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0. Introduction. In this paper we attempt to define the notion of normed
Lie algebra by endowing the corresponding algebraic concept with topological-
metric properties.f More precisely, we define normed Lie algebras as being
normed spaces possessing a Lie product, the latter satisfying a compatibility
relation. It turns out that any normed algebra, in particular the algebra of
continuous linear operators on a normed space, is a normed Lie algebra in the
sense defined below, with the usual Lie product given by the additive com-
mutator.

It seems that some algebraic features have within the framework of normed
Lie algebras the natural topological extensions. We mention, for instance, the
convergence of the well-known Campbell-Hausdorff formula. Let us also
mention the occurence of a variant of the Kleinecke-Sirokov theorem, obtained
via universal enveloping algebra, which might be unknown in this context.

Acknowledgement. The author is grateful for support from the NRC Grant
of Dr. A. J. Coleman, Chairman, Department of Mathematics, Queen’s
University.

1. Definitions. In this section we give a collection of definitions, most of
them being borrowed from the algebraic theory of Lie algebras, adapted to
our topological conditions (for algebraic references, see [1; 3;5; 6].)

In what follows, (2, |*|) will be a complex normed vector space (most, but
by no means all, of the results are true on a real vector space). Suppose that
¢ is endowed with a Lie product

(1) (x, ) = [, y1;
i.e, [x, v] is a bilinear form with values in &, having the properites:
1" [x,x] = 0 for every x € &;

1) [x, [y, 2]] + [y, [z, %]] + [5 [x,¥]] = O for any x,y,2 € 2.

From (1) follows easily the property of anticommutativity of the Lie product:
amn [x,v] = — [y, x] for any %,y € &

We recall that the relation (1) is known as the Jacobi formula.

Received June 18, 1971.

tAfter the paper had been written, the author discovered that such a notion had been
considered in some older articles (for instantce E. B. Dynkin, Normed Lie algebras and analytic
groups, Uspehi Mat. Nauk. (N.S.) § (1950), 135-186; available in Amer. Math. Soc. Transl.
(No. 97)) in order to obtain the convergence of the Campbell-Hausdorff formula. However
this problem is treated here in a somewhat different way.
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We say that & is a normed Lie algebra (NL-algebra) if the Lie product on &
has the property

@) |[%, 5] = 2[x| |y| for any x,y € L.

From (2) it follows that the Lie product is a bicontinuous form on . If € is
actually a Banach space and satisfies (2), we call it a Banach-Lie algebra
(BL-algebra). From the corresponding result in normed spaces (NN-spaces)
it follows easily that any NL-algebra can be extended to a BL-algebra, uniquely
determined up to an isomorphism, in which it is dense.

If U is a normed algebra (N-algebra), then it becomes a NL-algebra with
the usual Lie product

[x,y] = xy — yx.

We denote by U the NL-algebra canonically associated with any N-algebra U.

Evidently, the relation (2) reflects this example and the constant 2 cannot
be replaced with a smaller number, actually in the finite-dimensional case.
We may consider instead of (2) the more general inequality

2) |lx, ¥]| = 2M|x] [y],

where M > 0 is a constant. But taking eventually an equivalent norm on &,
we can always assume that (2) holds.

It is possible to construct simple examples of NL-algebras which satisfy
(2') and are not necessarily generated by a pre-existing multiplicative struc-
ture. Take an N-space ¥, an N-algebra B, and an isomorphism ¢ of ¥ onto the
N-space 8. Then the relation

[a,0]s = ¢ (6 (a)9(d) — & (0)¢(a)) (a,b € A)

defines a Lie product on U, satisfying (2'), with M = |¢| [¢71].

However, for the sake of simplicity, we always suppose that (2) holds for
NL-algebras.

If @, & are two NL-algebras, then a (NL-) homomorphism ¢ of ® into &
will be a continuous linear operator ¢: € — &’ with the property

cfx, 3] = [e(x), c(y)] for any x,y € L.

