < [ rolaon)
L(f) ¢ = Jo ¢ ~Jo '

Letting ¢ — 0, by Fatou’s lemma, we have

°° 1)
[M(f) |f(/1)|d0()t)£/0‘ |f()t)|d0(l)<oo‘

Let m > 2. In light of the definition of the class £,, (7, R, ), we have f € L'(R,, do)
and dv(t) > 0 on segment [0, €], therefore dv(t) = 37 f(t)du(t) and 7' f(¢) > 0 for
sufficiently small e.

Consider the function p,,—1,. (1) defined by (2.14). Using Lemma 2.2, the orthogo-
nality property (1.4), and the equality (-1)" f (1) = |f(A)| for A > A, (f), we arrive at
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0" [ P (M) do(d)

(2m —2)! oo
= Ey— (Moa(e)da(A)
(-1 go(e)y "D (0) Jy S puerde
(4.2) - (2m =2)! I f(e) > 0.

(~1)™1go(e)y™ 2 (0)
Thus,

oo An(f)
(0" [T bW o) < (0 [ g )5 o)

Taking into account (4.2), Lemma 2.2, and Fatou’s lemma, we have

(0" [ R o) = ()" [ i p (D f(0) do(2)

Aw(f) =0

<timinf ()" [ pue(D)f(1)do ()
<timint ()" [ g0 F0) do ()
=y [ i g () £(2) do()

= (-nm! fo ) a2 f(A)do(X) < 0.

Therefore, we obtain that f e L'(R,,A*"?do) and, using (4.2), the condition
(- [T A*™2f(1) da (1) > 0 holds and (4.1) follows. [

Proof of Theorem 1.2  The proof is divided into several steps. [ ]

4.1 Lower bound

First, we establish the inequality
Lu(t,Ry) > Ay

Consider a function f € £,,(7,R,). Let us show that 1, < A,,(f). Assume the
converse, i.e., Ay (f) < Ay. Then (=1)" 71 (1) < 0for A > A, (f). Using (4.1) implies
A*™M=2£(1) € BE". Therefore, by Gauss’ quadrature formula (2.17) and (1.4), we obtain

o< (-0t [T do) = (- [T ’i‘__fw 2D () do ()

1

(43) = ()™ Y pf) [T -A2) <0,

m
s=m k=

—

Therefore, As for s > m are zeros of multiplicity 2 for f. Similarly, applying Gauss’
quadrature formula for f, we derive that
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(4.4)
oo m—1 m-1
0= [TTIOP-21)f W) do(0) =y, [T =M F (), s=1m-1
0 o Z
ke ks
Therefore, A, for s =1,...,m —1are zeros of f.

From f € L'(R,, do) and asymptotic behavior of s(1) given by (2.4) it follows that
f € LY(Ry, A2**1 d1). Consider the function w, (1) from Lemma 2.6 and set

wa(1)93(7)
TS (1= 22/23)
Then functions W and Q are even and have exponential type 4. Since w, (1) =

A — +oo, then W € L'(R) and W is bounded on R.
From (2.3) and Lemma 2.6, we have

W) =wa(M)f(1), Q) =

2a+1
AZEH,

|Q(iy)| = y_2m+2e4}’, y = +oo.

Taking into account that all zeros of (1) are also zeros of F(1) and Lemma 2.7, we
arrive at

RO ol
IS (1= A2/A%)
where ¢ # 0 for some k. By (2.3), ¢3(7) = O(A72*™!) as A > +o0, and by (2.4)

93 (7) ¢ L'(R,,do). This contradicts f € L'(R.,A*" *do). Thus, A,y (f) > Ay and
Lu(t,Ry) > Ay

f)

4.2 Extremality of f,,

Now we consider the function f,, given by (1.6). Note that by (2.5) we have the estimate
fm(A) = O(A72%7172M) ag A - +o0 and hence f,,, € L'(R;,A*" 2 dg). Moreover, f,,
is an entire function of exponential type 27 and Ay, (fin) = Asm.

