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ABSTRACT

We show the existence of a large family of representations supported by the orbit
closure of the determinant. However, the validity of our result is based on the validity
of the celebrated ‘Latin square conjecture’ due to Alon and Tarsi or, more precisely, on
the validity of an equivalent ‘column Latin square conjecture’ due to Huang and Rota.

1. Introduction

Let v be a complex vector space of dimension m and let £ := End v. Consider Z € @Q := S™(E)*,
where Z is the function taking the determinant of any X € Endv. Fix a basis {v1,...,vn}
of v and a positive integer n < m and consider the function & € @, defined by Z(X) =
27" " Perm(X?), X being the component of X in the right down nxn corner, where any element
of End v is represented by an m x m matrix X = (2; j)1<i j<m in the basis {v;} and Perm denotes
the permanent. The group G = GL(E) canonically acts on Q. Let X' (respectively ) be the
G-orbit closure of Z (respectively &) inside ). Then X and )Y are closed (affine) subvarieties
of @ which are stable under the standard homothety action of C* on . Thus, their affine
coordinate rings C[X] and C[))] are nonnegatively graded G-algebras over the complex numbers
C. Clearly, 2 ® End E C X, where End F acts on @ on the right via (¢ A)(X) = ¢(A- X), for
AcEndF,qeQ and X € E.

For any positive integer n, let m = m(n) be the smallest positive integer such that the
permanent of any n X n matrix can be realized as a linear projection of the determinant of an
m x m matrix. This is equivalent to saying that &2 € 2 ©End E for the pair (m,n). Then Valiant
conjectured that the function m(n) grows faster than any polynomial in n (cf. [Val79]).

Similarly, let m = m(n) be the smallest integer such that &2 € X (for the pair (m, n)). Clearly,
m(n) < m(n). Now, Mulmuley and Sohoni strengthened Valiant’s conjecture. They conjectured
that, in fact, the function m(n) grows faster than any polynomial in n (cf. [MS01, MS08] and
the references therein). They further conjectured that if &2 ¢ X, then there exists an irreducible
G-module which occurs in C[Y] but does not occur in C[X]. (Of course, if & € X, then C[))] is a
G-module quotient of C[X].) This geometric complexity theory program initiated by Mulmuley
and Sohoni provides a significant mathematical approach to solving Valiant’s conjecture (in fact,
the strengthened version of Valiant’s conjecture proposed by them).

By [Kum13, Theorem 5.2], if an irreducible G-module Vg (\) (with highest weight A\) appears
in C[Y], then Vg (A) is a polynomial representation of G given by a partition
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with last m? — (n? + 1) zeros.
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REPRESENTATIONS SUPPORTED BY THE ORBIT CLOSURE OF THE DETERMINANT

From now on (in this Introduction), we assume that m is even. Our principal result in this
paper (Corollary 6.2) asserts that for any partition g : (ug > -+ > pp, =0 > --- > 0) with last
m? — m zeros, the irreducible G-module Vg (mu) appears in C[X] with nonzero multiplicity,
provided the column Latin (m,m)-square conjecture is valid (cf. Conjecture 4.3). In particular,
if m > n? + 1, for any irreducible representation Vz()\) appearing in C[Y], Vg(mA) appears in
C[X] (again assuming the validity of the column Latin (m,m)-square conjecture). Thus, finding
an irreducible representation in C[Y] which does not occur in C[X] (on which the success of
the Mulmuley-Sohoni program relies) for m > n? 4+ 1 is not so easy. As a consequence of our
Corollary 6.2, we deduce that the symmetric Kronecker coefficient Ska,d&n,dém > 0 for any
partition A : (A; = Ao = -+ > A, = 0) of d, where 6, is the partition 8, : (1 >1>--- > 1)
(m factors) (cf. Corollary 6.5).

This paper is organized as follows. By a result of Howe (cf. Corollary 2.4), for any fundamental
weight &; (1 <i < m? = dim F) of GL(E), the irreducible GL(E)-module Vg(dd;), for 0 < d < m,
does not occur in S*(S™(FE)), whereas Vg(md;) occurs with multiplicity one in S*(S™(FE)). In
fact, it occurs in S*(S™(E)). In §2 we give an explicit construction of the highest weight vector
P; = i in this unique copy of Vz(mé;) in S(S™(E)) (cf. Definition 2.5).

In §3, for any 1 < ¢ < m, we calculate 7,,; on a certain subset §(M(m,i)) of X given by a
morphism 6 : M(m,i) — X, where M (m,i) denotes the set of m x i matrices. The induced map
0* on the level of affine coordinate rings is identified with a certain very explicit map . The main
result of this section is Proposition 3.4, which asserts that 7, ; restricted to the image 6(M (m, 1))
is nonzero if and only if the GL(V;,)-submodule U; generated by v®" € S¢(S™(V,*)) intersects
the isotypic component Z,,s, of S*(S™(V,})) corresponding to the irreducible GL(V;y,)-module
Vim(md;)* nontrivially, where the element v, is defined by the identity (9).

In §4, we turn to Latin squares (more generally Latin rectangles) and state the column Latin
square conjecture due to Huang and Rota. As shown by Huang and Rota, their conjecture is
equivalent to the celebrated Latin square conjecture due to Alon and Tarsi. We recall that the
Latin square conjecture is known to be true for p — 1 as well as p 4+ 1, for any odd prime p; in
particular, it is true for any even integer up to 24 (cf. Remark 4.5).

Section 5 is devoted to proving that the validity of the column Latin square conjecture
implies that the isotypic component Z,s of S*(S™(V;})) corresponding to the irreducible
GL(Vyn)-module V;,(md;)* intersects the GL(V,,)-submodule U; generated by v* nontrivially
(cf. Theorem 5.6). In fact, for i = m, we show that the latter assertion is equivalent to the
column Latin square conjecture.

This sets the stage for the proof of our main theorem (cf. Theorem 6.1), which asserts that
the irreducible module Vg(md;) occurs in C[X] with multiplicity one for any 1 < ¢ < m if the
column Latin square conjecture is true for m x m Latin squares. This is shown by proving that
P; does not vanish identically on X'. As an immediate corollary (cf. Corollary 6.2), we deduce
that for any partition A : Ay > -+ > A, 2 0, Vg(mA) occurs in C[X] (if the column Latin square
conjecture is true for m x m Latin squares).

