J. Inst. Math. Jussieu (2024), 23(5), 2175-2215 2175

doi:10.1017/51474748023000506

THE CERESA CLASS: TROPICAL, TOPOLOGICAL
AND ALGEBRAIC

DANIEL COREY®!, JORDAN ELLENBERG®?2 AND WANLIN LI®3

L Department of Mathematical Sciences, University of Nevada,
Las Vegas, Las Vegas, NV, USA
(daniel.corey@unlv.edu)
2 Department of Mathematics, University of Wisconsin-Madison, Madison, WI, USA
(ellenber@math.wisc.edu)
3 Department of Mathematics, Washington University in St. Louis, St. Louis, MO, USA
(wanlin@wustl.edu)

(Received 23 December 2020; revised 2 November 2023; accepted 7 November 2023;
first published online 21 December 2023)

Abstract The Ceresa cycle is an algebraic cycle attached to a smooth algebraic curve with a marked
point, which is trivial when the curve is hyperelliptic with a marked Weierstrass point. The image of
the Ceresa cycle under a certain cycle class map provides a class in étale cohomology called the Ceresa
class. Describing the Ceresa class explicitly for nonhyperelliptic curves is in general not easy. We present
a ‘combinatorialization’ of this problem, explaining how to define a Ceresa class for a tropical algebraic
curve and also for a topological surface endowed with a multiset of commuting Dehn twists (where it
is related to the Morita cocycle on the mapping class group). We explain how these are related to the
Ceresa class of a smooth algebraic curve over C((¢)) and show that the Ceresa class in each of these
settings is torsion.

1. Introduction

When X is a smooth algebraic curve with a marked point over a field, there is a canonical
algebraic 1-cycle on the Jacobian of X called the Ceresa cycle. The Ceresa cycle is
homologically trivial, but, as Ceresa showed in [15], it is not algebraically equivalent
to zero for a very general curve of genus greater than 2. In some sense, it is the simplest
nontrivial canonical algebraic cycle ‘beyond homology’ and as such it has found itself
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relevant to many natural problems in the geometry of curves and their Jacobians [22,
40, 42].

In recent years, many useful notions in algebraic geometry, and especially in the
geometry of algebraic curves, have been seen to carry over to the tropical context, where
they become interesting combinatorial notions. The motivation for the present paper is
to understand whether the theory of the Ceresa cycle (or, more precisely, a cohomology
class associated to that cycle) can be given a meaningful interpretation in the tropical
setting. In particular, since a tropical curve is just a graph with positive real lengths
assigned to the edges and integer weights assigned to the vertices, the Ceresa cycle would
be a combinatorial invariant of such a graph. We define such an invariant in the present
paper and begin to investigate its properties. We show, for example, that the Ceresa class
of any hyperelliptic graph is zero (in conformity with the classical case) but that the
Ceresa class of the complete graph on four vertices with all edges of length 1 is a nonzero
class of order 16; see Proposition 4.7 and Remark 7.5, respectively. Moreover, we show in
Example 7.2 that the Ceresa class is nonzero for every tropical curve whose underlying
graph is the complete graph on four vertices.

Our approach is to model a tropical curve with integral edge lengths as the tropicaliza-
tion of a curve that degenerates to a stable curve. We start by considering an algebraic
family of smooth complex curves of genus g over a punctured disc D\ *, which degenerates
to a stable curve over the central fiber *. There are several lenses through which one can
view such a degeneration.

- Topology: The family of complex genus-g curves over D\x, considered as a manifold,
is homotopic to a family of genus-g surfaces fibered over the circle, which we
can think of as obtained by taking 3, x [0,1] and identifying X, x 0 with £, x 1
via a diffeomorphism of ¥, defined up to homotopy, that is, an element of the
mapping class group. The stable reduction implies that this mapping class is a
multitwist; that is, product of integral powers of commuting Dehn twists. Which
twists they are can be read off the dual graph of the stable fiber at %, and which
powers of each twist appear are determined by the multiplicity of the nodes in the
degeneration.

- Tropical geometry: It is well known that a stable degeneration gives rise to a tropical
curve, which is to say a vertex weighted metric graph; in this case, it will be the dual
graph of the stable fiber, with edge lengths determined by the multiplicity with which
the family of curves strikes various boundary components of M,.

- Algebraic geometry over a local field: We can also restrict the holomorphic family to

an infinitesimal neighborhood of #, yielding an algebraic curve over C((¢)) with stable
reduction.

In each case, there is a certain combinatorial datum which describes the degeneration:
in the first case, the mapping class; in the second case, the tropical curve itself and in
the third case the action of the (procyclic) absolute Galois group of C((¢)) on the étale
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fundamental group of XW (or, as we shall see, just on the quotient of that fundamental
group by the third term of its lower central series.) These three data agree in a sense made
precise in §§3, 4.

The only one of these contexts in which there is a literal Ceresa class is the third one.
But we shall see that we can in fact define the Ceresa cycle directly from the combinatorial
datum. Thus, we may now speak of the Ceresa class of a multitwist in the mapping class
group, or the Ceresa class of a unipotent automorphism of the geometric étale fundamental
group of a curve over C((¢)), or the Ceresa class of a tropical curve with integral edge
lengths. (In this last case, our definition should be compared with that proposed by
Zharkov in [43]; see Remark 7.3 for some speculations about this.) We explain in §4.3
how to extend the definition to nonintegral edge lengths.

The topological definition rests fundamentally on the Morita cocycle on the mapping
class group [31] (an extension of the Johnson homomorphism). For the algebraic story,
we use in a crucial way the work of Hain and Matsumoto [22] relating the Ceresa class in
étale cohomology (over any field K) to the Galois action on the 2-nilpotent fundamental
group. Indeed, we could just as well have described this paper as being about the ‘Morita
class’ rather than the ‘Ceresa class’ — it is the ¢-adic Harris—Pulte theorem of Hain and
Matsumoto [22, §8] that relates the Morita class in group cohomology with the image of
the Ceresa cycle under the cycle class map.

In fact, most of the proofs and theorems in the paper are carried out not in an algebro-
geometric context but in the setting of the mapping class group, which seems to be
the easiest to work with in practice. In our context, the Ceresa class of a multitwist
can be described quite simply. Recall that an element of the mapping class group I'y
is hyperelliptic if it commutes with some hyperelliptic involution 7 € I'y. The Ceresa
class of a multitwist v € I'y is an obstruction to the existence of an element 7 of I'y
which acts as —I on homology (a hyperelliptic involution being an example of such a
7) such that the commutator [7,7] lies in the Johnson kernel. In shorter terms, one
might say a multitwist has Ceresa class zero if it is ‘hyperelliptic up to the Johnson
kernel’.

Our main theorem, Theorem 6.8, is that the Ceresa class we define is torsion for any
multitwist (and thus for any tropical curve with integral edge lengths). The Ceresa cycle
of a very general complex algebraic curve is known to be nontorsion modulo algebraic
equivalence [39, Theorem 3.2.1]. So in some sense, our theorem shows that the étale Ceresa
class defined here is throwing away a lot of information about the algebraic cycle; this is
not surprising, since as we shall see it is determined by purely numerical data about the
degeneration of a curve in a one-dimensional family. On the other hand, the Ceresa class
is readily computable and implies nontriviality of the Ceresa cycle if it is nonzero. One
might make the following analogy; if K is a discrete valuation ring and P is a point on
an elliptic curve F/K with bad reduction, then knowledge of the Ceresa cycle is akin to
identifying P, while knowledge of the Ceresa class is more like knowing which component
of the Néron fiber P reduces to.

The fact that our Ceresa class is readily computable is significant because there are
few examples of specific curves where the Ceresa cycle or étale Ceresa class is known
to be trivial or nontrivial. One such example is the Fermat quartic curve, whose Ceresa
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cycle was found to be not algebraically equivalent to 0 in [25] using the construction of
harmonic volume in [24]. The étale Ceresa class was computed and determined to be
nontrivial (in fact, nontorsion) for some examples in [39, §3.4]. The result [10, Theorem
1.1] exhibits an explicit curve over a number field whose étale Ceresa class is torsion but
does not determine its exact order or prove it to be nontrivial. Related nonhyperelliptic
curves with torsion Ceresa class are studied in [6, 7, 29]. By recent results of Qiu and
Zhang in [38, §4.2], there are positive dimensional families of nonhyperelliptic curves (with
genera 4 and 5) with torsion Ceresa cycle modulo algebraic equivalence, which resolves a
problem posed in [39, p.28].

That our analysis of the Ceresa class relies fundamentally on topological techniques lies
in stark contrast to the way Ceresa cycles of families of curves are often studied, that is,
using Hodge-theoretic techniques like variations of Hodge structures and normal functions
as in [21, 23]. More precisely, given a family of curves 7: X — S (X and S are smooth
and projective, and the discriminant locus of 7 is a normal crossings divisor), the rational
function that sends s € S to the image of the Ceresa cycle of X, under the Abel-Jacobi
map defines an admissible normal function. Green and Griffiths in [20] prove that the
singularity of an admissible normal function of a one-parameter family is always torsion,
whereas Brosnan and Pearlstein in [12] prove that the singularity of the normal function
associated to the Ceresa class can be nontorsion for families over a higher-dimensional
base.

The paper is structured as follows. In §2, we define the Ceresa class of a multitwist. In
§3, we explain the relation between the topological definition and the étale Ceresa class
in algebraic geometry, and in §4, we explain how the definition extends to a tropical curve
with arbitrary real edge lengths. In §§5-6, we prove Theorem 6.8 and describe a finite
group in which the tropical Ceresa class naturally lies, a group which might be thought of
as a sort, of tropical intermediate Jacobian. Finally, in §7, we compute the Ceresa classes
of several low-genus graphs. We close with a question. Are there nonhyperelliptic tropical
curves with Ceresa class zero?

2. The topological Ceresa class

2.1. The mapping class group and the symplectic representation

In this subsection, we recall some basic facts about the mapping class group; see [19] for
a detailed treatment.

Throughout the paper, let ¥, denote a closed genus g surface and Z; denote a genus
g surface with one puncture. Let T'y (resp. I‘}]) be the mapping class group of X, (resp.
E;), that is, the group of isotopy classes of orientation-preserving diffeomorphisms of the
surface, and II; = 7 (X,). These groups fit into the Birman exact sequence:

151y =T, —Ty— 1 (2.1)

Given a simple closed curve a in 3, (resp. E;), denote by T, the left-handed Dehn twist
of a. A separating twist is a Dehn twist T,, where a is a separating curve, and a bounding
pair map is Tabel, where a and b are homologous nonseparating, nonintersecting, simple
closed curves.
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The singular homology group Hl(E;,Z) = H(X4,Z), which we denote by H, has a
symplectic structure given by the the algebraic intersection pairing 7 : H A H — Z.
The action of 'y, (resp. I‘_(ll) on H respects this pairing. This yields the symplectic
representation of I'y (resp. 1“517), and we have the short exact sequence

1—=Z, (resp. Igl) — Ty (resp. l";) — Sp(2¢9,Z) — 1, (2.2)

where Z, (resp. I;) is called the Torelli group. By [9, 35], the Torelli group is generated
by separating twists and bounding pair maps.

The Johnson homomorphism was introduced by Johnson in [27] to study the action
of the Torelli group on the third nilpotent quotient of a surface group. We provide
the following characterization. Recall that for any symplectic free Z-module V with
symplectic basis a;,58; (i =1,...,g), the form

wy = (Zal/\ﬁz> (23)

does not depend on the choice of symplectic basis. When V = H, we simply write w for
this form. Set L = A3H, and view H as a subgroup of L via the embedding h > w A h.
The Johnson homomorphism for a once-punctured surface is a group homomorphism
J: I; — L; by the previous paragraph, it suffices to describe how J operates on separating
twists and bounding pair maps. If T, is a separating twist, then J(7T,) = 0. Suppose Tabel
is a bounding pair map. The curves a and b separate Z}J into two subsurfaces; let S be
the subsurface which does not contain the puncture. The inclusion S — 2517 induces an
injective map H1(S,Z) — H which respects the symplectic forms on these spaces. Denote
the image of this map by W. Then w restricts to wy on W, and

J(T. Ty = ww Alal. (2.4)

The Johnson homomorphism for ¥, is a homomorphism J : Z, — L/H and operates on
separating twists and bounding pair maps as above, except that S may be either of the
two subsurfaces cut off by a and b.

2.2. Construction of the Ceresa class
In this section, we construct a class in H'(I'y,L/H) whose restriction to Z, equals twice
the Johnson homomorphism. By the work of Hain and Matsumoto [22], this class with
{-adic coefficients agrees with the universal Ceresa class over M,. We discuss this further
in §3.2.

Let Fpy = m1(X}), which is the rank-2g free group, and

Foy=L'Fyy D L*F3y D L*Fyy ...

be the lower central series of Fy,, that is, L* 1 Fy, = [Fy,, LEFyy]. The k-th nilpotent
quotient of Fy, is Ny = Fgg/LkFQg. Note that Ny = H. Set gr¥ Foy = LkFgg/Lk“Fgg,
which is a central subgroup of Ni;i. We note that the Ny and the gr’i Fyy are all
characteristic quotients of Fy; and thus carry natural actions of Aut(Fy,); in particular,
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they carry actions of the mapping class group F}J. What’s more, the action of Aut(Fy)
on gr¥ Fy, factors through the natural homomorphism Aut(Fy,) — GL(H).
By [31, Proposition 2.3], Aut(V3) fits into an exact sequence of groups
1 — Hom(H, g2 Fyy) 2 Aut(N3) & GL(H) — 1. (2.5)

Here, for any f € Hom(H,gr? Fy,) the action of ¢(f) on N3 is to send v € N3 to
vf([7]), where [7] is the image of 4 under the natural projection to H. Because
Hom(H, gr? Fy,) is abelian, we write the group operation additively. The group Aut(N3)
acts on Hom(H, gr? Fy,) by conjugation.