To verify facts that f,,,(1) is positive definite with respect to the inverse Jacobi
transform and the property (1.8) holds, we first note that Gauss’ quadrature formula
implies (1.8). From the property (2) of the generalized translation operator T*, one has
that g, (t) = T"G,(t) (see Remark 1.3). Since T" is a positive operator, to show the
inequality g, (t) > 0, it is enough to prove G, (¢) > 0. This will be shown in the next
subsection.

Thus, we have shown that f,, is the extremizer. The uniqueness of f,,, will be proved
later.

4.3 Positive definiteness of F,,

Our goal here is to find the function G,,(t) such that F,,,(1) = JG,,(1) and show that
it is nonnegative.
For fixed y, ..., px € R, consider the polynomial

k
we(p) = (s pirs ..o pk) = [ (i — ), peR
i=1
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k
wk(u) Z i (pi )(Mz W
Setting k = m, py = A2, Ui = /\12», i=1,...,m, wehave
(4.5)
- LI a1 w:nu%)ékf SRR =y
where
m m 12
(4.6) W (A?) = g(ai ~23) and A= E;(l)ﬁf)
ji
Note that
(4.7) signA; = (-1)"%,
For simplicity, we set
O;(t):=¢y,(t), i=1...,m,

933

and observe that ®; () are eigenfunctions and A7 + p? are eigenvalues of the following

Sturm-Liouville problem on [0,1]:

(4.8)

have

[T omexmamdi= [To0e s de--

or, equivalently,

(A0 (1)) + (A + p")A(t)u(t) = 0,

Let x(t) be the characteristic function of [0, 7]. In light of (2.10) and ®@;(7) =

u'(0) =0,

D;x B ‘PA(T)
(4.9) 3(_A(T)q>;.(r) ) = 7
It is important to note that
(4.10) sign @’ (1) = (-1)".

u(r) =0.

Now we examine the following polynomial in eigenfunctions @; (¢):

(4.11) Pt

S i

<D’( )

®i(t) =

ZBiCDi(t)

O:

A(T) P (1) pa(7)
PENPE

we

>

By virtue of (4.7) and (4.10), we derive that B; >0, p,,(0) >0, and p,(7)=0.
Furthermore, because of (4.5) and (4.9),

(4.12) Jpmy)(A) =

i

T4 (1-A2/A3)

(PA(T) — Fm(l)
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934
Hence, it suffices to verify that p,,(¢) > 0 on [0, 7]. Define the Vandermonde deter-

minant Ay, ..., Hg) = Hfgjask(l/‘i - j), then

A( e e ) i—
% =(-1) IA(VI"'-’.“i—h#iH)-~)[lk)-
From (4.5) and (4.6), we have
m . D;(1)
Pa) == DA A A1) 00
@4 (t) D (t)
o (r) 7 on(7) ,
T 1™ A2
_ _ j=17j
(4.13) =—-Q )L% e )Lfn » = m >0
.......... /1.2;n;4.

Here and in what follows, if m = 1, we consider only the (1,1) entries of the matrices.

We now show that
D:1(t) @ (t)
@i1(t) D (t) /(1) e @7 (7)
ORI AG o
.. 1 1) (m— ©) (3)
oo | 0@ () o) (1)
(4.14) A A =) @7 (r) @', (1)
At At 2" (1) @3 (r)
o[(7) T )

Using (4.8), we get
07 (1) + (AT (H)P(1) + (A] + p*) (1) = 0.