We say that &, & are isomorphic NL-algebras if there is an invertible
homomorphism from & onto ¥'.
A derivation D of & is a linear continuous operator on £ with the property

3) Dix,y] = [Dx,y] + [x, Dy] for any x,y € &
From (3) it is easy to obtain the usual Leibniz formula
@ Dl = 3, (7)ot 0
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For any x € ¥ we put
6) D.(y) = [x, 5]

and on account of the Jacobi formula (1"), it follows that D, is a derivation
of and |D,| £ 2|x|. Such a derivation D, will be called an inner derivation of L.
Denote by D,(R) the set of all inner derivations of £, by D(R) the set of all
derivations of €, and by B(R) the set of linear continuous operators on . We
have obviously

Do(¥) CDER) CBO,
and they are NL-algebras under the Lie product
[T,S] =TS — ST.

When & is a BL-algebra, ©(R) and (B(R)), are also BL-algebras.
Let us notice that the mapping x — D, of £ onto D, (R) is an homomorphism,
since it is easily seen that

[Drr Dy] (Z) = D[r,y] (Z),

when x, y, 2 are arbitrary.

A sub-NL-algebra is a vector subspace closed under the Lie product.

An ideal I of € is a vector subspace § C & such that [&, 8] C & (.e.,
[x,y] € & forany x,y € &).

If & is an ideal of &, then we can construct the quotient Lie algebra ¥ =
/5. When Q is a BL-algebra and ¢ is a closed ideal in &, ¥’ = /S is again a

BL-algebra.
Denote by € the set
(6) {y € 8[x, y] = 0 for every x € &}.

We call € the center of £; € is a closed ideal in L.

Let  be an NL-algebra and 7 an N-space. We say that 6 is a representation
of in V if 0 is a homomorphism from & into (B(V)),.In particular, x — D,
is a representation of € in ¥ called the adjoint representation of &. Obviously,
the kernel in € of the adjoint representation is just the center € of L.

An element x €  is nilpotent (quasi-nilpotent) if there is an #» = 1 such that

Dz =0 (lim[D;())|"* = 0 forall y € Q).
If ® is a BL-algebra, then x is a quasi-nilpotent if and only if D, is quasi-
nilpotent as an element of B(L) (see [2, Problem 7] for details).

Finally, let us mention the following result, connected with the adjoint
representation of a special Lie algebra:

Let H be a Hilbert space, B (H) the B-algebra of linear continuous operators
on H, € the center of B(H) (which coincides with the set of scalar multiples
of identity), and & = (B(H))./C. Then f is isometrically isomorphic with
Do(L) (an equivalent assertion and similar topics can be found in [7]).
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This result and some others [8; 9] seem to justify the introduction of normed
Lie algebras and they might become a useful tool in the theory of linear
operators.

2. Universal enveloping algebra. We are going to define a topologic
equivalent of the notion of universal enveloping algebra.
Let ¢ be a fixed BL-algebra. Define

(c ifn =0

ifn =1

(7) W =49¢Q...0¢ifn>1,
n-tiﬁes

where C is the complex field and € ® ... ® € is the tensor product of € with
itself, endowed with the projective norm and complete for this topology.
Let T, be the collection of all formal series > 7. ¢; with ¢, € 9, and for
p > 0 arbitrary, set
1

8) g, = {t = t € T, Z% ol < + o .
=

We can define in ¥, a product by extending the natural embedding
Q@ e (C Quntm
2.1. PROPOSITION. For each p > 0, &, is a unital B-algebra.

)

t;

=0

Proof. Indeed, T, is a B-space as a direct sum of B-spaces, where we put
for t = ngotj,
9) ltl, = 22 oltyl.

=)
Moreover, since the projective norm has the property
|t’ ®t”| é It/l It”l (t’, tl, E 8),

we can easily prove that ¥, is actually a B-algebra, by using the same argument
as above to show that the product of two absolutely convergent series is an
absolutely convergent series.

The algebra given by (8) will be called the p-tensor algebra associated with
Q. Evidently, the construction of &, uses only the fact that € is a B-space.

Denote by R, the two-sided closed ideal generated in £, by the elements of
the form

(10) [,y — xRy +yQx (x,y € Q).

The quotient U, = T,/N, is again a unital B-algebra. Since there is a natural
embedding of € into ,, we can construct a canonical mapping ¢, from ¢ into
U,, which is obviously continuous. Furthermore, ¢, is a BL-homomorphism of

Linto (U,)z.
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By definition, the pair (U,,¢,) will be called the p-universal enveloping
algebra of & This definition may be justified by the next results.

2.2 PROPOSITION. Let B be a unital B-algebra and 8y a BL-homomorphism of
Q 1nto By. Then there is a unique B-homomorphism 0 of U, into B such that
8y = 0Oc, for every p = |0,|.