Finally, in Remark 6.6(b), we observe that Vg(md;) (for any 1 < i < m) occurs in
C[GL(E) -B] with multiplicity one, where B is the function £ — C taking any matrix
A € E = Endv to its permanent. (Of course, as mentioned above, Vg(dd;), for any 0 < d < m
and 1 < i < m?, does not occur in S*(S™(E)), and hence it does not occur in C[GL(E) -] or
in C[X].)

For any vector space W over the complex numbers, in this paper, we view S¥(W) as the
subspace of @*W consisting of symmetric tensors.
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2. An explicit realization of multiples of fundamental GL(FE)-representations in
5°(5%(E))
Let E be a finite-dimensional complex vector space with basis {ej,...,ep}. Let d;, 1 <7 < ¢, be

the ith fundamental weight of GL(E) = GL(¥). This corresponds to the partition1 >1>--->1
(i factors).

LEMMA 2.1. For any positive integers d, j and m, the multiplicity of the irreducible GL(FE)-
module Vi(dd;) (with highest weight dé;) in S7(S™(E)) is the same as the multiplicity of the
irreducible GL(E;)-module Vg, (dé;) in S7(S™(E;)), where E; is the subspace of E spanned by
{817 R ei}'

In fact, the highest weight vectors in S7(S™(E)) for the irreducible GL(E)-module Vg(dé;)
coincide with the highest weight vectors in S7(S™(E;)) for the irreducible GL(E;)-module
Vi, (dd;).

Proof. Let Bg be the standard Borel subgroup of GL(FE) consisting of all the invertible upper
triangular matrices (with respect to the basis {e1,...,es}). Let v € S/(S™(E)) be a Bp-
eigenvector of weight d&;. Then clearly v € S7(S™(E;)) and v is a Bp,-eigenvector of weight
dé;. Conversely, let v € S7(S™(E;)) be a Bp,-eigenvector of weight dd;. Then the line Cv’ is
clearly stable under Bg. Moreover, the vector v’ is a weight vector of weight dd; with respect
to the standard maximal torus T (consisting of invertible diagonal matrices) of GL(E). This
proves the lemma. O

COROLLARY 2.2. With the notation as above, the multiplicity pug(dd;) of Vg(dd;) in S7(S™(E))
is equal to the dimension of the invariant space [S7(S™(E;))|S“E) if di = jm. If di # jm, then
,LLE(déz) =0.

We recall the following result from [How87, Proposition 4.3].

PROPOSITION 2.3. Let E be a vector space of dimension ¢ as above. For positive integers j, m,
we have

(a) [S7(S™(E))PMP) = (0), if 0 < j < &;

(b) [SH(S™(E))3HE) ~ {fco) 1{22 Zjedn

Combining Corollary 2.2 with Proposition 2.3, together with the action of the center of
GL(E), we get the following result.

COROLLARY 2.4. Let FE be a vector space of dimension ¢ as above. Let m be a positive even
integer and let 1 < i < {. Let d be the smallest positive integer such that Vg(dd;) occurs in
S*(S™(E)) as a GL(E)-submodule. Then d = m. Moreover, Vi (md;) occurs in S*(S™(E)) with
multiplicity 1 and it occurs in S*(S™(E)).

From now on in this section, let m be an even positive integer.
We first give an explicit construction of the invariant [S*(S™(E;))]3“F%) for any 1 < i < L.
Recall from Proposition 2.3 that it is one-dimensional.

DEFINITION 2.5 (An explicit construction of [S*(S™(E;))]S“F)). Recall that E; has a basis
{e1,...,e;}. Let M(i,i) be the space of i x i matrices over C. Define a linear isomorphism

0: (@°E)* = M(i,i), 0(f) = O0(f)pa)i<pasiy
where 0(f)pq = f(ep ® €4), for any f € (R2E;)*.
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Let GL(E;) act on M(i,i) via
g-A= (g Ag™ for g € GL(E;) and A € M(i, ).
Then, 6 is GL(E;)-equivariant. Now, define the map (setting m’ = m/2)
0™ (@™E;)* S @™ (M(4,4))

by identifying
(@ME)* ~ (@*E)*) @ --- @ ((®%E;)*)  (m/ factors)

and setting /
0™ (1 ® @ for) =0(f1) @ @O(frr) for fi € (R2E))*.

For any finite-dimensional vector space W and nonnegative integer k, let P¥(W) be the space
of homogeneous polynomials of degree k on W, i.e.,

PF¥(W) = {f : W — C polynomial such that f(Aw) = X\*f(w) Yw € W and A € C}.
Then there is a linear isomorphism (cf. [GW09, Proposition B.2.4])
£:SFw)r S PR

defined by £(0)(w) = 0(w®F), for € S¥(W)* and w € W. If an algebraic group G acts linearly
on W, then ¢ is G-equivariant.
Define the linear map ¢ : P*(W) — (&FW)* by

— 1
EMNw @ @) = 7 (the coefficient of t1 ...t in f(tyw1 + - + tpwg)),

for f € P*(W) and w1, ..., w, € W. Then the inverse map
&L PEW) — Sk
is given by the composition of & with the restriction map (@FW)* — S*(W)*.

Consider the linear projection obtained via the symmetrization

m@ME; > ST(E), W@ @um o Y W) @ @ U,
'UEGm

where &,, is the permutation group on the symbols [m] := {1,...,m}. Thus, we have GL(E;)-
equivariant linear maps

’

o®&m

S™(E) s (@ME;) > @™ (M(i, ).
This gives rise to a linear GL(E;)-equivariant map
SUS™(B)") — SH @™ (M (i,1))). (1)
Now consider the map

det®™ : M(i,i) > C, Aw> (det A)™
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It is clearly a homogeneous polynomial of degree im’, which is SL(FE;)-invariant. Thus, via the
above isomorphism ¢!, we get an SL(FE;)-invariant linear map

—

det®™ . §" (M(i,i)) — C. (2)
Of course, we have a canonical GL(E;)-equivariant projection
SH @™ (M(i,4))) — S"™ (M(i, 1)), (3)

obtained via the inclusion
SH@™ (M(i,1))) C @' (@™ (M(i,1))) = @™ (M(i, 1))
followed by the symmetrization @™ (M (i,i)) — S™ (M (i,1)).
Composing the maps (2) o (3) o (1), we get an SL(F;)-invariant linear map

Ymi SZ(Sm(El)*) — C.
For any vector space W, we have a canonical GL(W)-equivariant identification
SHW*) = SHW)* (4)
via SHW*) C @(W*) ~ (&'W)* — S{(W)*, where the last map is the restriction map. Thus,
Ym.i can be thought of as an element of [S*(S™(E;))]SH(F4).