Let 7 be an element of Aut(/N3) such that p(7) = —I. Since p(7) is central in GL(H),
any commutator in Aut(N3) of the form [z,7] lies in Hom(H, gr? F,). Define

pr 2 Aut(N3) — Hom(H, gr} Fa,) x — [z,7]. (2.6)
Proposition 2.1. The map p, is a crossed homomorphism, and its cohomology class
p € H (Aut(Ns), Hom(H, gr? Fy,))
1s independent of the choice of T.

Proof. That . is a crossed homomorphism follows from the fact that [zy, 7] = [y,7]" [z, 7],
and hence
pr (xy) = [2y,7] = e () + - p1r (y)-

Now, suppose we had made a different choice 7/; then 7/ = t7 for some t € kerp. One
checks, using the fact that kerp is abelian, that

[x,t7] =t [z, 7]
which is to say that
oo (@) = iz (2) -t
S0 pr+ is cohomologous to u,, as claimed. O

The preimage of kerp under the natural morphism F}] — Aut(N3) is the Torelli group
I;, and the restriction of this morphism to Igl is the Johnson homomorphism. By the work
of Johnson [27], the homomorphism J is not surjective onto Hom(H, gr? Fy,); rather, its
image is the natural GSp(H)-equivariant inclusion of L = A*H into

Hom(H, gr} Fy,) = Hom(H, A’ H).

We can thus inflate u to I‘é to get a cohomology class € H 1(F;,L) represented by the
cocycle

:LLT(’Y) = ‘]([’%T])a (27)

where T € I‘}] acts on H as —I. We say that 7 is a hyperelliptic quasi-involution;
a hyperelliptic quasi-involution that is an honest involution is called a hyperelliptic
involution. Following Proposition 2.1, the class p is defined independent of the choice
of 7.
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Proposition 2.2. The class p is the unique element in H! (F;,L) whose restriction to
I; 15 2J € Hl(Igl,L).

Proof. Pick an element v € I; and fix a hyperelliptic quasi-involution 7 € F;. Because T
acts as —I on H, it also acts as —I on A3H. Therefore, we have

J(r)) =J)+ Iy ) =)+ J(v ) =2J (7).

The uniqueness of i follows from [22, Proposition 5.5]. O

Let v € HY(I'y,L/H) denote the image of 1 under the composition
H'T},L)— H"(},L/H) = H"(I'y,L/H).

The map H'(I'y,L/H) — H'(I'y,L/H) is induced by restriction, and is an isomorphism
by [22, Proposition 10.3]. Similar to the once-punctured case, the class v is represented
by the cocycle v+ J([7,7]), where 7 € T'y is a hyperelliptic quasi-involution.

Definition 2.3. The Ceresa class of v € Ty (resp. I'y), denoted by v(v) (resp. u(7)), is
the restriction of v (resp p) to the cyclic group generated by 7, viewed as a cohomology
class in H'({y),L/H) (resp. H'({v),L)).

Remark 2.4. The justification for this notation is the f-adic Harris—Pulte theorem of
Hain and Matsumoto [22, §88,10], which identifies the f-adic analogue of the classes
u,v defined above with the image of the Ceresa cycle under a cycle class map in étale
cohomology. We discuss this aspect in detail in §3.2.

The Ceresa class v(7y) lies in H*((y),L/H)= L/((y—1)L+ H). It is certainly trivial for
any 7y which commutes with 7, which is to say it is trivial for any - in the hyperelliptic
mapping class group. But the converse is not true; for instance, if y is in the kernel of the
Johnson homomorphism then so is [v,7], so u(y) = J([7,7]) =0, but such a ~ certainly
need not be hyperelliptic. More generally, any mapping class whose commutator with 7
lands in the Johnson kernel has trivial Ceresa class.

When the action of v on H has no eigenvalues that are roots of unity, the group
H'({v),L/H) is finite and the Ceresa class is torsion. At the other extreme, if v lies in
the Torelli group, H({(v),L/H) = L/H and the Ceresa class is an element of this free
Z-module of positive rank and can be of infinite order.

The case of primary interest in the present paper is that where v is a product of
commuting Dehn twists, or a positive multitwist. In this case, the action of v on H is
unipotent, and H'({v),L/H) is infinite; however, in this case, as we shall prove in §6, the
Ceresa class is still of finite order.

Theorem (Theorem 6.8) Let v € I'y be a positive multitwist. Then the Ceresa class v(7y)
18 torsion.

In fact, we will show how the order of the Ceresa class can be explicitly computed,
though the computation is somewhat onerous. We will, along the way, prove the analogous
statement for multitwists in the punctured mapping class group F}] as well.
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Our method for proving Theorem 2.2 will be to show that the Ceresa class lies in
a canonical finite subgroup of H'((v),L/H), which we might think of as the tropical
intermediate Jacobian; see Remark 6.11. A notion of tropical intermediate Jacobian was
proposed by Mikhalkin and Zharkov in [30]; it would be interesting to know whether the
two notions agree in the context considered here.

The next two sections will explain the relationship between the topological, tropical and
local-algebraic pictures; the reader whose interest is solely in the mapping class group can
skip ahead to §5.

3. The /-adic Ceresa class

In the previous section, we defined the Ceresa class v(7y) (resp. u(y)) as a cohomological
invariant of any element v in the mapping class group I'y (resp. F;). In this section, we
discuss how the Ceresa class of multitwists arise in arithmetic geometry. We begin by
recalling the monodromy action associated to a one-parameter family of genus ¢ surfaces
degenerating to a stable curve.

3.1. Monodromy

Our discussion on the monodromy of a degenerating family of stable curves mainly follows
[2, §3.2] and [4, §1.1]. For details on the construction of a local universal family of a
stable curve, see [41, §3]. Our goal is to recall the nonabelian Picard-Lefschetz formula
[4, Theorem 2.2] which says that the monodromy action on the fundamental group of a
smooth fiber is given by a multitwist.

Let X be a stable complex curve of genus g > 2. Let ) — D be the local universal
family for X, as was constructed in [41, Theorem 3.1.5]. The base D is homeomorphic
to D3973, where D denotes a small open complex disc centered at 0. Let B C D be the
discriminant locus of ) — D and D* = D\ B; each fiber Y, for p € D* is diffeomeorphic
to a closed surface ¥,. Choose a point py € D* sufficiently close to 0 at which all loops
in D* will be based when we consider its fundamental group.

The combinatorial data of a stable curve are recorded in its dual graph, which is a
connected vertex-weighted graph defined in the following way. Recall that a vertex-
weighted graph G is a connected graph G, possibly with loops or multiple edges,
together with a nonnegative integer w, for each vertex v of G. The dual graph G of X
consists of

- a vertex ve for each irreducible component C' of Xy whose weight is the arithmetic
genus of C, and

- an edge e between ve and vg: for each node n in the intersection of C' and C”.

For each edge e; of G, choose a small loop ¢ in the smooth locus of X, that goes
around n;. Shrinking D if necessary, the inclusion Xy — ) admits a retraction Y — X
so that Y — Xy — ) is homotopic to the identity. This gives rise to a specialization map
rp : Vp = Xo for each fiber Y, over p € D. Then each ¢; = Ty 1(6;) defines a closed curve
in V.
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The discriminant locus B is a normal crossings divisor [4, Proposition 1.1] (see also
(28, Theorem 2.7]). Following [4, Proposition 1.1(3)], choose coordinates z1,...,235—3 on
D so that Bj;, the irreducible component of B consisting of those p € D such that ¢; is
contractible in Y, has the form B; = {z; =0} ND. In particular, Yy = Xo. Then D*
is homeomorphic to (D*)Y x (D)?973~N where N is the number of edges of G and
D* = D\ 0. Thus, 71(D*) is isomorphic to & ,Z- \;, where ); is a loop in D* based at
po that goes around B;. The monodromy action on Il is given by a nonabelian Picard—
Lefschetz formula [4, Theorem 2.2]:

py 1 1 (D*) — Out(Il,) ATt (3.1)

Let ) — D be a one-parameter degeneration such that 2)g = X is the only singular fiber.
Suppose that the local equation in ) near the node n; corresponding to the edge e; of
the dual graph is zy = ¢, where ¢ is the parameter on D and ¢; € Z~¢,i =1,...,N. The
following proposition is a variant of [32, Main Lemma].

Proposition 3.1. The restriction of the monodromy map py to w1 (D*) =7~ is given
by

N
py T (D*) — Out(Il,) v T2
i=1

Proof. The map 9 — D is given by the pullback of ) — D under a map j: D — D, and
¢; is the multiplicity at which j(D) intersects the divisor B;. Explicitly, with ¢ being the
local coordinate on D, the map j is given by

J(t) = (a1t™,...,antV,0,...,0) + higher order terms,

where a; € C*. Composing with the orthogonal projection to Bi* = {2z}, = 0|k # 4} yields
the map D — B; given by t + t, and therefore 71(D*) — 71(B;-\0) is given by
¥ — ¢; - A;. The proposition now follows from Equation (3.1). O

3.2. The ¢-adic Ceresa class for algebraic curves over C((t))

In this subsection, we recall the definition of the Ceresa cycle associated with an algebraic
curve and its induced class in Galois cohomology, following [22]. Using comparison
theorems, this class agrees with the topological Ceresa class with ¢-adic coefficients,
justifying the definition of the Ceresa class v in §2.

Let K be a field of characteristic 0, G its absolute Galois group and ¢ a fixed prime
number. Let X be a smooth, complete, genus g > 3 curve over K. For the moment,
suppose X has a K-rational point &, which yields an embedding ®¢ : X — Jac(X). Define
algebraic cycles in CHy (Jac(X)) given by X¢ := (P¢)«(X) and X, := (1)«(X¢), where ¢
is the inverse map on Jac(X). By [22, §4.3], the cycle X¢ — Xg is null-homologous. Thus,
the image of X¢ — X ¢ under the l-adic Abel-Jacobi map produces a Galois cohomology
class

W(X.€) € HY (G, He! ™ (Jac X) g, Ze(9 = 1))).

€
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Via Poincaré duality,
HE ™ ((Jac X )5 Zo(g — 1)) = H (Jac X ), Ze(1)) (1) = (A*Hi (X, Ze(1))) (—1).

Let Hz, = H},(X%,Z¢(1)), Lz, = (A*Hz,)(—1) and w € A?Hy, the polarization.

The map h+— wAh yields an embedding Hz, < Lz,. The ¢-adic Ceresa class, denoted
by v (X), is the image of ¥ (X,¢) under the map H'(Gg,Lz,) — H (Gk,Lz,/Hz,),
where we view (¥ (X,£) as an element of H'(Gk,Lz,). By [22, §10.4], the class v(©) (X)
only depends on the curve X/K and can be defined when X has no K-rational point.
Hain and Matsumoto construct a universal characteristic class

A e H' (OutT), Ly, /Hyz,)

which is the f-adic analog of v defined in §2. The class v with Z, coefficient corresponds
to (ﬁ%))*(ﬁ(z)) under the comparison map

H' Ty, L/H)®Z = H(My @K, Ly, /Hz,),
where
ﬁf,ﬁ) 11 (Mg, X5) = Out ﬂl) (X%)

is the universal monodromy representation. Let n'“)(X) € H'(Gg,Lz,/Hz,) denote the

pullback of 7() under the natural action G — Out Wge) (X%)- The f-adic Harris—Pulte
theorem [22, Theorem 10.5] asserts

n®(X)=vO(X). (3.2)

We now show that the ¢-adic Ceresa class of a curve over C((¢)) is torsion. We obtain this
by showing that the f-adic Ceresa class is, in a natural sense, the f-adic completion of
the Ceresa class of product of Dehn twists attached to the curve in the previous section.
This fact justifies calling that topologically defined class ‘the Ceresa class’, and allows us
to apply Theorem 6.8 to the ¢-adic Ceresa class.

Theorem 3.2. Suppose K = C((t)) and X is a smooth curve over K. The {-adic Ceresa
class v (X) is torsion.

Proof. We begin by reducing to the semistable reduction case. By the semistable
reduction theorem, there is a positive integer n such that the pullback X’ of X by the
map

¢ : Spec K — Spec K o (t) =t"

has semistable reduction. The map ¢ induces an endomorphism of H'(G,Lz,/Hz,)
which is multiplication by n. This means that v(¥)(X) is torsion if and only if v(9)(X") is
torsion.

Therefore, we may assume that X has a semistable model X defined over Ok with
special fiber Xy. The étale local equation in X of each node of Xy is zy =t for some
c; € Z>0. Let
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S = SpecC|z1,...,z34—3], S’ =SpecCllzt,.... 25, 2N 1, .. T343],

where N is the number of nodes of Xy. The map X — Spec Ok is the pullback of the
(algebraic) local universal family X — S by a morphism i : SpecOg — S of the form

i (x) = axt® 4 higher order terms,

where ap € C*. Define an analytic family ) — D by the pullback of J — D under the
map

j:D—D t— (art®,...,antN,0,...,0).

