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We study LP-Sobolev regularity estimates for the restricted X-ray transforms
generated by nondegenerate curves. Making use of the inductive strategy in the
recent work by the authors, we establish the sharp LP-regularity estimates for the
restricted X-ray transforms in R4t1, d > 3. This extends the result due to Pramanik
and Seeger in R3.
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1. Introduction

Let v be a smooth curve from I = [~1,1] to R?. We consider

R (z,5) = (5) / fa+ty(s), Ox(B) dt,  f € SRHD),

where 1 and y are smooth functions supported in the interiors of the intervals I
and [1,2], respectively. The operator Rf is referred to as the restriction of X-ray
transform to the line complex generated by the directions (v(s),1), s € supp ¢. We
say 7 is nondegenerate if

det(v/(s),...,7 YD (s)) #£0, Vsel. (1.1)

The operator R f is a model case of the general class of restricted X-ray transforms
(see [12, 16-19]). Especially in R3, under the nondegeneracy assumption (1.1), Rf
is a typical example of Fourier integral operators with one-sided fold singularity [13].
Regularity properties of Rf have been studied in terms of LP improving and L”
Sobolev regularity estimates. The LP improving property of 9 is well understood
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by now [14, 15, 24, 25|. The problem was, in fact, considered in a more general
framework: LP — LY(L") estimates for 2R were studied by some authors (see, e.g. [7,
11, 34]) and the estimates on the optimal range of p, q,r were established except
for some endpoint cases. (See also [8-10, 20, 33] for related results.)

L? - L% /(2d) bound on fR is easy to obtain via 7T argument and van der Corput’s

lemma [16] (see also [13, 19] for the sharp L? Sobolev estimates for general class of
operators). Interpolation between this and the trivial L™ estimate shows that R is
bounded from L? to L11’ J(pd) for p > 2. This is optimal in that LP — L? estimate fails
if @« > 1/(pd) (see Proposition 5.1). However, when p < 2, the sharp LP regularity
estimate is less straightforward. Such an estimate has not known until recently.
When d = 2, the optimal LP — L’l)/p, estimate was established for 1 < p < 4/3 by
Pramanik and Seeger’s conditional result [31] and the sharp decoupling inequality
for the cone C R? due to Bourgain and Demeter [5]. Those estimates and inter-
polation give the sharp LP — L117/(2d+) estimate for 4/3 < p < 2, but the endpoint
Lr — L’l’/@d) estimate remains open. (See Conjecture 1.1.) In R? the result has been
extended to more general operators. In fact, Pramanik and Seeger [30] obtained
the sharp LP regularity estimates for the Fourier integral operator with folding
canonical relation. Bentsen [4] (also see [3]) extended the result to a class of radon
transforms with fold and blowdown singularities.

However, in higher dimensions (d > 3) the sharp LP regularity estimates for R
have remained open for 1 < p < 2. Set pg = 2d/(2d — 1) and

17;7 1<p<pda
a(p)={1 P

24 Pa<p<2
It is natural to conjecture the following.

CONJECTURE 1.1. Let d > 3 and 1 < p < 2. Suppose v is a smooth nondegenerate
curve. Then, R boundedly maps LP to LP, for a < a(p).

Failure of L? — L? boundedness for a > «(p) can be shown by a slight modifica-
tion of the examples in [31]. (See Proposition 5.1.) The following is our main result
which verifies the conjecture except for some endpoint cases in every dimension
d>3.

THEOREM 1.2. Let d > 3 and 1 < p < pg. Suppose ~y is nondegenerate. Then,

1R fllz < ClIfllp (1.2)
holds if and only if « <1 —1/p.

When p € [pg,2), interpolation with the L? — L%/(2d) estimate yields (1.2) for
a < a(p) but estimate (1.2) with the endpoint regularity o = «(p), which looks to
be a subtle problem, remains open. By a standard scaling argument [29, 31] the
result in Theorem 1.2 can be extended to the curves of finite type.

A curve v : I +— R? is said to be of finite type if there is an L = L(s) such that
span{yM(s),...,7yF)(s)} = R? for each s € I, and the smallest of such L(s) is
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called the type at s. The supremum of the type over s € I is called the maximal
type of 7 (see, e.g. [21, 29]).

