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1. Introduction

The modern dynamical theory of monotone skew-product semiflows has been exten-
sively investigated in the last few years. References such as Chueshov [4], Jiang and
Zhao [10], Novo et al. [16] and Shen and Yi [24], among others, are important for
the initial development of this theory. In this setting, the skew-product semiflow
T:RT xQ x X — Q x X is defined on a product bundle space Q x X, where Q is a
compact metric space under the action of a continuous minimal flow o : R x 2 —
and X is an ordered Banach space, that is, there is a cone of positive vectors X
inducing a partial order relation. Monotonicity means that the order is preserved
under the semiflow. Frequently, a first condition required in this theory is that the
positive cone has a nonempty interior. A second relevant condition is the uniform
stability of the relatively compact semitrajectories, which implies their convergence
to minimal subsets of the product space. In the absence of uniform stability, the
omega-limit sets show ingredients of dynamical complexity, including even chaotic
dynamics.

This paper provides a contribution to the dynamical theory of monotone skew-
product semiflows generated by nonautonomous functional differential equations
(FDEs for short) with finite delay. We consider a family of finite-delay FDEs over
Q, 9/ (t) = F(wt, y),w € Q, where F : Q x C([-r, 0], R™) — R™ is continuous and
of class C' with respect to the second component. Here, X is the Banach space
C([-=r, 0], R™) with positive cone X, given by the componentwise nonnegative
functions in X. With the intention of relaxing the conditions that F' should satisfy
to have monotonicity, Smith and Thieme [26, 27] have exploited the exponential
ordering. Roughly speaking, the cone X is restricted by introducing an exponential
term. In the scalar case, the positive cone for the exponential ordering <,, (¢ > 0) is
the subset of X of functions ¢ such that ¢(s)e”* is nondecreasing on [—r, 0]. The
extension to the m-dimensional case is made via a quasipositive constant matrix B,
the ones that generate a positive semigroup. The precise definition of the positive
cone Kp can be found in § 2. In this paper, we investigate FDEs which generate
a semiflow 7 monotone for the exponential ordering <p. The drawback is that the
positive cone K g has empty interior in X. An option to overcome this problem is to
restrict 7 to RT x Q x X1, taking the state space X; C X of Lipschitz functions,
but then the continuity of 7 fails for times in the interval [0, r].

In the first part of the paper, we show how important ingredients of the theory
of monotone skew-product semiflows can be extended to this context despite the
difficulties mentioned above. Following the ideas and methods of Chueshov [4] and
Novo et al. [14], sub- and super-equilibria—now for the exponential ordering—prove
to be useful dynamical objects. Simple conditions that imply the existence of these
functions are provided, which ensures the applicability of the results. We use argu-
ments of the theory of nonautonomous dissipative dynamical systems, in the terms
given in Kloeden and Rasmussen [12], Carvalho et al. [2] and Cheban et al. [3],
to investigate the long-term behaviour of the trajectories of the semiflow. We also
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deal with the property of uniform persistence, which is an important notion in
dynamical systems that appears in the literature through several formulations. In
this paper, it will refer to persistence for the order, as introduced in Faria and Rost
[7] and Novo et al. [17]. When 7 is globally defined on Q x Kp, we provide criteria
based on the existence of semiequilibria to deduce, firstly, the uniform persistence
of the semiflow in Int K'p and, secondly, the existence of a global attractor inside
the open set ) x Int K.

Special attention is paid to the case in which the function F' is in addition sub-
linear for the exponential ordering. Thanks to the monotonicity and sublinearity
properties of F', the semiflow 7 is globally defined on 2 x Kz and it is sublinear for
<p. Besides, if there exists a positive bounded semitrajectory that is uniformly
strongly above 0 for the exponential ordering, we deduce that the semiflow is
uniformly stable on the relatively compact subsets of {2 x Kp that are uniformly
strongly above 0. As a consequence, the omega-limit set of every (w, ¢) with ¢ >p 0
is a uniformly stable and strongly positive minimal set which admits a fibre distal
flow extension. Furthermore, if E' denotes the union of all these omega-limit sets,
we show that £ C Q x Int K and it is locally compact, invariant and laminates
into a collection of minimal sets. Moreover, the restriction of 7 to F is continuous
and this set concentrates the pullback and forwards dynamics of the semiflow, in
the sense that it contains the pullback and forwards limits of all the trajectories
in Q x Int K, uniformly on bounded sets. Finally, when in addition the semiflow
admits a point of strong sublinearity, we prove that it is dissipative in 2 x Int K, F
is the global attractor and it is a copy of the base, that is, F = {(w, b(w)) | w € 02}.
This is the version in this context of the analogous result proved, when the interior
of the positive cone is not empty, in Nunez et al. [19] and Zhao [28].

The aim of the second part of the paper is to apply the theory just developed
for delay systems which are monotone and sublinear for the exponential ordering
to analyse the long-term dynamics of almost periodic compartmental Nicholson
systems. First of all, we analyse the relations of the coefficients which imply that
the Nicholson systems induce a global monotone and sublinear semiflow for the
exponential ordering given by a diagonal matrix B. Under these conditions, the
semiflow is in fact strongly sublinear. Thus, assuming the uniform persistence of
the systems, the existence of a global attractor in € x Int Kp which is a globally
asymptotically stable copy of the base is proved. From here, using arguments of the
theory of almost periodic functions and a collection of linear changes of variables,
we obtain a new and more general reformulation of these conditions implying the
existence of a global attractor in @ x Int X, which is a globally asymptotically
stable copy of the base. These new conditions improve the nonautonomous versions
of the inequalities given in [27]. The same kind of ideas can be used in the study
of the existence of the so-called special solutions for nonautonomous FDEs. This
theory originated in the 1960s in works by Ryabov [23] (see also Driver [5]). In
particular, we obtain new conditions that improve the nonautonomous version of
the inequalities given in Pituk [22] for the existence of special solutions for an
almost periodic scalar Nicholson equation.

This paper is organized in four sections. Section 2 contains the conditions of
monotonicity for the exponential ordering, the definitions of semiequilibria and
their implications on the persistence and the dissipativity of the systems. In § 3,
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the dynamical theory for monotone and sublinear semiflows in the positive cone for
the exponential ordering is developed. Finally, the previous theory is applied in § 4
to almost periodic compartmental Nicholson systems.

2. Preliminaries on the exponential ordering and some results for
monotone delay FDEs

Let (9, 0, R) be a minimal flow over a compact metric space Q and let X =
C([-r, 0], R™) be the Banach space of continuous functions with the sup-norm
[ - [looy i€y l¢lloo = supPser_r. l(s)]| for ¢ € X, where || - || denotes the maximum
norm on R™. As usual, for a continuous map y : [-r, oc0) — R™ and a time ¢ > 0,
y denotes the map in X defined by y(s) = y(t + s), s € [-r, 0].

Let us consider a family of finite-delay FDEs over 2,

y'(t) = F(wt,y), t=0, foreachweQ, (2.1)
defined by a function F: @ x X — R™, (w, ) — F(w, ¢) satisfying:

(F1) F is continuous on  x X, of class C! with respect to the second variable,
and for each bounded set X; C X, F(Q x X7) is a bounded set in R™.

Under this assumption, the standard theory of FDEs (see Hale and Verduyn Lunel
[9]) assures that, for each w € Q and ¢ € X, the system (2.1),, admits a locally
defined unique solution y(t, w, ) with initial value ¢, that is, y(s, w, ¥) = ¢(s)
for each s € [—r, 0]. As a consequence, the family (2.1) induces a local continuous
skew-product semiflow

T: UCRT XxOxX — OxX

(t,w, p) = (Wt g (w, 9)) (2.2)

which preserves the flow on the base {2 and has the so-called semicocycle property
on the fibre. Namely, if (w, ¢) € @ x X, then for all ¢, s > 0 for which the terms
are defined,

Yirs(w, 0) = ye(w-s,ys(w, ). (2.3)

The theory of cooperative systems of delay differential equations is quite well devel-
oped (see, e.g., Smith [25] and the references therein). Taking the standard cone
of positive maps X = {¢p € X | #(s) > 0 for s € [-r, 0]} with nonempty interior
Int Xy ={¢p € X |¢(s) > 0forse[-r 0]}, X is a strongly ordered Banach space.
Note that we use the standard notation for y € R™: y > 0 means that all compo-
nents are nonnegative and y > 0 means that all components are positive. The
induced partial order relation on X is then given by:

P<Y —= -9 Xy
P<tp = -9 Xy and ¢ F#Y;
Py = Y—¢pelnt X .

It is a well-known result that, if F' satisfies the so-called quasimonotone condition
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(Q) If ¢ < ¢ and ¢;(0) = 1;(0) for some 4, then F;(w, ¢) < Fi(w, ¢) for allw € Q,

then 7 is a monotone semiflow, that is, if ¢ < ¢ and w € §, then y:(w, @) < ye(w, V)
for all t > 0 where both terms are defined.

We now introduce the exponential order in X, following [27]. We say that an
m x m matrix B = [b;;] is quasipositive or cooperative if all the off-diagonal entries
are nonnegative, that is, b;; > 0 whenever ¢ # j. Given a cooperative matrix B and
considering the componentwise partial ordering on R™, we introduce the normal
positive cone with empty interior in X,

KB={¢€X|¢>O and ¢(t)>eB(t_s)¢(s) for —r<8<t<0}

which induces the following partial order relation on X, called the exponential
ordering:

p<pY = ¢ <ty and Y(t) — d(t) =PI (Y(s) — B(s)), —r <s<t<O,
p<pyY <= ¢<py and ¢F#Y.

A smooth map ¢ belongs to Kp if and only if ¢ > 0 and ¢’ > B¢ on [—r, 0].
Let us assume one additional condition on F":

(F2) F(w,¢) — F(w, ¢) = B(¢(0) — #(0)) whenever ¢ <p 1 and w e Q,

which is a necessary and sufficient condition for the monotonicity of the semiflow
(2.2) for the exponential ordering (see [27, proposition 3.1]), that is, if ¢ <p ¢ and
w € ), then

yr(w, d) <p yi(w,v) for all ¢ > 0 for which both are defined.

Besides, as proved in [27, corollary 3.2], a componentwise separating behaviour
is also derived from (F2). Namely, if ¢, ¢ € X satisfy ¢ <p ¢ and, for some w €
2, some component 1 < ¢ < m and some ty > —r, y;(to, w, @) < y;(to, w, ¥), then
yi(t, w, ¢) < y;(t, w, ¥) for all t > tg for which both are defined.

A stronger monotonicity condition presented in [27] is the following:

(F3) F(w, ¥) — F(w, ¢)> B(¥(0) — ¢(0)) whenever ¢ <p 9, ¢ < 1p andw € 2.