Consider the following diagram.

m(D*) —2 1 (D*) —2 Out(1l,)

l J l (3.3)

Gx —2— 78(97) 225 Out(m).

The left and middle vertical arrows are profinite completions, the right arrow is the
{-adic completion and py is the monodromy map associated to X — S. The left square
commutes because Gg — 7%(S’) is the profinite completion of m; (D*) — m; (D*), and
the composition of the bottom two arrows may be identified with the natural action
Gk — Out(Hy)). Commutativity of the right square follows from commutativity of the
following diagram

1 Hg 771(3)*) EE— 7T1(D*) — 1

| | |

1 —— Iy, —— 78(x*) —— 78" — 1,

where X* and Y* are the smooth loci of X — S and ) — D, respectively. Here, the
vertical arrows are profinite completions and the rows are exact. Let v € Out(Il,) denote
the image of the counterclockwise generator of 7 (D*) in Out(Il,). Commutativity of the
diagram in Equation (3.3) yields the following commutative square

H(Out(Ily),L/H) ———— H'({y),L/H)

! !

Hl(OUt(ﬁg),LZz/HZz) E— Hl(GK’LZz/HZe)'

Because the left arrow takes v to 7(9), the right arrow takes v(y) to v (X). By
Proposition 3.1, v acts as the multitwist HZ—TZCZ on II;. The theorem now follows from
Theorem 6.8. O

Remark 3.3. We are indebted to Daniel Litt for the observation that it ought to be
possible to prove directly, via arguments on weights [8], that the Ceresa class of a
curve over C((t)) is trivial, and to derive the topological theorems in this paper from
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this algebraic fact using the fact that every multitwist can be modeled by an algebraic
degeneration. Our feeling is that modeling the paper this way could create the misleading
impression that the topological statement was true for reasons involving hard theorems in
algebraic geometry, while in fact, as we shall see, it is a topological fact with a topological
proof.

4. The tropical Ceresa class

4.1. Tropical curves

A tropical curve I' consists of a vertex weighted graph G, together with a positive real-
value ¢, associated to each edge e, recording its length.! The genus of T' is

g(1) = [E(G)| = [V(G) [+ 1+ |w],

where G is the underlying graph of I, and |w| is the sum of the vertex weights. This is
consistent with the interpretation of a weight on a vertex as an ‘infinitesimal loop’. The
valence of a vertex v, denoted by val(v), is the number of half-edges adjacent to v; in
particular, a loop edge contributes 2 to the valence.

Given an arrangement of simple, closed, nonintersecting curves A ={/q,...,{n} in X,
its dual graph is the vertex weighted graph with:

- a vertex vg for each connected component S of ¥\ Ufil ¢; whose weight is the genus
of S, and

- an edge e; between vg and vgs for each loop ¢; between S and S’.

Any vertex-weighted graph G of genus g may be realized as the dual graph to an
arrangement of pairwise nonintersecting curves on X, in the following way. For each
vertex v, let X, be a genus-w,, surface with val(v) boundary components. For each edge e
of G between the (not necessarily distinct) vertices v and v, glue a boundary component
of ¥, to a boundary component of ¥,; denote the glued locus in the resulting surface
by £.. This process yields a genus-g surface, together with an arrangement of pairwise
nonintersecting curves A = {{. |e € E(T")} whose dual graph is G. For an illustration, see
Figure 4.1. If " is a tropical curve with integral edge lengths c., then we have a canonical

multitwist
Tr = H TZC:
ecE(T)

and we let dr € Sp(H) denote the action of Tt on H. At this point, one may define the
Ceresa class of I to be v(Tt) € H'((Ir),L/H) = H*((or),L/H). However, when the edge
lengths of T' are not integral, we cannot define ér and v(T') in terms of a multitwist. We
will define the Ceresa class for a tropical curve with real edge lengths and explain what
it means for it to be trivial in §4.3.

L This definition is consistent with [3, 11, 16]. One usually considers tropical curves up to tropical
equivalence. Compatibility between the tropical Ceresa class and this equivalence relation is
discussed in §4.3.
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o
A

Figure 4.1. Passing from a tropical curve to a multitwist.

4.2. The tropical Jacobian

Now, suppose I' has genus g > 2 and fix an orientation on the underlying graph G. Its
Jacobian is the real g-dimensional torus

Jac(I') = (H1(G,R) @R /(H\(G,Z) o Z")

together with the semipositive quadratic form Qp which vanishes on Rl and on H; (G,R)
is equal to

The form Qr is positive definite when all vertex weights are 0, and det(Qr) is the first
Symanzik polynomial of of G [2, Proposition 2.9]. That is,

det(Qr) = ZCT, where cop = H Ce (4.1)
T

e@B(T)

and the sum is taken over all spanning trees T of G.

When T' has integral edge lengths, dr and Qr are related in the following way. First,
embed G into 3, so that each vertex v maps to a point in ¥,, and each edge e maps to
a simple arc intersecting the loop ¢, exactly one time, and no other £.,. This embedding,
which we denote by ¢ : G — 3,4, induces an injective map on integral homology groups.
Then

Qr () = i([e(y)),(0r = D]e(n)). (4.2)

Here is a more explicit description of the relationship between Qr and dr. Enumerate
the edge set E(G) = {e1,...,en} so that E(G)\ {e1,...,en} are the edges of a spanning
tree T. The graph T'U{e;} has a unique cycle; denote by ~; the image of this cycle under

t. The cycles [11],...,[yn] form a basis for an isotropic subspace of H. Orient v; and £, so
that ¢([vi], [le;]) = 1, for 1 <i < h. Setting a; = [v;] and S; = [{e,] yields a symplectic basis
of a symplectic subspace of H. This extends to a symplectic basis a1,...,a4,51,...,84 on

all of H, allowing us to identify Qr with a symmetric g X g matrix. Then

5 = ( ép ?) . (4.3)
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In particular, we may identify Qr with the restriction op — I : H/Y — Y, where Y is the
Z-submodule of H spanned by the §; for ¢t =1,... h.

4.3. The tropical Ceresa class

We saw in §4.1 how one may define the Ceresa class of a tropical curve with integral edge
lengths in terms of a multitwist. When the edge lengths of I' are not integral, then we do
not have access to such a multitwist. Instead, we will define what it means for a tropical
curve to be Ceresa trivial.

The kernel of the Johnson homomorphism, denoted by K, is a normal subgroup of I'y,
which allows us to form the quotient G, =1, / K4. This follows from the fact that IC, is the
kernel of the map I'y — Out(N3). Let G be a vertex-weighted graph, and denote by B(G)
the subgroup of G, generated by the twists Ty, for e € E(G). This is a free Z-module
because the ¢.’s are nonintersecting, and it has rank N — s, where s is the number of
separating edges in G. Given a hyperelliptic quasi-involution 7 € G4, define

B.(G)=B(G)NCqg, (1) < B(G),
where Cg, (7) denotes the centralizer of 7 in G,. Let
v(l') = Z ceTe € B(G)r.
e€E(G)

We say that I" is Ceresa trivial if there exists a hyperelliptic quasi-involution 7 such that
v(T') € B, (G)gr. Proposition 4.2 below shows that this notion agrees with the Ceresa class
associated to the multitwist Tt being trivial in the case where I' has integral edge length,
but first we will need the following Lemma.

Lemma 4.1. The Ceresa class v(1Ir) is trivial if and only if there is a hyperelliptic
quasi-involution T such that J([Tr,7]) = 0.

Proof. The ‘if’ direction is clear. Suppose v(1T) = 0. The class v(1T) is represented by
the cocycle v+ J([7,7]) for some hyperelliptic quasi-involution 7, and hence

J([TF,TD ZTF~h—h

for some h € L/H. Because the Johnson homomorphism is surjective, there is a t € Z,
such that J(t) = h. By rearranging the above equality, we see that J([y,t=!7]) = 0. The
lemma now follows from the fact that ¢t~ is also a hyperelliptic quasi-involution. O

Proposition 4.2. Suppose I' has integral edge lengths. Then I' is Ceresa trivial if and
only if v(Tr) = 0.

Proof. The tropical curve I' is Ceresa trivial if and only if there is a hyperelliptic quasi-

involution 7 such that v(I') € B-(G), if and only if [Tt,7] =1 in G,, if and only if
J([Tr,7]) =01in L/H, if and only if v(Tr) = 0. The last equivalence is Lemma 4.1. O
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Proposition 4.3. The following are equivalent:

1. T is Ceresa nontrivial for all positive real edge lengths;
. I is Ceresa montrivial for all positive integral edge lengths;

. v(Tr) #0 for all positive integral edge lengths;

[ OV ]

. for any hyperelliptic quasi-involution 7, the subgroup B.(G) is contained in a
coordinate hyperplane of B(G)g.

Proof. The implications (4) = (1) = (2) are clear, and (2) = (3) follows from Proposi-
tion 4.2. Suppose there is a 7 such that B, (G) is not contained in a coordinate hyperplane
of B(G)g. This means that there is a lattice point in B,(G) whose coordinates are all
positive. This corresponds to a tropical curve I' with underlying vertex-weighted graph
G such that v(TT) = 0. This proves (3) = (4). O

We end this section by showing that the Ceresa class vanishes for hyperelliptic tropical
curves. First, we recall some terminology. Let G be a vertex-weighted graph. A vertex v
of a vertex-weighted graph G is stable if

2w, — 2+ val(v) > 0,

and G is stable if all of its vertices are stable. A tropical curve is stable if its underlying
weighted graph is stable. Two tropical curves are tropically equivalent if one can be
obtained from the other via a sequence of the following moves:

- adding or removing a 1-valent vertex v with w, = 0 and the edge incident to v, or

- adding or removing a 2-valent vertex v with w, = 0, preserving the underlying metric

space.

Every tropical curve I' of genus g > 2 is tropically equivalent to a unique tropical curve
whose underlying weighted graph is stable [13, Section 2].

Lemma 4.4. IfT and T” are tropically equivalent, then v(T') =v(TV).

Proof. Let v be a vertex with w, = 0. Suppose val(v) =1, and denote by e the adjacent
edge. Then ¥, is a disc, so £, is contractible, and hence T, = 1. Now, suppose val(v) =2,
and denote by e, f the adjacent edges. Then /. is isotopic to £y, and hence Ty, =T;,. We
conclude that the Ceresa class of tropically equivalent tropical curves coincide. O

Suppose I is a stable hyperelliptic tropical curve with underlying vertex-weighted graph
G, and o the hyperelliptic involution of I'. That is, o : I' — I' is an isometry that induces
an involution of G such that all vertices of positive weight are fixed and I'/o is a metric
tree. By [18, Proposition 2.5], the edge set of I" partitions into the subsets

- {e} for separating edges e and o restricted to e is the identity,

- {e,f} where e # f form a separating pair of edges and o(e) = f, and

- {e} where e is any other edge, and o takes e to itself, interchanging its endpoints.

If {e, f} is a separating pair, then ¢, = ¢ because o is an isometry.
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Lemma 4.5. Suppose I is a two-edge connected stable hyperelliptic tropical curve, and
{tc.|e € E(I')} is an arrangement of loops on ¥, whose dual graph is I'. There is a
hyperelliptic quasi-involution T of ¥y such that T(le) = £g(c).

Remark 4.6. Note that the quasi-involution cannot in general be taken to be an
involution; this means that the proof is necessarily more complicated than showing that a
hyperelliptic involution of the graph lifts in some natural (functorial) way to an involution
of ¥4. On the other hand, if I" is 2-vertex connected so that (in the language of the proof)
there is only one ¥;, the quasi-involution we construct is in fact an involution.

Proof. Let T'y,...,Tx be a block decomposition of T' in the sense of [18, §2]. The
hyperelliptic involution o restricts to a hyperelliptic involution on each I'; because o
fixes vertices of positive weight and acts as —I on Jac(I') [5, Theorem 5.19]. If T'; is a
single vertex of weight 1, then let X; be a genus-1 surface with one boundary component
and 7; : ¥; — ¥; be a orientation-preserving homeomorphism that acts as —I on Hy(%;,Z)
and restricts to the identity on 9%;. If T'; is a single vertex with a loop edge e, then let
>; be a genus-1 surface with one boundary component and 7; : 3; — X; be a orientation-
preserving homeomorphism that acts as —I on Hy(X%;,Z), 7(£.) = £, and restricts to the
identity on 9%;.

Otherwise, I'; is 2-vertex connected and genus g; > 2. Form 3,, as in §4.1. For each
u € V(I';) fixed by o, remove a small open disc S, from 32; denote the resulting boundary
curve by ¢, and the resulting surface by ¥;. For each u € V(I';) (resp. e € E(I")) choose
a point p, € X9 (resp. pe € £.). For each half-edge h of I';, define a simple path 7, in X;
satisfying the following.

- If o(u) #u, and h is a half-edge of e adjacent to u, then 7, is a simple path in X,
from p, to p. meeting 0%, only at p,.

- If o(u) = wu, and h is a half-edge of e adjacent to u, then 7, is a simple path in 3, \ S,
from p,, to p. meeting (X, \ S,) only at pe.

- If h,h' are adjacent to u, then n, Nny = py,.