Proof. Define ¢’ from £, into B by putting

) =100 Q... Dx,) = 0(x1) . ..0(x,).

Since |6o] = p, it follows that |6’ (¢,)| < p"|ts| for ¢, € ®™; hence, ' can be
prolonged continuously on &,. Moreover, as 6 is a BL-homomorphism,

0 ([x,9] —2x @y +y ®x) =0.

hence, 6’ induces an U1, a B-homomorphism 6 of U1, into B. The relation 6, = 6c,
and the uniqueness of 8 follow {rom the fact that the algebra generated in
U, by 1 and ¢, () is dense.

2.3. THEOREM. Let B be a unital B-algebra and ¢ a BL-homomorphism of &
anto By. If (B, ¢) has the property that for any B-algebra B’ and for any BL-
homomorphism o of & into By with |o| < |¢| there is a unique B-homomorphism
G of B into B’ such that ¢ = ¢, then B is isomorphic with 1, where p = |¢|.

Proof. On account of Proposition 2.2, we can write ¢ = ¢¢,, where ¢ is a
B-homomorphism of U, into 8 and where p = |¢|. On the other hand, since
I¢,| £ p = |¢|, by our assumption we can write ¢, = ¢,¢, where ¢, is a B-
homomorphism of ¥B into U1,. Therefore

¢ = ¢, = lg¢
and
€ = Ep¢cﬂ = 1upcp
and the uniqueness involves
¢, =1 andc,6 =1 ;

consequently, B8 and U, are isomorphic.
We recall that if B is a B-algebra and ¢ is a linear continuous operator on 8
then 6 is a deriwation of B if for any a, b € B,

(11) 5(ab) = (ba)b + a(6d).
If we put 8,(b) = ab — ba, then §, is an inner derivation of B.

2.4 PROPOSITION. If D 1is a derivation of a BL-algebra R, then for any p-
universal enveloping algebra (U, c,) with p > 1, there is a unique derivation § of
U, with the property o¢, = ¢,D. If D = D,, then § = 6¢,(x).
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Proof. Let us define on ™ C &, the operator
V(1 ®...0%) =Dx; @x2 R ... Qxp + ...
F 21 % ... R xu-1 ® Dx,,

and prolong it on T, by setting 6" = 0 on C. Then, if t € T,, t = 3 ;50t;, we
may write

[’ @) = JZZ% [8'(t)| = |D| 122;) Jltsl
< M|D| ; olts] = M),

where 3/ > 0 depends only on p > 1.
It is not difficult to verify that &’ is a derivation on <,. Let us also remark

V(%] —x®@y+y ®x)
= ([Dx,y] —Dx ®y +y ®Dx) + (v, Dy] — x ® Dy + Dy ®=x) € R,;
hence, &' induces on U, an operator § which is again a derivation. The equality

dc, = ¢,D is immediate and it implies the uniqueness of 8, because 1 and ¢, ()
generate a dense algebra of U,. If D = D,, then for any y € £ we have

3¢, () = ¢.Ds(y) = ¢, ([x, ¥])
cp(x)cp@) - Cp(y)tp(x)
Ocp(z) (¢.(®));

hence, 6 = 8¢y(z).

The next result is an application of the existence and the properties of
p-universal enveloping algebras and can be considered as a variant of the
Kleinecke-Sirokov theorem [4] for BL-algebras.

2.5. THEOREM. Let D be a derivation on L with the property that D*x = 0 for a
certatn x € . Then the element Dx is quasi-nilpotent in L.

Proof. Let us take a p = 2 and denote by & the derivation induced by D
on 1,, on account of the previous proposition. Notice that ¢(x) = D,(x € )
is a BL-homomorphism of ¢ into (B(R)), and |¢| = 2; hence, by Proposition
2.2 there is a B-homomorphism 6 of U, into B ({) such that

p(x) = 0(c,(x)) (x € 8).
On the other hand, 6%,(x) = ¢,D? = 0; hence, by the Kleinecke-Sirokov
theorem for B-algebras [4], the element dc,(x) is quasi-nilpotent in Up. Con-
sequently, we may write

lim| (¢ (Dx))"["" = Tim| (8¢, (Dx))"|"*
' = liLio<<cp<Dx>)">1"”
< li:ni«p(Dx))"l""
= 1i§1|<6c,,(x>>"|"" = 0;

hence, |Dp,”|'* — 0 and this means that Dx is quasi-nilpotent in £.
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Our notion of universal enveloping algebra seems, in general, not to enjoy
a structure as described by the Poincare-Birchoff-Witt theorem, in the main,
since the basis problem is a painful one in Banach spaces. In the following
we give a much weaker result, corresponding to this well-known theorem.