Condition (F3) implies (F2) by a continuity argument. With this condition, the
monotonicity of 7 becomes slightly stronger, in a very precise sense. As stated
above, the interior of the cone Kp is empty in X. However, by taking the Banach
space of Lipschitz functions X C X, with the usual Lipschitz norm

I¢llz = lélo +SUp{’W

, SEt, s, t€E [—T,O]},

the restriction of the cone Kp to X, provides us with the cone of positive maps

Kp={¢€X,|¢>0 and¢' — B¢ >0 a.e. on [—r,0]}
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which instead has a nonempty interior in X :

IntKg={¢peX,|¢p>0and ¢ — B¢ > ¢ ae. on [-r,0], for some & > 0}
={pe Xr | d(—r) > 0and ess inf(¢' — Bg); >0, 1 <i<m}.

Here, and all through the paper, & stands for the vector (or the constant map) whose
components identically equal the value e. Now we can write ¢ >>p 0 meaning that
¢ € Int Kp and

p<pth = h—pentKg.

Note that the Lipschitz character of the maps involved is implicit whenever the
strong order < p is used.

At this point, one may wonder whether we could not just work on the space X,
but, even if the section 7, : 2 x X, — Q x X, is continuous for each fixed t > 0,
the semiflow 7 : RT x Q x X — Q x X, is not continuous for # in the range of
times [0, 7]: see [27, p. 345] for further explanations. What is known is that

T: [roo)xQxX — QxXp

(twg) o (wty(@9) (24)

is continuous, as far as the solution y;(w, ¢) is defined. For these reasons, both
spaces are going to interplay.
These are the strong monotonicity relations we get when condition (F3) holds.

PROPOSITION 2.1. Assume that conditions (F1) and (F3) hold. Then:

(i) If & <p ¥, 6(0) < $(0) and w € Q, then yy(w, ¢) <p yo(w, ¥) for each t >
2r for which both are defined.

(ii) If ¢ <p v, then yi(w, ¢) < yi(w, ¥) for each t =0 for which both are
defined.

Proof. Recall that condition (F3) implies condition (F2). As mentioned above,
thanks to condition (F2), if ¢ <p v with ¢(0) < ¥(0), then y(t, w, ¢) < y(t, w, ¥)
for all ¢ > 0 for which both are defined, so that y;(w, ¢) < yi(w, ©) for all t > r.
Note that y(t, w, ¢) and y(¢, w, 1) are both differentiable, and in particular locally
Lipschitz for ¢ > 0. Then, by condition (F3), for all ¢t > r,

y/(t’wv '(/}) - y/(t7 W, (b) - B (y(tvwa w) - y(ta W, (b))
= F(W't, yt(waw)) - F(w't7yt(wa ¢)) -B (y(tawaw) - y(t7w7 d))) > 0. (25)

By continuity, for each ¢ > 2r we can take an £ > 0 (which depends on ¢) such that
y/(t+8, w, ’l/}) _y/(t+sv W, ¢) _B(y(t+sa w, 1/’) _y(t+87 w, ¢)) > €_fOI' all s €
[—r, 0]. Allin all, y;(w, ¥) — yi(w, ¢) >p 0 for all t > 2r for which both are defined,
as asserted in (i).

As for (i), if ¢ <p 1, we already know that y:(w, ¢) <p y+(w, ¥) and, since in
particular ¢ < 1, also y¢(w, ¢) < yi(w, 1) for each t > 0 for which both solutions
are defined. Then, relation (2.5) holds for all ¢ > 0. From this and the fact that
¢ < p 1, the result follows easily. The proof is finished. O
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In monotone nonautonomous dynamical systems, the so-called semiequilibria,
introduced both for the deterministic and random cases (see [4, 14]), are useful
objects to determine invariant zones (see also Novo and Obaya [15], among others).
We recall the definitions for the exponential ordering, which were introduced by
Novo et al. [18] in a context of infinite-delay neutral FDEs.

DEFINITION 2.2. A map a: Q — X such that y(w, a(w)) exists for allt >0 is

e a sub-equilibrium for the exponential ordering if a(w-t) <p y:(w, a(w)) for each
w e andt > 0;

e a super-equilibrium for the exponential ordering if a(w-t) >p yi(w, a(w)) for
each w € Q and t > 0;

e an equilibrium if a(w-t) = y(w, a(w)) for each w € Q andt > 0.

A sub-equilibrium (resp. super-equilibrium) for the exponential ordering is said to
be strong if there exists a time s. >0 such that a(w-s.) < ys, (w, a(w)) (resp.
a(w-s.) >p ys, (w, a(w))) for each w € Q.

The next result shows how sub-equilibria and strong sub-equilibria for <z can be
constructed from a family of sub-solutions. By changing the sign of the inequalities,
we obtain the corresponding results for super-equilibria and strong super-equilibria
in terms of a family of super-solutions. The following definition is needed.

DEFINITION 2.3. A map a: Q — R™ is said to be C' along the trajectories of the
base flow if the map a,: R — R™, t s a(w-t) is of class C* for each w € Q. We
will denote @' (w) = (a,)'(0) = (d/dt)a(w-t)|t=o.

We remark that in many occasions, one deals with semicontinuous semiequilibria.
This permits the combination of both dynamical and topological properties, with
important consequences. The reader is referred to [14] for a precise statement of
these properties. In particular, a semicontinuous semiequilibrium has a residual set
of points of continuity.

PROPOSITION 2.4. Assume conditions (F1) and (F2) and let a: & — R™ be
C* along the trajectories of the base flow. Consider the map a: Q — X, w +— a(w)
defined by a(w)(s) = a(w-s) for each s € [—r, 0]. Then:

(i) The map a is a sub-equilibrium for the exponential ordering provided that for
each w € Q, y(t, w, a(w)) is defined for allt >0 and

@ (w) € Fw,a(w)) . (2.6)

(ii) If the conditions in (i) and (F3) hold, and there is an wy € Q which is
simultaneously a continuity point of a and a ooy, , for some s, = 3r, such
that

@' (wo) < F(wo,a(wp)), (2.7)

then a is a strong sub-equilibrium for the exponential ordering.
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Proof. (i) The proof is inspired in that of [27, proposition 3.1]. Let F© = F 4+ & for
e >0 and let y°(¢, w, a(w)) denote the solution of y'(t) = F¢(w-t, y;) with initial
value a(w). We claim that y§(w, a(w)) >p a(w-t) for each w € Q, ¢t > 0 and € > 0,
and hence the proof is finished by letting ¢ | 0.

In order to see it, we consider z°(t) = y°(t, w, a(w)) — a,(t), which satisfies
z¢(s) = 0 for each s € [—r, 0], and the closed set I = {t € [0, o0) | 2§ >p 0}. Notice
that 0 € I. Note also that we are implicitly assuming that y° (¢, w, a(w)) is extend-
able to [0, 00). If not, we work on its maximal interval of existence, but recall that,
given any compact set [0, T, y°(¢, w, a(w)) is defined on [0, T for every ¢ small
enough, since y(t, w, a(w)) is assumed to be globally defined and F* = F' + &. Next,
we check that given ¢ € I there is a § > 0 such that [¢, t + ) C I. Inequality (2.6)
can be written as (a,) (t) < F(w-t, (ay)) for each ¢ > 0 and w € Q. Then, from
condition (F2) and t € I, we deduce that

(%) (t) — Ba®(t) = F(wt,y; (w,a(w))) + & — (au)'(t) — Bz (t)
> &+ F(wt,y; (w,a(w))) — F(wt,a(wt)) — Bat(t) > &> 0.

Hence, there is a 6 > 0 such that (z€) — B2 > 0 on [t, t + J). Note that in par-
ticular z¢(t) > 0 and (z€)’ > B on [t, t + d). Since B is a cooperative matrix,
we can deduce by comparing the solutions that z¢(s) > 0 for all s € [t, t 4+ ). As
a result, 2 >p 0 for all s € [t, t + ), that is, [t, t + ) C I, as wanted. Therefore,
I = [0, o0), which finishes the proof of (i).

(ii) From (i) we know that a is a sub-equilibrium for the exponential ordering,
that is, a(w-t) <p y:(w, a(w)) for each w € Q and ¢ > 0. Therefore, according to
[14, proposition 4.2(i)], which can be easily generalized to this case, to show that a
is a strong sub-equilibrium for the exponential ordering, it is enough to check the
existence of a time s, > 0 and a point wy € Q0 which is simultaneously a continuity
point of a and a o o5, such that a(wy-s.) <p ys, (wo, a(wp)).

In order to check this, notice that condition (2.7) and the continuity of
the maps involved imply the existence of an e € (0, r) such that (a.,) (t) <
F(w-t, (ay,)t) for each t €0, ¢), and we can take a time ¢y € (0, £) satisfy-
ing ay, (to) < y(to, wo, alwy)), i.e., a(wo-to)(0) K Y, (wo, a(wp))(0). Thus, since
a(wo-to) <B Yi, (wo, a(wo)), by proposition 2.1(i),

yi(wo-to, a(wo-to)) KB yt(woto, Yt, (wo,a(wo))) for each t > 2r,

and then, a(wo(t 4+ t0)) <5 Y+t (wo, a(wp)). Thus, choosing ¢ = s, — tg > 2r, we
conclude that a(wo-s.) <p ys, (wo, a(wp)), which finishes the proof. O

As a consequence, we determine conditions concerning the permanence of the
solutions in the positive cone K and in the interior of the positive cone Int Kp.

COROLLARY 2.5. Assume (F1)-(F2) and F(w, 0) > 0 for each w € Q. Then:
(1) ye(w, ¥) 25 0 for eachw € Q, ¥ 25 0 and t > 0 in the domain of definition.

(ii) If (F3) also holds, then y;(w, ¥) >p 0 for eachw € Q, Y >p 0 and t > 0 in
the domain of definition.
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Proof. Note that proposition 2.4(i) implies that y;(w, 0) >p 0 as long as y(¢, w, 0)
is defined. Then, by monotonicity, we deduce that, if ¥ >p5 0, then y:(w, V) >p
yt(w, 0) =25 0 for all ¢ > 0 in the domain of definition of v, so that (i) holds.

For (ii), take w € Q and % >p 0. Then, by proposition 2.1(ii), y;(w, ¥) >p
yt(w, 0) =25 0, whenever defined. The proof is finished. a

In the rest of this section, we take advantage of the presence of semiequilibria.
When no mention is made, we will be assuming that the semiflow is globally defined.
First, we consider the dynamical property of uniform persistence. We include
the standard definitions for the usual ordering and for the exponential ordering,
respectively. We remark that these two properties are in principle unrelated.

DEFINITION 2.6.

(i) The skew-product semiflow T induced by the family of systems (2.1) is uni-
formly persistent in the interior of the positive cone Int X if there is a map
1 > 0 such that, for every w € Q and every initial map ¢ > 0, there exists
a time to = to(w, @) such that yt(w, @) = for all t > t.

