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Abstract

We investigate Laplace type and Laplace—Stieltjes type multipliers in the d-dimensional setting of the
Dunkl harmonic oscillator with the associated group of reflections isomorphic to Z‘21 and in the related
context of Laguerre function expansions of convolution type. We use Calder6n—Zygmund theory to prove
that these multiplier operators are bounded on weighted L?, 1 < p < oo, and from L' to weak L!.
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1. Introduction

In [20] the author defined and investigated square functions related to the Dunkl
harmonic oscillator L, and the related group of reflections isomorphic to Z‘z" . This
paper continues the study of L” mapping properties of fundamental harmonic analysis
operators associated with L,. We consider Laplace type and Laplace—Stieltjes type
multiplier operators; see Section 2 for the definitions. The most typical examples
of such operators are the imaginary powers L,”, y € R, and the fractional integral
operators L;‘s, 0 >0, as pointed out in [21, Section 2]. Thus our main result,
Theorem 2.2 below, may be regarded as a continuation of the investigations of Nowak
and Stempak [10, 11], where these operators were studied in the context of L. A trivial
choice of the multiplicity function reduces the Dunkl setting to the situation of classical
Hermite function expansions. Thus, in particular, our considerations provide results
in the Hermite setting, where the Laplace type multiplier operators were implicitly
analysed by Stempak and Torrea; see the comment in [17, p. 46]. Moreover, our
Dunkl situation reduces to the setting of Laguerre function expansions of convolution
type after restricting to reflection-invariant functions. Consequently, we also obtain
results in the Laguerre context.

Multipliers related to numerous classic kinds of orthogonal expansions have been
widely investigated. In particular, Stempak and Trebels [18] studied multipliers of non-
Laplace type in a one-dimensional Laguerre setting, which is deeply connected to our

© 2011 Australian Mathematical Publishing Association Inc. 0004-9727/2011 $16.00

177

https://doi.org/10.1017/5S0004972711003078 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711003078

178 T. Z. Szarek 2]

Dunkl situation (see Remark 2.9 below). Some earlier results concerning multiplier
operators of Laplace type for discrete and continuous orthogonal expansions can be
found in [1, 2, 4, 5, 13, 21], among others. A general treatment of Laplace type
multipliers in a context of symmetric diffusion semigroups can be found in Stein’s
monograph [15].

We refer the reader to the survey article by Rosler [12] for basic facts concerning
Dunkl!’s theory. A precise description of the Dunkl framework for the particular group
of reflections G isomorphic to Z‘zi can be found in [9, Section 3]. Here we invoke
only the most relevant facts. We shall work in the space R¢, d > 1, equipped with the

measure )
dwe(x) = ]_[ |xj|2“/'+1 dx, x=(x1,...,x5)€R,
j=1
and with the Euclidean norm |-|. The multi-index a = (ay, ..., @) € [-1/2, 00)?

represents the multiplicity function. Consider the reflection group G =~ Zg generated
byoj, j=1,...,d,

Oj(X1, ey Xy ooy X)) = (X ey =Xy oy Xg).

Clearly, the reflection o is in the hyperplane orthogonal to e, the jth coordinate
vector. Notice that the measure w, is G-invariant. The Dunkl differential-difference
operators T}’, j=1,...,d, are given by

J(x) = f(ojx)

J

T f(x) =0y, f(x) + (a; + 1/2) , feC'®RY,j=1,...,d.

The Dunkl Laplacian,

4P 2a;+ 1 0f f(x) = f(o %)
;(@m R 1/2)—5),

d
Aaf(x)= Y (T9) f(x) =
Jj=1

is formally self-adjoint in L>(R?, dw,). The Dunkl harmonic oscillator is defined as
L, =-A, + |x*.

In our investigations, this operator will play a similar role to that of the Euclidean
Laplacian in classical harmonic analysis. Note that for « =(-1/2,...,-1/2), L,
becomes the classic harmonic oscillator —A + |x|>. We shall consider a self-adjoint
extension £, of L,, whose spectral decomposition is discrete and given by the
generalised Hermite functions A ; see Section 2 for details.