LEMMA 2.6. '
(3 X1
vm,i<(z<e;>®m> )#o,

j=1
where {e], ..., e} is the basis of E dual to the basis {e1,...,e;} of E;.

Proof. Let E;j € M(i,i) be the matrix with all entries 0, except (j, k) which is 1. By the
definition,

Vi i:(e}*)@)m X =ymi| Y, (€)M e ()™
() )=l )

Jj=1 1<, 0ise
- / /
— Qm @m . Xm
- Z det (Ejhjl ® ® Ejiaji )

1<g1,00i<8

- ¥

1<g1,-00i<8

(i) the coefficient of (t1...¢;,) in
m/)!
[det((tl +oot tm’)Ejhjl + (tm’+1 +oo+ t2m’)EJ2,j2

/

+ -4 (t(ifl)m/+1 + .-+ tzm/)E]“]z)]m

1
= Z . the coefficient of (t1t2 ... %) in

(im/)!
ceB; m m!
[(t1+"'+tm’) "'(t(i—l)m’+l+"'+tim’) ]
i! 11\%
= (im’)'(m N* #£0.
This proves the lemma. o

We record this in the following.

LeEMMA 2.7. The element ~,; is the unique (up to a scalar multiple) nonzero element of
[SH (S (EITED.
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3. Calculation of v,,,; on the determinant orbit closure

We continue to assume that m is even and m’ = m/2.
Let v be a complex vector space of dimension m and let £ := Endt = v ® v*. Fix a basis

{v1,...,um} of v and let {v],..., v} } be the dual basis of v*. Take the basis {v; ® v;}lgmgm of
E and order the basis elements as {ei, ea,...,e,,2} satisfying
_ * _ * _ *
el =v1 ®V), € =V3QVUy,...,En = Uy @ U,,.

Fix 1 < ¢ < m and consider the subspace E; of E spanned by {ej,...,e;}. Take A € End E of
the form

m
Aej =) ale,, 1<j<i. (5)
p=1

In the sequel, we will only consider A € End E of the above form and the values of Ae; for
j > i will be irrelevant for us. Thus, we can (and will) think of A = (a{,)lgpgm,lgjgi as an m X i
matrix.

Define a right action of the semigroup End E on @ := P™(E) ~ S™(E)* (cf. Definition 2.5
for the last identification under &) via

(f®A)(e)=f(Ae) for fe@Q,AcEnd Fandec E. (6)
Take f = 2 ® A € @, where A is of the form (5) and 2 € P™(FE) is the function taking the
determinant of any X € E. For 1 < ly,... L, <1, let Allm denote the m x m matrix with
L
ay
the first column | : |, etc. For integers di,...,d; > 0 with dy +---+d; = m, {191,292 .. %}
agh
means the collection
{1,...,1;2,...,2;...;i,...,i ,
di times do times d; times
and A(@1-di) means the m x m matrix with columns
. . . a/{
At LAY A% A% DAY, AT, where A7 is the column |
di times do times d; times ain

LEMMA 3.1. The image of fg, in @™ (M (i, 1)) under 2™ o 7* (cf. Definition 2.5) is given by

1

— > PermAl) N B @@ E; ok,
) d1+"'+di:m 1<jp»kp<i
d;j =0
where the last summation runs over those ordered m-tuples (ji1,k1, ..., Jm/, km/) such that the

collection (without regard to the order)

{jlakla--' 7jm’7km/} = {1d172d2a" . 7idi}a

and Perm denotes the permanent of the matrix.
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Proof. For any 1 < jp, kp < 1,

f(r((ej, ®ex,)®@---®@(ej , Dex ,)))
= 9((Aej, ® Aey,) @ -+~ @ (Aej, , ® Aey, )

k.
= 9( Z (aﬁem ® a];;em) @ ® (aiﬂ 1€pp—1 @ ppy 6pm)>

1<p1,..cspm<m

ko,
= Z (afﬁalgé) (afa"ni 10p, )@(epl Qep, @ ep, ; & 6;Dm)

1<p1,-. ., pm<m

. - .
= Z (a‘;l(l)alj'l(Q)) e (ai?m—l)ao"’(nm))@(eg(l) ® 60(2) ® e ® eo’(mfl) ® eg(m))
c€Gm
= i‘ Perm(AJl»klv T km ). .
m.

Now the image of fg, in @™ (M (i, 1)) under %™ o 7* is given by
Z f((ejl ® ekl) ® e ® (ejm’ ® ekm/))Ejhkl ® e ® E‘mﬁk“m’

1<p,kp<i

1 . .
=— Z Perm(Ajl’kl""’jm"km/)Ejhkl R ® Ejm’»km” by (7)

" 1<p kp<i

1
:ﬁ Z PermAdl, 7 Z Ejl’kl ®®E /knL”
“ditetdi=m 1<gp,kp<t
d;>0
where the last summation runs over those ordered m-tuples (ji, k1, .., jm’, km’) such that the

collection (without regard to the order)
{1 k1o G e} = {1% 2% i)
This proves the lemma. o
On the vector space M (m, i) of m x i matrices, GL(m) x GL(7) acts via
(9,h) - X =gXh™!, for g€ GL(m),h € GL(i),X € M(m,i).