COROLLARY 1.3. Letd > 3,1 < p <2 and L > d. Suppose v is a curve of mazimal
type L. Then, Rf is bounded from L? to LP for o < min(a(p),1/(Lp)) if p # (L +
1)/L when L >2d—1, and if p € (1,pq) U (2d/L,2) when d < L < 2d — 1.

For p € [2, 0], it is easy to show the sharp LP — Llf/(Lp) estimate, which can be

shown by using the L% — L% o7y estimate and interpolation in a similar manner
as above. Corollary 1.3 and Proposition 5.1 give the optimal Sobolev regularity
estimate for R if L > 2d — 1 when p # (L 4+ 1)/L. However, some endpoint cases
remain open not to mention such estimates for the nondegenerate curves.

In this paper, we make use of the inductive strategy in the recent work of the
authors [23], where smoothing properties of the (convolution) averaging operator
over curves were studied (see [2, 22, 26, 27, 32] for previous works). Exploiting sim-
ilarity between R* f and the averaging operator, we adapt our previous argument.
The main new feature of the current paper is use of the decoupling inequality associ-
ated with the conical sets generated by curves (see Definition 2.5 and Theorem 3.1).
Compared with our previous work where the averaging operator was decoupled by a
class of symbols adjusted to short subcurves, our new decoupling inequality allows
us to dispense with some technicalities related to the symbols. The decoupling
inequality can also be used to simplify the argument in [23].

Organization. In § 2, we reduce the proof of Theorem 1.2 to obtain Proposi-
tion 2.4. We prove a decoupling inequality associated with a nondegenerate curve
(Theorem 3.1) in § 3 which is crucial for the proof of Proposition 2.4. The proofs of
Proposition 2.4 and Theorem 1.2 are given in § 4 and § 5, respectively. We discuss
the sharpness of the smoothing order « in § 5.

Notation. For positive constants A, D, we denote A < D if there exists a (inde-
pendent) constant C' such that A < C'D, where the constant C' may vary from line
to line depending on the context.

2. Estimates with localized frequency

In this section, we reduce the proof of Theorem 1.2 to show an inductive statement
(see Proposition 2.4). Afterwards, we obtain some preliminary results which are
needed to prove Proposition 2.4.

Let us consider the operator

Ri(e,t) = x(0) [ £~ (). 5)0(6) ds,
which is the dual operator of R. By duality estimate (1.2) is equivalent to
IRf e @arry S fllze,, » 2d <p < oc. (2.1)

For the purpose, we closely follow the line of arguments in our previous paper [23].
So, there is a significant overlap between the current paper and [23]. This can be
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avoided by omitting some shared details. However, we decide to include them so
that the paper is self-contained and more easily accessible.

2.1. Frequency localized estimate

We begin with defining a class of curves in order to prove (2.1) in an inductive
manner. For an integer 1 < L < d, by Vol(vy,...,vr) we denote the L-dimensional
volume of the parallelepiped generated by vectors vy, ...,v;, € R%

DEFINITION 2.1. Let B > 1. We say v € B4(L, B) if v € C3¥1(1) satisfies

mawaj)(s)\ < B, 0<j<3d+1, (2.2)
se

i ¢)) (L) —1
15161}1\/01 (7 (8),..»y (s)) > B (2.3)

For a smooth function a(s,t,&) on I x [1,2] x R%, we define

Rlalf(z,t) = (27)~" / / TN Eq(s ¢, €) Fuf(E, ) ds dE.

Here, F, denotes Fourier transform in z. Note that Rf = Rla|f if a(s,t,§) =
¥(s)x(t). We prove estimate (2.1) by induction on L for v € U%(L, B) under the
localized nondegeneracy assumption:

D 109(s),61 = B¢ (2.4)

L
(=1

which holds if (s,t,£) € suppa for some t. When L < d, (2.4) cannot be true in
general even if v is nondegenerate. However, an appropriate decomposition in the
frequency domain makes it possible that (2.4) holds. To do this, we consider a class
of symbols a.