(ii) The skew-product semiflow T induced by the family of systems (2.1) is uni-
formly persistent in the interior of the positive cone Int Kp associated with
the exponential ordering <p if there is a map ¥ >p 0 such that, for every
w € Q and every initial map ¢ >p 0, there exists a time ty = to(w, @) such
that yi(w, ) =p ¥ for allt > ty.

We give an easy-to-check sufficient condition for the uniform persistence in the
interior of the positive cone Int K g.

PROPOSITION 2.7. Assume conditions (F1) and (F3) hold, and F(w, 0) > 0 for each
w € Q. If there exists an wg € Q such that F(wg, 0) > 0, T is uniformly persistent
in the interior of the positive cone Int Kp.

Proof. From proposition 2.4(ii) we deduce that the null map from Q to X is a
continuous strong sub-equilibrium for <p and, reasoning as in [14, proposition
4.3] for the exponential ordering, there exist a 1 >p 0 and a time s > 0 such
that as(w) = ys(w-(—s), 0) =p ¢ for each w € Q. In particular, since for all w,
a;(w) =2p as(w) whenever ¢ > s, evaluating at w-t we obtain that y(w, 0) >p ¢
for each w €  and t > s. Finally, from proposition 2.1(ii), if ¢ > 0, we deduce
that y:(w, ¢) >p y+(w, 0) for each t > 0. Hence, y;(w, ) >p ¢ for each w € Q and
t > s, which shows the claimed uniform persistence. O

Finally, we concentrate on the existence of attractors. As in the case of standard
dynamical systems, also in nonautonomous dynamical systems, the existence of a
global attractor permits a better understanding of the dynamics (see, e.g., [12]). A
good reference for processes and pullback attractors, which are crucial in nonau-
tonomous dynamics, is [2]. For a skew-product semiflow over a compact base {2, the
global attractor A C Q2 x X, when it exists, is an invariant compact set attracting
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a certain class of sets in 2 x X forwards in time; namely,

tlim dist(7 (2 x X1),A) =0 for each X; € D(X),
—00

for the Hausdorff semidistance dist. The standard choices for D(X) are either the
class of bounded subsets Dy,(X) of X or that of compact subsets D.(X) (see [3]).

For the sake of completeness, we recall the definition of the Hausdorfl semidis-
tance between subsets of a metric space (Y, d). Given Y7, Yo C Y,

dist(Y7,Ys) := sup inf d(yi,y2) = sup d(yi1,Ya), (2.8)
y1 €Yy Y2€Y2 Yy1€Y1

where d(y1, Y2) denotes the usual distance between the point y; and the set Y5.
The Hausdorff metric between two compact sets of Y is then defined by

disty (Y7, Y2) := max{dist(Y7, Y3), dist(Y2, Y1)} .

As Q is compact, the nonautonomous set { A(w) },cq, formed by the w-sections of A
defined by A(w) = {¢ € X | (w, ) € A} for each w € Q, is a pullback attractor, that
is, {A(w) }weq is compact, invariant and it pullbacks attract all the sets X; € D(X):

tlim dist(ys(w-(—t), X1),A(w)) =0 forallw e Q.
—00

The implications for each fixed w € ) are expressed in terms of pullback attrac-
tion for the related evolution process on X, defined by S, (¢, s) v = y1—s(w-s, @) for
each p € X and t > s. Precisely, for each fixed w € €2, the family of compact sets
{A(w-t)}+er is the pullback attractor for the process S, (+, -), meaning that:

(i) it is invariant, i.e., S, (t, s) A(w-s) = A(w-t) for all t > s;
(ii) it pullback attracts the class of sets D(X), i.e., for each X; € D(X),

lim dist(S,(t,s) X1, A(wt)) =0 forallteR;

§——00
(iii) it is the minimal family of closed subsets of X with property (ii).

However, the forwards and pullback dynamics are in general unrelated, so that it
is always an interesting problem to know whether the pullback attractor is also a
forwards attractor for the process. That is to know if, for each w € €,

tlim dist(ys(w, X1), A(w-t)) =0 for each X; € D(X).

We finish this section with a result on the existence of a global attractor in the
positive cone and in the interior of the positive cone, in terms of the existence of
continuous strong sub and super-equilibria, for the exponential ordering. Note that
this covers a huge range of applications to delay systems in biology or ecology,
where only positive solutions make sense. We remark that we impose a restriction
on the class of quasipositive matrices B defining the ordering < g, which is satisfied
by the commonly used diagonal matrices with negative diagonal elements.
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THEOREM 2.8. Assume that the quasipositive matriz B = [b;;] defining the expo-
nential ordering satisfies that by; < —3 ., bij, conditions (F1) and (F3) hold, and
F(w, 0) >0 for each w € Q. Then:

(i) If there exist an Ro >0 and an wo € such that F(w, R) <0 and
F(wo, R) <0 for each w € Q and R > Ry, then the semiflow T is globally
defined on ) x Kp and there exists a global attractor with respect to the class

Dy(Kp) of bounded subsets in the positive cone.

(i) If the condition in (i) holds and, besides, there exists an wi € Q such that
F(w1, 0) > 0, then there exists a global attractor in Q x Int K with respect
to the class D.(Int Kg) of compact sets in Xy, contained in Int K.

Proof. First of all, corollary 2.5 gives us the invariance of both the cone of positive
elements and its interior, that is to say, of the sets 2 x Kp and  x Int K g, respec-
tively. Also note that the condition imposed on B guarantees that the constant
map R € Int Kp for all R > 0.

(i) Notice that proposition 2.4(ii) implies that the constant maps Q — Kpg, w —
R are continuous strong super-equilibria for the exponential ordering for each
R > Ry. In particular, this means that the sets {(w, ¢) € 2 x K | ¢ <p R}
are positively invariant. Thanks to the restriction imposed on B, given a
¢ € Kp we can take a sufficiently big R > 0 so that ¢ <z R. Then, we can
deduce that all the solutions are bounded and the semiflow is globally defined
on ) x Kpg.

To get the existence of a global attractor, it suffices to find an absorbing
compact set (see, e.g., [12, theorem 1.36]). In our skew-product setting, we
search for a compact set H C Kp such that for each bounded set X; C Kp
there exists a t; = ¢1(X7) such that 7 (Q x X1) C Q x H for allt > ¢;. Thanks
to condition (F1), the map y, : © x X — X is compact, meaning that it takes
bounded sets into relatively compact sets. Then, it is immediate that the set

H=cs{y(w,0) |lweQ, 0<p ¢ <p Ro}

is compact in Kp. Let us check that the compact set Q x H is absorbing.
For each bounded set X; C Kp, we can find an R > R big enough so that
0 <p ¢ <p Rforall ¢ € X; and, by monotonicity, 0 <p v:(w, ¢) < y:(w, R)
for allw € 2, ¢ € X1, and t > 0. Since the constant maps R are strong super-
equilibria for <p for all R > Ry, it is not difficult to deduce that there exists
a to > 0 such that 0 <p yi(w, @) < Ry for all (w, ¢) € Q2 x X7 and t > to.
Now, it suffices to apply the semicocycle property (2.3) to get that, if t > ¢ :=
to + 7, then yi(w, @) = yr-(w-(t — ), yi—r(w, ¢)) € H for all (w, ¢) € Q x Xy,

as we wanted to see.

(ii) First of all, recall that the interior of the positive cone Kp is empty in X but
it is nonempty when restricted to Xp. For this reason we consider compact
sets in X7, when we look for a global attractor in 2 x Int K.
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Since F(wi, 0) > 0, 7 is uniformly persistent in Int K B by proposition
2.7. Let ¢ >p 0 be the map in definition 2.6(ii) and consider the com-
pact set H = cls {yT(w, p)lwe, vV<py<p RO} in Kp. Then, take H =
{yr(w, ) | (w, @) € X x H}. H is a compact set in X, as it is the image by
the continuous map y, of a compact set in Q x X (see (2.4)). It is easy to
check that H C Int I?B because the map w € Q — y,.(w, 1) € Int I~(B c X
is continuous for each ¢ >p 0 and Q is compact. Let us see that 2 x H is
absorbing. Given a compact set X7 C Int Kp, there exist a @9 >p 0 and an
R > R, big enough such that ¢y <z ¢ <p R for every ¢ € X;. By monotonic-
ity, yi(w, vo) <B y:(w, ¢) <p yi(w, R) for all (w, ¢) € A x X; and t > 0. In
fact, as seen in the proof of proposition 2.7, for every g >p 0 we get a
time to = to(po) such that ¥ <p yi(w, o) for all t >ty and w € Q. As in (i),
by taking t, bigger if necessary, we can assert that v <p y:(w, ¢) <z Ro
for all (w, ¢) € Q@ x X7 and t > tg. Now, by writing y:(w, ¢) = y,(w-(t —
1), yr(w-(t = 27), g—_or(w, ¢))) it is casy to see that y,(w, ¢) € H for all
(w, ¢) € Q x Xy and ¢ > t1 := to + 2r. The proof is finished. O

3. Long-term behaviour in the monotone and sublinear case

In this section, we consider a family of FDEs (2.1) satisfying (F1) and (F2), so that
the induced skew-product semiflow is monotone for the exponential ordering. As
explained in the previous section, the skew-product semiflow 7: Rt x Q x X —
Q x X, is not continuous for ¢ € [0, r|, whereas it is continuous for ¢ € [r, o).

By adding some extra conditions on F', including a sublinear condition which
results in the invariance of the positive cone Kp and the sublinearity of the semi-
flow for the exponential ordering, we are able to determine a special subset in
Q xInt Kg C © x X, over which the restriction of the semiflow is continuous and
it concentrates the essential information for both the long-term behaviour of the
solutions in Int K g, and for attraction.

Namely, in this section, we assume the following sublinearity condition:

(F4) F(w, A1) = AF(w, ¢) whenever 1 250, A € [0, 1], and w € Q.

Next, we prove how the properties on the systems are transferred to their
solutions.

PROPOSITION 3.1. Assume that conditions (F1), (F2) and (F4) hold. Then, the
semiflow is globally defined on Q x Kp and it is sublinear for the exponential
ordering, that is, for each w € Q, ¥ >p 0 and X\ € [0, 1],

Ye(w, A) 25 Ay(w, ) forallt > 0.

Proof. Thanks to condition (F4), in particular F'(w, 0) > 0 for all w € Q so that, if
we€ Qand ¢ =5 0, then y(w, ) =p 0 whenever defined, by corollary 2.5(i). Once
we know that the solutions starting in 2 X Kp remain in €2 x Kp while defined,

we only worry about boundedness above. Let us check that there exists a ¢ >0
such that F(w, ) < (1 + [|¢|leo) € for all (w, ¢) € Q x Kp, for the vector ¢ € R™.
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To see it, by (F1), if ||¢|lc < 1, then we can choose a ¢ > 0 big enough so that
F(w, ¥) <¢, for all w € Q, and if ||9)||oc > 1, then we can deduce from (F4) that

¥
11l

so that we are done. Now note that the solutions of the family of systems

Yy (t) = F(w-t, yt), w € Q, given by the globally Lipschitz map in the second variable
F(w, ¥) = (1 + ||¢]|o) &, are globally defined, and that F' satisfies the quasimono-
tone condition (Q) when restricted to Q x K. Therefore, we can compare solutions
(see [25, theorem 5.1.1]) to deduce that y(t, w, ©) is also globally defined for all
(w, ’t/)) €O x Kp.

