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SIMPLE RINGS WITH INJECTIVITY CONDITIONS
ON ONE-SIDED IDEALS

JOHN CLARK AND DiINH VAN HUYNH

This paper looks at simple rings which have right ideals satisfying various types of
injectivity conditions. We characterise when a simple regular ring is right self-injective
and show that if R is a simple ring in which every right ideal is the direct sum of
quasi-continuous right ideals then R is either Artinian or a non-selfinjective right
Goldie ring in which every right ideal is a direct sum of uniform right ideals.

1. DEFINITIONS AND NOTATION

In what follows, rings are always associative with identity, and modules are unitary
modules. For a module M and a positive integer n, M™ denotes the direct sum of n
copies of M while M™™) denotes the direct sum of a countably infinite number of copies
of M.

Recall that a module M is called a CS module or eztending if every complement
{closed) submodule is a direct summand, or equivalently, if every submodule of M is
essential in a direct summand. A ring R is called a right CS ring if the right R-module
Rp is CS. If the module M™ is CS for every n € N, then M is called finitely £-CS. Since
its introduction thirty years ago by Chatters and Hajarnavis in (2], the CS condition has
been studied extensively, features prominently in Mohamed and Miiller’s [13], and is the
focus of the text [6] by Dung, Huynh, Smith and Wisbauer.

A module M is called quasi-continuous if it is CS and whenever M, and M, are
summands of M for which M; N M; = 0 then M, ® M, is also 2 summand of M.

Moreover, a module M is called continuous if it is CS and every submodule of M
which is isomorphic to a direct summand of M is in fact a direct summand of M. As
usual, we say that the ring R is right continuous if the module Rp is continuous. Any
injective module is continuous and every continuous module is quasi-continuous but the
converses fail in general (see [13, 6]).

Next, given two modules M and N, M is said to be N-injective (or M is injective
relative to N) if, for each monomorphism f : K — N and homomorphism h : K - M,
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there is a homomorphism g : N - M such that gf = h. (By Baer’s Criterion, a right
R-module M is injective precisely when it is Rg-injective.) If M is N-injective and N is
M-injective, we say that M and N are mutually injective.

Finally, we recall that the ring R is (von Neumann) regular if a € aRa for any a € R.

2. SIMPLE RINGS WITH MUTUALLY INJECTIVE ONE-SIDED IDEALS

In this section, we shall investigate the structure of simple regular rings which are
right CS.

We begin with an easy but effective lemma, modelled on the proof of Hart’s {10,
Theorem 1]. This has also appeared in [3], but we repeat its short proof here for the sake
of completeness.

LEMMA 2.1. Let A be any nonzero right ideal of a simple ring R. Then, for some
n € N, there are elements z,,z2,...,Z, € Rsuch that R = 21 A+ 1A+ -+ 1,A. As
a consequence, Ry is isomorphic to a direct summand of A™.

PRroorF: Since R is simple and RA is a nonzero two-sided ideal of R, we have
R = RA. Thus, for some n € N, there are elements z; € R, a; € A for 1 € i < n giving
1 = zya) + T2a3 + - - - + Tpoy. It now quickly follows that R = 214 + 2904 + - -+ + 1, A.
Furthermore, we have an epimorphism ¢ : A" — R defined by setting ¢ :
(a1,82,...,a,) — T101 + Zaas + -+ - + Tpa, for all a1,as,...,a, € A. The projectiv-
ity of Rp splits ¢ and so Rp is isomorphic to a direct summand of A™, as claimed. 0
This allows us to show the following.

PROPOSITION 2.2. Let R be a simple ring. If R has two nonzero mutually
injective right ideals then R is a right self-injective ring.