DEFINITION 2.2. Let Ay ={¢ € RY: 2871 L |¢] <28} for k>0, and I =
{(j,a): 0< j < 2L, |a| <d+ L+2}. We say a symbol a € CHHLH2(RI+2) s of
type (2%, L, B) if suppa C I x [271,22] x Ay,

|8£3?a(s,t,§)| < B‘ai‘al» (Ja Ol) € ILa

and (2.4) holds on suppy ¢ a. Here, as in [23], we denote supp, ¢ a = Ugsupp a(-, ,-).
We simply say a statement S(s, &), depending on s, &, holds on supp a if S(s, ) holds
for s,& € supp, ¢ a. We also use the same convention with other variables.

Estimate (2.1) (and hence Theorem 1.2) follows from the next theorem via a
standard argument using Fefferman-Stein #-function (e.g. see [28]). See § 5.1 for
details.

THEOREM 2.3. Suppose that v € VYL, B) and a is a symbol of type (2%, L, B).
Then, for p > 2L

IR[a]fllp < C27*/7]| £, (2.5)
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As mentioned above, we prove Theorem 2.3 by induction on L. Theorem 2.3 with
L =1 is easy to prove. Indeed, setting Rf = F,(R[a]F; 'f), we note that

RRFE) = [ K(sis f(6.5)ds'
where
K(s,s' &) = /eit(W(s)_W(S/)){a(s,t@)a(s',t,5)dt

Since (2.4) holds with L =1 on suppa, integration by parts gives |K(s,s’,£)| <
C(1 + 2¥|s — s'|)~2. By Young’s convolution inequality it follows that |R*Rf|l2 <
27k f|l2. Thus, we get [|R[a]f]l2 < 27%/2||f|]2 by Plancherel’s theorem. Interpola-
tion with the trivial estimate ||R[a]f|lco < || f]loo gives (2.5) with L = 1.

Consequently, Theorem 2.3 for L > 2 follows from the next proposition (cf. [23
Proposition 2.3]).

PROPOSITION 2.4. Let 2 < N < d. Suppose Theorem 2.3 holds with L = N — 1.
Then, Theorem 2.3 holds with L = N.

We prove the proposition through the rest of this section, § 3 and § 4. Fixing 2 <
N < d, we assume that Theorem 2.3 holds with L = N — 1. Additionally, assuming
that v € U4(N, B) and a is of type (2%, N, B), we prove (2.5) for p > 2N. For the
purpose, composing the symbol a, we may further assume that

WM (s)- €l = (2B) 71 [¢] (2.6)

holds on suppa. Otherwise, (2.4) holds with L =N —1, so the hypothesis
(Theorem 2.3 with L = N — 1) yields (2.5) for p > 2(N — 1).

We prove Proposition 2.4 in § 4 using the associated decoupling inequality which
is obtained in § 3. The rest of the section is devoted to proving two lemmas (2.6
and 2.8) which play crucial roles in proving Proposition 2.4.

2.2. Symbols adapted to ~

We define a class of symbols adapted to the curve +. From now on, we assume
that 0 satisfies

27N <5< (22B)7N. (2.7)

Let v satisfy (2.3) with L =N —1. For s€ [, set V1t =span{y)(s):j =1,
.,£}. Consider a linear map £% : R? — R? given as follows:

(L) (s) = 6Ty D(s), j=1,...,N 1,
(L)Tw=v, ve (Vz’N_l)J_ .

We also consider a linear map £ : R¥! s R4+ given by

£i(r,&) = (N7 —(s) - £i¢, £3€), (r.§) e Rx R
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Denoting G(s) = (1,7(s)), we set

Ac(d,s) = () {(n €) €Rx Ay : (GY(s),(1,6))| < sz+5(sN—j} :

0<j<N—1
which roughly corresponds to the Fourier support of the operator R[a]f with supp, a
included in an interval centred at s of length about . We define a class of symbols
associated with A (9, s).
DEFINITION 2.5. Let so € (—1,1) and 0 < § < 1 such that I(so,d) := [so — 0, 80 +

0] C I. We denote by Ay (9, so) = A (6, so,d, N, B,v) the set of smooth functions a
on RT3 which satisfies the following:

suppa C I(s.,0) x [1,2] x Ax(d, s0), (2.8)

dj0sea (5,1,3 (1. O)| < BIr O, (o) € T, (2.9)

It should be noted that there is no s-differentiation in (2.9). Here, Z is given in
Definition 2.2. We set

F(Talf)(E,7) = / / O a(s ¢ 7 6 At Fuf(€,s)ds.  (2.10)

Clearly, Rla]f = Tlalf if a = a(s, t,&). The following is an analogue of [23, Lemma
2.7).