Next, we check the sublinearity for fixed w € Q and ¥ >p 0. Since y¢(w, ¥) =25 0
for all ¢ > 0, from (F4) we have that

F(w) = F (w, 1l ) < ¥l F <wllj|’|) <l e

Fwit, Ay (w,v)) = ANF(w-t,y(w,)) for each A€ [0,1] and ¢ > 0. (3.1)

The proof now continues as that of proposition 2.4. We consider the function F¢ =
F +¢& for e > 0 and let y°(¢, w, ) denote the solution of y/(t) = F*(w-t, y;) with
initial value . We claim that y5(w, AY) =g Ay:(w, ¥) for all t > 0 and then the
proof is finished by letting € | 0.

In order to prove the claim, we take x°(t) = y (¢, w, ) — Ay(t, w, ©), which
satisfies x°(s) = Ap(s) — A(s) = 0 for each s € [—r, 0], and we consider the closed
set I ={t € [0, )| z; >p 0}. Notice that 0 € I. Next, we check that given ¢t € I
there is a § > 0 such that [¢, ¢ + d) C I. Since

(@%)'(t) = Ba®(t) = F(wt,y; (w,\¥)) + & = AF(wt, ye(w, ) — Ba(t),
we can apply (3.1) to get

(@) (t) = Ba*(t) > F(wt,y; (w,A)) — Flwt, Ay (w, )
— By (t,w,\) — Ay(t,w,¥)) +£.

Now, since t € I we know that y§(w, A1) 25 Ay (w, ¥), and from (F2) we conclude
that (z¢)'(t) — Bx®(t) > &. Hence, there is a § > 0 such that (2%)'(s) — Ba(s) > 0
for s € [t, t + §). Besides, since in particular 2°(¢) > 0 and (z°)" > Ba® on [t, t + 0)
and B is a cooperative matrix, by comparing the solutions we get that xz(s) >0
for s € [t, t + §). Consequently, 25 >5 0 for each s € [t, t + ) and so [t, t + ) C I.

S

Therefore, I = [0, oo) and the proof is finished. a

Hereafter, the existence of a bounded solution in the interior of the positive cone
is assumed.

(F5) There exists a pair (wo, ¢o) € Q x Int K5 with bounded semitrajectory

{(wot, ye(wo, ¢0)) | t = 0} and such that y(wo, ¢do) =5 1o for some g >p5 0
and each ¢t > 0.

From this we will show the relatively compactness and uniform stability of each
semitrajectory with initial value in Int K 5. Before that, we introduce the part metric
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on Int K B defined by
p(¢,) =inf {lna|a>1and o '¢ <p ¥ <p ad} (3.2)

which turns (Int I?B, p) into a metric space. The map p : Int Kp xInt K — Rt is
continuous with respect to the product topology induced by the norm || - ||z, due
to the inequality

L o=l

o) <t (1419

) for each ¢, 1 € Intf(B,

provided that the closed balls of radius 2 > 0 centred at ¢ and 1), respectively, are
contained in Kp (see Krause and Nussbaum [13, lemma 2.3(i)]). In addition, since
Kp is a normal cone, we also have (see [13, lemma 2.3(ii)]):

6=l < (26709 — ) — 1) min(6s, [6]), 6, ¥ € It Ko, (3.3

We say that a compact set M C Q x X, is strongly positive if M C £ x Int IN(B,
and write M >p 0. Note that this is equivalent to the existence of a 1y >p 0 such
that ¢ >p 1 for all (w, ¥) € M.

PROPOSITION 3.2. Assume that conditions (F1), (F2), (F4) and (F5) hold. Then,
for each w € Q and ¢ >p 0, the semiorbit {(w-t, yr(w, ¢)) | t = 0} is a relatively
compact subset of 2 x Xy, and it is uniformly stable. Moreover, the omega-limit
set is strongly positive, i.e., O(w, ¢) >p 0, and the restriction of T to the compact
invariant set O(w, ¢) C Q x X, is continuous.

Proof. Once we check that {(w-t, y:(w, ¢)) | t = 0} is bounded, it follows easily
from condition (F1) that it is relatively compact in € x X. More precisely, given a
sequence {t,} there is a subsequence (for simplicity, we take the whole sequence)
for which w-t,, — w; and ¥, (w, ¢) — ¢1 in X as n — oco. Thus, from

Yoo (W5 0)(8) =y, (w, 9)(=7) + j fw-(tn +u), yr, 4u(w, @) du, s € [-r,0],

we deduce that ¢ (s) = ¢1(=r) + [° f(wi-u, (61)u) du, ie., ¢ (s) = flwr-s, (¢1)s),
which together with (ytn (wa ¢))/(S) = f(w'<tn + 8)7 ythrs(wv ¢)) - f(wl'sv ((bl)S)
shows that (w-t,, yt, (w, ¢)) — (w1, ¢1) in Q x X, as wanted.

In order to check the boundedness, from (F5) and the previous argument, we
deduce that {(wo-t, y+(wo, ¢o)) | t = 0} is relatively compact in  x X, and, there-
fore, the omega-limit set O(wp, @) is a compact and invariant subset of Q x Int Kg.
Moreover, there are e; and ey € Int K 5 such that

0<per <py<pe foreach (w,p) € Owo,do). (3.4)

Then, given w € Q and ¢ > 0, we can take a pair (w, ¢) € O(wo, ¢o) (thanks to
the minimality of Q) and a u > 1 such that 4~ 'y <p ¢ <p . By monotonicity
and sublinearity, u ty:(w, ¢) < yi(w, ¢) < py:(w, ¢) for t > 0 and the bound-
edness of the semiorbit of (w, ¢), both from above and below, follows from the
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invariance of the set O(wy, ¢g), relation (3.4) and the semimonotonicity of the
norm || - ||. Besides, it follows that O(w, ¢) >p 0.

As for the uniform stability of the semiorbit of (w, ¢), from the uniform con-
tinuity of the part metric p over the relatively compact set {ys(w, ¢) | s = 0} x
{ys(w, ) | s >0} C Int K x Int K, given 0 < & < 1, there is a d(¢) > 0 such that
if ||ys(w, @) — || < & for some s > 0 and some ¢ € Int K, then p(ys(w, ¢), ¥) <
e = In(e%), that is, e “ys(w, ¢) <p ¥ <p e°ys(w, ¢), and again monotonicity and
sublinearity yield

€ Ystt(w, @) <p y(w-s,¥) <p € ystt(w,¢) foreacht >0,

ie, p(yi(w-s, ¥), ysyi(w, ¢)) <In(e®) =€ for ¢t >0, which together with (3.3)
provides the uniform stability, as claimed.
Finally, the continuity of 7 restricted to the compact invariant set O(w, ¢) C Q x

Int K 5 follows from the continuity of 7 in (2.2) and the equivalence of the topologies
on Q x X and Q x X, when restricted to O(w, ¢). The proof is finished. O

After this result, a direct application of [16, proposition 3.6(ii)] provides a more
accurate description of the previous omega-limit sets.

PROPOSITION 3.3. Assume that conditions (F1), (F2), (F4) and (F5) hold. Then,
for each w € Q and ¢ >p 0, the omega-limit set O(w, @) is a uniformly stable and
strongly positive minimal set which admits a fibre distal flow extension.

Even if the semiflow 7 : RT x Q x X; — Q x X is not continuous, we can deter-
mine an invariant and locally compact subset E of  x Int K formed by entire
relatively compact trajectories, over which the restriction of the skew-product semi-
flow (2.2) is continuous for the norm || - ||1. Before we state this result, we include
a technical lemma.

LEMMA 3.4. Assume that conditions (F1), (F2), (F4) and (F5) hold and let (wq, ¢o)
be the pair in condition (F5). Then:

(i) There exists a p > 1 such that p='do <z ye(w, ¢o) < 1 do for allw € Q and
t>0.

(i) If ¢ € C, for the bounded set C, := {cp €EXr|p oo <y <n ,0(/)0} with
p =1, then yy(w, p) € Cpp for w e Q, t >0, and O(w, ¢) C Q x Cy),.

Proof. Since the semitrajectory of (wg, ¢o) is bounded and strongly apart from 0,
and ¢o >p 0, we can find a ug > 1 big enough so that o~ ¢o <p yi(wo, ¢o) <p
o ¢ for all ¢ > 0. Now, given any w € 2 we can take a pair (w, ¢) € O(wo, ¢o)
which also satisfies 1o 'do <B ¢ <pB o 0. Applying monotonicity, sublinearity
and the fact that 7¢(w, ¢) remains in O(wy, ¢g) for all ¢ >0, we have that
to "ty (w, ¢o0) < yr(w, @) <p o ¢o and also o~ oo <p ye(w, @) < o Ye(w, do)
for all t > 0. As a consequence, the proof of (i) is finished by taking p = 3.

Ttem (ii) follows straightforward by applying monotonicity, sublinearity and (i).
The proof is finished. O
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We keep the terminology just introduced for the sets C, C X, for p > 1.

THEOREM 3.5. Assume that conditions (F1), (F2), (F4) and (F5) hold and consider

the set E =J wea O(w, ¢). Then:
¢>p0

(i) The set E C QxInt Kp C Q x Xy, is invariant and locally compact.
(ii) 7: RT x B — E is continuous for the topology of Q x X, on E.
(iii) For each integer j > 1,
tlggo dist(ys(w, C;), E(wt)) =0 and
Jim dist (g (1), ) E(w) =0
uniformly for w € Q, where as usual E(w) denotes the w-section of E.

Proof. First of all notice that £ C Q x Int IN(B C Q x X1, by proposition 3.2 and E
is invariant, that is, 74(E) = E for all ¢ > 0. To see that E is locally compact, let
us consider the family of open subsets in E given by

1
Vj = {(Wa¢)€E‘j¢0<<B<P<<Bj¢O} for each j > 1, (3.5)

where (wo, ¢o) is the pair in condition (F5). Note that, given any (&, @) € E, there
is a sufficiently big j such that (0, ¢) € Vj;. Thus, if we prove that the sets V; are
relatively compact in € x X, we are done.