In particular, the permutation group &,,, thought of as the subgroup of permutation matrices
in GL(m), acts on M(m,i) and hence on any P¥(M(m,i)). For any o = (d1,...,d;), [o| :=
di+---+di=mand d; >0, set (for any A of the form (5))

ay(A) = Perm Aldiyedi)
Then, clearly, for any 0 as above,
ay € 73”1(]\4(77@,Z'))f(elJr...Jrem)’Gm7

where the superscript ‘—(e1+- - -+ ¢€y,), S, denotes the &,,-invariants of weight — (e +- - -+ ¢€,,)
with respect to the action of GL(m), i.e., the invertible diagonal matrices (t1,...,t,,) act via
(t1...tm) "t Recall from [GW09, Theorem 5.6.7] that, as GL(m) x GL(i)-modules, for any j > 0,

PI (M (m, 7)) ~ > Vin()* @ Ei(p), (8)
i > >,L‘tz‘> >pi 20
pl=j
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where |p| = ) pp and V,,(p) (respectively FE;(u)) denotes the irreducible GL(m)-module
(respectively GL(7)-module) corresponding to the partition .
Let V,,, := C™ with the standard basis {v1, ..., v, }. Define the elements

1
V=] @ @y €R™(Vi); voi=— » 0-T,€S™Vy), (9)
m: O’EGm
and 1
v, 1= = Z o (V1 ® - ®@up) € S™(Vin). (10)
g€G,

From (8), by a classical result due to Kostant [Kos76, Remark 4.1] (which asserts that for any
irreducible SL(V,;,)-module V;,,(\) corresponding to the partition A with |A\| = m, its zero weight
space is an irreducible representation Wy of &,,, corresponding to the partition \), we get

pm(M(TmZ’))*(e1+---+6m),6m ~ (Sm(vm)e1+---+6m,6m)* ® S™(E;),
Sm(vm)61+---+6m,6m ~ Co,.

Thus,
P™(M(m,i)) (@t tem)Gm ~ gm (g (11)

as GL(7)-modules. It is easy to see that {as}o—(q,,. 4,) With [0] = m are linearly independent

(by taking, for example, a;f; = a{ for all 1 < p < m). Hence, by the dimensional consideration,
{as}jo|=m provides a basis of S™(FE;) under the above identification (11). The GL(i)-module
isomorphism (11) clearly induces a GL(¢)-algebra homomorphism:

©: S (S™(E)) — P (M(m, i) *attem)®m ~ gy, (p)sletten)Smys o Fi() (12)

where the above sum runs over p: g = -+ > p; = 0, |u| = me; the last isomorphism follows by
the identity (8).
We now give an alternative description of the map

1 S*(S™(E:)) — P™*(M(m, )1t tem):Sm,
First of all, as GL(m) x GL(4)-modules,
PI(M(m,i)) =~ P™ (Vi @ Ef) =~ S™ (V) @ E), (13)

where the last identification is obtained from the isomorphism ¢! of Definition 2.5 followed by
the identification (4). Define the map

@M E = @"(Vy, @ Ey) = (2" (V) ® (RME:),  §(v) = v @ v.

Clearly, the map ¥ is a GL(E;)-module map. Moreover, it restricts to the map @;:

S™(E;) —2e ST(VE @ )

| |

@™(E;) ——> @™ (Vi ® Ey),

where the vertical maps are the canonical inclusions.
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It is easy to see that ®»; is a GL(FE;)-module map with image inside S™(V} ®
E;)~(attem).6m Thys, from the irreducibility of S™E; as a GL(E;)-module, applying Schur’s
lemma, we can choose the identification (11) so that %, coincides with the map ¢ gm(g,) under
the identification (13).

The map @, : S™(E;) — S™(V;: ® E;) extends to an algebra homomorphism (still denoted

by)
P12 S (S™(E:)) — S*(S™(Viy, ® Ey)).

The isomorphism (13) for j =1,

P (M(m,1)) =~ S™(V,, @ Ej), (14)
induces an algebra homomorphism £ : S*(S™(V,) ® E;)) — P™(M(m,i)). Let @}
S*(S™(E;)) — P™(M(m,i)) be the GL(FE;)-algebra homomorphism which is the composite

Bop.
Since @) coincides with ¢ on S™(E;), and both ¢ and @} are algebra homomorphisms, we
get that

P =9 (15)
Consider the function (for i < m)

0:M(m,i) > P"(E;) ~ S™(E;)*, A~ (.@@A)‘Ei.

Explicitly,

7

0(A) <Z Aj%‘) =11 (Z Aﬂi) for A = (a})1<p<m1<j<i
j=1 j=1

p=1
Clearly, 6 is a polynomial function of homogeneous degree m. Moreover, it is GL(E;)-equivariant:
0(A-g7") = (20 (Ag )i,
=9- (20 4)g,)
=g-0(A).
Of course, 0 gives rise to a GL(FE;)-algebra homomorphism
0% : S*(S™(Ei)) - P (M (m, i)).
LEMMA 3.2. ITm (g p,)) C P M (m,q))~(erttem).Gm,
Proof. Let t be the diagonal matrix (t1,...,t,) € GL(m). For any f € S™(E;), A € M(m,1),
@ NEA) = (20t A)g)
— (7 0 A)g,).

This shows that
(G (,)) © P (M (m, i)~ Feom),

We next show that for any f € S™(E;), 0*f is &, -invariant. Take o € &,, (considered as a
permutation matrix), then

(0" f)(cA) = f(Z ©cA)R,)

This proves the lemma. u
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LEMMA 3.3. The function 8* coincides (up to a nonzero scalar multiple in any degree) with the
function o : S*(S™(E;)) — P™* (M (m,i))~*1t+em).Gm defined earlier (cf. (12)).

Proof. First of all the function 6 is clearly nonzero. Further, both 6* and ¢ are GL(i)-algebra
homomorphisms. Moreover, S™(E;) and P™(M (m, i)~ (14 +em).8m are both irreducible GL(7)-
modules (use the isomorphism (11) for the latter). Combining these, the lemma follows using
Schur’s lemma. m

Now, S*(S™(E;)) has a unique (up to a scalar multiple) SL(E;)-invariant (by Proposition 2.3).
We want to determine if Plisi (5™ (E))SHED) #0.

By the definition, S7(S™(E;)) = [®@/ (@™E;)|"i, where H; C &,,; is the subgroup Sy % S;
acting on the right as

(M@ ®up)@ @@ @ ®@vd) (01,...,0), 1)

_ k(1) w(1) w(3) w(d)
N v%(l)(l)@) ®U%(1>(m))® ®(v%<a‘>(1)® ®U%(a‘>(m))’

for o), € 6, and p € G;.

PROPOSITION 3.4. The map Plisi (5™ (E,))SHED) # 0 if and only if the GL(V,,)-submodule U;
generated by v®' € SH(S™(V})) = [@/(®@™V,})]Hi intersects the isotypic component I,s5, of
S{S™(V*)) corresponding to the irreducible GL(V,y,)-module V,,,(mé;)* nontrivially.