By Leibniz’s rule,
(1) + /(AT DR (1) + (s(A (A7 (1)) + 47 + p1)@ [ (1)

]Z ( jf1)(A'(r)A*%t))““*f)cDS”<t>,

which implies for ¢ = 7 that
O (1) = ~A" (1) A (1) ®FV (1) - (s(A' (1) AT (2))" + A2+ p2) o) (7)

s=1 . ;

-5(,° @O @00, 000 = 0n) <o
j=1

Assuming s = 0,1 we obtain

@}(7) = -A' (1) AT (1)@ (1),

@) (1) = (A" (r)A™ (1)) = (A (1) A (2)) + p* + A]) D (7).
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By induction, we then derive, for k = 0,1,...,

k .
O (1) = 0!(1) Y agd¥, 0D (1) = 0l(1) 3 by,
j=0 i=0

where ayj, byj depend on «, B, 7 and do not depend of A;, and, moreover, axy = (—l)k.
This yields, for k = 1,2, ..., that

q)fzk)(T) ~ k (DSZS—I)(T)

@1 o) 4" el
and

®(2k+1)( ) q)(Zs 1)( ) .
4.16 —1)kA2k,
(19 Toln &% e 0N

where ¢, ¢15 do not depend of A;. The latter implies (4.14) since

Dy (t) D (t)
/(1) @, (7) (1) Pm (1)
1 1 @1(7) @7, (1)
o () 0Q@ | _ ! - !
o e | T (DA e (DA,
o) (1) e @ | (=D)AL () A
6 B N 6

Further, taking into account (4.13) and (4.14), we derive

(4.17) p(l)(r) p(3)(r) =... = p,(fm_l)(r) =0.

Therefore, by (4.11) and (4.15), we obtain for j=1,...,m —1that

(2) m (Dgzj)(T) ) 1] m j q)(ZS 1)( )
(1) = A(T) Z (1) A );A,gcos o)
1 j m (D(Zs 1)( ) j .
:_A(T);COS;AIW ZC p( )( )

Together with (4.17) this implies that the zero ¢t = 7 of the polynomial p,,(¢) has
multiplicity 2m — 1. Then taking into account (4.12), the same also holds for G, (¢).
The next step is to prove that p,,(t) does not have zeros on [0, 7) and hence
Ppm(t) > 0on [0, 1), which implies that G, (¢) > 0 for t > 0. We will use the facts that
{®;(t)}!", is the Chebyshev system on the interval (0, 7) (see Theorem 3.2) and any
polynomial of degree m on (0, ) has at most m — 1 zeros, counting multiplicity.
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We consider the polynomial

D;(t) D (t)
(1) (1)
CD](T—S) D, (1-¢)
O e (on
_ 1(1-2¢ m(T-2¢
(4.18) pLE) = Sy o e
PRI EERPRRE P ERET
Con om0~ (m D)™, ()

For any 0 <e < 1/(m—1), it has m —1 zeros at the points tj =7 je, j=1,...,
m — 1. Letting ¢ — 0, we observe that the polynomial lim0 p(t, €) does not have zeros
£—

on (0, 7). If we demonstrate that

(4.19) ?33 p(t,€) = capm(t),
with some ¢, > 0, then there holds that the polynomial p,,(¢) is strictly positive on
[0"1{())'prove (4.19), we use Taylor’s formula, for j=1,...,m -1,
ulr—jo) X3 f (v) o™ (1) + (1)
Co0y(n) & (o e(n) | G-I

Using formulas (4.15) and (4.16) and progressively subtracting the row j from the row
j—1in the determinant (4.18), we have

Dy (t) D,, (1)
@1(7) @7, (1)
. (13)+ o(1) (1)+o(1)
_ @7 (1)+0(1) <Dm3 (1)+0(1)
p(t.e) = RN () e T
" () 40(1) o2 (1)4+0(1)
(1) @;,(7)

Finally, in light of (4.13) and (4.14), we arrive at (4.19).

4.4 Monotonicity of G,

The polynomial p(t, €) vanishes at m points: t; = 7 je, j=1,...,m—-1,and t,, = T,
thus its derivative p’(t, €) has m — 1 zeros on the interval (7 — ¢, 7).
In virtue of (2.7),

_(p*+A})sinhtcosht

i(1) = 2(a+1)

oi (), teforl.