With this purpose, fix a j > 1 and a sequence {(wy,, pn)} C V; and let us
check that it has a convergent subsequence. Note that, for each n > 1, (wy, ¢n) €
O(Wp, pn) for some w, € Q and @,, >p 0. By proposition 3.3, the set O(w,, @)
admits a flow extension, that is, there exists a unique backward orbit for each
of its points. Then, there exists a unique v, € X, such that 7(r, w,-(—=7), 1,) =
(Wn, ®n). If the sequence {1, } were relatively compact in X for the sup-norm, then
for a subsequence 9, — 1Yo € X as k — oo. Since (2 is compact, we can assume
without loss of generality (w.l.o.g.) that w,, — w € Q as k — oo. Therefore, by the
continuity of the map 7. : Q@ x X — Q x X, [see (2.4)], yr(wn, - (—=7), ¥n,) = ©n, —
yr(w-(—71), o) in X, as k — oo and we would have found a convergent subsequence
{(Wny,s ¢n, )}, as wanted.

Therefore, to finish the proof of (i) we need to see that {1, } is relatively compact
in X for the sup-norm. The main idea is to choose appropriate pairs (W}, @) €
Q x Int K in such a way that (w,, ¢n) € O(w, @) for each n > 1 and the set

H* = {yrr(wp,on) In2 1,120 C X

is relatively compact. Note that then, also (wy,- (=), ¥,) € O(wk, @) for each n >
1, and thus {¢,,} C cls H*, the closure of H* under the sup-norm, a compact set.
By the definition of V;, for each n > 1, we have that j = ¢y <p ¢n <5 j ¢ and,
since (wn, ©n) € O(Wn, Pn), for each n > 1, there exists a time s, big enough so
that 17 1o <B Ys, (On, &n) KB Jdo. Let (w}, ©F) = 7(5p, @n, Pn)- It is clear that
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(Wn, on) € O(w}, @) for each n > 1 and ¢}, € C;. By lemma 3.4, y;(w};, @) € C,;
for all t > 0 and n > 1, so that in particular y;(w}, ¢%) is in the interval for the
usual order in X, I = [j~tu~! ¢o, j p o). Then, by (2.3), we can rewrite

H* = {yr(wn-t,ye(wn, o)) [ > 1,620} Cyp (2% 1),

which is relatively compact in X because the map vy, is compact. Therefore, H* is
relatively compact too and the proof of (i) is finished.

Most of the arguments for the proof of (ii) are identical to the previous ones, so
that we just give a sketch of the proof. To check the joint continuity of 7 on R* x E,
we take {(t,, wn, ©n)} C RT x E converging to ({, @, ¢) € RT x F as n — oo with
the norm || - || in Xj. We already know that lim,, .. wyt,, = @-t. For the second
component of 7, note that, for each n > 1, (w,, ¢n) € O(Wy, &p) for some w,, €
and @, >p 0. Again thanks to (2.3) we can write

Yt (Wns Pn) = Yto 10 (Wn (=), 9n), (3.6)

where 1), € X, satisfies y, (wp-(—7), ¥n) = @, If the sequence {9, } were relatively
compact in X for the sup-norm, then ¢,, — ¥y € X asn — oo, up to taking a subse-
quence. By the continuity of 7 : [r, c0) x Q@ x X — Q x X, we would first have that
Yr(Wn(=7), Un) = on = yr(@-(—7), o) = ¢ in X, as n — oo, and then, taking
limits in (36)7 Yt,, (wn, L)On) - yf+?”(a)'(_r)7 ’(/}0) = y;(@, yr(w'(_r)a on)) = yt_<@, @)
also in X, as n — oo, and we would be done.

Therefore, it remains to check that {1} is relatively compact in X, and this is
done just as in the proof of (i). We just point out that this time we can take a big
j =1 and a ball D centred at ¢ > 0 so that j~1¢g <p ¢ <p j ¢ for all ¢ € D.
Since ¢, — @ as n — oo and (wy, ¢n) € O(0n, ¥n), for each n > 1 we can find a
time s,, big enough so that ys, (W, @n) € D. From here the proof is finished just
as before.

In the proof of (iii) we will use some properties of the Hausdorfl semidis-
tance (2.8). Namely, dist(Y7, Y2) = dist(Y1, Ya); if dist(Y7, Y2) = 0, then Y7 C Ys;
if Y1 C 7y, then dist(Y7, Y3) < dist(Z1, Y2); and if Zy C Ya, then dist(Y7, Y32) <
dist (Y1, Zo), for subsets Y1, Ya, Z1, Zs of a metric space Y, denoting by Y5 the clo-
sure of the set, for the sake of notation. Finally, recall that when Y7 is a singleton,
the Hausdorff semidistance is just the usual distance between a point and a set,
d(yla YQ)

The proof is organized into a series of claims. Let us fix a j > 1 and let > 1 be
the one in lemma 3.4.

Claim 1. Let jo > pj and consider the set Ej, := U, ,eaxc,, OW, ) C E.
Then, Ej, is invariant and relatively compact in €2 x X, the section map
w€ N Ej(w) is continuous at every point of €, and for each fixed @ € €,
limy_, o dist(y: (@, Cj), Ej,(w-t)) = 0.

First of all, note that by taking E;, we are reducing the zone of the set E to
which y;(w, C;) is going to approach, with the aim that it is relatively compact
and uniformly stable. Recall that if ¢ € C}, then O(w, ¢) C Q x C,,; for w € Q, and
Cu; C Cj,. Iterating this fact, taking j1 > p jo, &j, C Vj, for the relatively compact
set Vj, defined in (3.5), so that Ej, is relatively compact too. Besides, arguing as
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in the proof of proposition 3.2, we get the uniform stability of this set, that is,
given any ¢ > 0, there is a § > 0 such that if (w, ¢) € E}, and ¢ € Int Kp satisfy
llo — ¥l <0, then ||y (w, @) —ye(w, ¥)||z < € for t > 0. Note also that £}, admits
a flow extension, by proposmon 3.3. Then, we can apply [16, theorem 3.3] to the
invariant compact set Ej, C £ x X, whence the section map w € Q — Ej, (w) is
continuous at every point of € for the Hausdorff metric, which implies its continuity
also for the Hausdorff semidistance we are using.

At this point, fix an @ € Q. To see that lim;_. dist(y: (w0, C;), Ej,(w-t)) =0, let
us argue by contradiction and assume that there exists an 9 > 0 and there are
sequences {t,} T oo and {¢,} C C; such that

d(ys, (@, on), Ejy(@0-tn)) = €9 forn>1. (3.7)

Now, as in the proof of theorem 2.8, the set H = cls{y,(w, ¢) | (w, ¢) € 2 x Cj, }

is compact in X and H = {y,(w, ¢) | (w, @) € Q x H} is compact in X, . Besides,
by using the semicocycle property (2.3),

ye(w, ) € H whenever w € Q, pelC; andt > 2r. (3.8)

Then, supposing that t, > 2r for n > 1, we have that y, (@, ¢n) € H for n>1
and we can assume w.l.o.g. that (&-t,, v, (0, vn)) — (W*, ¢*) as n — oco. Due to
the continuity of the section map w € Q +— F;, (w) at w*, taking limits in (3.7) we
conclude that d(p*, E;,(w*)) > eo.

On the other hand, since also {y2, (@, ¢n)} C H, once more we can assume w.1.o.g.
that yo, (0, @n) — @ € HN Cj, as n — oo. Arguing again as in the proof of propo-
sition 3.2, we obtain the uniform stability of the compact set HcC Int K B, that
is, given any e > 0 there is a d > 0 such that, if ¢ € H and 1 € Int Kg satisfy
||¢ Y|l < 9, then ||y (w, ¢) — yr(w, ¥)|L < eforallw e Qandt > 0. Then, given
any € > 0 there is an n. such that ||ys, —o2,(0-27, Y2, (@, ©n)) — Yz, —2- (021, §)|| <
e for n = ng, that is, ||y, (@, ©n) — Yt, —2r (021, P)||L < € for n > n.. It follows
that lim, . 7, 27 (0-2r, @) = (W*, ©*), that is, (w*, ¢*) € O(w-2r, ) C Ej, by
the construction. Therefore, d(¢*, E;,(w*)) = 0, a contradiction.

Claim 2. The omega-limit set of QxCj, O; :={(w, ¢) € Wx X1 | (w, p) =
limy, oo (Wntn, Y, (Wn,y @n)) for some {w,} C Q, {v,} CCj, {t,} 10}, is an
invariant compact set and the section map w — O;(w) is continuous at every w € 2.

By the construction, O; is a closed set. It is positively invariant because of the
semiflow property and the continuity of the map 7, : Q2 x Xz — Q x X, for each
fixed ¢t > 0. Besides, according to (3.8), O; C Q x H, so that also O; is compact
and uniformly stable. Last but not least, there are backward extensions inside O;.
With all these properties, we can apply [16, theorem 3.4] to get the continuity of
the section map.

Claim 3. lim;_, o dist(y:(w, C;), Oj(w-t)) = 0 uniformly for w € Q.

To see it, argue by contradiction and assume that there exist an g9 > 0 and
sequences {t, } T 00, {w,} C Qand {¢,} C C;such that d(ye, (wn, ¢n), Oj(wn-ty)) =
go for n > 1. Once more, by (3.8) we can assume w.l.o.g. that (wy, tn, yi, (Wn, @n)) —
(w*, ¢*) € O;. Thus, on the one hand d(¢*, O;(w*)) = 0, but on the other, by the
continuity of the section map, d(¢*, O;(w*)) > €9, which is a contradiction.
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Claim 4. Let jo > pj and j1 > pjo. Then, Oj(w) C E;, (w) for all w € Q.

Note that by its definition, O; C € x Cj,. Since O; is an invariant set, for a
fixed o € Q, O;(w-t) C (W, Cj,) for all t > 0. Therefore, dist(O,(w-t), Ej, (0-t)) <
dist(y¢(w, Cj,), Ej, (w-t)) — 0 as t — oo by claim 1 applied to @, jo and ji.

From here, by the minimal character of €2, for each w € 2 we can find a sequence
{tn} T 0o such that &-t, — w. By the continuity of the section maps expressed
in claims 1 and 2, disty(O;(w), E;, (w)) = limy,—, 0 disty (O, (@-ty,), Ej, (0-t,)) = 0.
As a consequence, O;j(w) C E;, (w) for all w € Q.

Claim 5. lim; .o dist(y:(w, C}), E(w-t)) = 0 uniformly for w € Q.

For each w € Q, Fj, (w) C E(w) and, by claim 4, O,(w) C E;, (w). Then, for all
t>0, dist(y,(w, C;), E(w-t))<dist(y(w, C;)), Ej, (w-t)) < dist(y,(w, C;), Oj(w-t)),
and this goes to 0 as ¢ goes to oo uniformly for w € €, as stated in claim 3.

Finally, note that the second limit in (iii) follows straightforward from the first
one. The proof is finished. O

REMARK 3.6. Note that the set ' in theorem 3.5 is formed by bounded and entire
orbits and, when there exists a global attractor in €2 x Int K, it coincides with
this set. This happens, for instance, under the conditions in theorem 2.8(ii). In any
case, as stated in (iii), the set E contains the essential ingredients of the pullback
and forwards dynamics of the strongly positive semitrajectories.