Proof. Take 0 # v € [SH(S™(E;))|SHE) = [@! (@™ E;)|HixSLE),

Recall that for any partition A : Ay = --- > A\g > 0, d is called the height ht A of \. We
set |A| := > A;j. Let Wy be the corresponding irreducible &y-module and let E;(\) be the
corresponding irreducible GL(7)-module for any i > d. By the Schur-Weyl duality (cf. [GWO09,
Thoerem 9.1.2]),

SU(S™(E)) = D T @ BN, (16)
sy
Thus, we get
(ST ST E)IPHED) = (Wins ) @ Ei(mdy). (17)

In particular, [ngi}H" is one-dimensional. Also, consider the analogous decomposition,

SHS™Vi)) = @ W™ @ Vin(w)*, (18)
ht p<m
||=mi

and write

& = ZUF“ (19)
0

under the above decomposition.
Let M C [@(®™E;)]3“F) be the &,,;-submodule generated by v and, for any p with ht p <
m and |pu| = mi, let M, C @ (®™V}) be the &,,;-submodule generated by v,. Then, by the
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Schur-Weyl duality, M ~ W,,s, and M,, (if nonzero) is isotypic of type W,,. By the definition,

Pi(v) = % Y o ev) e SV @ E) C (21(@™V) @ (9(@™E)))
g€G ;i

1
=— D > 0 (tu®w) (20)
ht p<m,|pu|=mi 0€Gm;
Now, W, being self-dual, we get that for p # md;,
Y o (vu®v)=0. (21)
oc€Gm;
Moreover, if vy,5, # 0, we claim that
> o (vms, ®0) # 0. (22)
€S m;

By projecting to an irreducible component, we can assume that M,,;, ~ Wp,s,. Now, take
a &,y;-invariant nondegenerate bilinear form « : M5, ® M — C. Since « is &,,;-invariant,
Qi g, remains nondegenerate. Since both of v and vy,s, are H;-invariant, and [W,,s,]% is

md; *

one-dimensional as observed above, we get a(v,,s, ® v) # 0. Thus,

a< > a-(vm5i®v)> = > a(vms, ®v)

g€G ;i 0€6n;
# 0.
This proves (22). Now, as it is easy to see, vy, # 0 if and only if U; intersects Z,,s, nontrivially.
Hence the proposition is proved by combining the identities (20)—(22) since ¢ = @} (by the
identity (15)). O
4. Latin squares

DEFINITION 4.1. Let 1 < i < m. By a Latin (i,m)-rectangle A, one means an ¢ X m matrix

A= ( ) 1<p<ie
1<qg<m
such that each row A, := {ay, ..., al'} is a permutation o, of [m] (i.e. op(q) = aj) and each
column A?:= {af, ..., al} consists of distinct numbers. We define the sign e(A?) of A? as follows:
€(A?) := sign of H (ag, —aj).
1<p<p’<s

We call a Latin rectangle A column-even if e.(A) := [[[L; €(A?) is +1 and column-odd otherwise.

Let A? denote the set A? without regard to order. Then we call the m-tuple A = (A, ..., A™)
the pattern of A. Let L 4 denote the set of Latin (i, m)-rectangles A with pattern A. Let S(z m)
be the set of all patterns of size (i, m), where by a pattern A of size (i,m) (or an (i, m)-pattern)
we mean a m-tuple A = (A!,..., A™) of subsets of [m], each of cardinality exactly i such that
any integer ¢ € [m] occurs in exactly ¢ sets A°®.

For A € S(i,m), let le (respectively L) denote the subset of L 4 consisting of column even
(respectively odd) Latin rectangles.
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We have the following simple lemma.

LEMMA 4.2. Fix any 1 < i < m. Assume that there exists a pattern A of size (i,m) such that
S # 415

Then, for any 1 < i’ < i, there exists a pattern B of size (i',m) such that
s £ 1L

Proof. Tt suffices to prove the lemma for i’ = ¢ — 1. Define the map ¢ : L4 — UBeS(i—l,m) Lg by
removing the last row of any Latin rectangle A in L 4. The map ¢ is clearly injective. Moreover,
the image of ¢ consists exactly of the union | |z, Sali—1,m) L, where

with its top (i — 1) rows having pattern B

Sa(i—1,m) = {(z — 1, m)-patterns B such that there exists A € LA}‘

By the definition of Lj, it is clear that for any B € S4(i — 1,m), there exists a sign ¢(B) € {£1}
such that B
(L) c Ly (23)

Assume, if possible, that the lemma is false, that is,

4Lt =tL; for every (i — 1,m)-pattern B; (24)

in particular, for any B € S4(i — 1,m).
Combining (23) and (24), we get (since ¢ is a bijection) 4L = #L ;. This contradicts the
assumption and hence proves the lemma. O

We recall the following celebrated column Latin (m,m)-square conjecture due to Huang and
Rota [HR94, Conjecture 3].

CONJECTURE 4.3. For any positive even integer m,
$CELS(m) # §COLS(m),

where CELS(m) (respectively COLS(m)) denotes the set of column-even (respectively column-
odd) Latin (m,m)-squares. (Observe that for Latin (m,m)-squares, there is a unique pattern:

([m],[m],...[m]).)
Combining the above conjecture with Lemma 4.2, we get the following proposition.

PROPOSITION 4.4. Let m be a positive even integer. Assume that Conjecture 4.3 is true for m.
Then, for any 1 < i < m, there exists a pattern A of size (i,m) such that

L # 4L

Remark 4.5. As proved by Huang and Rota [HR94, §3], their column Latin (m,m)-square
conjecture is equivalent to the (full) Latin (m,m)-square conjecture given by Alon and Tarsi
[AT92]. Now the (full) Latin (m,m)-square conjecture is known to be valid in the following
cases:

(a) m =p—1, for any odd prime p, due to Glynn [Gly10, Theorem 3.2];
(b) m = p+ 1, for any odd prime p, due to Drisko [Dri97, Theorem 9].
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We have the following very simple lemma.

LEMMA 4.6. Let A (respectively B) be a pattern of type (i,m) (respectively (i,m’)) such that
LY #H8L, and fLf #4Lj.