We claim that there are orientation-preserving homeomorphisms 7, : 3y, — X5, so that

- Tu(nh) =TNo(h)>
- Tulle = Ty|le, and

- the restriction of 7, to ¢, is the identity, for each u € V(T';) fixed by o.

Suppose o(u) = v # u. Order the half edges of u (resp. v) by hi,...,hq (resp. ki,...,kq)
such that o(h;) = k;, and denote by e; the edge containing h; (resp. f; the edge containing
k;). Let D be an oriented 3a-gon, and label the edges of D (counterclockwise) by
nhl,ﬂel,n,;l, e ,nha,éea,n;al. Gluing 7y,; along 77,;_1 (for 7 =1,...,a) yields a quotient map
Ty : D — X5 see Figure 4.2 for an illustration. Now. relabel the edge np, by n;, £, by £y,
and n,:jl by n,;jl. Gluing 7y, along nk_jl (for j =1,...,a) yields a quotient map m, : D — X,,.
This map induces a homeomorphism on the quotient 7, : ¥,, — X, such that Tu(nh].) =Nk,
and 7y (le;) = Tu(£y;). In particular, the composition 7,7, is the identity on ¥,. If T is
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Figure 4.2. The gluing map m, : D — ¥, when a = 3.

2-vertex connected and stable, it has no vertices fixed by o, and we may glue these 7, to
give a hyperelliptic involution 7.

Now, suppose o(u) = u. Label the half-edges of u by hq,...,he,k1,...,k, such that
o(h;) = k;, and denote by e; the edge containing h; (resp. f; the edge containing k;). Let
7y be a simple path in ¥, \ S, from p,, to a point p on ¢, that meets the other np,’s and
Nk, ’s only at p,. Let D be an oriented 6a+ 3-gon. Label the edges of D (counterclockwise)
by

—1 -1 - -1 —1
nhlagelanhl P 777ha7£ea’77ha 777U7€uanu 1a"7]€a7€fa7nka ot ankmgfmnk;l .

Gluing 7, along n; ', np,, along 77,;_1, and 7y, along 77,;_1 (for j=1,...,a) yields a quotient
map 7, : D — 3. Now, relabel ny; by ny;, 77,;_1 by nk_jl, and £, by £s, (j=1,...,a). Gluing
1. along ;1 Nh; along 77,;‘17 and 7y, along 77,;,1 (for j =1,...,a) yields another quotient
map 7, : D — ¥,,. This map induces a homeomorphism on the quotient 7, : 3, — X, such
that 7,(nn,) =Mk, Tu(le;) =Ly, (for j=1,...,a) and is the identity on /,.

Finally, we may modify the 7,’s in a collar neighborhood of 9%, so that 7, |l. = 7,|f
when e is an edge between v and v. Having done so, the resulting 7,’s glue to give an
orientation-preserving homeomorphism 7; : ¥; — ¥; that restricts to the identity on 9%,
and which sends £, to £, for all edges e.

Define a homology basis of ¥4, in the following way. Let e1,... e, € E(I';) be a collection
of edges whose removal from I'; is a spanning tree 7. Denote by h; the unique cycle in
T'U{e;}. Let y; be the simple closed curve in I'y, formed by the paths 7, for all half-edges
in the path h;. Orient ¢; and ~; so that i([y;],[¢c,]) = 1; the cycles

i

[661]7"'7[6691.}7[71]7" '7[791']

form a symplectic basis of Hq(X,,Z).
Next, we claim, for j =1,...,g;, that

T*([Eej]) = _[Eej]’ (4-4)

(i) = =l (4.5)
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Consider Equation (4.4). Denote the vertices of e; by u; and v;. Without loss of generality,
suppose Y, is on the left of /.. Because 7,; is orientation preserving, X, appears on
the left of 7(fc,). If e; is flipped, then 7({c,) = £, and because ¥, appears on the left
of £, but on the right of 7({.), we have 7.([l,]) = —[lc,]. Now, suppose {e;,f;} is a
separating pair. Orient £y, so that [(c,] = [(,]. Their removal splits ¥, into two surfaces
5,5’ with boundary curves Le; Ly, The subsurfaces X, and X, belong to the same
surface; suppose it is S. Because S lies on the left of both /., and 7(¢.,), we must have
that 7.([le,;]) = —[¢s,] = —[lc,], and therefore Equation (4.4).
Now, consider Equation (4.5). Because 7; is orientation-preserving, we have

U7 (1), (e, 1) = ilma([]), — [ ]) = 1.
Together with the fact that 7;(v;) = ~;, we have 7. ([v;]) = —[v;].

Finally, we will piece together the 7;’s to get the requisite hyperelliptic quasi-involution.
For each cut-vertex u of I, let ¥, be a genus-0 surface with n, boundary components,
where n, is the number of blocks attached to u. For each block I'; attached at u, glue
>; to X, along the corresponding boundary components. The orientation-preserving
homeomorphism 7: ¥, — 3, given by

T|Ei:7’i for Z:].,,k

7|¥, =idy, if u is a cut-vertex of I’

acts as —I on H1(X,4,7Z) and satisfies 7(£.) = £,() for all e € E(T'), as required. O

Proposition 4.7. If T is a hyperelliptic tropical curve, then I' is Ceresa trivial.

Proof. By Lemma 4.4, we may assume that I' is stable. Denote by G? (resp. I'?) the
2-edge connectivization of G (resp. I') (this is obtained by contracting all separating edges;
see [14, Definition 2.3.6]). Because B(G) = B(G?) and v(T') = v(I'?), we may assume that
I' is 2-edge connected. Let 7 be the hyperelliptic involution from Lemma 4.5. If e is a
separating edge, then T}, is a separating twist, which is trivial in B(G). If {e, f} is a pair
of separating edges, then Ty, +1T;, € B,(G). If e is any other edge, then Ty, € B,(G).
Decompose v(I') as

v(T) = (cTr, +esTe,)+ > Ty,

where the sum on the left is over all separating pairs, and the sum on the right is over
all nonseparating edges not in a separating pair. Because ¢, = ¢y whenever {e, f} is a
separating pair, we have that v(T") € B, (G)g, and hence I" is Ceresa trivial. O

5. A finite subgroup of H'(Z,L)

5.1. Filtrations on H'(Z, A\* H)

In this section, we set up a rather general framework for abelian groups with a unipotent
automorphism, which we will apply in the case of the singular homology of a genus-g
topological surface acted upon by a multitwist.
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Let H be a finitely generated free Z-module and § € SL(H) be an element such that
(§—1I)2 = 0. We consider the action of the cyclic group (§) 2 Z on H, which induces
an action of (§) on A*H for any k > 0. Let Y be the saturation of im(6 —I) in H. By
the hypothesis on §, we have Y < ker(d — I), that is, J acts trivially on Y. Consider the
following descending filtration on AFH:

F,APH = (NY)A(AFTUH). (5.1)

Note that F; A" H is saturated in A" H, so the graded piece gri AVH := FyA\" H/Fy iy AFH
is torsion-free. The following lemma shows that (§ — I)(F, A\* H) < F,11 A¥ H for any
k>q>0.

Lemma 5.1. Fory € A% and h=hiA...Nhy_q, € N*"9H,

k—q
(6=I)(yAh) = yAhiA... A =DhiA... Ahg_q mod Fyio A¥H.

i=1
In particular, (5 —1I)(F,N*H) < F, 1 A\*H.
Proof. Because dy =y, we can write

O—DyAh)=yAN@—I+D)hA.. . ANO—I+D)ht_g—yAh

and expand the latter as
k—q
S ynhi A AE=DhiA . Nhyg
i=1
+ > YA AL AG=Dhi A A=A Nhg_g 0

1<i<j<k—q

This means, in particular, that 6 — I induces a map grl’ | AFH — grf’ A\PH for all ¢
While these maps are typically not surjective, what we will see in the lemma below is
that at least half of them are surjective rationally; that is, their cokernels are finite.
Compare this to the ‘Lefschetz property’ of the weight filtration associated to a nilpotent
endomorphism as in [33, Lemma-Definition 11.9].

Lemma 5.2. The map
(0—1I)g:gri_y A"Hg — grk AFHg
is surjective for q > k/2.

Proof. Let y =y1 A... Ay, € Ny and h = hy A... Ahg_, € N¥"9Hg. Tt suffices to show
that y A h lies in the image of (6 —I)g mod F, 41 A* Hg for all such y,h. Choose x; € Hg
such that (6 —Ia; =y;. For I € ([g]), let §j; be obtained from y by replacing y; with x;
for each ¢ € I. Similarly, for J € ([k;q]) let h; be obtained from h by replacing h; with
(6 —1I)h; for each j € J. We define
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n(a,b) = > Gr ANhy € Fy_ary A¥ Hg.
re (). ae()

Note that y(a,b) Z0 only if 0 <a <gand 0 <b<k—gq, and y(0,0) =y Ah. By Lemma 5.1,

O =Da(@ Ahy) =Y dnay Nha+ Y G1 Aoy mod Fy_aypia A" Hg.
il i
In particular,
(6= Da(h(a,b)) = (g—a-+1)-n(a—1b)+ (b+1)-y(ab+1) mod Fy_arpiaA* Hg. (5.2)
Claim. For 0<p<k—gq, y(p,p) is in im(d — I)g mod F,+1 A\F Hg.

The case p = 0 is exactly the statement that y Ah € im(d — I)g mod F, 1 A¥ Hg. We
will proceed by downward induction on p. Because y(k —q+ 1,k — ¢+ 1) =0, Equation
(5.2) yields

(6= Dok —q+1Lk—q)) = (20— k) -9(k — g,k —q) mod Fyyy A" Hy,

and therefore the claim holds when p = ¢, noting that 2¢ > k. Assuming the claim is true
for p+1, we will show that it is true for p. Again by Equation 5.2,

(6—Dg(p+1p)=(g—p)-v(p.p)+ (p+1)-n(p+1,p+1) mod Fyiq A" Hy.

By the inductive hypothesis, y(p+ 1,p+1) is in the image of (§ —I)g mod F,+1 A* Hg
and therefore so is (¢ —p)y(p,p); by the hypothesis that ¢ > k/2, we have ¢ —p # 0, so
y(p,p) is in the image of (6§ — I)g mod F, 41 A*¥ Hy and we are done. O

Remark 5.3. In the case where dim H =2dimY’, the largest possible dimension of Y, the
bound ¢ > k/2 in Lemma 5.2 is sharp. Set d =dimY’, e =dim H, and u(q) = dim(gré17 A H).

Then
d\ (e—d
u(q) = )
@ (q><k—Q>
When e =2d and 0 < ¢ < k/2

wg _ (d—gtDk—g+1)  (d—gt+D(g+1)

u(g—1) g(d—k+q) q(d—q)
and therefore u is a strictly increasing function on this interval. This means that (6 —I)q
as in Lemma 5.2 cannot be surjective.

> 1,

We denote by A,4(6) and By(J) the groups:

Aq(0) = im(H' ((8), Fy N7 H) — H' ((6), \*=1 H)),
Bqy(6) = coker(6 — I : gry y A7 H — grl A2 H).
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Proposition 5.4. We have isomorphisms of groups

F N ' H N
Aq0)= ((6—I)N24= H)N (FyAN2—1H)’ Bq(9) =

In particular, Ay(8) and By(0) are finite.

F N 'H
(0=D)Fya A2 H) + (Fypa A9 H)

2

Proof. It is a standard fact that

H'((0), N"H) = N"H/( =) \"H  [¢] = ¢(0)
is an isomorphism. This yields the isomorphism involving A,(4), and the one involving
B,(0) is clear. Because each (§—1I)g : gri | A2 Hg — grf A24=1 Hy is surjective for i > ¢
by Lemma 5.2, we see that F,, A24~! H is contained in (6 — I)(F,—1 A%~ Hg). Therefore,
Aq(6) and By(6) are finite. O

Proposition 5.5. If§—1: grf]‘lz AN H — gqu;l NEH is injective, then
(6—I)(Fy_ o N\NH)NF,A\"H = (0—-1)F,_1 N\F H.

In particular, this means that if § — I : grf , A29" H — grf” | A2471H is injective for all
i<q,then A,(0) X F,A*"" YH/(§—I)F,_1A%*"~! H, and hence there is a natural surjection
Aq(0) = Bq(9).

Proof. Suppose y € (§ —I)(F,—2 A HYNF,A\* H and y = (6 — I)x. By injectivity of 6 —1I :
grfj_Q AN H — gqu_l AFH and the fact that y € Iy AF H, we see that z =0 mod Fyq N H,
that is, y € (§ — I)F,_1 A¥ H. The other inclusion follows from Lemma 5.1. O

In §7, we will need to show that certain classes in H'({§), A\¥ H) arising from topology
are trivial, for which we will need the following explicit computation.

Proposition 5.6. Any element of A*H of the form yAzi A...Azp_1, wherey € im(5—1)
and z; € ker(§ —1I) lies in (§—I)AF H.

Proof. Choose x € H such that (6 — Iz =y. Then

(=D(@Az1 Ao Nzjg—1) = 0z NIz N NSzl — T A 2L Ao A 2y
=0T NN ANZ1 —TNZIN N2
=yANz1 N . N 2—1. O

The main application of Proposition 5.4 will be in the case £k = 3 and we will denote
L= A3H as before. For this reason, we simply write A(§) and B(J) for the subgroups
As(0) and B (9), respectively. These groups are finite by Proposition 5.4, and in particular
any element of H'((6),L) which lies in A(d) is torsion.