This and Theorem 3.2 imply that {®/(¢)}?, is the Chebyshev system on (0, 7).
Therefore, p’(t, €) does not have zeros on (0, 7 — ¢]. Then, for ¢ — 0, we derive that
P, (t) does not have zeros on (0, 7). Since p,, (0) > 0 and p,,(7) = 0, then p’,(¢) <0
on (0, 7). Thus, p,,(t) and G, (t) are decreasing on the interval [0, 7].
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4.5 Uniqueness of the extremizer f,,

We will use Lemmas 2.6 and 2.7. Let (1) be an extremizer and A, (f) = A,,. Consider
the functions

F(A) = wa(M)f(A), Q) = 0a(A) fm (D),

where f,, is defined in (1.6) and w, is given in Lemma 2.6.

Note that all zeros of Q(1) are also zeros of F(A). Indeed, we have (1)1 (1) <0
forA > A,y and f(A,,) = 0 (otherwise Ay, (f) < A, whichisa contradiction). This and
(4.3) imply that the points A, s > m + 1, are double zeros of f. By (4.4), we also have
that f(A;) =0 for s =1,...,m —1and therefore the function f has zeros (at least, of
order one) at the points A;, s = 1,...,m.

Using asymptotic relations given in Lemma 2.6, we derive that F(A) is the entire
function of exponential type, integrable on real line and therefore bounded. Taking
into account (2.3) and Lemma 2.6, we get

|Q(>iy)| = y2™e?,  y - +oo.
Now using Lemma 2.7, we arrive at f(1) = qg(1) f,n(1), where g(1) is an even

polynomial of degree at most 2m. Note that the degree cannot be 2s, s=1,...,m,
since in this case (2.3) implies that f ¢ L'(R,, A*" 2 do). Thus, f(A) = cfu(A), ¢ > 0.

5 Generalized Logan problem for Fourier transform on
hyperboloid

We will use some facts of harmonic analysis on hyperboloid H? and Lobachevskii
space from [27, Chapter X].
Letd € N, d > 2, and suppose that R? is d-dimensional real Euclidean space with

inner product (x, y) = x1y1 + -+ + x4 ¥4, and norm |x| = \/(x, x). As usual,
ST = {x e R%: x| =1}
is the Euclidean sphere, R%"! is (d + 1)-dimensional real pseudo-Euclidean space with
bilinear form [x, y] = —x1y1 — -+ — Xg¥4 + X4+1V4+1- The upper sheet of two sheets
hyperboloid is defined by
H? = {x e R*:: [x,x] =1, X441 > 0}
and

d(x,y) =arcosh [x, y] =In([x, y] +/[x, y]? - 1)

is the distance between x, y € H.
The pair (Hd, d(, )) is known as the Lobachevskii space. Let 0 = (0,...,0,1) €
H9, and let B, = {x € H%:d (0, x) < r} be the ball.
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In this section, we will use the Jacobi transform with parameters (a, ) = (d/2 -
1,-1/2). In particular,

du(t) = A(t) dt = 2% sinh? ™ ¢ dt,
—_ . 2
F(% + zA)

da(/\)=5(/1)d)L:23‘2d1“‘2(i) ) lda.

2

Fort>0,{eS%, x = (sinht(, cosh t) € HY, we let

dw({) = d, dn(x) = du(t) dw(C)

IS”’ 1

be the Lebesgue measures on S*~! and H%, respectively. Note that dw is the probability
measure on the sphere, invariant under rotation group SO(d) and the measure d# is

invariant under hyperbolic rotation group SO (d,1). _
For A e R, = [0,00), E€ S, y = (1,&) e Ry x S = HY, we let

dii(y) = do(}) dw ().

Harmonic analysis in L>(H9, d#) and L>(H¢, d#) is based on the direct and
inverse (hyperbolic) Fourier transforms

T8() = [, ()= &5 dnx),
T = [ DT di),

where & = (&,1), £ € S71. We stress that the kernels of the Fourier transforms are
unbounded, which cause additional difficulties.
If f e L2(HY, dy), g € L*(H?, d#), then

Fge (A, df), T(f) e L(HY, dn),

and g(x)=F1(Fg)(x), f(y)=F(F'f)(y) in the mean-square sense. The
Plancherel formulas are written as follows:

[ 18P dne = [ 17g0)P di(y),
LR i) = [ 7 0P dnie).