Then,
+ -
8Liap) 7 L ap)

where each entry in B is shifted by m.
Proof. Clearly, under the concatenation,

LaxLp = Liap).
Moreover, under the above bijection,

LY x Ly — Lag)

where ¢; = 1. From this the lemma follows. O

5. Existence of a certain isotypic component in the module generated by 'v?i
Recall from § 3 that V,,, = C™ has standard basis {v1, ..., vn}. Recall from the identity (10) that
by = % Z UO’1(1) Q- ® le(m) € Sm(Vm),

01€6m,

so that, as elements of S*(S™(V,,,)),

; 1
U;@ - (m')z Z <U0'1(1) ®-..®U01(m))®"'®(vai(1) ®“.®U0i(m)).
o’:(0-17--~7o'i)€6£n

Let A be a partition of k into at most m parts and let A be a tableau of shape A. As in
[GWO09, Proposition 9.3.7], define

Row A = {0 € &}, : 0 preserves the rows of A},
Col A = {pu € & : u preserves the columns of A},

S(A)=< > E(M)M)' > o,

ue Col A o€ Row A
vA =0y @ Qv € F(Vin), (25)
where i; = r if j occurs in the rth row of A. (Here €(u) denotes the sign of y.)

Example 5.1.

10

A=

=W N =
ol | O Ot

VA =01 QU2 QU3 RV @V QU2 @z @ Vg RV X V.
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> m (i factors):

1 2 3 m
m+ 1 m+ 2 m+ 3 2m
t—1)m+1 | @—1)m+2 | i—1)m+3 m

PROPOSITION 5.2. For any 1 < ¢ < m and even m,

1

85 o) = (o) X ek - 2

AeS(i,m)
where (-, -) is the standard pairing between ‘(@™ (V%)), @ (®™V,,) and v, € S™(V,) C @™(V;¥)
is defined by the identity (9).

Proof. First of all, by the definition of S(B,),

S(By) 0% = (ml)' 3 e(p) -0
ne Col B,

- ¥

U:(Ul,---,Ui)EGin
p= (4150 o ) EGT

® (Vo (1) @+ @ Vg5 (m)) @+ @

6(llll)(/uo-,u‘l(l)(l) ® T ® UU#m<1)(m))
(Uam(i)(l) ®-® U‘Tum(i)(m))7 (26)

where €(1) := €(p1) - - - €(pm) and p; is embedded in &,,; as permuting {j, j+m,...,j+(i—1)m}
only.
For any ¢ X m matrix
A= (apq) 1<p<<i

SUAS
of integers ap 4 € [m], let
VA = (Ual,l X Vay 2 R & fUalym) X ® (’UaiJ & Va; o @ Ufli,m) S ®Z(®me)

Thus, we can rewrite the identity (26) as

S(B,) - 03" = Z (1) Va(om);

oeGl,
nes™
where A(o, p) is the i X m matrix
7,1y (1) O (1) (M)
Ao, p) = : :
Ty (i) (1) O iy (i) ()
We claim that
<Ug®i7 S(BO) ' Ug@i> = <’U§)i? Z G(M)VA(U,,U,)>7 (27)
(o.)ER
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where the last summation runs over R consisting of those o = (071,...,0;) € &, and p = (1,
.oy bm) € 6" such that A(o, 1) is a Latin (i, m)-rectangle.
Since v, is, by definition, (1/m‘) > s, Us1) ® @] (), unless each row of Ao, p) is a
permutation of [m], we have (v3", Va(,,)) = 0. Further, assume that the entries in some column
of A(o, i) are nondistinct, say

T, (@) = 04,y (q) for some 1 < ¢ < m and some 1 < p # p <.

Let 7 € &; be the transposition (p,p’). Then
Vaow = Vaou),

where ¢/ == (p1, ..., g O T, ..., fm)-
Hence,

G(M)VA(J,M) + E(M/)VA(a,u’) =0.
This proves the identity (27).
Let R’ C &!, be the subset consisting of ¢ = (071,...,0;) such that

01(1) ... 01 (m)
A0)=| s
oi(1) ... oi(m)
is a Latin (i, m)-rectangle. For any o € R, let & be the pattern (G, ..., ™), where

ot :={o1(q),---,0i(q)}-

Define an equivalence relation on R’ by o ~ ¢’ if the patterns o = o'. Denote the equivalence
class containing o by [o]. Then the sum }_, g €(1)Va(o) can clearly be written as

S Y Vi = Y €lAl0)) D BV

oER peGt: ocER’ BelLs
(o,m)ER
= Y D eld) ) e(B)Vs
[o]eR /~ AELs BeL;
= Y D> eld) D e(B)Vs.
AeS(i,m) A€EL 4 BeLy

Thus, by the identity (27),

(081, S(B,) - v%) = <7r1ﬂ> S Y @ Y e

AeS(i,m) A€EL 4 BeLy

() X (Zeo)

AeS(i,m) “AEL 4

:@') S Lk -ty

A€eS(iym)

This proves the proposition. O
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As an immediate consequence of the above proposition, we get the following corollary.
COROLLARY 5.3. (v$", S(B,) - v3") # 0 if and only if for some pattern A € S(i,m), 1L # 4L 7.

For any partition X of k into at most m parts, let G* be the highest weight space in ®*(V;,,) for
GL(V,,) corresponding to the highest weight A. Then we have the following lemma (cf. [GW09,
Lemma 9.3.2]).

LEMMA 5.4. Let A be a tableau of shape \. Then, S(A) - v4 is a nonzero element of G*. Thus,

G*= > Cr-(5(4)-va).

TESE
We specialize the above lemma to k = m? and A the partition:

Moy, : M=m=--2=m.

~
m factors

In this case V,(mdy,) is a one-dimensional representation of GL(V;,).
Consider the tableau B, = B,(m, m) (with ¢ = m) given just above Proposition 5.2. Then

S(B,) - vp, = (m)™ Z (1) (Vpy (1) @ Vpup (1) ® -+ @ V(1))
N:(#lr"'vum)EGfgm

® (Vpy(2) ® Vpp(2) @+ @V (2)) @+ @ (Vi (m) @ Vpiym) @+ @ V) (28)

By the above lemma, the isotypic component G* of @™ (®™ V;,) for the partition A\ = md,,
is the span of
{7-(S(B,) -vB,) : 7€ S,,2}.

I thank J. Landsberg for the part (b) of the following proposition.
PROPOSITION 5.5. (a) For CELS and COLS as defined in Conjecture 4.3,
(v¥™ S(B,) - vp,) = $ CELS(m) — § COLS(m).
(b) For any T € 6,2,
(W™ 1 (S(B,) - vp,)) = a(vd™, S(B,) -vp,) for some a € {0,41}.