The main objects of our study are spectral multipliers associated with £,. More
precisely, we investigate two kinds of such operators; see Definition 2.1 below. The
first is a multiplier of Laplace type, which originates in Stein’s monograph [15]. The
second is a multiplier of Laplace—Stieltjes type, which was considered recently by
Wrébel [21] in the context of Laguerre function expansions of Hermite type, and its
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definition has roots in the work of De Népoli, Drelichman and Duran [4]. Our main
result, Theorem 2.2, says that the multiplier operators in question are bounded on
weighted LP(dw,), 1 < p < o, and satisfy a weighted weak type (1,1) inequality, for
a large class of weights. We note that the unweighted L”-boundedness, 1 < p < oo,
of the Laplace type multiplier operators also follows from the refinement of Stein’s
general Littlewood—Paley theory for semigroups (see [15, Corollary 3, p. 121]) due to
Coifman, Rochberg and Weiss [3]; see also [6, Theorem 2].

In the proof of Theorem 2.2 we exploit the arguments from [10] that allow us to
reduce the analysis to suitably defined Laguerre-type operators related to the smaller
measure space (R?, dw?); here R? = (0, c0)? and w? is the restriction of w, to RY.
Then we apply the theory of Calderén—Zygmund operators with the underlying space
of homogeneous type (RY,dw?,|-]). An essential technical difficulty connected
with this approach is to show the relevant kernel estimates. Here we employ a
convenient technique having roots in Sasso’s paper [14] and developed by Nowak
and Stempak [8—10] and the author [19, 20]. It is remarkable that similar methods
have recently been established in the contexts of Jacobi expansions [7] and Bessel
operators [1].

The paper is organised as follows. Section 2 contains the set-up, definitions of the
investigated multipliers and statements of the main results. Also, suitable Laguerre-
type operators, related to the restricted space (RY, dw?), are defined and the proof of
the main theorem is reduced to showing that these auxiliary operators are Calderén—
Zygmund operators. Furthermore, we verify that the Laguerre-type operators are
associated, in the Calderén—Zygmund theory sense, with suitable integral kernels. The
section is concluded by comments on the relation between Laguerre-type operators and
the Laguerre setting studied in [8]. Finally, Section 3 is devoted to the proofs of the
relevant kernel estimates.

Throughout the paper we use a standard notation with essentially all symbols
referring to the spaces (RY, dw,, | -|) or (R‘i,dwf;, -]). Thus A and V denote the
Euclidean Laplacian and gradient, respectively. Further, LP(RY, Wdw,) stands for
the weighted LP(RY, dw,) space, W being a nonnegative weight on RY. By (£, g)aw,
we mean fRd F(x)g(x) dwy(x) whenever the integral makes sense. In a similar way
we define L”(R‘i, Udw}) and (f, g)aw:. For 1<p<oco we denote by AZ’+ the
Muckenhoupt class of A, weights associated with the space R, dwt, |- ).

When writing estimates we will frequently use the notation X < Y to indicate that
X < CY with a positive constant C independent of significant quantities. We will write
X=~YwhenbothX<Yand Y < X.

2. Preliminaries and main results

Let k=(ky,...,kg)eN N={0,1,...}, and @ =(ay,...,ay) €[-1/2, ) be
multi-indices. The generalised Hermite functions in R¢ are defined as tensor products

(o) =R (x) - (%), x=(x1,..., Xa) € RY,
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where hZ" are the one-dimensional generalised Hermite functions

- Y
hSp (x0) = dog, e 2L (),

- 22 raitl, 2
B (X)) = dogrrae ! xiLZ_'+ (x7).

2ki+1

Here L]‘:i" is the Laguerre polynomial of degree k; and order «;, and d,,,, n €N, are
suitable normalizing constants; see [9, p. 544] or [10, p. 4]. The system {h} : k € N9}
is an orthonormal basis in L2(RY, dw,) consisting of eigenfunctions of L,,

Loh¢ = b, A2 =2n+2lal+2d, neN.

Here |k| =k + - - - + kg is the length of k; similarly |a| = @; + - - - + @4. The operator

Lof = i A B

n=0  |kl=n

defined on the domain Dom(/,), consisting of all functions f € L*(R?, dw,) for
which the defining series converges in L>(R?, dw,), is a self-adjoint extension of L,
considered on C;"’(Rd).