We say that A = {x,|7 € §} C Ris a total set in  if the span of {x,|j € §}
is a dense subspace of €. Let us suppose that the set of indices & is ordered.

A monomial of the form
x]l ® A ® x]ﬂ
where j1 £ 7o = ... = ju % € A, and Y is total in &, will be called standard.
2.6 LEMMA. Every element t € T, of the form t = 37 1t; where
b= 2N 0 @ e Xy Ny v v v g € Gy €8,
s congruent modulo R, to a linear combination of 1 and standard monomials.

Proof. Indeed, the formula

X7 Q... %, =% Q... Q¥pt1 O%p X ... Q%
=%, @ @ X X4 ® ... @xy, (mod N,),

involves the result via an induction hypothesis on the degree of the monomials.

2.7. LEMMA. The elements t € I,, described in the previous lemma, are dense

n I,
Proof. The assertion follows from the fact that U is a total set in .

2.8. THEOREM. Let A be a total set in the BL-algebra &. Then the cosets of 1 and
the standard monomials with elements of A form a dense set in 1, for any p > 0.

Proof. The result follows from Lemmas 2.6 and 2.7.

3. The Campbell-Hausdorf formula. In this section we show that the
Campbell-Hausdorff formula is convergent in BL-algebras in a neighbourhood
of the origin.

Let & be a BL-algebra and ¥, its p-tensor algebra, p > 0 arbitrary. It will
be convenient to denote the product of two elements ¢, ¢’ € T, simply by
t't"". There is a canonical mapping 7, of € into T,; we denote by ¢, the range of
1,. Consider now the BL-algebra (Z,); and let ", be the BL-algebra generated
in (T,); by &,. Obviously, the Lie product of two elements ¢, ¢’ € (T,), is
given by

[tl, tll] —_ tltll — t”t,.

As a matter of fact, we can construct in a similar way the BL-algebra &~,
generated in (Z,), by any B-space, which is not necessarily a BL-algebra.
Denote by ¢, the restriction of the identity to £7,.

3.1. ProrosiTioN. The parr ((Z,)z,L,) ts a l-universal enveloping algebra

of &,.
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Proof. Remark that |t,| = 1 and take a B-algebra ¥ and ¢: &°, > 8B, a
homomorphism, |¢| £ 1. As®", D &,, we have that there is a unique homomor-
phism ¢ of &, into B such that ¢ = 5r, (see the proof of Proposition 2.2).
By Theorem 2.3, (Z,) is isomorphic with the 1-universal enveloping algebra
of ¥°,.

As T, is a Banach algebra, we can define the functions

§|‘*

(12) @) = 3 £,

where the series is always convergent, and

(13) log(1+0) = 3 (—=1™'%,
n=1
whenever the right side is convergent (for example, if |{|, < 1). Moreover,
exp(log (1)) = log(exp(s)) = ¢,
if the function “log” is defined in ¢.

3.2. LEMMA. There is a neighbourhood of the origin N, in T, such that for any
pair t,s € N, the element v = log (exp (t) exp(s)) exists in L,.

Proof. Indeed,
¢ =1
whence formally,

tﬂlsql . tﬂmsqrn

’

(14) v = log(exp(¢)exp(s)) = 7; Z (_;27” pigil - - pulg]

where the inner sum is over
1t ...t bttt gn=mn
Take M, = {t € &, |t|, < 1/2} and ¢, s € N,. Then we can write

It|m+---+pmlslq1+...+qm
2 ells)f
mpl'ql' s pm'QM' p+a=n

£ (s
= ([t + IsD*

IIA

IIA

where the first sum is over

P1+.+Pm+Q1++9m=n,

therefore, (14) is a convergent series and v € Z,.
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3.3. LemMA. If t, s € &, then we have the following formula:

(=1
S N P B

1
m+ tmsqx L. tpmsam

?1 Q1 dm
—f— —— —
1 E(—l)"‘“ L.l tlsheo,sloosl...,s]
T n m pilg! . .. Pnlgn!

where both sums are over

P1+---+Pm+91+---+9m=%

Proof. This assertion is well known in the algebraic theory of Lie algebras.
Take two elements ¢, s € & and consider the algebra T, of formal series;
in ¥, take the Lie algebra generated by ¢ and s, say (¢, s); then the element
v = log(exp(¢)exp(s)) € {(s, ¢) by the Campbell-Hausdorff theorem [3]. In
particular, the homogeneous terms of (14) are in (4, s) and they have the
form (15) (for details, see [3; 6]).

3.4. PROPOSITION. There is a neighbourhood N", of the origin in &", such that
for any pair t,s € N*, the element v = log (exp(t)exp(s)) s also in L,".

Proof. If we take N", = N, N\ ¥, where LB, is given by Lemma 3.2, then
foranyt, s € M, we obtain thatv € ¥°, on account of Lemma 3.3.

3.5. THEOREM. Let ® be a BL-algebra, B a B-algebra, and ¢ a homomorphism
of  into Byr. There is a neighbourhood of the origin N in L such that for any
x,y € N there is an element z € { satisfying the equality

exp ¢(x) = exp ¢(x) exp ¢(y).

Proof. First, let us show that it suffices to solve the problem for a p-universal
enveloping algebra (11, ¢,) of &, with p = |¢|. Suppose that there is an element
z € L such that

exp ¢,(z) = exp ¢, (x) exp ¢, (¥).

According to Proposition 2.2, there is a B-homomorphism ¢ of U, into 8
such that ¢ = ¢c,; therefore,

exp (¢, (z)) = exp ¢(2)
¢_>(eXP Co (x)exp Co (y))
= exp ¢(x) exp ¢ ().

Denote now by 9’ the set {x € €| |x] < 1/4} and take x,y € N’ arbitrary.
Define the element z = Y o, z,, where

dexpe, (z)

It

b a I
D RS G ) PN 0% AU ) PUUS.) PO NS
(16) Zx = n Z m pl’ql' . Pm'Qml ’
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and the sum is over

Pt ..ot bttt u=mn

Remark that z is well defined as an element of 2. Indeed, since ¢ is a BL-
algebra, for arbitrary x1, ..., %, € &,

[[21, [%2, - o X1, Xy - 2 ]| S 2% o )
therefore,

)m+~.-+pm (213" )ql+- «tam

mpilqi! . . . Pulgn!

S @Iy b))

> (2]x|

lIA

|an

A

IIA

Rl A= R
IM. 1
M-

¢

(Z>2(lxl)’”(21yl)""’

2% (|| + [y])"
where the first sum is over

pr+ .. Pttt =m0

As 2(|x| + |y]) < 1, the series defining = is convergent in €. If 7, is the canoni-
cal mapping of  into &, then

17) 1,([a, b]) = [1,(a), 7,(0)] (mod R,),

for any a,b € € on account of the definition of R,. Take now N =
N N1, 1(N",), where N, is given by Proposition 3.4, and x, y € N. Denote
by t = 1,(x),s = i,(y), and let v be the element log(exp(¢)exp(s)) € £",.
If ¢, is the canonical mapping of &, into 11,, then by (14), (15), (16), and (17)
we can write

o (2) = ¢, (5,(2)) = ¢, (v)
<, (log (eXD ip (x)exp ’ip (y))

log (exp ¢,(x) exp ¢,(¥)),

If

I

and the proof is finished.
This result is a variant of the Campbell-Hausdorff theorem, stated in our

conditions, and the relation given by (16) is just the Campbell-Hausdorff
formula.

4. Solvable NL-algebras. In the following we deal with solvable NL-
algebras and give structure theorems for them.

We say that an NL-algebra & is N-solvable [8], where N < N, is a cardinal,
if there is a system of ideals {,}ogncy With the properties:
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@) dim 3, = n (0 < 7 < N):
@)L= U I
0<n<N

Let us remark that an N-solvable infinite-dimensional NL-algebra is never
complete. Indeed, if ¥ were complete, since the &, being finite-dimensional
spaces are closed, there would result from (3), on account of a Baire theorem,
that at least one &, has a non-void interior; therefore,  would be finite-
dimensional.