Proof. By the identity (28),
(5™, S(Bo) - vp,) = Y e(p),

where the summation runs over those p = (u1,. .., fm) € G such that
pi(l)  pe(l) e pm(1)
Bly) = m@) uz'(2) um'(2)
pa(m) pa(m) - j(m)

is a Latin square (i.e., each row and each column of the above matrix is a permutation of [m]),
and

e(p) = €(p1) - - - €(pm)-
From this, part (a) follows.
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(b) By the expression of S(B,) - vp, as in the identity (28), clearly

7 (S(B) - vp,) = (m))™ Y. W, on @@, 1)
M:(Mlv“'vum)eeﬁ '
© @ W (5) @+ ® Vg ()5
for some fixed i and j4 € [m] (depending only upon 7).

We claim that if for any 1 < p < m, ih = ii’ =: g for some a # b, then D, = 0, where
D, := (¥, 7 (S(B,) - vg,)). Observe that ji # j; since the element

Wy 1) © @ Uy (1)) @+ ® Wy (1) ® -+ © Vg (i)

1

is a permutation of

(Uﬂl(l) ®UN2(1) Q- ®Uﬂm(1)) ® (U,ul(Q) ®UN2(2) A ®Uﬂm(2)) Q& (Uul(m) ®U:u2(m) Q- ®’U“m(m))'
Consider the element § = (5%, jg ) € 6. Then, replacing 14 by 46 in the above expression for

7-(S(B,) - vB,), we clearly get

Thus, D, =0.
So let us assume that for any 1 < p < m, g # 4 for a # b. Since v$™ is Hy,-invariant (where
H,, is defined above Proposition 3.4), to calculate D., we can assume that

7 (S(Bo) - vp,) = (m)™ Y e() (v, 51y @+ @ U 33) @+ ® (V) @ @ V(i)

HESH
where, for any 1 < g < m, {j(}, .+, Jg'} is a permutation o, of [m]. Now, replacing pg by pg 00y,
we get (setting o = (o1, ..., o))

7 (S(Bo) - vp,) = (@) (m)™ > e() (1) ® @ V(1) @+ @ (V) @+ @ Uy (m)
HEGT

=¢(0) S(By) - vpB,.
This proves the proposition. |

THEOREM 5.6. Let m be an even positive integer and let 1 < i < m. If there exists a pattern B
of size (i,m) such that

tLf # tLg, (29)

then the GL(V,,)-submodule U; generated by vZ% € S{(S™(V.%)) = [@4(@™V,:)]i intersects
the isotypic component L,,s, of S*(S™(V;:)) corresponding to the irreducible GL(V,,)-module
Vin(md;)* nontrivially, where H; is defined over Proposition 3.4.

In particular, if Conjecture 4.3 is true for m, then U; N L5, # (0), for all 1 <1i < m.

For i =m, Uy, NZys,, # (0) if and only if Conjecture 4.3 is true for m.

Proof. Let y, = vps, be the component of v&% in T, (cf. the identity (19)). Then, as observed
in the proof of Proposition 3.4, U; N Z,,;5, # 0 if and only if y, # 0. By [GW09, Theorem 9.3.10],

308

https://doi.org/10.1112/50010437X14007660 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007660

REPRESENTATIONS SUPPORTED BY THE ORBIT CLOSURE OF THE DETERMINANT

S(B,) - v2% belongs to an irreducible GL(V},)-submodule of ®/(®™V,,) of highest weight md;.
Thus,
(Yo, S(Bo) - 05") = (v5", S(Bo) - 03")

1 7
= <') Z (4L, — L)% by Proposition 5.2
m AeS(i,m)

# 0 by the assumption of the theorem.

Thus, y, # 0, proving the first part of the theorem.

The second ‘In particular’ part of the theorem, of course, follows from Proposition 4.4.

For the last part, by Lemma 5.4, S(B,)-vp, is a nonzero highest weight vector of @™ (®™V,,)
with highest weight md,, and the isotypic component of ®™(®™V,,) corresponding to the
highest weight md,, is given by ZTGGm2 Ct-(S(B,) -vp,) (since Vi, (mdy,) is a one-dimensional
representation).

Thus, y, € Z,,s5,, is nonzero if and only if

(5™, x) = (Yo, ) # 0,

for some z € ) Ct-(S(B,) - vp,). The above condition is equivalent to the nonvanishing

TEsz
of (v¥™ S(B,) - vp,) by Proposition 5.5(b); which, in turn, is equivalent to the validity of

Conjecture 4.3 by Proposition 5.5(a). This proves the theorem. O

Remark 5.7. It is quite possible that for any 1 < i < m, U; N7, # 0 if and only if (29) is
satisfied for some pattern B of size (i,m).

6. Statement of the main theorem and its consequences

Let v be a complex vector space of dimension m and let F := v ®@v* = Endv, Q := P™(E) ~
S™(E)* (under the isomorphism £ of Definition 2.5). Consider ¥ € ), where & is the function
taking determinant of any A € E = Endv. The group G = GL(FE) acts canonically on Q. Let X
be the G-orbit closure of Z inside Q.

Fix a basis {vi,...,v,} of v and let {v},...,v} } be the dual basis of v*. Take the basis
{vi ® v} }1<ij<m of B and order the basis elements as {e1, e2,. .., ey,2} satisfying
€1 =V U], € =V2Q V5, ...,En = "UnQV,.

Assume that m is even. Recall from Corollary 2.4 that for any 1 < i < m?, the irreducible
GL(E)-module Vg(mé;) occurs in S*(S™(E)) with multiplicity one (and Vi (md;) does not occur
in any S7(S™(E)), for j # i). Let P, = v € S{(S™(E)) be the highest weight vector of
Ve(mé;) C SY(S™(E)) (which is unique up to a nonzero scalar multiple) with respect to the
standard Borel subgroup B = Bg of G consisting of upper triangular invertible matrices, where
GL(E) is identified with GL(m?) with respect to the basis {e1,...,e,,2} of E given above. By
Lemma 2.1, in fact P; € [S*(S™(E;))]SY(F) | where E; is the subspace of E spanned by {ey, ..., e;}.

Recall an explicit construction of P; from Lemma 2.7. Since P; € S*(S™(FE)), we can think
of P; as a homogeneous polynomial of degree i on the vector space @ = S™(E)*.