The heat semigroup associated with £, defined by the spectral theorem as

Tff=exp(—tL)f = D e > (f ha . e LPRY, dw,),

n=0 |kl=n

is a strongly continuous semigroup of contractions on L?*(R¢, dw,). We have the
integral representation

T f) = f G (6 () dwa(y), xR, 150,
Rd

where the Dunkl heat kernel is given by

(o)

Gry) = e )" h W ). 2.1)

n=0 |k|=n

This oscillating series can be summed (see, for instance, [9, p. 544] or [10, p. 5]), and
the resulting formula is

GI(xy) = ). G (x,y),

d
£€Z)

with the component kernels

d .
e (] o Lo (5 sinh 20))
G, ) = (sinh 207 exp( 5 coth(@)(xf + ) [ [y =220
i=1 L

B
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where I, denotes the modified Bessel function of the first kind and order v. Here
we consider the functions z — z” and the Bessel function as analytic functions on C
cut along the half-axis {ix: x <0}; see the references given above. Note that each
GY*(x,y), e € Z4, is also expressed by the series (2.1), but with the summation in k
restricted to the set

Ne={keN’: kisevenife =0,kisoddife;=1,i=1,...,d).

DeriniTioN 2.1. Following Stein [15, p. 58, p. 121], we say that m is a multiplier of
Laplace (transform) type associated with £, if m has the form

m(z) = my(2) =z f e *nt)ydt, z=Ag, (2.2)
0

where 77 is a bounded measurable function on (0, o). We also consider multipliers of
Laplace—Stieltjes type associated with £, (see [21, Section 2] and comments therein)
having the form

m(z) = my(z) = f e "du®), z=Aa3, (2.3)

where u is a signed or complex Borel measure on R, with total variation |y| satisfying

f e dlu|(f) < . (2.4)
We are now prepared to define the main objects of our study. Given a Laplace type
or Laplace-Stieltjes type multiplier m, we consider the multiplier operators

ML = Y mAD) Y F haw s f € PR, dwa). (2.5)

n=0 kl=n

It is not hard to see that m defined either by (2.2) or by (2.3) is a bounded function on
the interval [A5, oo0). Since spec(L,) C [, 00), the operator m(/L,) is a well-defined
bounded operator on L2(R?, dw,).

To state and prove our main result it is convenient to introduce the following
terminology. Given € € Z‘zi, we say that a function f: R? — C is e-symmetric if, for
each j=1,...,d, f is either even or odd with respect to the jth coordinate according
to whether g; = 0 or g; = 1, respectively. If fis (0, ..., 0)-symmetric, then we simply
say that f is symmetric. Further, if there exists € € Z‘zj such that f is e-symmetric,
then we denote by f* the restriction of f to RY. This convention pertains also to
e-symmetric weights defined on R,

The main result of the paper reads as follows.

THEOREM 2.2. Assume that a € [-1/2, oo)d, W is a weight on R? invariant under the
reflections oy, ...,04 and m is as in (2.2) or (2.3). Then the multiplier operator
m(Ly), defined initially on L*(R?, dw,) by (2.5), extends uniquely to a bounded linear
operator on LP(RY, Wdw,), W* € A;,“, 1 < p < o0, and to a bounded linear operator
from L'(R?, Wdw,) to weak L'(RY, Wdw,), W* € AT
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The proof we give relies on reducing the problem to showing similar mapping
properties for certain operators emerging from m(L,) and related to the restricted
space (R?, dw?). The details are as follows. Let 1 < p < oo be fixed and let W be
a symmetric weight on R¢ such that W* e Ay, We decompose m(L,) into a finite
sum of L?-bounded operators

m(Le)= D m(La),

EEZ‘ZI
where .
mE(La)= ) mD)  FohDaw b, f € LR, dw,).
n=0 lkl=n

keN,

Then we proceed as in [10, Section 3] (see also [20, Section 2]). We split a function
feL*RY, dw,) into a finite sum of e-symmetric functions f;,

f=2 fe

d
£€Z;

We also introduce the Laguerre-type operators acting on L2(R%, dw?),

m*H (L) f = § m(Ay;) § s M aws - (2.6)
n=0 kl=n
keN,

Since A} is e-symmetric if and only if k € N, we see that

mLf= Y m (L fer LR, dw,).