Finally, the existence of a point w; € 2 and a time ¢; > 0 of strong sublinearity for
the trajectories, which in applications will be checked in terms of one of the FDEs of
the family, allows us to characterize the long-term behaviour of the trajectories.

(F6) There exist a point wy € Q and a time ¢; > 0 such that
Yt, (w1, A1) >p Ay, (w1,1) whenever ¢ >p 0 and A € (0,1).

THEOREM 3.7. Assume that conditions (F1), (F2) and (F4)—~(F6) hold. Then, there
exists a unique strongly positive minimal set M >p 0 which is a copy of the base,
that is, M = {(w, b(w)) | w € Q} for a continuous map b: Q — Int K, and

tlim lys(w, @) — b(w-t)||L =0 whenever w € Q and ¢ >p5 0. (3.9)
—00

Proof. First notice that there is at least one strongly positive minimal set because,
if we take the point (wg, ¢o) in condition (F5), proposition 3.3 asserts that M =
O(wo, ¢o) is a strongly positive minimal set, M >p5 0. Assume on the contrary
that there are two distinct minimal sets M; >p5 0 and M, >p 0, and consider
(w, Y1) € My and (w, 13) € Ms. Let wy € Q and t; > 0 be the point and time of
condition (F6). We take a sequence {s, } | —oco with s,,_1 — s,, > t; for each n > 2,
and such that

lim (w-sp,ys, (W, ;) = (w1,¢]) € M; for i=1,2. (3.10)

n—0o0

Note that in particular ¥} # 13, since distinct minimal sets have an empty inter-
section. Now, from (F2), (F4) and (F6), i.e., monotonicity, sublinearity and strong
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sublinearity at time t; for wy, it is well-known (see, e.g., Chueshov [4, lemma 4.2.1])
that the part metric p defined in (3.2) is decreasing along the trajectories, that is,

p(p1,92) = p(ye(w, 1), ye(w, p2))  whenever w € Q, ¢1, 2 € Int Kp and t > 0,

and strictly decreasing at t; for the point wq, that is,

p(p1,02) > p(ye, (Wi, 01), Y, (w1, 02))  whenever @1, 09 € Int K, @1 # @3-

This fact, together with (3.10), the continuity of the part metric, and the inequalities
Sn_1 > t1 + s, for n > 2, yield

p(Y1,05) > p(ye, (W1, Y1), ys, (W1,73)) = nlij;op(ytﬁsn (W, V1), Yty 45, (W, 12))
2 Hm p(ys, ., (W, 91),Ys, s (0,92)) = p(¥T, 93),

a contradiction. Thus, there is a unique strongly positive minimal set M >p 0 and
now we check that it is a copy of the base. Once more we argue by contradiction and
assume that for certain w € €2 there are two distinct pairs (w, 1), (w, 92) € M.
Then, we get a contradiction arguing as before. Just note that this time we get
that ¢} # ¢35 because M has a fibre distal flow extension (see proposition 3.3).
Consequently, M is a copy of the base, b is continuous and (3.9) follows from
O(w, ¢) = M for all w € Q and ¢ >p 0. The proof is finished. O

We remark that the implications of theorem 3.7 in terms of attraction are strong:
the induced semiflow has a simple global attractor in €2 x Int Kz, and for all the
processes the pullback attractor is a forwards attractor too.

4. An application to Nicholson systems

In this section, we want to find some applications of the theory to delay systems in
real life processes. We have focused on Nicholson systems, modelling the behaviour
of a biological species on an heterogeneous environment, giving rise to patches or
compartments in the model, so that the distribution of the population is influenced
by the migrations among patches and the growth of the population on each patch,
which depends on the local resources, among other conditions. For the sake of sim-
plicity, and motivated by the recent interest in almost periodic Nicholson systems,
we assume an almost periodic variation of the coefficients, but all the results might
be stated in a more general framework. Namely, it suffices to assume a recurrent
behaviour of the time-varying coefficients, so that the hull of the system is minimal.
It is noteworthy that, in that case, the characterization of the persistence properties
for almost periodic Nicholson systems given in the papers by Obaya and Sanz [20,
21] takes a slightly more complicated form.

Some history on the Nicholson models can be found in many papers, for instance
in [21]. The first model was presented by Gurney et al. [8], who proposed the scalar
delay equation

?(t) = —pa(t) +pat—r)e 7",

which was called Nicholson’s blowflies equation, as it suited reasonably well the
experimental data on the behaviour of an Australian sheep-blowfly obtained by
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Nicholson. The coefficients in the equation are positive constants with a biological
interpretation, and in particular the delay r stands for the maturation time of the
species. When the equation is rescaled into 2/(t) = —ax(t) + ba(t — 1) e =1 it
is well-known that, if 1 < b/a < e, then the nontrivial equilibrium attracts every
other nontrivial positive solution (see [25, theorem 6.5.1]). This behaviour was
extended later in [7] under the condition 1 < b/a < €. Smith [25] introduced the
exponential ordering in the study of this equation, as it permits to add a new zone
for the variation of the parameters, namely, b/a > e and b < e! =%, still guaranteeing
that the nontrivial equilibrium of this scalar equation attracts every other nontrivial
positive solution.

Our purpose is to apply the exponential ordering in the search for new conditions
to ensure the existence of a unique attracting positive almost periodic solution of an
almost periodic Nicholson system. Special attention has been paid in the literature
to the periodic case, with quite successful results (see [6] and the references therein),
but actually reality is better modelled by almost periodic variations rather than
periodic ones. For convenience, recall that a continuous map f: R — R is almost
periodic if for every e > 0 the set of the so-called e-periods of f, {s e R | |f(t+ s) —
f(t)] < efor all t € R}, is relatively dense.

More precisely, we consider an m-dimensional system of delay FDEs with patch
structure (m patches) and a nonlinear term of Nicholson type, which reflects an
almost periodic temporal variation in the environment,

yi(t) = —di() yi(t) + Zﬁz‘j (895 (8) + Bil) ya(t —ri) e w0 g >0 (4.1)

for i =1, ..., m. Here, y;(t) denotes the density of the population on patch i at
time ¢ > 0 and r; > 0 is the maturation time on that patch. We make the following
assumptions on the coefficient functions:

di(t), ai;(t), ¢(t) and Bi(t) are almost periodic maps on R;

di(t) > dyo>0foreacht € Randic {1,..., m};

Bi(t) >0 for each t e Rand i € {1, ..., m};

)
)
a3) a;;(t) are all nonnegative maps and a;; is identically null;
)
) ¢(t) = co>0foreacht € Rand i€ {1, ..., m};

)

d;(t) — > i1 @ji(t) > 0 for each t € Rand i € {1, ..., m}.

The coefficient @;;(t) stands for the migration rate of the population moving from
patch j to patch 7 at time ¢ > 0. As for the birth function, it is given by the delay
Nicholson term. Condition (a5) is technical and implies the uniform boundedness
of the terms ye_Ei(t)y for y > 0, t € R, 1 <i < m. Finally, the decreasing rate on
patch 4, given by d;(t), includes the mortality rate as well as the migrations coming
out of patch 4, so that condition (a6) makes sense, saying that the mortality rate

is positive at every time.
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We note that we need coefficients defined on R to build the hull of the Nicholson
system. The reason for introducing the family of systems over the hull is that
it allows the use of techniques of nonautonomous dynamical systems. We briefly
explain the procedure. Take X = C([—r1, 0]) X ... X C([—=74,, 0]) with the usual
cone of positive elements, denoted by X, and the sup-norm. Then, X is a strongly
ordered Banach space. Write (4.1) as yi(t) = fi(t, y+), 1 <i < m, for the maps
fi RxX —R,

fi(ta (,25) - + Z azy + ﬂz( ) ¢i(*7"i) eia(t) $i(=ri) . (42)

Consider the map [:R — RY given by all the almost periodic coefficients [(t) =
(ds(t), a;;(t), Bi(t), E(t)) and let © be its hull, that is, the closure of the time-
translates of [ for the compact-open topology. Then, €2 is a compact metric space
thanks to the boundedness and uniform continuity of almost periodic maps. Besides,
the shift map o : R x Q — Q, (¢, w) — w-t, with (w-t)(s) = w(t + s), s € R, defines
an almost periodic and minimal flow. By considering the continuous nonnegative
maps d;, a;j, i, ¢; : @ — R such that (d;(w), ai;(w), Gi(w), ¢;(w)) = w(0), the ini-
tial system is included in the family of systems over the hull, which can be written
for each w € Q as

y;(t) d w t y7 Zam w- t y] +/6)Z(w t) yz(t —r ) —ci(w-t) yi(t—7i) (43)

fori =1, ..., m. For each w € Q and ¢ € X, the solution of (4.3) with initial value
 is denoted by y(t, w, ¢). Solutions induce a skew-product semiflow 7 : Ry x Q x
X - QxX, (t,w, ¢) — (wt, y:(w, v)) (in principle only locally defined) which
has a trivial minimal set € x {0}, as the null map is a solution of all the systems
over the hull.

Note that this family of systems does not satisfy the standard quasimonotone
condition (Q) in FDEs. In any case, the set  x X is invariant for the dynamics,
that is, the solutions of (4.3) starting inside the positive cone remain inside the
positive cone while defined: just apply the criterion given in [25, theorem 5.2.1].
We can also assert that, if ¢ > 0 with ¢(0) > 0, then y(¢, w, ¢) > 0 for all ¢ > 0.
In order to check it, just compare the solutions of the Nicholson systems with those
of the cooperative family of ODEs given for each w € 2 by

yi(t) = —d;(w-t) yi(t —|—Za”wt Jy;(t), 1<i<m.

As stated in [21, theorem 3.3], all the solutions of (4.3) are ultimately bounded,
that is, there exists a constant ro > 0 such that, for each w € Q and ¢ € X, every
component of the vector solution satisfies 0 < y;(¢, w, ¢) < ro from one time on.
As a consequence, the induced semiflow is globally defined on € x X .

Hereafter, we focus on situations in which the population persists. We give the
definition of persistence for (4.1), meaning that, if at the initial time ¢ = 0 there

https://doi.org/10.1017/prm.2023.24 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.24

590 S. Novo, R. Obaya, A. M. Sanz and V. M. Villarragut

are some individuals on every patch, in the long run the population will surpass a
positive lower bound on all the patches. We keep the terminology used in [21].

DEFINITION 4.1. The Nicholson system (4.1) is uniformly persistent at 0 if there
exists an M > 0 such that for every initial map ¢ > 0 with ©(0) > 0 there exists a
time to = to(yp) such that

yi(t,p) =M  forall t >ty and i=1,...,m.

As shown in [21, theorem 3.4], this dynamical property for the system is equiv-
alent to the uniform persistence of the whole family (4.3), or in other words, to
the uniform persistence of the induced skew-product semiflow 7 in the interior of
the positive cone, according to definition 2.6(i). A complete characterization of
this property in terms of a few Lyapunov exponents (which can be numerically
calculated) can be found in [21, theorem 3.5].