The following is our main result.
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THEOREM 6.1. Assume, as above, that m is even. Assume further that Conjecture 4.3 is true
for m. Then, with the above notation, for any 1 < i < m, the polynomial P; does not vanish
identically on X .

In particular, the irreducible GL(E)-module Vg(md;) occurs with multiplicity one in the
affine coordinate ring C[X]. Moreover, by Corollary 2.4, Vi(dé;), for any d < m and any 1 < i <
m?, does not occur in S*(S™(E)); in particular, it does not occur in C[X].

Proof. Recall the definition of the right action of the semigroup End E on @Q = P"(FE) from the
identity (6). Consider the map

0:M(m,i) > Q, A— Z20A,

where A € End E is defined by
m .
Ae;j :Zag,ep for1<j<i, and Ae;=0 forj>i,
p=1

where A = (a})1<p<m,1<j<i- Clearly,
Im6 C X.

To prove that P; € PH(Q) ~ S*(S™(E)) restricts to a nonzero function on X', it suffices to show
that P; restricts to a nonzero function on M (m, i) via the morphism 6. Since

P; € S'Y(S™(Ey)) = S'(S™(E)") = P (P™(Ey),

P, is the pullback of a function P; € P(P™(E;)) via the restriction map r : P™(E) — P™(E;).
Thus, it suffices to prove that P; restricts to a nonzero function on M (m,i) via 6 : M(m,
i) — P™(E;) ~ S™(E;)* defined as the composite 6 = 7 o 0. (Observe that this 6 coincides with
the map 6 defined just before Lemma 3.2.) Now, by Lemma 3.3, the induced map

0" . S*(S™(Ey)) — P™* (M (m, i)

coincides with the map ¢ (up to a nonzero scalar multiple in any degree). Since P; is the unique
(up to a nonzero multiple) nonzero element of [S*(S™(E;))]S“ ) (by Proposition 2.3), it suffices
to show that P18 (S (B ))|SE) # 0. This follows from Proposition 3.4 and Theorem 5.6. The ‘In
particular’ part follows from Corollary 2.4, and hence the theorem is proved. O
COROLLARY 6.2. With the notation and assumptions as in the last theorem (in particular,
assuming the validity of Conjecture 4.3 for m), for any dominant integral weight \ for GL(E)
of the form A = """, n;0;, n; € Z., the irreducible GL(E)-module Vg(mA\) occurs in C[X] with
nonzero multiplicity.

Proof. First of all, X being an irreducible variety, C[X] is an integral domain. Take a Bp-
eigenvector P; € C[X] of weight md; for any 1 < i < m; which exists by the last theorem
(assuming the validity of Conjecture 4.3). Now consider the function

m
p)\ = lem S (C[X]
i=1
Clearly, Py is a nonzero Bp-eigenvector of weight m\. This proves the corollary. O
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Let X° be the G-orbit G - Z C Q. Then, by a classical result due to Frobenius (cf. [Kum13,
Proposition 2.1 and Corollary 2.3]), the isotropy subgroup G4 of Z is a reductive subgroup. In
particular, by a result of Matsushima, X° is an affine variety. Moreover, by Frobenius reciprocity,
we get the following proposition.

PROPOSITION 6.3. C[X°] ~ @, Ve(A\) ® [VE(A\)*]9? as G-modules, where the summation runs

over all the dominant integral weights A of G (i.e., A runs over szl n;0;, ny € Z4 for all
1 <i<m?and n,2 € Z) and [Vg(\)*]9? denotes the subspace of Gg-invariants in the dual
space Vg(A\)*. The action of G on the right is via its standard action on the first factor and it
acts trivially on the second factor.

In particular, the multiplicity of Vg(\) in C[X°] is the dimension of the invariant space
[VE(A)]5.

It is easy to see that if [Vg(\)*]? # 0, then |)\| := Z;flini € mZ, where (as earlier)
2
/\ = 2221 TLZ(')-Z
Applying [BLMW11, Proposition 5.2.1], we get that for any polynomial representation Vg(\)
(ie., A = S ngd; with all n; € Zy) with [A| = md, d € Z,

dim[Ve(\)*]9? = K345 d51m (30)

where §,, (as earlier) is the partition d,, : (1 > 1 > --- > 1) (m factors), A is the partition
(M1t H e Znot AN Zngte N2 200 2 npe > 0) and sky 45 g5 1 the symmetric
Kronecker coefficient (i.e., the multiplicity of the irreducible de—modﬁle WX in the symmetric
product S%(Wys, ), where, as earlier, W5 denotes the irreducible &4;,-module corresponding to
the partition \).

As a corollary of (30), and Proposition 6.3, we get the following result (since C[X] — C[X?]
as a G-module).

COROLLARY 6.4. For any irreducible polynomial representation Vg(\) of G, such that |\| = dm,
for d € Z., the multiplicity u(X) of Vg(A) in C[X] is bounded by:

PN < 5K a5, don

Observe that unless Vg(\) is a polynomial representation of G and |\| € mZ,, we have

n(A) = 0.
As an immediate consequence of Corollaries 6.2 and 6.4, we get the following result.

COROLLARY 6.5. Let m be any positive even integer. Assume that Conjecture 4.3 is true for m.
Then, for any partition A : (A = A2 = -+ = Ay, = 0) (with at most m parts) of d (i.e., |\| = d),
the symmetric Kronecker coefficient

Sk s, do,, > 0-

Remark 6.6. (a) Compare the above corollary with [BCI11, Theorem 1, §3].

(b) The following generalization of Theorem 6.1 holds by exactly the same proof. Let % €
Q = S™(E)* be any (homogeneous) polynomial such that, writing .# as a sum of monomials (in
a basis of E*), some monomial with no repeated factors occurs with nonzero coefficient. Assume
further that Conjecture 4.3 is true for m, which is assumed to be even. Then, for any 1 < ¢ < m,
the polynomial P; does not vanish identically on the orbit GL(E) - %.

In particular, this remark applies to .% = B, where B is the function £ — C taking any
matrix A € E := End v to its permanent.
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Thus, the irreducible GL(E)-module Vg(md;) occurs with multiplicity one in C[GL(E) - 3]
for any 1 < i < m (assuming the validity of Conjecture 4.3 for m). Moreover, Vg(dd;), for any
d <m and 1 <i<m? does not occur in C[GL(E) -] (cf. Corollary 2.4).
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