d
£€Z)

Taking into account the fact that m®(L,)f. is &-symmetric, and the relation
Sor B, = 2[5, hEYaw; for k € N, we obtain

d
(L) Fllreswiny < 27 ) 1M (La) foll gt waus)

d
&€Z

d c
= 280N I (L) £ o waws

d
£€Z)

for f € L>(R?, dwy) N LP(RY, Wdw,). Since

e vy = D W oo weaws

d
£€Z)

(see [10, p. 6] for the unweighted case), the above estimates, together with the bounds

y d
”ms+(-£a)fg+”l}'(R:[_,W+dW;) < ||fg+||U(R§,W+dW;), g€ 229
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imply the estimate
(L) fllr e waw,) S WfllLr e wa,)-

An analogous implication involving weighted weak type (1, 1) inequalities is also
valid. Thus we have reduced proving Theorem 2.2 to showing the following.

THrEOREM 2.3. Assume that a € [-1/2, )%, g € Z‘zi and m is of the form (2.2) or (2.3).
Then the Laguerre-type operators m>*(L,), defined initially on L*(R%, dw?) by (2.6),
extend uniquely to bounded linear operators on LP(R%, Udw?), U € A;,"J', 1 <p<oo,
and to bounded linear operators from L'(R%, Udw) to weak L'(RY, Udw?), U € AT

The proof of Theorem 2.3 will be obtained by means of the general Calderén—
Zygmund theory. More precisely, we will show that each of the operators m®*(L,),
€€ Zg ,1s a Calder6n—Zygmund operator in the sense of the space of homogeneous type
(Ri, dw?,|- ). Tt is well known that the classical Calder6n—Zygmund theory works,
with appropriate adjustments, when the underlying space is of homogeneous type; see,
for instance, the comments and references in [8, p. 649].

The following result combined with the Calder6n—Zygmund theory implies
Theorem 2.3, and thus also Theorem 2.2. The corresponding proof splits naturally
into proving Proposition 2.5 and Theorem 2.6 below.

TuEOREM 2.4. Assume that a €[-1/2, )¢ and 8€Zt21. Then the Laguerre-type
operators from Theorem 2.3 are Calderon—Zygmund operators in the sense of the
space of homogeneous type (R%, dw?, | - |).

Formal computations, similar to those from [21, Section 2], suggest that m**(L,),
g€ Z‘zl , Wwhere m is either as in (2.2) or as in (2.3), are associated with the kernels

K% (x,y) = K% (x,y) = — f 8,G(x, () dt, e€Zs, 2.7)
0

Krex) =K ) = [ GGy dute), < 28)
R,

respectively. The next result shows that this is indeed the case, at least in the Calderén—
Zygmund theory sense.

PrOPOSITION 2.5. Let @ € [=1/2, 00)! and & € Z4.

(@) Ifm=m,isaLaplace type multiplier, then m>*(L,) is associated with the kernel
K®#(x,y) in the sense that, for any f, g € C(R?) with disjoint supports,

(M ( L], aw; = f ) f K™ ) ) dwy () 8() dw (x). (2.9)
RY JRY
(b) If m=my is a Laplace-Stieltjes type multiplier, then m*>*(L,) is associated

with the kernel K%*(x,y) in the sense that, for any f, g € C>(RY) with disjoint
SUpports,

e Lt D = [ [ K0 ) g i 210)

https://doi.org/10.1017/5S0004972711003078 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711003078

184 T. Z. Szarek [8]

Proor. Taking into account that for each & ¢ Zg the system {2d/2h;<’ tke Ng} is an
orthonormal basis in Lz(Rﬁf, dw?), by (2.6) and Parseval’s identity we see that

(= (La)fs @iy = D m(AS) Y CF h Ve B Y- @.11)
n=0 |k|=n

keN,

To finish the proof it suffices to show that the right-hand side of (2.11) coincides with
the right-hand side of (2.9) or (2.10), according to whether m is as in (2.2) or (2.3),
respectively. This task reduces to justifying the possibility of changing the order
of integration, summation and differentiation in the relevant expressions. Then the
arguments are similar to those for other operators; see, for instance, [8, Proposition
3.3]. The crucial facts are the estimate (as in [20, (2.3)])

(Ol < (k| + 1), keN? xeRY,

and the bounds

fo 10,G%°(x, y) n(0) dt < x,yeRY, x#y,

wi(B(x, [y — x))’

f G (x,y) dlul(®) < x,yeR?, x#y,

wi(B(x, ly = x))’
which are verified in the proof of Theorem 2.6. We leave further details to the reader. O
Let B(x, r) denote the ball centred at x and of radius r, restricted to Ri.