5.2. The maximal rank case

An important subcase is that where dimY is as large as possible, namely dimY = g =
%dimH. Because Y C H is saturated, there is a subgroup X C H such that H =X @Y.
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Let @ : X — Y denote the restriction of § —I to X and ¢; <--- < g its invariant factors,
with ¢;|g;+1. Because @ is rationally surjective, each ¢; is positive and

coker(@) = [[2/(@).
i=1

is a finite group. Choose bases {z1,...,24} of X and {y1,...,y4} of Y such that Q(z;) =
¢;y;- To compute A(), we decompose L = A>H as the direct sum of

Vi =span{x; Axj Az |i < j <k}, Vo =span{x; Axj Ay, |i# 7},

Vs =span{x; Axj Ayr|i <j,k#4,5}, Va=span{z, Ay; Ay;li#3j},

Vs =span{x; Ay; Ayx|j < k,i# 5.k}, Vo=span{y; Ay; Ayk|i <j <k}
Let A denote the matrix of § — I with respect to the basis above, and A;; the block whose

rows correspond to V; and columns correspond to V.

Lemma 5.7. The submatrices A;; satisfy the following:

1. Ay3, Aoy and Ass are nonsingular,

2. coker(Aay) = coker(Q)I 71,

3. coker(Ass) = [, (Z/(2:)* x 2/ (2¢;q1 /i),

4. coker(Ase) =TT (2/ () ")

5. A1, A14,A15,Av6, A23, Aos, Aog, Asa, Ase, Aus, A and A;j for i > j are all 0.

Proof. The matrix A;3 is nonsingular because its rows each have exactly one nonzero
entry. Indeed, the row corresponding to z; Az; Az has g in the column corresponding
to z; Axj Ay, and O for the remaining entries. Next, Ags is a square g(g — 1) matrix
and (6 —1)(z; Az Ay;) = ¢ -yi Ax; Ayjmod F3L. Therefore, Asy is nonsingular and its
cokernel is of the desired form. Now, consider Ags. Given i < j < k, set

Vijie = span{@; Azj Ayr, T A Ay, g A2 Ayj}
Wiji = span{zp Ay; AYj, i ANYj Nk, Tj ANy AYi}-

The matrix As; may be arranged into block-diagonal form, where each block has rows
indexed by W i, and columns by V;;,. With respect to the bases above, this block is

0 ¢
g 0 g
¢ q O

whose invariant factors are g;,q;,2¢;qx/q;- Therefore, coker Ags is isomorphic to the
product of the (Z/(q;))? x Z/(q;qx/q:)- Because each block matrix is nonsingular, Ass
is also nonsingular. This completes the proof of (1), (2) and (3).

Now, consider (4). Because (6 —I)(z; Ay; Ayk) = Gi - ¥i NY; A Yk, each column of Asg
has exactly one nonzero entry. By only performing column operations, we may form a
diagonal matrix Bsg from Asg so that each diagonal entry is the gcd of the integers in
its corresponding row. Because the nonzero entries of the row in Asg corresponding to
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Yi NY; Ay are ¢;,q;,qxk, the corresponding diagonal entry in Bsg is ged(¢s,45,qx) = ¢;- From
this, we see that coker(Asg) has the desired form.

Finally, consider (5). The matrices A;; for i > j are all 0 because the matrix of § — I,
with respect to the above decomposition, is strictly lower-triangular. The remaining listed
matrices are 0 because § — I : X — Y is diagonal with respect to the given bases. O
Proposition 5.8. The maps 6 —1 : grfj_lL@ — grg Lq are surjective when q¢ = 2,3 and
injective when q = 1,2. In particular,

L
Ad) 2 —=F——.
9) (0—-1)F L

Proof. The surjectivity claim follows from Lemma 5.2. The matrix A3 is nonsingular
by Lemma 5.7(1), therefore § — I : grf Lo — gri’ Lg is injective. Because 6 — I : grf’ Lo —
grl’ Lg is surjective and both spaces have the same dimension (equal to g(g)), it is also
injective. The last statement follows from Proposition 5.4 and Proposition 5.5. O

Proposition 5.9. We have an isomorphism
B(6) = coker(Q)* ' x [ (Z/(a:))* x Z/(24591./a:)-
i<j<k

Proof. In terms of the decomposition above, § — I : grk L — grZ L is given by the block

matrix
Ay A25)
A= .
(A34 Ass
The proposition now follows from Lemma 5.7. O

Proposition 5.10. We have an isomorphism
92 i
A(6)= B(6) < [ @/(a)").
i=1

Proof. Under the identifications A(6) = FoL/(§ —I)F1L and B(d) X FoL/((6 —I)Fi L+
F5L) from Propositions 5.8 and 5.4, the map A(d) — B(d) given by the projection
BL FyL
(6—IRL (6—I)F L+ F3L

is surjective. Its kernel is isomorphic to F3L/(F3LN(§—I)F,L). The map 6 — I : grf L —
grl’ L is injective by Proposition 5.8, so F3sLN (6 —I)Fy L = (6 — I)F> L by Proposition 5.5.
Therefore, we have an exact sequence

F;L
(O—DEL

0— — A(6) - B(6) = 0.

We claim that this exact sequence splits. The decomposition Fy L = grf [ x F3L yields a

projection w: Fo L — F3L /(0 —I)FyL. Given a € (6 —I)F}, express it as a = aj + ag with
a; € grf’ L and ap € F3. In fact, az € (§ — I)Fy since § — I : grf’ L — grl’ L is injective.

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000506

2198 D. Corey et al.

Therefore, a € kerm, and hence 7 induces a splitting of F3L/(0 —I)F>L — A(). Finally,
FyL)(6— ) FL = [[9=2(Z/(q;))(">") by Lemma 5.7(4) and (5). O

Corollary 5.11. When Y has mazimal rank,
9-2 .,
1A(®)] = 2() det(Q)®) qu 2) and 1B =28 det(Q)®).
i=1
Proof. Observe that Hi<j<k qiq;qrx = det(Q)(ggl) because each invariant factor occurs

exactly (* ;1) times. The formulas for |B(d)| and |A(d)| now follow from Propositions 5.9
and 5.10, respectively. O

5.3. The symplectic case

Finally, we consider the case where H is equipped with a symplectic form w € A2H, and §
is an element of Sp(H ) such that (§ —I)? = 0. We embed H into L via h+ wAh. Because
0 preserves the form w, it acts on L/H. We define

Fy(L/H) = (F,L+H)/H.

Recall that Y is the saturation of im(§ — I'), which is isotropic since § is symplectic, and X
a subgroup such that H = X®Y . Because H C FAL, Fb L+ H=F>,L® X, and F3LNH =0,
each Fy(L/H) is saturated in L/H. In particular, the graded pieces gr)'(L/H) are free.
By Lemma 5.1, (6 —I) takes Fy(L/H) to Fy1(L/H), hence induces a map grf (L/H) —
gr¥ | (L/H). We denote by A(6) and B() the groups

A(6) = im(H" ((8), Fy (L/H)) — H'((8),L/H)),
B(6) = coker(6 — I : grf (L/H) — gr} (L/H)).

As we will show in the next section, the Ceresa class v(f) of a positive multitwist f on a
closed surface, with symplectic representation dy, lives in A(dy), provided Y has maximal
rank. In this subsection, we will show that A(J) is finite, from which we conclude that the
Ceresa class is torsion. When Y has maximal rank, A(d) naturally surjects onto B(4). It
is much easier to compute the image of v(f) in B(dy); see Equation (6.4). We use this in
§7 to determine nontriviality of v(f) in some examples.

The following three propositions, and their proofs, are similar to Propositions 5.4, 5.8
and 5.10.

Proposition 5.12. We have isomorphisms

. FL+H 7 o LL+H
A0 = ((6—I)L+2H)H(F2L+H)’ Blo) = (5f1)(F?L)+F3L+H'

In particular, A(S) and B(J) are finite.

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000506

The Ceresa class: tropical, topological and algebraic 2199

Proposition 5.13. The map (6 —1I)q : grk | (L/H)q — gr¥ (L/H)q is surjective when
q=2,3. When Y has mazimal rank, this map is injective for ¢ =1,2 and
—_ L+ H
AD) 2 — .
(9) (6—-I)FL+H

Proposition 5.14. If Y has mazimal rank, then
A6)=B@) < [[@/(a)"=),
i=1

The next two propositions compare A(d) and B(4) from the previous subsection to
their counterparts A(d) and B(9).

Proposition 5.15. If Y has mazximal rank, then we have an exact sequence

0 — coker(Q) — B(d) = B(d) — 0.

Proof. Consider the following commutative diagram

0 H 2“5 FIL Fy\(L/H) —— 0
lﬁ—l l&—] l&—]
0 Y 245 B Fy(L/H) —— 0

whose rows are exact. The map 6 —I: Fy(L/H) — F>(L/H) is injective because it becomes
an isomorphism after tensoring with Q by Proposition 5.13. We now get the desired exact
sequence by the snake lemma. O

Proposition 5.16. If Y has mazximal rank, then we have an exract sequence

0 — coker(Q) — A(d) — A(0) — 0.

Proof. First, observe that A(d) — A(d) induced by
FyL . FL+H
(6—NKL (—I)FHL+H

is surjective. Let K denote its kernel. Then we have the following commutative diagram

0 I\[ A(9) A(6) —— 0
L
0 —— coker(Q) B(9) B(6) —— 0

whose rows are exact. The vertical map on the left is an isomorphism by Propositions
5.10 and 5.14 and the snake lemma. O

Corollary 5.17. When Y has mazimal rank,

9=2 .,
4®) =28 det @D [[ o *) and [BE)| =2(8) det(@) ).
i=1
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6. The Ceresa class of a multitwist

6.1. Dehn twists and multitwists

In this subsection, we recall some basic facts about Dehn twists. We refer the reader to
[19] for a more detailed treatment.

Lemma 6.1. Let f €Ty (resp. F;) and a the isotopy class of a simple closed curve. We
have

L. Tty = fTof~Y, in particular, [Ty, f] = Tan_(;), and
2. f commutes with T, if and only if f(a) = a; in particular T,T, = TyT, if and only if

the geometric intersection number i(a,b) = 0.

Proof. See [19, Facts 3.7, 3.8]. O

As before, set H = H(%,,Z) = H,(X},Z). We write [a] for the homology class of an

isotopy class a of a simple closed curve, and i for the algebraic intersection number on
H. The induced map (T, ). € Sp(H) only depends on the homology class [a], and

(Ta)([6]) = [b] +i([a], [0]) a]. (6.1)

See [19, Proposition 6.3].
Let A be a collection of isotopy classes of pairwise nonintersecting essential simple
closed curves in X} (resp. ¥,). Define

B=(T;: teA)<T} or Iy, and Y =([{]:{eA)<H.

The group B is free and abelian by Lemma 6.1(2), and Y is saturated in H since any
d=rankY collection of simple closed curves A1,...,\q whose homology classes are linearly
independent extends to an integral basis of H. Given f € B, we write é; € Sp(H) for the
image of f under the symplectic representation (we could also call this f,, but use é¢ to
better match the notation of §5). An element of the form

f=1]1eB
LeA
with ¢, > 0 for all £ is called a positive multitwist supported on A.

Proposition 6.2. For any positive multitwist f supported on A, we have that Y is the
saturation of im(6¢ —1I).

Proof. We temporarily denote by Y the saturation of im(d; —I) in H. Applying Equation
(6.1) to any f=[[T," yields

(&5 = 1)(h) = cei([tl0)]0), (6.2)

LeA

and therefore (67 —I)(H) <Y. Applying this to a positive multitwist f, we have Y/ <Y
Because of this and the fact that Y and Y’ are saturated subgroups of H, the equality
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Yo = Y(é will imply ¥ =Y’. Denote by (Yg)* < Hg the symplectic complement to Yg,
that is,

(Yo)“ = {h € Hg|i(y,h) =0 for all y € Yo}

and set Wg = Hgp/(Yg)®. Because Yy is an isotropic subspace of Hg, we have dimWg =
dimYgy. Since (Yg)* lies in the kernel of (65 —I')g by Equation (6.2), the following

(a’ O/) = %(O‘7 (5f - I)O/)

defines a bilinear form on Wgy. We claim that this is actually an inner product. Indeed,

we have
( 5f I ZC@Z ),
LEN

and hence this bilinear form is symmetric and positive semidefinite. If « is a nonzero
element of Wy, then there is some £ € A such that 7([£],a) # 0. By the above equation, we
see that (o, ) > 0, which establishes the positive definiteness. We conclude that (6; —1)g:
Wo — Y@ is an injective linear map of vector spaces that have the same dimension and
hence is also surjective. This proves Ygp = Y(é, and the proposition follows. O

The following proposition will be used for ‘computing’ the Ceresa class of a Lagrangian
collection of curves, in the sense of §6.3.

Proposition 6.3. Take elements fi,...,far € B, let f denote their product and let T be a
hyperelliptic quasi-involution. Then

M
Z f27 )
=1

for some g1,...,90 € B.