PROOF: Let A and B be two nonzero mutually injective right ideals of R. By
Lemma 2.1, there are m,n € N for which Ry is isomorphic to a direct summand of A™
and to a direct summand of B". Then, by [1, Propositions 16.10 and 16.13}, A™ and B"
are also mutually injective. Then, applying [1, Propositions 16.13 and 16.10] once more,
it follows from this and the summand properties of Rz that A™ is Ry-injective and so
Ry is Rg-injective, as required. ]

Now note that for a regular ring R, if A is a right ideal isomorphic to a direct
summand of Rg then of course A is principal and so generated by an idempotent (see [8,
Theorem 1.1}). From this it follows that a regular, right CS ring is right continuous (see
[8, Corollary 13.4]). We make use of this in proving the following result. Since, by [8,
Corollary 13.20], any right continuous indecomposable regular ring is right self-injective,
the equivalence of (i) and (iv) is already known, but here we provide an alternative proof
in the case when R is simple.

PROPOSITION 2.3. For a simple regular ring R the following conditions are
equivalent.
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(i) R is right CS.

(ii) The right R-module R™ is CS.
(iii) R contains a nonzero right ideal A such that A is finitely X-CS.
(iv) R is right self-injective.

PROOF: (i) = (iv). If Rg is uniform then, since R is regular, R must be a division
ring and we're done. Thus suppose that R is not uniform. Then, since Ry is CS, we have
Rr = A® B for two nonzero right ideals A and B of R. However, as noted above, Rp is
right continuous and so, by [18, Theorem 3.16], A and B are mutually injective. Then,
by Proposition 2.2, R is right self-injective, as required.

(iv) = (ii) follows from Dung and Smith’s [7, Proposition 3] while (ii) = (iii) is
clear.

(ii) = (i). By Lemma 2.1, Ry is isomorphic to a direct summand of A™ for some
m € N. Hence Ry is CS. 0

In [3, Question 3.2], we asked if, given a simple right Goldie ring R, is R right finitely
£-CS if (R?)g is CS? We note that Proposition 2.3 shows that this has a positive answer
if R is a simple regular ring.

REMARK 2.4. The conditions of Proposition 2.3 are not left-right symmetric. To see
this, let V' be an infinite-dimensional vector space over a field F, set @ = Endp(V) and
M = {f € Q : dimp(fV) < dimp(V)}. Then M is the largest proper two-sided ideal
of @ and so Q/M is a simple regular ring. Next let R be the maximal right quotient
ring of @/M. Then R is a simple, regular, right self-injective ring. However, as noted in
[8, Example 10.11] and Goodearl and Handelman’s [9, p. 805], R is not directly finite.
Consequently, by [8, Theorem 9.29], R is not left self-injective. (In fact, zR is not even
CS by Proposition 2.2 - this can also be seen from an old result of Utumi {15, Lemma
5.3] stating that if R is both left and right CS then R must be directly finite.)

We next provide some information on the projectivity of the right ideals in the rings
of Proposition 2.3.

COROLLARY 2.5. If R is a simple, regular, right CS ring then R is right Wo-
hereditary; that is, every countably generated right ideal of R is projective. Consequently,
if every right ideal of R is also countably generated, then R is semisimple Artinian.

PRrOOF: Given a countably generated right ideal A of R, there is an epimorphism
f:R™ 5 A. Since R is a right CS module by Proposition 2.3 and Ap is nonsingular,
ker(f) is a summand of R™ and so A is projective, as required.

If in addition every right ideal of R is countably generated then R must be right
hereditary. Then, since Rp is injective by Proposition 2.3, every cyclic right R-module
must also be injective. Thus R is semisimple Artinian by an old result of Osofsky {14,
Theorem). 0
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3. SIMPLE RINGS AND QUASI-CONTINUOUS RIGHT IDEALS

In this section we consider simple rings in which each right ideal is a direct sum of
quasi-continuous right ideals. Once again, Lemma 2.1 plays a key role.
We say that a ring is non-selfinjective if it is neither right nor left selfinjective.

THEOREM 3.1. Let R be a simple ring such that every right ideal is the direct
sum of quasi-continuous right ideals. Then either

(a) R is a non-selfinjective right Goldie ring in which every nonzero right ideal
is a direct sum of uniform right ideals or
(b) R is Artinian.

PRrROOF: We first show that R contains a uniform right ideal.