The Jacobi function ¢, (t) = (p(d/z 1, 1/2)(t)
sphere of Fourier transform kernels

oa(t) = [ [x &5 d @),

where x = (sinht{,cosht), { €S9, & = (&,1). We note that spherical functions
8(x) = go(d(0,x)) = go(#) and f(y) = fo(A) satisfy

Tg(y) =dg(A), T f(x) =3 fo().

is obtained by averaging over the
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To pose m-Logan problem in the case of the hyperboloid, let f(y) be a real-valued
continuous function on H%, y = (1, £), and let

A(f) = AF, ) =sup {A> 0:f(y) = f(A,§) >0, £e§T)
and, as above, A, (f) = A((- 1)"‘ 'f),meN.
Consider the class £, (7, H%) of real-valued functions f on H¢ such that:
() f e L'(H4 122 dij(A)) n Cp(H4), 0, F1f >0, suppF ' f ¢ Byrs
Q) [aa A f(»)di(y)=0,k=0,1,...,m—1.
Problem E  Find
Lo (7, %) = inf{ A, (f): f € £, (7, HY)}.

Let us show that in the generalized Logan problem on hyperboloid, one can restrict
oneself to only spherical functions depending on A.
If a function f € £,,(7,HH%) and y = (A, ) € HY, then the function

S = [, F) da(®)

satisfies the following properties:
(M) fo e LN(Ry, A*™2da) n Cy(Ry), fo #0, 3 fo(t) 20, suppd ' fo c [0,27];
Q@) [ A fo(A)da(A) =0,k=0,1,...,m -1
() Am(fo,Ry) = Am(f> Hd)-
By Paley-Wiener theorem (see Lemma 2.3) f; € BZ7,

A= [0 000 duto

and fy € £,,(7,R}). Hence, Ly (7, ﬁd) =L,(7,R,), and from Theorem 1.2, we
derive the following result.

Theorem 5.1 Ifd,meN, >0, 1,(7) <--- < A, (7) are the zeros offp(d/2 b 1/2)(1)
then

Lon(7,89) = 1 (7).

The extremizer

(9 E\d/21 1/2)( )?
(1-22/A3 (7)) -~ (1= A2 /A%, (7))’

is unique in the class of spherical functions up to multiplication by a positive constant.

fu(y) = y=(A§) eHY,

6 Number of zeros of positive definite function

In [24], it was proved that [0, 7n/47] is the minimal interval containing not less n
zeros of functions from the class (1.1). Moreover, in this case,
2Tx\"
F,(x) = (cos —)
n

is the unique extremal function.

https://doi.org/10.4153/50008414X23000275 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000275

940 D. Gorbacheyv, V. Ivanov, and S. Tikhonov

Note that x = #n/47 is a unique zero of F, on [0,7nn/47] of multiplicity #.
Moreover, the functions F, (nn(x — 1/41)) for n =1 and 3 coincide, up to constants,
with the cosine Fourier transform of f; and f; (see Introduction) on [0, 1].

In this section, we study a similar problem for the Jacobi transform J with a > 8 >
-1/2, & > —1/2. For the Bessel transform, this question was investigated in [13]. We will
use the approach which was developed in Section 4. The key argument in the proof is
based on the properties of the polynomial p,, () defined in (4.11).

Recall that N;(g) stands from the number of zeros of g on interval I ¢ R,, counting
multiplicity and A,, (), A, (t) are the zeros of functions ¢, (t) (see (1.2)) and v/ (t)
(see (2.6)), respectively, and, moreover, £, (1), £, (1) are inverse functions for A, ()
and 1}, ().