LEMMA 2.6. Let x € C((272,2%)) such that x =1 on [371,3]. Let a be a smooth
function which satisfies (2.8) and (2.9) with j < 2 and |a| < d+ 3. Then, we have

1T alfll, < C8* =Y £l (2.11)
forp>2, and
1= )T [a] fll, < O8Nk 1, p> 1. (2.12)
Proof. Note that 7 [a = [Kla * f(-,5)(x) ds where

Kla](s,t,z) GmaT /// =t tile—t" () Eq(s ¢/ 7€) dE dr dt.

It is easy to show that [(£3 )71LI(r,&)| ~ |(7,€)| provided |s —so| < 4§ (cf. [23
Lemma 2.6]). Since (2.8) and (2.9) hold with j =0 and |a| <d+ 3, it fol-
lows that suppa(s,t,2"L3) C {(7,€) : [(7,€)] $1} and |97, (a(s,t, 25 L3(m, )| <
1, |o| < d+3. By changing variables (7,&) — 2F£(r,€) followed by repeated
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integration by parts, we have

[Klal(s,t,)| 5 V022 | (1 26— 0, (BT — )

1

This gives || K[a](s,t, -)||L; < 1. From (2.8), note 7 [a fI (50 5) t,-) %
f(,8)(x)ds. Thus, we get

1T 1a]fllec < COl flloc-

Recall (2.10). By Plancherel’s theorem, integration by parts in ¢/, and Holder’s
inequality, we get

17 [a] £13 §5/ 1Faf (- 8)lI3 ds < 81 fI13-

Thus, interpolation gives (2.11). To show (2.12), we note from the above estimate for
Kla)(s ) that [[(1— (1) K[al(s,t, )12 < &(E) = 2-F6~ Nt — 11741 — 3(1)).
By (2.8), using Holder’s and Young’s convolution inequalities, as before, we see
that [|(1 — x)7 [a] f[|) is bounded above by constant times

7 [ @) [ s dsdr s coirN e g
I(50.0) ’

This gives (2.12). O

2.3. Rescaling
Let I(s0,6) C I. For v € B4(N, B) we consider a rescaled curve

72, (8) = 0N (L) (V65 + 50) — 7(s0)) -

LEMMA 2.7. Let v € U4(N,B). If 0<6<d. for a 6. small enough, 'yffo €
LUU(N,3B) and v, € 4N —1,B’) for some B'.
Proof. Taylor series expansion of y\)(ds + s,) at s = 0 yields:

( )(5)( )= Z (HJ‘)(S )ij+(£”5 )T (N)(S )L_e—kO(B&)

’yso ‘ Y o j' So Y o (N—Z)'

0<GEN—1—£

for 1 <¢< N —1and (43 )M (s) = (L3 )TN (so) + O(BS). Writing vV (s5) =
v +v € VIV @ (V;’ON DL we have (Ego)Tfy(N)(so) = (ﬁgo)Tvl + vg = vg +
O(B$). Since v € VU (N, B), we see 4% € (N, 3B) if 0 < § < 4, for a sufficiently
small 4, > 0. Consequently, 70 € U%(N — 1, B') for some B’ O

The following lemma, which is an analogue of [23, Lemma 2.8], is important for
our inductive argument. Let us set

RIS alf(a,t) = (27)" // @, (D)0 (s, 1, €)F, (€, ) ds dé.
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LEMMA 2.8. Let s, € (—1,1), a € Ax(d,5,), and v € BN, B). Suppose

Z Sy (s),€)| = B~12ksN (2.13)

for (s,€) € I1(s0,0) x suppg a. Then, there exist constants C, B, 8, = 0.(B,N,d),
and f and a symbol a such that

IX()Talfll, = 8 PR, al fll, (2.14)
Jor 0<6 < 8w, Il = I1fllp, 10/0ga(s,t, &) < BIE|™1! for (j,a) € Iy, and
suppa C I x 272,22 x {¢ e RY: 716Nk < |¢) < CoN 2k}, (2.15)