We say that two elements x, y € € are commuting if [x, y] = 0. It is easy
to see that if x, ¥y € £ are commuting then the corresponding derivations D,,
D, are commuting as linear operators.

Let us remark that Theorem 2.5 is valid for any not-necessarily-complete
NL-algebra &, taking in the proof instead of ¥ its completion " and the
conclusion follows also in ¥".

4.1. ProroSITION. Let & be an N-solvable NL-algebra. Then for any n > 0,
n < N, one of the following properties holds:

(o) For any x € S, one has D, = 0.

(8) There is a non-null ideal Q of 8, Q C Iy, such that the elements of Q are

commuting quasi-nilpotent.

Proof. We get this result by induction with respect to ». When » = 1, we
have 31 = {Mxi|]A € C}; hence, each x € & has the property
[x1, x] = A; %1.
If A, = 0 for any x € g, then &, satisfies («). When \,, # 0 for a certain
xo € &, then x1 = N\~ [x1, %0], whence D2, (x¢) = 0. By Theorem 2.5 we have
that [x1, x¢] is quasi-nilpotent in £"; thus, x; = N\,,~! [x1, %] is quasi-nilpotent
in €. Hence (B) holds. Assume now that the assertion is true for n = k. If
(B) is valid for n = &, then (B) is also valid for » = & + 1; hence, we may
consider only the case when (a) is fulfilled for » = k. As §x11 D 3%, we can
take a basis x1, . . ., &g, X541 i0 Sp1 such that x; € § (1 £ 7 = k). For any
y € € we have
[Xk41, Y] = mX1 + oo WX T+ M1 X1
Since & has the property (a), it follows that [xxi1, [%z+1, ¥]] = 0; hence,
gy = [%x+1, ] = Dyt (v) is quasi-nilpotent in &° (Theorem 2.5) and [g,,
Siq1] = 0. If ¢, = 0 for any y € &, then D,y = 0 and, as xy, . . ., X, Xxp1
is a basis in Sy and D,; =0 (j=1,....,%k 4+ 1), it follows that D, = 0
for every x € 3y.1. Hence () holds. If g, ## 0 for at least one y € &, then the
set Q of quasi-nilpotent elements of §4y1 is non-null. Since & satisfies (a)
we have [$y41, Ser1] = 0. In particular, Q contains only commuting elements.

If gi,...,¢n € Q, then ¢ = aug1 + ... + a@ngn Is again a quasi-nilpotent
element of $4y1 because D, = aiD,, + ...+ anD,, and the derivations
D,,...,D,, are commuting quasi-nilpotent operators in B(®"). We have

also (2, Q] C [¥, Sws1] C Q; therefore, L is an ideal of € and (8) is fulfilled.
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This result can be slightly improved if we suppose that ¢ is a sub-NL-algebra
of B, where B is a unital B-algebra. In case of linear operators on B-spaces,
a first variant is implicitly contained in [8]. A more explicit formulation can
be found in [9].

4.2. PrRoOPOSITION. Let & be a sub-NL-algebra of By, where B 1is a unital B-
algebra. If { is N-solvable, then for any n > 0, n < N, one of the following
properties holds:

(i) Any x € &, has the form x = N + q, where \ is scalar, q quasi-nilpotent
n B, commuting with L.

(ii) There is an x € J, commuiing with { such that the spectrum of x in B
has at least two points.

(iii) There is @ non-null ideal Q of {8, Q C ,, containing commuting quasi-

nilpotent (in B) elements.

Proof. We apply Proposition 4.1 which in this case can be formulated a
little more strongly. Namely, we can use in the proof of Proposition 4.1
actually the Kleinecke-Sirokov theorem [4] for B-algebras and we get quasi-
nilpotent elements in B. Then, as ¢ is N-solvable, the condition (8) in Proposi-
tion 4.1 is just the condition (iii). If () is fulfilled for &,, we have two cases:

(1) The spectrum of each element x € &, contains only one point; hence
x = N + g where ¢ is quasi-nilpotent. Since D, = 0 for any x it follows that
ga — aq = 0 for every a € ; therefore, we have (i).

(2) There is an element x € &, such that its spectrum has at least two
points. As D, = 0, (ii) holds.

Such results can be used in order to obtain infinite-dimensional versions of
a finite-dimensional theorem of Lie [8; 9].
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