We say that g € £F,y > 0, if

(6.1) 0= [Todvd). g0)>0,

with a nonnegative bounded Stieltjes measure dv. Note that the function g(t) is
analytic on R but not entire.
We set, for g € £,

L(g,n):=inf{L>0:N[o)(g) 2n}, neN.
Theorem 6.1 We have

. tw(y), n=2m-1,
6.2 fL(g,n)<0,, =
( ) glell;j (g 71) ¥ {t;()}), n=2m.

Moreover, there exists a positive definite function G, € £ such that L(Gp,n) = 0,,,.

Proof Put 7:= t,(y). First, let n = 2m — 1. Consider the polynomial (see (4.11))

Gu(t) = Y Bi(1)@n,(r) (1), teR,,
i

constructed in Theorem 1.2. It has positive coefficients B; (7) and the unique zero t = 7
of multiplicity 2m —1 on the interval [0, 7]. Hence, G, is of the form (6.1), positive
definite, and such that t = 7 is a unique zero of multiplicity 2m — 1 on the interval
[0, 7]. Therefore,

L(Gp,2m—-1) < 7.

Second, let n=2m, A} := A7(7). As in Theorem 1.2, we define numbers A} :=
A’ (7) from the relation
m A% 1
(63) m R —
;Aiz—lz 172, (1-A%/A7%)

Recall that sign A% = (-1)"7!. Set

i(t) =ya () —yas (1), i=L...,m,
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where y, (t) is defined in (2.6). In view of (2.7), y, () are eigenfunctions and A2
are eigenvalues of the following Sturm-Liouville problem on [0, 7]:

(w()u'(£)) + APw(t)u(t) =0, u'(0)=0, u'(7)=0,
where the weight w(t) = @3 (t)A(t). Since ¥/(7) = 0, then from equation
(6.4) (w(OYI()(1) +Nw(t)ya: (1) =0,
it follows ¥}’ (1) = -1} *ya+ (7).

Let us consider the polynomial

(6.5) rm(t) = ZA’;\P,,() ZB\P(t)

i=1 i=1

By (2.8), signyy» (1) = (-1)%, hence, B >0, r,,,(0) > 0, r,,, () = 0.
Let us show that at the point t = 7 polynomial r,,(t) has zero of order 2m. As in

Theorem 1.2,
= i— * * * * \Ij(t)
rm(t) = Z(—l) AR AR A LAY \P;’(T)
i (t) Yo (t)
¥ YD)
1 1
(6.6) o w2 a2 | aso
A; T A.;q.(z.”;_.z).
Show that
¥ ¥,
(1) (1) \"{'(<?> S
' (7) T ¥i(T) 1 1
1 )
2 . o | V(o) (1)
(6.7) A E A (=) (%) o ()
A*(Zm—Z) A;(Zm—l) .\y.l(z.m;z;(.t). e .\P;(nz.m;z;(.t).
1 W o

Differentiating (6.4) and substituting ¢ = 7, we get, for s > 1,

¥ (1) = ! (@ (¥ (1) = (s (0w (1) A7) (1)

e B O O KON ORI AR
j=2

From this recurrence formula by induction, we deduce that, for k = 0,1,...,
WD (1) = (e A7) (),
WD () = (o5 + pEATE + o+ PP (o),

where r(’]‘,...,rk, pk,...,p} depend from «, B, 7 and do not depend from A;.

Moreover, rf = (-1)%.

(6.8)
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From (6.8), it follows that, for k = 1,2, ...,
k
(6 9) \P(Z +1)( ) Zk: . \I’(ZS) (T)
' RACEREARACH

\P(2k+2)( ) k \I,(zs) (7)
6.10 2 —1)kp72k,
( ) \IJH T) ; \Iﬂl( ) ( ) 1

where ¢!, cZ do not depend from A}. Applying (6.10), we obtain (6.7)

L0 I (1) ¥ (t ¥, (t
EHONER 41O s " i
1 1 11’ mlf
¥ (1) ¥ (1) . e .
O AGCH . (-DA;? e (-DA;,
\y1(2m72)(t) \P’(an—Z)(t) (_l)m_lA;\' (2m-2) L (_)m_ll;&n(Zm—Z)
Lo B 71 6