Proof. Let as(s,t,7,&) = a(ds + so,t,7,£). By Fourier inversion and (2.10), chang-
ing variables s — s + so, (1,€) — (7 — Y(s0) - &, &) gives

Tlalf(z,t) = (27) %5 / / im0 (s 1 ) F, F(€, 05+ 50) dsde,  (2.16)
where
b(s,t,€) = % // T it (T (05 50) =250 g (5.4 7 — (50) - £,€) dt’ dr.
‘We observe that
(Ob(s, 1,6 N LS ) = e () Gi(s, 1, €),
where
a(s,t,§) = % / / e T OO G (t)as(s, b + 1,6 VLD (,€))dt’ dr.  (2.17)

It is clear that (2.15) holds for some C' > 1. Since a € (6, so), it is not difficult to
see [0/0¢a(s,t, )| < Blg|~lel for (j,@) € In_1 (see (2.25) in [23]).

Set Cp = C,(8) := 6'/7| det 5_N£~§0\1_1/p. Let f be given by F,f(&s)=
Cpfwf(é_NEN‘gof,(Ss + 80), thus ||f]l, = [|f]l,- Recalling (2.16) and changing vari-
ables £ — 6_N/3§O€, we now have

X(®)T[a)f(z,t) e t1(50).07 M L2, 8) o =i2, ()€ (s 1, €) F, (€, 5) ds dE.

This gives X(t)7[a]f(z,t) = Cy R[S, ,dlf(y,t) where y ==V (L] )T(x — ty(s0)).
Therefore, changing variable z — §V (ﬁgo)fo + ty(so), we obtain (2.14). O

Combining Lemma 2.8 and the hypothesis (Theorem 2.3 with L =N — 1), we
obtain the following.
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COROLLARY 2.9. Suppose that Theorem 2.3 holds with L = N — 1, and a, v and 0,
are the same as in Lemma 2.8. Then, if p > 2(N — 1), for 0 < 0 < d, we have

1Tl f1l, < 27 HPst = 02| £,

Proof. By (2.14) and dyadic decomposition (of @ in the Fourier side), we have

IXTlal £, < €877 R0, adf, (2.18)
o<e<e

for some constant C' where || f¢||, = || f|l», and a, are symbols of type (2/, N — 1, B)
with C712F6N < 27 < C2%6N. Once we have this, the proof is straightforward. By
Lemma 2.7, 4% € V(N —1,B’) for some B’ > 0. Since ||fill, = || f|l», applying
Theorem 2.3 with L = N — 1, we have

IXT[alf]l, < CY 61 VP(2R6™) VP | fi,, S 27 /Pt = (VEDP| £,
l

for p > 2(N —1). Recalling (2.7), we combine this and (2.12) to get the desired
bound.

It remains to show (2.18). In fact, after applying Lemma 2.8 we only need to
adjust the support of the consequent symbol @ via by moderate decomposition and
scaling. We omit details. (See the proof of [23, Lemma 2.8].) O

3. Decoupling inequalities for curves

In this section, we prove the decoupling inequality, which is to be used to decompose
the operator 7 [a]f. In our earlier work [23], the averaging operator was decoupled
by making use of decomposition based on a class of symbols that are adjusted to
short subcurves. The same approach also works to prove Proposition 2.4. However,
instead of following the previous strategy, we directly obtain a decoupling inequality
associated with the conic sets:

Ar(d,s), 1<I<L,

while {s1,...,s5} C I is a collection of d-separated points contained in I. More
precisely, we have the following.

THEOREM 3.1. Let 0<d<1 and S:={s1,...,s0} CI be a collection of 0-

separated points. Then, if 2 <p < N(N +1), for any € >0 there is a constant
C. = C(B), independent of S, such that

ST Al pogaeny S C™ (S0 Al o) (3.1)
( )

1<I<L 1<I<L

holds whenever supp fl C Ak(d, 81).
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Holder’s  inequality —gives H ZlgléL lep < 06(5_651/p_1/2(21<z<L ||fl||£)1/7’.
Interpolation with the trivial L — ¢°°L°° estimate yields the inequality:

1Y fillpogany < Ced HOHDHCN e )T (32)

1<I<L 1<I<L
for p > 2N whenever suppﬁ C Ax(0,s1).

