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It is a fact that, none of the diverse coordinate systems unified in
the Post-Newtonian formalism used to describe the exterior Schwarzschild
field can be regarded as being materialized by a reference frame. Only the
polar Gaussian coordinates (p, 9, ¢,t), or their naturally associated Fermi
coordinates, can be shown to have this property (Synge, 1960).

As it is known, each one of them has a precise physical meaning and by
means of them at least four new results appear.

In effect, by using the general expression for the world function (Synge,
1960) in these coordinates, it is easy to see that for an observer at rest with
respect to the Sun, the relativistic distance | p; — p2 |, between two particles
aligned with him, becomes their Euclidean distance; this is the first result.

Now, starting from the lagrangian L, written again in these coordinates,
corresponding to a test particle moving in the exterior field, and

using the first integrals in the usual way, the equation of the trajectory
(¥ =7/2,9" = 0) results to be
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where u = 1/p, a7 ! = g—(ﬁ’, and -8 = gﬁ so that, as can be seen, the right
side in (1) is not a cubic as it happens to be when the standard coordinates,
for example, are used. This is the second result.

Nevertheless, it can be shown that not even being f(u) a cubic (it can
be shown that it has only two roots) the solution of (1) can be given in
terms of elliptic functions. This is the third result.

Finally, the fourth result may help to better understand some properties
in Orbital Dynamics and Astrometry: as it is known, for coordinates of a
static weak gravitational field, for which the metric is written as #;; + hj,
the equations of motion for a test particle in first approximation contain
the terms

1 1
hate and —’éhaﬂh“,ﬁ (2)

(Brumberg, 1991).The second term comes from the unique non-linear term
taken in the Christoffel symbols and is shown to play an important role as
a source of relativistic perturbations. For example, in standard coordinates,
this term appears as the first one in the right hand side of the equations

- 2
f+23r*=ﬂ[(27m—2 +3(“) )r+2(7‘")rl (3)
But, if polar Gaussian coordinates are used, we obtain
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so that the analogous to this term in (3) is now the third one in the left
hand side of (4) and although, obviously, their effects in the perturbed
motion are analogous (but not equal in any way, as can be imagined from
the previous results) an important difference between their origins emerges,
and this is that, whereas the cited term in (3) comes from the second one in
(2) as was said, the cited term in (4) comes from the first one in (2), so that
no non-linear term is needed to be introduced in the Christoffel symbols to
explain the perturbations when polar Gaussian (or Fermi) coordinates are
used. In fact, if the second term in (2) is evaluated in these coordinates the
result is that its value is, simply, zero.
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