Proof. We proceed by induction on M. When M =1 the Lemma is clear. Suppose that
the Lemma is true for M — 1. Then by Proposition 2.1, we have

M
T((f.7)) = T(for)) + (F)e - T(fa - Fars7])) = T(1m) + (F)e D (93)« - T([firT])-
=2
Since each f; lies in BB, we have placed J([f,7]) in the desired form. O

6.2. Handlebodies and the Luft—Torelli group

Let V be a handlebody with boundary ¥,. Let D C 3, be a small open disc so that
Zé =3, \ D. The handlebody group H;(V) is the subgroup of F}J consisting of mapping
classes that are restrictions of homeomorphisms of V. Denote by L} (V) the kernel of the
homomorphism

Hl

L(V) = Autmi (V).
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Figure 6.1. A basis of Z; to compute J(T.YT;I); here, the 81,...,84 are meridians of a handlebody.

The Luft-Torelli group of E; is
1 1 1
LT, (V)= L,(V)NZ,.

A meridian is a nontrivial isotopy class of a simple closed curve in Z; that bounds a
properly embedded disc in V. Note that 7} lies in E;(V) if ¢ is a meridian. A contractible
bounding pair is a bounding pair (,7v") such that v and 7’ are meridians, and a contractible
bounding pair map is the product of Dehn twists 7,17, !, where (v,7') is a contractible
bounding pair. The following is [34, Theorem 9].

Theorem 6.4. For g > 3, the Luft-Torelli group LT;(V) is generated by contractible
bounding pair maps.

Given a handlebody V, the kernel Yy of the map
Hl (251]72) - Hl(V7Z)

induced by the inclusion Z; — V is a Lagrangian subspace of H. Define a filtration of L
similar to the one in Equation (5.1):

FY L= (NYy)A(AT9H).

Proposition 6.5. If f is a contractible bounding pair map, then J(f) € Fy (L). In
particular, if g >3 and if [ € LT;(V), then J(f) € FY (L).

Proof. By Theorem 6.4, it suffices to prove the first statement. Let (7,7’) be a contractible
bounding pair; we may assume that v and v/ are as in Figure 6.1. Using the basis in this
figure, we compute

d—1
J(TTN) = i ABiA ).
i=1
Since fi,...,84-1,[7] lie in Y, we see that J(T,YTW_,l) lies in Fy' L, as required. O

6.3. The Lagrangian case

In this section and the next, we will prove our main result, that the Ceresa class is torsion.
We begin by focusing on the case E;; the closed surface case follows readily from this, as
we explain in §6.5.
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Figure 6.2. Maximal arrangements of nonintersecting curves on Z%.

We say that a collection of nonintersecting simple closed curves A is Lagrangian if the
rank of Y is half the rank of H, the largest possible rank of Y. Given any Lagrangian
A on Z; or X4, there is a handlebody V of £, such that each curve in A is a meridian
of V; see the proof of [26, Lemma 5.7]. In this case, the subgroup Y < H has three
characterizations:

1. Y is the integral span of the curves [¢] for £ € A (by definition),

2. Y is the saturation of im(d; — I) for any positive multitwist f supported on A (by
Proposition 6.2),

3. Y is the kernel Yy of the homomorphism Hy(¥,,Z) — Hi(V,Z).
Therefore, the filtrations F, qV L and F,L agree.

Theorem 6.6. Suppose A is a collection of pairwise disjoint simple closed curves in Z;.
Let f =T1l,eaTy" be a positive multitwist, and let V be a handlebody in which each curve
in A is a meridian. Choose a hyperelliptic quasi-involution 7 that lies in H;(V). Then
J([f,7]) lies in FY (L). In particular, if A is Lagrangian and f is a positive multitwist
supported on A, then p(f) € A(dy) and pu(f) is torsion.

Proof. Suppose g > 3. The commutator [f,7] lies in £} (V) since each Ty lies in £} (V) and
L} (V) is a normal subgroup of #}(V'). The commutator also lies in Z, since 7 maps to the
center of Sp(H). So [f,7] € LT;(V) and therefore J([f,7]) € FY (L) by Proposition 6.5.
Next, suppose g = 2. There are 15 arrangements A on Y3; it suffices to consider the
three maximal arrangements as illustrated in Figure 6.2. For each surface, regard the
‘inside’ as the handlebody V and 7 is rotation by 180° about the axis horizontal to the
page. For the left or middle case, label the isotopy classes in A in any order by £1,f5,¢3,04
and let ¢; = ¢y,. The eight isotopy classes {¢;,7(¢;) : i =1,2,3,4} pairwise have geometric
intersection number 0. Thus, the corresponding collection of Dehn twists commute, so

4

[fvT} = H(T&T-:(;l))ﬁ
i=1
Each TgiT;(z) is either the identity or a contractible bounding pair, whence J([f,7]) €
FY (L) by Proposition 6.5.
Finally, consider the arrangement on the right in Figure 6.2 and label the isotopy
classes left to right by £1,05,03,¢4; the curves 5 and {3 are separating. Since Tng;(;l) =

TZQT;(L) =id and /¢3,7(¢3) are separating curves, we have
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() = ead (DT

which lies in F5(L) by Proposition 6.5 since (£4,7(¢4)) is a contractible bounding pair.
The last statement of the theorem follows from the fact that Fy (L) = Fy(L) in the
Lagrangian case and the finiteness of A(dy). O

Suppose now that A is Lagrangian and f is a positive multitwist supported on A.
Because u(f) € A(dr), we can consider the image of this class in B(dy), which we denote
by w¢. The reason to consider wy is that it admits a relatively simple formula.

Proposition 6.7. If A be a Lagrangian arrangement of curves on X4 and f =[[T;* is
a positive multitwist supported on A, then

wp =Y ¢+ J([T,7]).

LeA

Proof. By Proposition 6.3,
T = e (ge)e-J([Te7])  in B(Sy),
LeA

where each g € B. The proposition now follows from the fact that B acts trivially on

B(5y). O

6.4. The non-Lagrangian case

As we will see in Example 7.7, when the collection of homology classes of the curves in
A do not span a Lagrangian subspace of H, then the Ceresa class of a positive multitwist
f need not live in A(Jy). Nevertheless, this class is still torsion.

Theorem 6.8. Suppose A is any collection of pairwise disjoint simple closed curves in
E;, and f=[l,eaT;" is a positive multitwist. Then p(f) is torsion.

The proof will occupy this whole subsection. As usual, let Y = ([¢] : £ € A), and
d=dimY. Choose a subset of loops ¢1,...,¢; in A which are linearly independent (and
thus rationally span Y). Fix a collection of isotopy classes of simple closed curves

a1y...,0g,b1,...,b5 o0 E; such that
1. the classes a; and b; for 4,5 =1,...,g are pairwise nonintersecting except i(a;,b;) = 1;
2. the classes a; and b; for 4,j =1,...,9 —d do not intersect the classes in A;

3. the homology classes a; = [a;] and 3; = [b;] form a symplectic basis for H;
4. bg+1—j = fj for ] = 1, ce ,d.

Let us explain why such a collection of curves exists. Let G = (G,w) be the weighted
dual graph of A. Recall that the sum of the weights w(v) over all vertices v is g —d. For
each vertex v with w(v) > 0, choose a subsurface S & Z}u(v) of ¥, so that 9%, lies in
2, \S. Now, define w(v) of the a; and b; for ¢ < g—d by the basis in Figure 6.1. We have
already specified by—4+1,...,by € A. Finally, we may choose the remaining a; to complete

the symplectic basis by [36, Lemma A.3].
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Ny Ny
Ny

Figure 6.3. A handlebody such that each b; is a meridian.

Choose closed regular neighborhoods N; of a; Ub;; each N; is homeomorphic to a torus
with one boundary component, and dN; is a separating curve. Choose N; small enough
so that, for each i < g—d, the boundary JN; does not intersect the curves in A. The
mapping class group I'} is isomorphic to SLy(Z) and the mapping class 7; corresponding
to —I € SLy(Z) takes a; to a; and b; to b;, reversing their orientations. We claim that
if M is a handlebody of N;, then 7; € Hi(M). Since any two handlebody subgroups are
conjugate to each other [26, §3] and —I lies in the center of SLo(Z), it suffices to show
that 7; lies in Hi (M) for just one M. Take Y1 to be the surface in Figure 6.1 (for g = 1),
and let M be the handlebody on the inside. A representative of the mapping class 7;
is given by a rotation of 180° horizontal to the page and applying a suitable isotopy so
that it is the identity on D. Extending by the identity defines 7; on E;, and the product
T =T1---T4 is a hyperelliptic quasi-involution on E;.

For i=1,...,9—d, let A; and B; be handlebodies for N; so that a; is a meridian in
A; and b; is a meridian in B;. The surface S =%\ Uf;ld Ny is homeomorphic to Zg_dH
(recall that N; denotes the relative interior of N;). Let V be a handlebody for the surface
obtained by capping off the boundary components of S so that ¢ is a meridian of V for
each ¢ € A. For any two-part partition I,.J of {1,...,g—d}, let V;; be the handlebody of
E_(ll obtained by attaching A; and B; to V for i € I and j € J. By the previous paragraph,
we have that 7€ H} (V7).

Let
F=F" W,
I,J
where the intersection is taken over all two-part partitions I,.J of {1,...,g —d}. We note

that in the case already treated, where A is Lagrangian, g = d, so I and J are both
empty and there is only a single choice for V7, namely the handlebody V of the previous
section.

Lemma 6.9. The class J([f,7]) lies in F.

Proof. By Proposition 6.5, it suffices to show that [f,7] € LT;(VU) for all two-part
partitions I,J of {1,...,g —d}. The multitwist f lies in each E;(VU), and 7 lies in
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each H;(VU). Since ﬁ;(V[_]) is a normal subgroup of H;(V[_]) and the symplectic
representation of 7 is in the center of Sp(H), we have that [f,7] € LT;(VIJ), as
required. O

Lemma 6.10. The image of F in L/(6; —I)L, which can be expressed as

.7:Jr(5ffI)LE F
(5f—I)L _(5f—I)Lﬂ]:

s a finite group.

Proof. To prove that the group in Equation (6.3) is finite, it suffices to show that
(0 —Do(Lo)NF =F.

2
The basis a;,3; of H induces coordinates on L = z( Sg), and each FQV” (L) is a coordinate
subspace of L in this basis. Therefore, their intersection F is also a coordinate subspace.
It is generated by

1. a; ABj A By for j,k>g—d;
2. BiNBj NPy for j,k>g—d;
3. i \NBi NP fori < g—d and k > g—d.

The simple wedges in (1) and (2) are already in F>L, so they are in the image of (6; —I)qg
by Proposition 5.4. For (3), let @ € Hg satisfy (6y —I)g(z) = Bk. Since (6 —I)(ow) =
0 and (6 —I)(B;) =0 for i < g—d, we have (65 —I)g(esi ABi Ax) = a; ABi A Br. So
(05 —Ig(Lg)NF = F, as required. O

Proof of Theorem 6.8. The class [f,7] lies in F by Lemma 6.9 and so J([f,7]) lies in
the group in Equation (6.3). This group is finite by Lemma 6.10, and therefore p(f) is
torsion. O

6.5. The closed surface case

Let A be a collection of pairwise nonintersecting nontrivial isotopy classes of simple closed
curves on Yy, and let f =]],., T;* be a positive multitwist. The natural map F; =Ty
is surjective, so we may view f as a positive multitwist on E;. Also, the natural map
H'({6¢),L) — H'((6¢),L/H) takes u(f) to v(f), so the torsionness of v(f) follows from
the torsionness of u(f). This completes the proof that the Ceresa class of a multitwist on
a closed surface is torsion.

The map H'({d;),L) — H*((d7),L/H) also induces a surjection A(ds) — A(ds) as

studied in Proposition 5.16, so when A is Lagrangian, the class v(f) lies in A(df). The

image of wy under B(df) — B(dy) is the image of v(f) under A(d¢) — B(ds), which we
denote by v¢. By Proposition 6.7, we have

vp =Y e J([Tp,7]). (6.4)

LeA
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O =

Figure 7.1. From left to right, these are the graphs K4, T'Ls. The vertices of the theta graph each have
weight 1.

Remark 6.11. The finite group A(d,), where v is the multitwist associated to an integral
tropical curve, is the group mentioned at the end of §2.2. This group seems to be of interest
in its own right, especially to what extent it can be thought of as a ‘tropical intermediate
Jacobian’.

7. Examples

In this section, we will compute the Ceresa class for the multitwist 7T for tropical
curves whose underlying vertex-weighted graph is displayed in Figure 7.1. In the first
two examples, we will consider tropical curves I' whose vertex-weights are all 0 (see the
left and middle graphs in Figure 7.1). Let us describe our strategy for determining Ceresa
nontriviality in this case.

Let I" be a genus g > 3 tropical curve with integral edge lengths cy,...,cy and whose
vertex weights are all 0. Let £1,...,f5 be the collection of loops on 3, corresponding to
I' as in §4.1. As discussed in §6.5, the class v(Tr) lies in A(dr), and its image in B(dr),
denoted by wvr, is described by Equation (6.4). So to compute vr, it suffices to compute
each J([Ty,,7]) for some hyperelliptic involution 7. While the choice of 7 does not matter,
it is essential that we use the same 7 to compute each J([Ty,,7]). Now, observe that
[Te,, 7] = T&TT_&,-) and ¢; is homologous to 7(¢;). Three things may happen.

- If ¢; is a separating curve, then so is 7(¢;), and hence J(TgiT;(z)) =0.
- If ¢; is a nonseparating curve that does not intersect 7(¢;), then we may use Formula
(2.4) to compute J([Ty,,7]).