3.1. Decoupling inequalities for curves

Fixing N > 2, we now consider the slabs given by an anisotropic neighbourhood
of the moment curve

Yo(s) := (s, 8%/2!,..., s T /(N +1)1).

DEFINITION 3.2. Let 0 < 6 < 1 and B > 1. For s € I, let S(s,0, B) denote the set
of (1,€) € R x RY such that

B~ <[ (), () < By (7 (), (1,€)) < OV =1, N.

We now recall the decoupling inequality for such slabs as above which was shown
in [1, 6] (see also [23, Corollary 2.15]).

THEOREM 3.3. Let 0 <0 <1 and {s1,...,s.} C I be a collection of d-separated
points contained in I. Denote S; = S(s;,0, B). Then, if 2 < p < N(N + 1), for any
€ > 0 there is a constant C. = C.(B) such that

|32 Flsgrery <O (2 MBI nan)

1<IKL 1<IKL
holds whenever supp F; C S;.

To show Theorem 3.1, we apply the decoupling inequality after projecting the
sets Ag(6, s;) to the subspace V,, which is spanned by {G©) (n),...,G™)(u)}. To
do so, for p1 € I we consider a coordinate system y, = y,(7,§) given by

Yu = (ygv e 7y;]¢V) = (<G(O) (N)? (T7 £)>7 L] <G(N) (p’)v (Ta §)>) (33)

Recall that v € U4(N, B), so Vol((G© (1), ...,G™) (1)) > 1/B. Let 6, 8’ be positive
numbers satisfying

0<d<d <N+ <, (3.4)

Then, it is easy to see that
("HL <ot ¢=1,...,N. (3.5)

The following lemma shows that the projections of the sets Ag(d, s;) form a reverse
0/¢'-adapted cover after a proper linear change of variables (cf. [23, Lemma 3.3])
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if s; are contained in an interval of length ¢’. Let Ds denote the (N + 1) x (N + 1)
diagonal matrix given by

D5 = ((5—N61,(5_N+162, ey (50€N+1).

LEMMA 3.4. Let 6,8’ be positive numbers satisfying (3.4) and s' € [n— &', p+d'].
Suppose (1,€) € Ao(0,5"). Then, we have

(4B)"' < [(Dyyu, vV ) < 4B, (3.6)

(Dowu? (S5 ) s BO T a<ieN. 6

Proof. Note that (3.6) is clear from (2.6). To prove (3.7), we first note that
<yu,7((f)( )) = (5’)N+1_j<D5/yu,’yﬁ”(s/d’)). Thus, it is sufficient to show that

[y y (8" — )| S BON T (3.8)

for 1 < j < N. Recalling (3.3), we observe
PRV S|
) (s 0y & =)
YMFYO G 77 T7§ -
i <gz]:1 (L—j+1)! (7€)

Taylor’s theorem gives

N _ o )e-gt _

- 3 G | < e
J !

l=5—1

forj=1,...,N.Since |¢' — u] < ¢ and (1,&) € Ag(d,5'), (3.8) follows by (3.5). O

By Lemma 3.4 and Theorem 3.3, we can show that (3.1) holds if a d-separated
set {s1,...,sr} is contained in an interval of length < 6~/ (N+1) More precisely, we
have the following.

LEMMA 3.5. Let 0 <8 <1 and § < &' < SN/ WN+Y | Let {s1,...,8.} Cp—0p+
0’ be a collection of d-separated points. Then, if 2 <p < N(N + 1), for any e >0
there is a constant C. = Cc(B) such that (3.1) holds whenever supp f; C Ay (0, s1).