We remark that the equivalence between the uniform persistence of the initial
system and the uniform persistence of the complete family of systems over the hull is
not to be expected in general, since the appropriate concept of uniform persistence
in nonautonomous systems must be a collective one (see [21] for more details).

Inspired by the treatment given to the scalar model in [25], we now follow his
alternative strategy using the exponential ordering to determine conditions of a
different nature on the existence of a unique positive almost periodic solution
attracting every other positive solution as t — oco. When we write the Nicholson
systems (4.3) in the general form y/(t) = F(w-t, y:), w € Q, it is easy to check that
F satisfies condition (F1). Now, we introduce the cone of positive elements for the
exponential ordering. We take an m x m diagonal matrix B with diagonal entries
— 1, —M2, -y —fbm, for some pu; >0, ¢ =1, ..., m. The diagonal structure of B
permits to write the positive cone as

KB:{apGX|g0>()and<pi(t)e’“t2902-(5)6’“5, —r; <s<t<0, 1<i§m}.

To find a sufficient condition relating the coefficients of the Nicholson systems
and the matrix B leading to the quasimonotone condition (F2), we denote by
D(w) and B(w) the diagonal matrices with diagonal entries dy(w), ..., dy,(w) and
B1(w), ..., Bm(w), respectively, and by A(w) the matrix [a;;(w)]. We require that
for each w € Q, whenever ¢ <p v, that is, ¥ — ¢ € Kp, it holds that

Pl ) — F(,6) = B(6(0) — 9(0)) = [-D() + Aw) — B (6(0) — 6(0))
+ B(w) (wi(_ri)efci(w) pi(=ri) _ qz51,(_”)6701-0@ ¢i(*""i)> >0

1<i<m

For each component, applying in the first inequality the mean value theorem to the
map h;(y) =ye (@) ¥ and the fact that ¢ <z v in the second one, we have that

(@) i (=7 —ei(w) di(—ri) < —1
Wil =ri) eIV — gy () TSI S 2 (=) — i)

> L omri(4,00) - 64(0)).

e2
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From here it is easy to get this sufficient condition for (F2):
Bi(w) < (—di(w) + pi)e* H"  forwe Qand 1<i<m. (4.4)

Note that the restriction d;(w) < p; for all w € Q and 1 < ¢ < m is implicit in the
previous condition and that it is independent of the migration terms a;;(w) as well
as of the coefficients ¢;(w). Next, we determine some precise relations so that (4.4)

holds for some positive 1, ..., tmn. Let us introduce some notation:
df = sup d;(t), B = sup 3;(t), for1<i<m. (4.5)
teR teR

By the hull construction, d; = sup,,cq d;(w) and B;" = sup,cq B;(w) for all 1 < i <
m.

THEOREM 4.2. Assume that the Nicholson system (4.1) satisfies conditions
(a1)-(a6) and for each 1 <i<m let ;" and df be defined as in (4.5). Let B
be the diagonal matriz with diagonal elements —pi1, ..., —fm, for

1 2
i = . In (meﬁ+> for each 1 <i < m. (4.6)

(i) Whenever

T /6’;“ edi i <e foralll<i<m, (4.7)

the matriz B has negative diagonal entries and condition (F2) holds, whence
the induced skew-product semiflow T is monotone for <p

(ii) Whenever
T ﬁj edimi <e foralll <i<m, (4.8)

condition (F3) holds and besides, for r := max(ry, ..., ry):
ifweQ and ¢ =0, then ys(w, ¢) 25 0 fort >r;

if we Q and ¢ =0 with ¢(0) > 0, then yi(w, ¢) >p 0 fort > 2r.

Proof. Take into account the sufficient condition (4.4) for (F2) and the fact that,

for each i € {1, ..., m}, by the hull construction, —d;(w) + p; —e*"=23;(w) >
—d + p; —etmiT2BE for all w € Q. Then, it suffices to do an analytical study of
the map

1
Filp) = —df+p = = BF e p >0,
to see that f;(u;) = 0 provided that (4.7) holds. More precisely, p; > 0 is the point

where the map f; reaches its maximum value on the positive semiaxis and condition
(4.7) guarantees that this maximum value is > 0.
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When (4.8) holds, then the maximum value of f; on the positive semiaxis is
positive, the inequalities in (4.4) are strict, and thus condition (F3) holds. Now,
take w € Q and ¢ > 0. Then, for t > r, y;(w, @) is a smooth map, y;(w, ¢) > 0 and

yi(t+s,w, @) = —di(w-(t+3s)) yi(t+s,w, ) = —u; yi(t+s,w,¢) for all s € [—r;,0]

and 1 < ¢ < m. Hence, y:(w, ¢) >p 0 for t > r. Finally, if also ¢(0) > 0, as we have
already mentioned, then y(¢, w, ¢) > 0 for all t > 0. To finish, we can argue exactly
as in the proof of proposition 2.1(i). O

Note that conditions (4.7) and (4.8) are satisfied whenever the delays are small
enough. Hereafter, when one of these conditions is assumed, the exponential order-
ing < p for the diagonal matrix B with diagonal entries —p1, ..., —p, is considered,
in accordance with (4.6).

As a consequence of the previous result, we obtain two corollaries under condition
(4.8). Firstly, if a minimal set lies inside the interior of the standard positive cone,
in fact it is inside the smaller set Int K5 for the exponential ordering. Secondly, for
Nicholson systems, the property of uniform persistence of the semiflow with respect
to the exponential order implies the same property for the usual order. Eventually,
we will see that both are equivalent. Recall that these properties of persistence are
in general unrelated.

COROLLARY 4.3. Assume that (4.8) holds for the Nicholson system (4.1). If there
exists a strongly positive minimal set M > 0 for T, then M >p 0.

Proof. Just note that inside a minimal set there are backward extensions of the
semitrajectories. Then, when we move backwards we remain in the interior of the
standard positive cone, and when we come back forwards we enter the interior of
the exponential ordering cone, by theorem 4.2(ii.2). O

COROLLARY 4.4. Assume that (4.8) holds for the Nicholson system (4.1). If the

induced semiflow T is uniformly persistent in Int Kpg, then it is also uniformly
persistent in Int X .

Proof. Let us assume that 7 is uniformly persistent in Int K 5 and let us see that it is
also uniformly persistent in Int X . Let ¢) >>p 0 be the one in definition 2.6(ii) and
take w € 2 and ¢ > 0. By theorem 4.2(ii) we know that yo.(w, ¢) >p5 0, so that
there exists a tg = to(w, p, 2r) such that y(w-2r, yo,(w, ¥)) = Yrror(w, ©) =25 ¥
for all ¢ > tg. By the definition of <p in particular y; o, (w, ¢) = ¥ > 0, and we
are done. ]

The next result for the exponential ordering is an application of theorem 3.7. Note
that, if we are working with the exponential order <p, it seems natural to assume
the uniform persistence with respect to its positive cone. However, it is enough to
assume this property for the usual order, which, by the previous corollary, is an a
priori weaker assumption.

THEOREM 4.5. Assume that (4.8) holds for the Nicholson system (4.1), which satis-
fies conditions (al)—(a6) and is uniformly persistent at 0. Then, there exists a unique

https://doi.org/10.1017/prm.2023.24 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.24

Exponential ordering with applications to Nicholson systems 593

minimal set M > 0 which is a copy of the base, that is, M = {(w, b(w)) |w € Q}
for a continuous map b: Q — Int X, and

tlim lys(w, @) — b(wt)||oo =0 whenever w € Q, ¢ >0 with $(0) > 0. (4.9)

In other words, for each of the systems in the family (4.3), there is a unique
strongly positive almost periodic solution and, whenever at time O all the patches
are inhabited, the population evolution is asymptotically almost periodic.

Proof. In order to apply theorem 3.7, we write the systems (4.3) in the general
form y'(t) = F(w-t, y1), w € Q. Then, condition (F1) holds and, by theorem 4.2(ii),
(F3) [and hence (F2)] follows from (4.8). It is also easy to see that the sublinearity
condition (F4) actually holds for all ¢ > 0, so that by proposition 3.1 the semiflow
is sublinear for the exponential ordering.

As mentioned before, [21, theorem 3.4] says that definition 4.1 is equivalent
to definition 2.6(i). Since the solutions are ultimately bounded, taking any pair
(w, ¢) € Q x Int X, its omega-limit set contains a minimal set which satisfies M >
0 by the uniform persistence property. But then, by corollary 4.3, M >p 0 and all
the semitrajectories inside M satisfy condition (F5).

Finally, for condition (F6), let wy be the map in Q determining the initial Nichol-
son system (4.1), which we write as y.(t) = fi(t, y+), 1 <i < m, for the maps
fi :Rx X — R given in (4.2). By assumptions (a4)—(ab), for each fixed ¢, the real
map h(z) = f;(t) z e~ is strictly sublinear for = > 0. Thus, it is easy to check
that, for each A € (0, 1) and ¢ > 0,

We claim that (F6) holds for wy and every ¢y > r :=max(ry, ..., 7). To check
it, take ¥ >p5 0 and X € (0, 1). Having in mind the expression of Int Kg, let
us first check that Ay (w1, ¥) < yi(wi, A) for all ¢ > r by comparing the solu-
tions. It suffices to see that Ay(t, w1, ¥) < y(t, wi, A) for all ¢ > 0. Consider

ri=min(ry, ..., 7y) >0 and let z(t) := Ay(t, w1, ¥), t = 0. Then, since in par-
ticular ¢ > 0, again by strict sublinearity, for ¢ € (0, 7] and 1 < i < m we have
that

24(t) = =di(t) 2:(t) + Y i (1) 2(8) + Bi(t) Ay (¢ — ) =DVl
< —d;(t) zi(t) + iaij(t) 2i() + Bi(t) A (t — ;) e AE O ilEmr),

A standard comparison theorem for cooperative ODEs [thanks to (a3)] implies that
2(t) < y(t, wy, A) for t € (0, 7]. Iterating the procedure interval by interval, we
can assert that Ay(t, wi, ¥) < y(t, wi, A) for all t > 0, as we wanted.
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Secondly, note that, since 1 > 0, we know that y(t, wy, 1) > 0 for all £ > 0, so
that ys(w1, ¥) > 0 for all ¢ > 0. Then, for all £ > 0 and 1 <7 < m we write

i (twi, M) — Ayi(tw, ) + i (yi (8 w1, M) — Ay (Ewi, 1))
= filt,ye (w1, M) = A fi(t, ye(wr,9)) + pa(yi(t, w1, M) — Ayi(t, wi, )
> fl(ta yt(wla)‘d))) - fi(thyt(wladj)) + ui(yi(tawh)‘d}) - Ayi(tawlaw)) P 07

where (4.10) applied to y¢(w1, ¥) > 0 has been used in the first inequality, and
the sublinearity of the semiflow for <p permits to apply (F2) to justify the sec-
ond inequality. Then, by a continuity argument we deduce that yi(wi, Av) >p
Ay(wr, ¥) for all ¢t > r, whence (F6) holds for wy and every ¢; > 7, as claimed.
Therefore, we can apply theorem 3.7 saying that there exists a unique strongly
positive minimal set M >p 0 which is a copy of the base and attracts all the
semiorbits starting in  x Int Kp as t — oo for the || - ||z norm. By corollary 4.3,
M is also the unique minimal set in Int X ;. Finally, (4.9) follows from theorem
4.2(ii.2), since the orbit of each (w, ¢) with ¢ > 0 and ¢(0) > 0 enters Q x Int Kp
after time 27 and it is then attracted to the minimal set forwards in time. Since the
immersion X — X is continuous, the proof is finished. O

COROLLARY 4.6. Assume that (4.8) holds for the Nicholson system (4.1). The
induced semiflow T is uniformly persistent in Int K if and only if it is uniformly
persistent in Int X .