Suppose to the contrary. Then we must have Soc(Rg) = 0. Moreover, by our
hypothesis, if A is a nonzero right ideal, we may write A = @ A; where each A4, is quasi-
continuous and, by our assumption, each A; must be deco'nilposable, say A; = C; @ D;
where C; and D; are nonzero right ideals. Then, by {13, Theorem 2.13}, C; and D;
are mutually injective. Consequently, C; is D?-injective and D; is C-injective for all
n, m € N. Since, by Lemma 2.1, Rg is isomorphic to a direct summand of C* for some
k € N, it follows that D; is (R-)injective. Similarly, C; is also injective. Thus A4; is
injective for each i € I and Rp is also injective. Now we choose A to be a maximal right
ideal of R.

Then, if the index set I is finite, Ag will be injective and so a summand of Rg. Then
any complement of Ag in Rp will be a minimal right ideal of R. This contradicts the
fact that Soc(Rg) = 0.

Thus I must be infinite. In this case, let H, K be two infinite disjoint subsets
of I with HUK = I. Further set U = @ A; and V = @ A;. Then, since H and
K are infinite, U and V can not be direcf:ummands of I%ZK However their injective
hulls U* and V*, respectively, are summands of Ry (since Rp is injective). It follows
that U* # U and V* # V. Now write Rg = U*® V* @& W for some right ideal W of
R. Then, since A = U @ V is a maximal right ideal, W must be zero and this gives
R/A= (U*/U)® (V*/V) where both U*/U and V*/V are nonzero. This contradicts the
maximality of A.

This contradiction shows that R has a uniform right ideal, as claimed. Then, by
(10, Theorem 2], R is right Goldie. Once again, let A be a nonzero right ideal of R
and write A = @ A; where each A; is a nonzero quasi-continuous right ideal. Then,

since R is right é(l)ldie, the index set I must be finite and we may assume that each A;
is indecomposable and so uniform. Now, if there are distinct indices ¢,j € I for which
A; ® A; is not quasi-continuous, it follows from [13, Theorem 2.13] that A; and A; are
not mutually injective. It is then straightforward to see that Ry is not injective.
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We now show that R is also not left selfinjective. Assume to the contrary that
rR is injective and let n be the (finite) uniform dimension of Rg. If xR has infinite
uniform dimension, then by the left injectivity of R we can produce a set of n+ 1 nonzero
orthogonal idempotents e; in R. This in turn produces the right ideal e R®-- - ® e, R D
ens1 R in R, which is impossible since the uniform dimension of Rp is n. Hence zR has
finite uniform dimension and so R is left Goldie by [10)]. This is a contradiction because
R is not right selfinjective. Thus R is not left selfinjective. Hence, in this case, R is a
ring satisfying (a).

On the other hand, if there is a right ideal A for which there are ¢ # j such that
A; @ A; is quasi-continuous, then A; and A; are mutually injective by [13, Theorem
2.13]. Hence R is right self-injective by Proposition 2.2. It now follows that R is also
right Artinian and so satisfies (b) (see, for example, {12, Corollary 13.4]). a

REMARK 3.2. Cozzens [4] has produced principal left and right ideal domains D which
are simple but not division rings. Thus, for any k € N, the ring R = M, (D) is a simple
left and right Noetherian hereditary ring which is neither left nor right self-injective. It
follows from [11] that every nonzero left (right) ideal of R is CS and so is a direct sum
of uniform left (right) ideals. This shows that R is a ring satisfying (a) of Theorem 3.1.

In light of this remark we would like to ask:

QUESTION 3.3. Let R be a simple ring such that every right ideal is the direct sum
of uniform right ideals. If R is not right self-injective and u.dim(Rg) > 1, is R right
Noetherian?

REMARK 3.4. A ring R is said to be right pseudo-injective if, for any right ideal A of
R, any monomorphism f : A - R can be extended to an endomorphism of R. It follows
from results of Dinh in [5] that any right Goldie right pseudo-injective semiprime ring is
semisimple Artinian. However it is unknown as to whether every simple right pseudo-
injective ring is right self-injective. (It is the case if we assume in addition that the ring
is right CS.)
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