- If ¢; is a nonseparating curve that intersects 7(¢;), we may find a sequence of loops ¢; =
V0,715 -+ -,k = T(£;) so that y; does not intersect v;1, and compute each J(7, T,;jil)
using formula (2.4). Such a sequence must exist for g > 3 by [37, Theorem 1.9].

With an explicit formula for vr in hand, let us show how to determine if it represents the
trivial element of B(dr). Recall that B(dr) is the cokernel of the map

6p—1I:grf(L/H) — grf (L/H).

Because the vertex weights of I are all 0, the polarization Qr, viewed as a map H/Y —Y,
is nonsingular, and the map ér — I above is invertible after tensoring with Q. An explicit
inverse is

(Or—Dg' WAy AR =5 (Qr 'y AY Ah+yAQr Y AR—Qrly AQr 'y AQrh)  (7.1)
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for y,y/ € Y and h € H. Thus, the class vr is trivial if and only if ur = (or — I)@l(vp) is
integral, that is, lies in grf’(L/H). Thus, determining triviality of vr is almost as simple
as computing the coordinates of ur in grf (L) using a basis of H and seeing if they are
integral, yet we still need to account for taking the quotient by H. Recall from Equation
(2.3) that w =01 AB1+ -+ a4y APy for any symplectic basis a,...,aq4,51,...,64 of H.
Therefore, any two representatives in L of an element in L/H differ only in coordinates of
the form a; Aa; A SB; or o AB; A Bj. In conclusion, we have the following way to determine
nontriviality of the Ceresa class.

Proposition 7.1. Suppose that the vertex weights of T' are all 0. The Ceresa class v(1r)
is nontrivial if ur has a coordinate of the form o; Ao APy, wherei,j,k are distinct, whose
coefficient is not integral.

We will now illustrate this analysis in some examples.

Example 7.2. Suppose I is a tropical curve whose underlying vertex-weighted graph is
K, (the left graph in Figure 7.1). Then I' is Ceresa nontrivial.

By Proposition 4.3, it suffices to show that v(Tr) # 0 whenever T has integral edge
lengths. Let ¢1,...,¢¢ be configuration of essential closed curves illustrated in Figure 7.2.
Because the vertex weights of I' are all 0, this arrangement of curves is Lagrangian,
and hence v(T1) € A(dr). Let vp denote the projection of v(T1) to B(dr). Let 7 be the
hyperelliptic involution given by a rotation of 180° through the axis horizontal to the page.

Observe that [T,,7] =1 for i = 1,3,4,6. The remaining two commutators [Ty,,7] =Ty, TT(;Q)

and [Ty, 7] =Ty, T;(}S) are bounding pair maps, so we may compute their images under J
using Equation (2.4). With respect to the basis of H = H;(X3,Z) in Figure 6.1, these are

J([Te,,7]) = 1 AB1L A B2
J([T45,7]) = =2 AB1 A B2 — a2 A B2 A Bs + a2 A B1 A Bs.
By Equation 6.4, the class vr is
vr=cz2-a1 NP1 ABa+cs (—aaABiAB2—aa AP APs+az NP1 AB3). (7.2)

Next, we compute ur = (dr —1)61(1}1") using Equation 7.1:

det(Qr)ur =
— (c1e203 + creaeq 4 crea05 4 Cac3C5 + CacaCs + CaC3C6 + CaCaCo + C2C5Co
+cacscs) -ar ANag APy
— 0264(61 +C5 + 86) Q] A Q3 N 51 + C1C5Cq " Q2 A Qa3 A 51
+ (cacs3e5 + cac4C5 + c3C4C5 + CaC3C6 + C2C4C6 + C2C5C6 + C3C5¢6) -1 A g A Ba
+CQC4CG o3 /\0[3 /\52 —1—6105(02 +C4 +06) [Xe%) /\0[3 /\52

— C3C4C5 - (X1 /\042 /\,63 + CoCyCy - (1 A Q3 A ﬁl — C1C4C5 - Q2 A Qa3 A 53,
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Figure 7.2. An arrangement of simple closed curves on X3 dual to Ky4.

where
€1+ C5+¢Cg —Cg —C5
Qr = —Cg Co+cCq4+cCg —C4 . (73)
—C5 —C4 c3t+cyg+tcs

By Equation (4.1), det(Qr) is the first Symanzik polynomial of G. Observe that the
absolute value of the coordinates of det(Qr)ur consist of a sum of monomials of the form
cr for spanning trees T, each appearing with coefficient 1. Thus, for any positive value of
the ¢;’s, each coordinate of ur has absolute value strictly between 0 and 1. By Proposition
7.1, the Ceresa class v(1T) is nontrivial.

Remark 7.3. This is an opportune moment to remark on the relation between the
definition of tropical Ceresa class in the present paper and the definition given by Zharkov
in [43]. Consider the element wr = (dr — 1)vp, which lies in grf’ (L/H). If vr lies in (Jp —
1)grf(L/H), then certainly wr lies in (6r —1)?gr (L/H). So the Ceresa class maps to

grs (L/H)/(or —1)*gri (L/H).
Using the expression for vr in Equation (7.2), we see that
wr = —2cac5 - f1 A\ P2 A Bs.
The group (6 —I)%gri’ (L/H) is generated by (6p —I)?(ci A cj A By) for all i,j,
k€ {1,2,3} with i < j. Because

(5F—I)2(ai/\ajABk)=2Qai/\Qo¢j/\ﬂk:2‘qSi Qsj B1 A\ B A Ps,

qti  Qtj

where (s,t,k) is an even permutation of (1,2,3), we see that (6p —I)*gri"(L/H) is generated
by 2 times the 2 X 2 minors of the symmetric matrix Qr from Equation (7.3). Thus, this
subgroup is generated by

2(c1e4 — coc5), 2(c1e4 — c306),
2(cacs 4 cacs + cac+cs5c6),  2(cacs 4 c1ca + c1c6 + cacs),
2(cacs +c1es+eres+eses),  2(cacs + cacs 4 cacy +c3c4).

So the Ceresa class of 1T is nontrivial whenever —2cyc5 does not lie in the subgroup of
Z generated by the six integers above. This is precisely the condition Zharkov computes
in [43, §3.2] for the algebraic nontriviality of his Ceresa cycle for a tropical curve with

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000506

2210 D. Corey et al.

Figure 7.3. Left: an arrangement of simple closed curves on X4 dual to T'Ls. Right: the basis we use to
compute v(TT), oriented so that 2(cy,3;) = 1.

underlying graph Kjy. It remains to be understood whether this relation between our
tropical Ceresa class and Zharkov’s holds in general.

Remark 7.4. We observe that the element ur = (or —I)@l(vp) is a point in a six-
dimensional torus (identified by our choice of basis here with (R/Z)%) which is zero if
and only if the Ceresa class vanishes. What’s more, ur does not change when the edge
lengths are scaled simultaneously since both ér —1 and vp are homogeneous of degree 1
in the edge lengths. The space M (K,) of tropical curves with underlying graph K, is a
positive orthant in RS, or more precisely the quotient of this orthant by the action of the
automorphism group Sy (see [17] for a full description) and the class ur can be thought of
as a map from the projectivization of this orthant to the 6-torus. The content of Example
7.2 is then that the image of this map does not include 0. It would be interesting to
understand whether this map can be naturally extended to the whole tropical moduli
space of genus 3 curves.

Remark 7.5. Consider the case ¢y =--+ = ¢g = 1. The invariant factors of Qr are ¢; =1,
g2 = 4, and g3 = 4, and hence the projection A(dr) — B(dr) is an isomorphism. We
compute vr and ur to be

vr=a1 APLAPe— s ABLABe—aa ABa AB3+aa ABy A B3,
1
16

+3asNagAPr—ar AagAPBs+ ar Aag A1 — as Aasz A Bs).

Uur (—9a1Aas AP —3ar AagABr+ as AasAB1+ 7 a1 Aag ABa+ ar Aas A Ba

From this, we see that vr has order 16 in B(dr), and therefore the Ceresa class v (1)
also has order 16 in A(dr).

There were two key features in this example: each [T}, , 7] was either trivial or a bounding
pair map, and each coordinate of (6r —I)q Y(v(Tt)) had absolute value strictly between
0 and 1. In the next example, neither of these properties will hold.

Example 7.6. Suppose I' is a tropical curve whose underlying vertex-weighted graph is
TLs (the middle graph in Figure 7.1). Then I' is Ceresa nontrivial.

As in the previous example, it suffices to show that v(TT) is nontrivial whenever T’
has integral edge lengths. Let vr denote the image of v(TT) in B(dr). Let ¢4,...,49 be
the configuration of essential closed curves in Figure 7.3, and choose 7 to be rotation
by 180° through the axis horizontal to the page. To compute each J([Ty,,7]), we will
use the symplectic basis of H = H;(34,Z) displayed on the right in Figure 7.3; this
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yields a much nicer expression for ur = (ér — I)@l(vp). Clearly, [Ty,, 7] =1 for i =1,2,3,4.
Next, [Ty,,7] = TgiTT_(}i) are bounding pair maps when ¢ = 5,6,7,9, hence J([Ty,,7]) may
be computed using formula (2.4). The only remaining loop is fg, which intersects 7(¢g).
However, ngTT_(ég) = (TgSngl)(ngTT_(ég)) expresses ngTT_(}g) as a product of bounding

pair maps, which we may use to compute J([Ty,,7]). Then

vr=—cg -0 AB1ABa+—c5-0a1 AP AP
+(—cs—crF+es—co)(an AB1ABs+ 01 ABrABa)
+(ce —cr+cs+co)(aaAPBa APBs+as APBa ABa).

Next, we compute ur using Equation 7.1:

det(Qr) ur =

cs(cre3eq 4 c10306 + C104C6 + C3C4C6 + 201 C3C8 + 201 €408 + 203¢6C8 + 2¢4C6C8) - a1 Aag A By
cq(e1+cg)(cacs — cacs — e5c8 + cacg + cxcg + cacr + cs507) o Aas A By

c3(c14c6)(cacs — cacg — 58+ Caco + 59 4 Cacr +csc7) - a1 Aag A By

ce(Cacsey + cacscs + cacacy + c3c405 + 2ca0307 + 2000407 + 2030507 + 2¢40507) - ip Aag A Ba
— 64(62 —+ c5)(clc6 —+ C1Cg —+ CeCs —+ C1C9 —+ CgCg — C1C7 — 6607) [Xe%) A Qs A 62
—c3(ca+cs5)(cice +cicg +cges +cicg +caeog — cier — cger) - a Aag A o

c5¢6(C3cq + 308 + a8 — €39 — C4Cg + C3C7 +Cqc7) -y Aag A B3

cace(Cacs — Cacg — C5C8 + Cacy +C5Co + Cacr +C5¢7) - n Az A B3

c3C6(CaCs — Cacg — C5C8 + CaCy +C5Co + Cacr +-C5¢7) - oup Aoy A\ B3

— C4C5(0106 +cicg+cgeg +ci1cg +cgeg — 17 — 0607) ~ag ANag A B3

—c3¢5(c166 + 108+ CoCg + C1Cg +CoCo — C1C7 — CoC7) - Ca Ay A B3

e5C6(C3Cq + €38 + Cacg — C3C9 — CaCy + C3C7 +Cac7) - 1 Ao A Ba

cac6(cacs — cacg — 508 + Cacy + C5C9 + Cacr +C507) -1 Nz A Py

c3C6(CaCs — Cacg — C5C8 + Cacy +C5¢9 + Cocr +c507) - r Aoy A\ By

—cacs(c1¢6 + 108+ CoCg + 19+ CoCo — C1C7 — CoC7) - Qp N A\ By

—czes(cics + c1cg+ceg + crcg +caco — 107 — C6Cr) - qa A g A\ P,

where
c1+ce 0 Cs Cg
Q 0 co+c5 Cs Cs
l‘\ P—
C Cs c3+cs5+ce+cr+cgtcg cst+cgt+certcegtcg
Ce Cs s+ cg+crt+cs+cg c4+cs+cegt+cr+cg+c

By Equation (4.1), det(Qr) is the first Symanzik polynomial of G. The coordinates of
det(Qr)ur of the form a; Ao A By, for 4,5,k distinct, are a sum of monomials ¢r for
spanning trees T, each appearing with coefficient +1. Thus, for any positive value of the
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Figure 7.4. An arrangement of simple closed curves on ¥4 dual to a theta graph with a weight on each
vertex.

¢;’s, each coordinate of these coordinates is strictly between —1 and 1. If they are all
equal to 0, then
(c1+4ce)er = cice+c1cs + cocs + c1c9 + CoCo,
(e2+c5)cs = cac5 + Cacg + 509 + Cacr +c507,
(e3+ca)ecg = c3cq + c3c8 + cacg + c3¢7 + cac7.
Solving for ¢7 in the first equation and substituting this expression in the second equation
yields
C1CoC5 + C1Cace + C1C5C6 + CaCsCg + 2¢1CaCg + 2¢1C5¢9 + 2¢9C6C9 + 2¢5¢6C9 = 0

which cannot happen if every ¢; is positive. Therefore, the Ceresa class v(1T) is nontrivial
by Proposition 7.1.

In the previous two examples, each collection of curves is Lagrangian, and hence v(1T)
lies in A(dr). However, the Ceresa class v(1T) may not live in A(dr), as we shall see in
the following example.