Proof. One implication is corollary 4.4. Assume that 7 is uniformly persistent
in Int X;. Thanks to condition (4.8), theorem 4.5 applies so that the set M =
{(w, b(w)) | w € Q} >p 0 is the attractor of positive solutions. In particular, there
exists a 1 >p 0 such that b(w) =25 ¢ for all € Q. Then, taking any w €  and
¢ >p 0, the semiorbit {(w-t, y¢(w, ¢)) | t = 0} approaches M as t — oo and there-
fore, there exists a to > 0 such that y:(w, @) =p /2 for all t > tg. The proof is
finished. O

If some of the maps ci(t) have a big oscillation with respect to their mean values,

t

1
dio 1= tlim n di(s)ds for 1 <i<m,

condition (4.8), r; ﬂ;" edimi < e, might force too strong a small delay condition. In
the next result we relax condition (4.8).

THEOREM 4.7. Assume that the Nicholson system (4.1) satisfies conditions
(al)—(ab) and it is uniformly persistent at 0. If it also holds that

~ t 3.
r; Sup {@(t) elt-r; di(s)ds |te R} <e foreach1l<i<m, (4.11)
then, there exists a unique positive almost periodic solution of (4.1) which asymp-

totically attracts every other positive solution; more precisely, it attracts every other
solution y(t, @) with initial value ¢ > 0 such that p(0) > 0.
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Proof. Consider the family of systems (4.3) over the hull Q, which is minimal
and uniquely ergodic because of the almost periodicity assumption (al). Let v
be the unique ergodic measure on 2. Roughly speaking, the idea is to make a joint
change of variables which for each w € € takes the almost periodic coefficients
di(w-t), 1 <i<m into their respective mean values d;g, or at least arbitrarily
close to them. Recall that, by Birkhoff’s ergodic theorem, d;p = de dv for 1<
i < m. Consider the Banach space Cy() = {a € C(Q) | [, adv = 0} of continuous
maps on 2 with null mean value, and 1ts vector subspace BP(Q) ={a € Cy(Q) |
a has a bounded primitive}. In the case of periodic coefficients, Cy(2) = BP(Q),
whereas, if 2 is aperiodic, then BP(Q) C Cp(2) and it is a dense subset of first
category. See Campos et al. [1, lemma 5.1] for this result in a more general setting,
but note that the almost periodic case was already proved by Johnson [11].

We could skip the first case we are going to consider, but it helps to understand
the condition required in (4.11). Let us first assume that the maps d;(w) = d;(w) —
di, w € Q for 1 < i < m, which are in Cy(2), admit bounded primitives, that is,
there exist maps h; € C(Q2), 1 <4 < m, such that

¢
/ di(w-s)ds = hij(w-t) — hj(w) forallweQ, teR. (4.12)
0

Then, in (4.3), for each w €  we make the change of variables z;(t) = e/ (<) y,(#),
1 < i <'m, which preserves the boundedness of the solutions and the property
of uniform persistence. The transformed systems have a similar structure to the
Nicholson systems, namely, for each w € 2,

2(t) = —dio 2i(t) + Y aly(wet) (1) + B} (wrt) zi(t — ry) =T (0= (E=m)
j=1
for the new coefficients
aj;(w) : = agj(w) "R,
B (W) : = Byfw) ez,
¢ (W) i = eylw) e Ml ),

and it is easy to check that the transformed system of (4.1) also satisfies (al)—(ab),
although it might not satisfy assumption (a6). However, this is unimportant
because, even if this condition has a biological meaning in the original system,
its analytical implications—it is basically used to prove the ultimate boundedness
of solutions—still hold, by the expression of the change of variables, the fact that
) is compact, and h; are continuous maps.

Therefore, we can apply theorem 4.5 to the new systems, provided that the
monotonicity condition for the exponential ordering (4.8) holds, but that is exactly
condition (4.11) in the hypotheses. To check it, let w; €  be the one determining
the initial Nicholson system (4.1) and note that now the parameters involved for
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each 1 <i < m are (df)* = d;p and

(87" = sup {8} (wi-) | £ € R} = sup { Gi(wr ) e (1Ml =) | ¢ R

which can be rewritten as (3;)" = sup {Bl(t) ofi—r; di(s)ds—diors |4 o R}, by (4.12).
As a consequence, for the transformed systems, there exists a unique minimal
set M* ={(w, b*(w)) |w € Q} for a continuous map b* : @ — Int X, which is
an attractor of the semitrajectory of every pair (w, ¢) provided that ¢ > 0 and
#(0) > 0. Reversing the change of variables, we see that the original systems (4.3)
also have a unique minimal set M = {(w, b(w)) | w € Q} for a continuous map
b:Q — Int X which is also an attractor of the semitrajectory of every pair (w, ¢)
provided that ¢ > 0 and ¢(0) > 0.

To finish the proof it remains to assume that some of the maps c’i;(w) =d;(w) —
dip, w € Q, for 1 < i < m, which are in Cy(Q2), do not admit a bounded primitive.
Then, since the subspace BP(Q) is dense in C(2) and (4.11) holds, given any ¢ > 0
with the following restrictions:

(61) e < di0/2,
(e2) r; sup {ﬁl(t) efe—r; di(s)ds ’t € ]R} <el=27i for 1<i<m,

there exist maps 0; € BP(Q), 1<i<m (which depend on ¢), such that
sup{@-(w) — 5w |we Q} < e. This time let h; € C(Q) be a primitive of 4;,
that is,

¢
/ 0i(w-s)ds = hj(wt) — hi(w) forallweQ, teR. (4.13)
0

The same change of variables as before, z;(t) = e 4;(t), 1 < i < m, transforms
the systems into the new family

(1) = — [dio + (di(wt) = Bi(wt))] 2:(t)
+ ) ak(wt) z(t) + B (wt) zi(t — i) e G WD)y e,
j=1

where the coefficients a};(w), 8} (w) and ¢} (w) have the same expressions as before.
It is easy to see that under restriction (e1) the new transformed system of (4.1) also
satisfies (al)—(ab). Besides, taking into account (4.13) and doing similar calculations
to the ones in the previous situation, we see that, thanks to restriction (e2), relation
(4.8) also holds for this transformed system. Hence, theorem 4.5 applies and the
proof is finished as before, just by reversing the change of variables. O

REMARK 4.8. For each i =1, ..., m, note that, if the map d;(t) is periodic and
the delay r; is a multiple of the period, then f:ﬂ«. di(s)ds = d;or; for all t € R, and
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condition (4.11) then reads r; 8; e?o™ < e. This last condition allows for bigger
delays (and bigger periods too) rather than r; 3;" edim < e in (4.8), specially for
periodic maps with a big oscillation. Analogously, if the map cZ(t) is almost periodic,
given an € > 0 as small as wanted, there is a relatively dense set in (0, co) of delays r;
such that f:ﬁm (Z(s) ds — diori’ < e for all t € R, so that r; 3; edi0"i+¢ < e implies
condition (4.11). Whereas the statement for the periodic case is immediate, in the
almost periodic case we have to argue as in the proof of the last result, taking into
account that continuous maps on 2 with null mean value can be approximated by
maps with a continuous primitive, and also the fact that an almost periodic map
has a relatively dense set of J-periods for each § > 0.

REMARK 4.9. The same technique used in the proof of the previous theorem
allows to improve the small delay conditions imposed in the literature for the
existence of the so-called special solutions of FDEs, when applied to the scalar
Nicholson equation z’(t) = —d(t) z(t) + B(t) z(t — ) e~ =(=") with almost peri-
odic coefficients d(t), 5(7&) and ¢(t). Special solutions are globally defined solutions
(defined on the whole line R) of delay equations, which are solutions of associ-
ated ODEs. This theory originated in the 1960s in some works by Ryabov [23].
See also [5, 22], and the references therein. More precisely, fix a general scalar
delay equation 2/(t) = f(t, z;) with delay r, such that f is continuous, satis-
fies sup,< | f(t, 0)| e"/" < oo and is globally Lipschitz, that is, |f(¢, ¢) — f(t, ¥)| <
Lij¢ — ] for all t € R, ¢, ¥p € C([—r, 0]). Then, provided that the delay satisfies
Lre <1, for each tg, 2o € R, there exists a unique solution x(t) of =’ = f(¢, x),
t € R, such that x(tg) = x¢ and sup,<, |z(t)] et/" < co. This solution is the special
solution. In particular, the solutions in the global attractor, when it exists, are
globally defined and bounded, and thus are special solutions.

For the Nicholson equation, L = d* 4 3% and the previous small delay condition
reads (d* + 87)re < 1. By looking at the family of equations over the hull and
performing the change of variables z(t) = ¢"“") z(t) for an appropriate h € C(Q),
which clearly preserves special solutions, we can now improve the small delay
condition for the existence of special solutions:

(do + sup {B(t) ofi=r d(s) ds—dor | tec R}) re<1,

where dy is the mean value of d(t). If in particular d(t) is periodic and the delay
is a multiple of the period, then this condition is just (dy + 87)re < 1.

The same happens when we look at more recent results by Pituk [22] for
scalar autonomous delay equations. By introducing the exponential ordering <,
for a p >0, [22, theorem 5.2] offers new conditions to guarantee the exis-
tence of special solutions for a'(t) = f(x), this time with the growth condition
sup,< |z(t)] e#* < oo. It is easy to check that [22, theorem 5.2] is also true for
time-dependent equations z/(t) = f(¢, x;) if condition (5.1) therein is independent
of ¢ and besides sup, | f(t, 0)|e*" < oo. The condition to apply this result to our

. . + _ . .
Nicholson equation is r 3Te? ™ < e~!. Once more performing the previous change
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of variables, we can improve this condition into

r sup {g(t) ofird(s)ds |t S R} < %,

which in the aforementioned case of a(t) periodic reduces to r Ted” < e 1.
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