TueorEM 2.6. Assume that @ € [—1/2, 0)? and & € Z5.
(a) The kernel K**(x, y) satisfies the growth estimate

K™, )| § ——————, x,yeR? x#y,
KIS By =y B
and the gradient condition
1
IVey K2 (x, y)I < x,yeRY x#y.

lx =yl wE(B(x, |y = x[))’
(b) Analogous estimates hold for K%*(x, y).

The proof of Theorem 2.6 is the most technical part of the paper and is located in
Section 3.

We conclude this section with various comments and remarks related to the main
result. First, note that our methods also allow us to treat Laplace and Laplace—Stieltjes
type multipliers related to the square root of £,. Indeed, consider the multiplier
operator

m(VLf = Y mNAD Y o ha i PR dwa),  (2.12)

n=0 |kl=n
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and for € € Z‘zi the Poisson—Laguerre-type operators

m*t (VL) f = § m(yAy) § fohDawsh,  f € LPRE, dw)), (2.13)
n=0 kl=n
keN,

where /m is as in Definition 2.1 with A3 replaced by 4/A7. Then the operators m(vL,)

and m®>*(VL,) are well defined and bounded on L*(R?, dw,) and L*(R%,dw?),
respectively. The integral kernels associated with m®*(vL,) have forms analogous
to (2.7) and (2.8), where G7**(x, y) should be replaced by the subordinated kernel

a edu
P e(x,y) = f GYe (X, y)——.
t ( y) 0 12/(414)( y) W

Proceeding similarly as in the case of m(L,), with only slightly more effort we obtain
the following result.

TueOREM 2.7. Assume that « € [-1/2, c0)¢ and € € Zg. Then the Poisson—Laguerre-

type operators m>*(\L,), € € Z4, defined by (2.13), are Calderén—Zygmund operators
in the sense of the space of homogeneous type (R, dw?, |- |). Consequently, each of
these operators, defined initially on L*(R%, dw?), extends uniquely to a bounded linear
operator on LP(Rﬁf, Udw}), Ue AZ’+, 1 < p < oo, and to a bounded linear operator

from L'(RYL, Udw}) to weak L'(RY, Udw}), U € AT™.

CorOLLARY 2.8. Assume that a € [-1/2,00)? and W is a weight on R? invariant
under the reflections o, ...,0q Then the multiplier operator m(\Ly,), defined
initially on L*(R?, dwy) by (2.12), extends uniquely to a bounded linear operator
on Lp(Rd, Wdw,), W+ eAg’+, 1 < p<oo, and to a bounded linear operator from
L'(R?, Wdw,) to weak L'(RY, Wdw,), W* € AT

Next, we comment on the relation between the auxiliary operators m®* (L), € € 74,
and the Laguerre setting from [8]. Note that for the particular gy = (0, ..., 0) the
Laguerre-type operator m®*(L,) coincides, up to the factor 27, with the multiplier
operator m(L’) related to the Laguerre Laplacian £¢ considered in [8] and [19]. More
precisely,

m(LYF =Y mA5) Y (f 6an, 6, f e LP(RY, dpy), (2.14)

n=0 |k|=n

where (' are the Laguerre functions of convolution type and wu, =w,. Therefore
the results of this section also deliver analogous results in the Laguerre setting
of convolution type; see [20, Section 2] for further explanations concerning the
connection between the Dunkl and Laguerre settings.