Example 7.7. Let I be a tropical curve whose underlying graph is a theta graph.
Suppose the two vertices each have weight 1, and each edge has length 1; see the right
graph in Figure 7.1. Then v(T1) ¢ A(dr), but 3v(Tr) € A(dr). In particular, I' is Ceresa
nontrivial.

Let ¢1,05,43 be the configuration of essential closed curves illustrated in Figure 7.4.
Consider the following basis of Hq(34,Z), written in terms of the basis in Figure 6.1:
o = —ag, g =20 + s, By = B3 — 202, By = F2
and of = o, B} = B, for i = 1,4. On this basis, (dp —I)(ab) = 85, (or — I)(af) =305, and
(or —I)(a}), (6r —I)(B}) = 0 otherwise. So Y’ = spany {35,305}, and Y = span;{35,05}.
Next, we compute
J([TF7T]) = J([TZUTD +T€1 ’ J([szvT]) +,T&T@Q 'J([TfsvT])
= Ay ABLA B+ oy ABLA By +ag A By A B
Clearly, a4 ABLABS € FoL, and of AByABS € (0p —I)(L) by Proposition 5.6. However,
the simple wedge o A 8] A B4 is not contained in FoL+ (6p —I)L+ H, so v(1It) ¢ A(dr).
Nevertheless, the class 3v(1T) lies in A(dr) because Y/ < 3Y.
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1

Figure 7.5. A hyperelliptic tropical curve that is not the tropicalization of a hyperelliptic curve.

Remark 7.8. The /-adic Ceresa class of a hyperelliptic algebraic curve is trivial, which
we may interpret as a property of hyperelliptic Jacobians via the Torelli theorem.
Nevertheless, the tropical analog of this does not hold because the property of being
hyperelliptic cannot be determined by the Jacobian alone. A tropical curve whose
Jacobian is isomorphic to the Jacobian of a hyperelliptic tropical curve, as polarized
tropical abelian varieties, is said to be of hyperelliptic type. By [18, Theorem 1.1], the
tropical curve from Example 7.7 is of hyperelliptic type, yet it is Ceresa nontrivial. Thus,
the Ceresa class for a tropical curve is not an invariant of its Jacobian and can be used to
distinguish hyperelliptic tropical curve from tropical curves of hyperelliptic type. One can
ask whether the tropical Ceresa class is trivial exactly for hyperelliptic tropical curves.
Translating this question into topological terms is a bit subtle because the multitwist Tt
associated to a hyperelliptic tropical curve I' is not necessarily hyperelliptic; that is, there
may not be a hyperelliptic involution in the mapping class group which commutes with
Tr. This is related to the issue that there exist hyperelliptic tropical curves which are not
tropicalizations of any degenerating algebraic hyperelliptic curve. Consider, for instance,
the curve in Figure 7.5.

This is a tropical hyperelliptic curve which is known not to be the tropicalization of a
hyperelliptic curve. The genus-3 mapping class Tt corresponding to this curve is a product
of three commuting separating Dehn twists; this mapping class is not hyperelliptic, but
J([Tr,7]) vanishes for all 7 since Tt itself lies in the kernel of the Johnson homomorphism.
Indeed, it is easy to describe a hyperelliptic quasi-involution which commutes with 7t not
only up to the Johnson kernel, but on the nose: the product of the three Dehn half-twists
about the separating curves.

Nonetheless, the explicit criterion given in [1, Theorem 4.13] shows that a hyperelliptic
tropical curve yields a hyperelliptic mapping class under mild conditions; for instance,
it is enough that the underlying graph of I' be 2-vertex-connected. So one might ask: if
v is a positive multitwist whose Ceresa class vanishes and whose corresponding graph is
2-vertex-connected, is v hyperelliptic?

Acknowledgements. The first author is partially supported by NSF-RTG grant
1502553 and ‘Symbolic Tools in Mathematics and Their Application’ (TRR 195, project-
ID 286237555). The second author is partially supported by NSF-DMS grant 1700884.
The third author is partially supported from the Simons Collaboration on Arithmetic
Geometry, Number Theory and Computation. We are grateful for helpful comments and
suggestions from Matt Baker, Benson Farb, Daniel Litt, Andrew Putman and Bjorn
Poonen.

Competing interests. The authors have no competing interest to declare.

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000506

2214

D. Corey et al.

References

[9]
[10]
[11]
[12]

[13]

[14]
[15]

[16]
[17]

18]
[19]

[20]

21]

22]

O. AMINI, M. BAKER, E. BRUGALLE AND J. RABINOFF, ‘Lifting harmonic morphisms II:
Tropical curves and metrized complexes’, Algebra Number Theory 9(2) (2015), 267-315.
O. AMINI, S. BLocH, J. I. BURGOS GIL AND J. FRESAN, ‘Feynman amplitudes and limits
of heights’, Izv. Ross. Akad. Nauk Ser. Mat. 80(5) (2016), 5-40.

O. AwmiINT AND L. CAPORASO, ‘Riemann—Roch theory for weighted graphs and tropical
curves’, Advances in Mathematics 240 (2013), 1-23.

M. AsapA, M. MATSUMOTO AND T. ODA, ‘Local monodromy on the fundamental groups
of algebraic curves along a degenerate stable curve’, J. Pure Appl. Algebra 103(3) (1995),
235-283.

M. BAKER AND S. NORINE, ‘Harmonic morphisms and hyperelliptic graphs’, Int. Math.
Res. Not. IMRN (15) (2009), 2914-2955.

A. BEAUVILLE, ‘A non-hyperelliptic curve with torsion Ceresa class’, C. R. Math. Acad.
Sci. Paris 359 (2021), 871-872.

A. BEAUVILLE AND C. SCHOEN, ‘A non-hyperelliptic curve with torsion Ceresa cycle
modulo algebraic equivalence’, Int. Math. Res. Not. IMRN (5) (2023), 3671-3675.

L. A. BETTrs AND D. LITT, ‘Semisimplicity of the Frobenius action on 7l’, in p-adic
Hodge Theory, Singular Varieties, and Non-Abelian Aspects, edited by BHARGAV BHATT
AND MARTIN OLSSON (Springer International Publishing, Cham, 2023), 17-64.

J. S. BIRMAN, ‘On Siegel’s modular group’, Math. Ann. 191 (1971), 59-68.

D. Bisogno, W. L1, D. LiTT AND P. SRINIVASAN, ‘Group-theoretic Johnson classes and
non-hyperelliptic curves with torsion Ceresa class’, E’pijournal Géom. Algébrique T (2023),
Art. 8, 19.

S. BRANNETTI, M. MELO AND F. VIVIANI, ‘On the tropical Torelli map’, Adv. Math.
226(3) (2011), 2546-2586.

P. BROSNAN AND G. PEARLSTEIN, ‘Jumps in the Archimedean height’, Duke Math. J.
168(10) (2019), 1737-1842.

L. CAPORASO, ‘Algebraic and tropical curves: comparing their moduli spaces’, in Handbook
of Moduli. Vol. I, Adv. Lect. Math. (ALM), vol. 24 (Int. Press, Somerville, MA, 2013),
119-160.

L. CAPORASO AND F. Viviani, ‘Torelli theorem for graphs and tropical curves’, Duke
Math. J. 153(1) (2010), 129-171.

G. CERESA, 'C is not algebraically equivalent to C~ in its Jacobian’, Ann. of Math. (2)
117(2) (1983), 285-291.

M. CHAN, ‘Tropical hyperelliptic curves’, J. Algebraic Combin. 37(2) (2013), 331-359.
M. CHAN, ‘Lectures on tropical curves and their moduli spaces’, in Moduli of Curves,
(Springer, 2017), 1-26.

D. CoRrEy, ‘Tropical curves of hyperelliptic type’, J. Algebraic Combin. 53(4) (2021),
1215-1229.

B. FARB AND D. MARGALIT, A Primer on Mapping Class Groups, Princeton Mathematical
Series, vol. 49 (Princeton University Press, Princeton, NJ, 2012).

M. GREEN AND P. GRIFFITHS, ‘Algebraic cycles and singularities of normal functions’,
Algebraic Cycles and Motives. Vol. 1, London Math. Soc. Lecture Note Ser., vol. 343
(Cambridge Univ. Press, Cambridge, 2007), 206—263.

R. HAIN, ‘Normal functions and the geometry of moduli spaces of curves’, Handbook of
Moduli. Vol. I, Adv. Lect. Math. (ALM), vol. 24 (Int. Press, Somerville, MA, 2013),
527-5T78.

R. HAIN AND M. MATSUMOTO, ‘Galois actions on fundamental groups of curves and the
cycle C—C™’, J. Inst. Math. Jussieu 4(3) (2005), 363-403.

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000506

27]
28]
29]

[30]

[31]
32]

33]

The Ceresa class: tropical, topological and algebraic 2215

R. HAIN AND D. REED, ‘On the Arakelov geometry of moduli spaces of curves’,
J. Differential Geom. 67(2) (2004), 195-228.

B. HARRIS, ‘Harmonic volumes’, Acta Math. 150(1-) (1983), 91-123.

B. HARRIS, ‘Homological versus algebraic equivalence in a Jacobian’, Proc. Nat. Acad. Sci.
U.S.A. 80(4) (1983), 1157-1158.

S. HENSEL, ‘A primer on handlebody groups’, in Handbook of Group Actions, edited by
L1ZHEN Ji, ATHANASE PAPADOPOULOS AND SHING-TUNG YAU (International Press of
Boston, Inc., 2020), 143 —178.

D. JOHNSON, ‘An abelian quotient of the mapping class group Z,’, Math. Ann. 249(3)
(1980), 225-242.

F. F. KNUDSEN, ‘The projectivity of the moduli space of stable curves. II. The stacks
My ', Math. Scand. 52(2) (1983), 161-199.

D. T.-B. G. LILIENFELDT AND A. SHNIDMAN, ‘Experiments with Ceresa classes of cyclic
Fermat quotients’, Proc. Amer. Math. Soc. 151(3) (2023), 931-947.

G. MIKHALKIN AND I. ZHARKOV, ‘Tropical eigenwave and intermediate Jacobians’, in
Homological Mirror Symmetry and Tropical Geometry, Lect. Notes Unione Mat. Ital., vol.
15 (Springer, Cham, 2014), 309-349.

S. MoRrITA, ‘The extension of Johnson’s homomorphism from the Torelli group to the
mapping class group’, Invent. Math. 111(1) (1993), 197-224.

T. ODA, ‘A note on ramification of the Galois representation on the fundamental group
of an algebraic curve. I, J. Number Theory 53(2) (1995), 342-355.

CHRIS A. M. PETERS AND J. H. M. STEENBRINK, Mized Hodge Structures, Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics
[Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in
Mathematics], vol. 52 (Springer-Verlag, Berlin, 2008).

W. PrrscH, ‘Trivial cocycles and invariants of homology 3-spheres’, Adv. Math. 220(1)
(2009), 278-302.

J. POWELL, ‘T'wo theorems on the mapping class group of a surface’, Proc. Amer. Math.
Soc. 68(3) (1978), 347-350.

A. PUTMAN, ‘Cutting and pasting in the Torelli group’, Geom. Topol. 11 (2007), 829-865.
A. PUTMAN, ‘A note on the connectivity of certain complexes associated to surfaces’,
Enseign. Math. (2) 54(3—4) (2008), 287-301.

C. Qu AND W. ZHANG, ‘Vanishing results in chow groups for the modified diagonal
cycles’, 2022, https://arxiv.org/abs/arXiv:2209.09736.

J. Topr, ‘Hecke Il-series related with algebraic cycles or with siegel modular forms’, Ph.D.
thesis, Utrecht, 1989.

B. ToTARO, ‘Complex varieties with infinite Chow groups modulo 2’, Ann. of Math. (2)
183(1) (2016), 363-375.

A. TsucHrvA, K. UENO AND Y. YAMADA, ‘Conformal field theory on universal family
of stable curves with gauge symmetries’, in Integrable Systems in Quantum Field Theory
and Statistical Mechanics, Adv. Stud. Pure Math., vol. 19 (Academic Press, Boston, MA,
1989), 459-566.

S.-W. ZHANG, ‘Gross—Schoen cycles and dualising sheaves’, Invent. Math. 179(1) (2010),
1-73.

1. Zuarkov, ‘C is not equivalent to C'~ in its Jacobian: A tropical point of view’, Int.
Math. Res. Not. IMRN (3) (2015), 817-829.

https://doi.org/10.1017/51474748023000506 Published online by Cambridge University Press


https://arxiv.org/abs/2209.09736
https://doi.org/10.1017/S1474748023000506

	1 Introduction
	2 The topological Ceresa class
	2.1 The mapping class group and the symplectic representation
	2.2 Construction of the Ceresa class

	3 The ℓ-adic Ceresa class
	3.1 Monodromy
	3.2 The ℓ-adic Ceresa class for algebraic curves over C((t))

	4 The tropical Ceresa class
	4.1 Tropical curves
	4.2 The tropical Jacobian
	4.3 The tropical Ceresa class

	5 A finite subgroup of H1(Z,L)
	5.1 Filtrations on H1(Z,kH)
	5.2 The maximal rank case
	5.3 The symplectic case

	6 The Ceresa class of a multitwist
	6.1 Dehn twists and multitwists
	6.2 Handlebodies and the Luft–Torelli group
	6.3 The Lagrangian case
	6.4 The non-Lagrangian case
	6.5 The closed surface case

	7 Examples