The equalities (6.6) and (6.7) mean that

rm(T) =7 (1) = - = 2" (1) = 0.
According to (6.9),
(2j+1) mo en
]+1)( ) A* \P ( ): A* Cl( ) i (T)
24~ 2 R
j mo () J .
SDRACIPIVE v S @) (1) =0, j=1,...,m-L
s=1 i=1 i s=1

Since 7, (7) = 0, then at the point ¢ = 7 the polynomial r,, () has zero of multiplicity
2m.

We show that it has no other zeros on the interval [0, 7]. We take into account that
the system {y; (¢)} 7, is a Chebyshev system on the interval (0, 7) (see Theorem 3.3)
and any polynomial of order m on the interval (0, 7) has at most m — 1 zeros, counting

multiplicity.
We consider the following polynomial in Chebyshev system {W;(¢)};:
Y1 (t) W (t)
¥, (7) ¥, (7)
¥ (1-¢) ¥ (7-¢)
¥/ (1) e2¥// (1)
- ¥ (r-2¢) ¥, (7-2¢)
(611) rm(t> 8) W . W
ey s
((m-1)eym29"(r)  "** ((m-1)e)*2¥]i(r)

Forany 0 < ¢ < 7/(m —1), it has m — 1 zeros at the points t; = 7 — je, j=1,...,m -1,
and has no other zeros on (0, 7). The limit polynomial as ¢ — 0 does not have zeros

on (0, 7).
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In order to calculate it, we apply the expansions

B(roje) X Wm v o)
Go¥() ~ & s (jeP () @)

j=L...,m-1,

formulas (6.9) and (6.10), and we subtract successively in the determinant (6.11) from
the subsequent rows the previous ones to obtain

Wi (1) ¥, (1)
¥(7) o v (1)
1+o0(1) 1+o0(1)
_ 1 ¥ (1) +o(1) ¥ (1) +o(1)
rm(t>£) - H;nzl(z])' Y/ (1) BEAGHEE
w2 (1)40(1) w22 (1) 40(1)
¥/ (1) e ¥ (r)

From here and (6.6) and (6.7), it follows that

lingrm(t,s) =crm(t), ¢2>0.
&—

Hence, the polynomial r,, () is positive on the interval [0, 7).

The polynomial r,,(t,¢) vanishes at m points, including 7, and therefore its
derivative r),(t,e) has m —1 zeros between 7 — (m —1)e and 7. Since the system
{¥;(t)}", is the Chebyshev system on (0, 7) (see Theorem 3.3), then r}, (¢, ¢) does
not have zeros on (0, 7). Hence, for ¢ — 0, we derive that 7/, (¢) does not have zeros on
(0, 7). Since r,,(0) > 0 and 1, (7) = 0, then r/, () < 0 on (0, 7). Thus, the polynomial
rm(t) decreases on the interval [0, 7].

Since ¥{'(7) = -A¥ 21/11; (1), polynomial (6.5) can be written as

)= 33 5 3B (w0 ()

i=1 i=

Setting A = 0 in (6.3), we obtain Y77, A;fzr) = 1, therefore

Fu(£) =1+ iB?(r)w;m(t)-

This polynomial has positive coefficients and the unique zero ¢ = 7 of multiplicity 2m
on the interval [0, 7]. Since y, (t) = ¢, (t)/po(t) and @o(t) > 0, the function

Gu(t) = go(1) + iBi(tzn(y))m;(t;(y))(o

is of the form (6.1), positive definite, and such that ¢ = ¢, (y) is a unique zero of
multiplicity 2m on the interval [0, t,,(y)]. Hence,

L(Gy,2m) < t;,(y). [
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Remark 6.2 From the proof of Theorem 6.1, it follows that inequality (6.2) is also
valid for functions represented by

0= [Tn@a). g0>o,

with a nonnegative bounded Stieltjes measure dv.
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