TueOREM 2.9. Assume that « €[-1/2, ) and m is as in (2.2) or (2.3). Then
the Laguerre multiplier operator m(L:), defined initially on L*(R%, du,) by (2.14),
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is a Calderon—Zygmund operator in the sense of the space of homogeneous type
R%, dutg, | - ). Consequently, m(L’) extends uniquely to a bounded linear operator
on LP(RY, Udu,), U€ASY, 1<p<oo, and to a bounded linear operator from
L'(RY, Udp,) to weak L'(R%, Udp,), U € AT

A similar result holds for Laplace and Laplace—Stieltjes type multipliers related to
the square root of £ ; see Theorem 2.7 and Corollary 2.8 above.

a’

3. Kernel estimates

This section delivers proofs of the relevant kernel estimates. We use the technique
developed by Nowak and Stempak [8-10], which is based on Schlifli’s integral
representation for the modified Bessel function /, involved in the Dunkl heat kernel.
This method was refined by the author in [19, 20] to obtain standard estimates for
various kernels related to £{ and £,. Below, we will frequently invoke estimates
obtained in the latter paper. Recall that we always assume that @ € [-1/2, c0)?.

Given g € Z‘Zi , the e-component of the Dunkl heat kernel is given by

1= 4«2 d+|al+e]|
=)

1 ¢
X j[v_lgl]d GXP( 4§Q+(x ¥, ) C] (x,y, S)) ate(ds)  (3.1)

(see [9, Section 5]), where (xy)® = (x1y1)" - - - (xqya)™,

1
G (x,y) = z—d( (y)°

g=(x,y, 8) = i + P £2 ) xivisi
i=1

and t > 0 and ¢ € (0, 1) are related by £ = tanh #; equivalently,
1+¢
1-¢

The measure Ilz appearing in (3.1) is a product of one-dimensional measures, Ilz =

t=1t{)= log

(3.2)

®?:1 I1g,, where Ilg, is given by the density

y (dsp = L= S s 12
(dsi)= ————1 Bi>-1/2,
s = rg 1) P

and in the limiting case I1_;,, = (6_1 + 61)/ V27, with 6_; and &, denoting the point
masses at —1 and 1, respectively.

To estimate the kernels defined via G;"*(x, y) we will need several auxiliary results.
In particular, the following modification of [16, Lemma 1.1] will be useful.

Lemma 3.1. Given a > 1, we have

1
f (1= exp(-T¢ Y de s T, T >0.
0
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Proor. We split the region of integration into (0, 1/2) and (1/2, 1). For { € (0, 1/2) we
have (1 —¢?)"1/2 ~ 1, so the bound for the integral over (0, 1/2) is a straightforward
consequence of [16, Lemma 1.1]. It remains to estimate the integral over (1/2, 1).
Since ¢ = 1 in this case and sup,., u*"'e™ < co, we see that

exp(-T¢ ) s TN T exp(-T¢ ) < T, £e(1/2,1), T >0.

Now the conclusion follows because 11/2(1 -7V df < oo, m

The lemma below establishes an important connection between estimates emerging
from the representation (3.1) and standard estimates related to the space (Rﬁ, awl, |- .

Lemma 3.2 ([9, Lemma 5.3], [10, Lemma 4]). Assume that a € [-1/2, ) and let
8, k € [0, 00)? be fixed. Then for x,y € R, x #y,

(x+y)* (g+(x., $)) P, 54 (ds) <
1]

-1, wi(B(x, [y — x))

and

1 1
(x+y)¥ (g (x, y, ) PR s (ds) < .
EE T e or Ix — yl wi(B(x, |y — x1))

To state the next lemma and to perform the relevant kernel estimates we will use the
same abbreviation as in [20],

1 4
Exp({, g+) = exp(—&qu(x, y, §) — Zq,(x, v, s)).

Also, we will often neglect the set of integration [—1, 1]¢ in integrals over I1, and will
frequently write g, and g_ for brevity, omitting the arguments.

LeEmMA 3.3. Assume that a € [—1/2, ) and €, &, p € Zg are fixed and such that ¢ < g,
p < & Given C >0 and u > 1, define the function p, acting on R x R% x (0, 1) by

Pu(x,y, §) = 1 = 2 ¢kl 22212 el e f (Bxp(Z, 42)) Ty e (ds).
[-1,1]

Then p, satisfies the integral estimate

1 1
Ix =yt wi(B(x, |y — x0))

lpu(x, y, COLany S X#Y,

where t and { are related as in (3.2).

Proor. Changing the variable as in (3.2) and then using in order the Fubini—
Tonelli theorem, Lemma 3.1 (with a = d + |a| + || — |£]/2 — |p|/2 + u/2 + 1/2) and the
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inequality |x — y|* < ¢,, we obtain
lpu(x, ¥, L any
1
= EyEP f f (1 = £2)~ 112 p=d-la-lel+lél/2+1pl/2-u/2-1/2
0

X (EXp(¢, 42)) d¢ Mase(ds)
< EyFP f (g)dt-leHa 2ol 2=l 212 1

1
<SPPIy f (g ) T2, ().
lx — yl*
This, in view of Lemma 3.2 (taken with 6 =& —&/2 —p/2 and k =&/2 + p/2), gives
the desired conclusion. O

Lemma 3.4 [19, Lemma 4.2]. Given b > 0 and ¢ > 0, we have

—CcA
(@205 3, 90 exp(-cAg.(x, v, 9) A exp( ogun v, ) A>0,

uniformly in q..

Proor oF THEOREM 2.6(a). The growth condition is a consequence of the estimate

10,GE(x, ) S A1 = 2 £ (yye f (Exp(Z, g:)'* Tyse(ds),

which is stated explicitly in [20, (4.6)], the fact that 1 is bounded and Lemma 3.3
(applied withu =1, ¢ =p =0).
To prove the gradient condition, by symmetry, it suffices to show that
1

lx =yl wg (B(x, [y — x))’

10, K™, Y] < x#y,j=1,....d

Differentiating (2.7) with respect to x; (passing d,, under the integral sign can be easily
justified; see [19, Section 4.1]),

0, K"(x,y) = - f 0x,0,G " (x, yp(t) dt,  x#y.
0
Then, applying the first inequality in [20, (4.7)],
102,0,Gy " (x, )| S 1 = 22 LR (y)e f (EXp(L, g Mos(ds)

I O f (Exp({, ) *Tare(ds),
the fact that 7 is bounded and Lemma 3.3 twice (with u =2 and either € =p =0 or

& =ej, p=0), leads directly to the required bound.
The proof of (a) in Theorem 2.6 is complete. O
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Proor or THEOREM 2.6(B). We first verify the growth condition. Using Lemma 3.4
(withb=d +|a| +|el, c=1/4,A =71,

1 t g)dﬂal( 1 ;4?2 )d+|a/|+|8\

S T Gy f EXP(Z, q2) Tlaso(ds)

CHANDGE2 (x, y) < ( (xy)® f Exp({, ¢+) Hose(ds)

S (x+y)* f (q+)" ¥ T, (ds).

Now the conclusion follows with the aid of Lemma 3.2 (specified to 6 = € and « = 0)
and the assumption (2.4) concerning the measure p.

Next, our task is to show the gradient condition. By symmetry, it suffices to prove
that

1

lx =yl wi(B(x, ly = x))’
Differentiating (2.8) with respect to x; (exchanging d,, with the integral sign is
legitimate; see, for instance, [19, Section 4.3]),

0, K" (x, Y] < x#y,j=1,....d.

0, K= [ 0,6 du, 3=y,
Ry

Using the estimate

1-72
2

+X{g,~:1}(

d+|al+lel " "

J 7 o [ @Exp g e
1-2
2
which is implicitly contained in [20, Section 4.2], and then proceeding in a similar
way as in the case of the growth condition, this time applying Lemma 3.4 twice

(withb=d+|a|+|e|+1/2,c=1/8,A=¢"andb=d+|a|+ e, c=1/4, A=),
we obtain

P9, G e, )] < (x4 ) f (g2)" T g o (ds)

19,,G* (. y)| 5 (

d+|al+|e| o
) xFy® f Exp(¢, g+) Hose(ds),

+ Xie,=1) (X + )7 f (q) Ve PR, (ds).

Taking into account (2.4), this estimate, together with Lemma 3.2 (with 6 =&, k=0
and 6 = & — ej/2, k = ¢;/2), leads directly to the gradient condition for K**(x, y). This
completes the proof of (b) in Theorem 2.6. O
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