Proof. Set V,, = span{~y/(1),...,7"™ (n)} and let {vni1,...,v4} be an orthonor-
mal basis of V; . Recalling that (2.3) holds with L =N, we write & =&+
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Z?:N+1 y;(&)v; for e V,.. Changing variables

(7,6) = Yu(7,6) := V(7 8)s yn11(8), - - 9a(§))

(see (3.3)), we may work with the coordinate system given by {y.,yn+1,-..,Yd}
instead of (7,&). We consider the linear map

Yi/ (7—7 f) = (D5’y,u(7-a 5)7y1\7+1(£)7 e 7yd(£))

Since {s1,...,s.} C [ — 0, pu+ 6] and & < 6NN+ by Lemma 3.4 it follows
that

7 - 5
Y% (Ao(0,51)) C S x RN =8 (‘”6,“ 06,,4B> x RN (3.9)

for some C' > 0 depending only on B. Applying Theorem 3.3 with § replaced by
C4/4 and slabs S;,1 <1 < L, and then using a trivial extension via Minkowski’s
inequality, we have

IS A, <cs (X 1a12)"

1<IKL 1<IKL

for 2 < p < N(N + 1) whenever supp fl C S; x RN _Since the decoupling inequal-
ity is invariant under affine changes of variables, by undoing the change of vari-
ables (7,€&) — Y, (7,€) and rescaling (7,&) — 27%(7,£), we obtain (3.1) whenever

Suppﬁ C Ax(9,s1). O
3.2. Proof of Theorem 3.1

We now prove Theorem 3.1. Let 2 < p < N(N +1). For the purpose, for some
a > 0 we assume that

1Y Aillpgarsy <COCY Milbgan) ' @) (31)

1<IKL 1<IKL

holds for 0 < 6 < &y := (22B)~V~! with a constant C, independent of S, when-
ever supp f; C Ap(d,s1), 1 <1< L. Of course, (D(a)) holds true if o > 1/2 by
Minkowski’s and Hélder’s inequalities. We set

5 = sN/(N+1)
Let us denote I,,, 1 < v < M, be disjoint intervals of length p € (2734",2726'] which
partition I. Let s/, be a point contained in I, such that s/, ..., s}, are separated at
least by 274§’. We now claim that

Ak(é, Sl) C Ak(é', S;) (310)

if s; € I,,. Indeed, by scaling it is sufficient to show Ay (8, s;) C Ag(d,s,). Let (1,€) €
Ao (6, s7). Then, it follows that [(G() (s;), (7,€))| < 2°BsY/ N+ (§")N=*. By Taylor’s
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theorem we have

N—-1

(GO (s Ez_; (GO (s). )>(S'u(€5l))“ Le

where [€] < 2Bls), — sV Therefore we see that (7,8) € Ao(d,s),).

Let suppfl C Ak(d,81), 1 < L. We write ZKKL fi= Zlgng > ser, f1- By
(3.10), the Fourier support of Zs cr, fi is included in Ag(¢',s)). Since s/, are

separated by 274§, (D(a)) implies

I Z leLP(]R‘Hl) <C5_NW(N+1)( Z | Z fl||2Lp(Rd+1))1/2

1<IKL 1<v<M  si€l,

for a constant C.. Since the length of interval I, is less than 6N/ (V1 by Lemma 3.5
we have || - o7 fillp < Ced™ (D ,,er, || f1l|2)*/2. Therefore, combining this and the
above inequality, we obtain

1Y fill sy < Ced N0 (S )2, i)

1<I<L 1<I<L

for a constant C.. This establishes the implication ®(a) — D(e+ Na/(N + 1)).
Iteration of this implication suppresses av arbitrarily small.

4. Proof of Proposition 2.4

In this section, we prove Proposition 2.4 by making use of the decoupling inequality
(3.2). As mentioned in § 2.1 (below Proposition 2.4), in order to prove Proposi-
tion 2.4, it suffices to show Theorem 2.3 with L = N. We first reduce the matter
to obtaining estimates for 7 [ag] with a suitable ag.
4.1. Reduction

We begin by recalling v € U¢(N, B) and a is of type (2, N, B). Let d, be the
small number given in Lemma 2.8 and set

8o = min{d,, (22B)N}. (4.1)

Let By € C3°([—1,1]) such that 5y =1 on [-1/2,1/2]. We set

an(s.t.8) =a(s,t.§) [T Ao (100dB2765N(19)(5), ) ) -

I<jSN-1
Clearly, (2.4) holds on supp(a — ay) with L = N — 1 and B replaced by 100 dB5; V.

Since a is of type (2%, N, B), it is easy to see (a — ay) is a symbol of type (2¥, N —
1, B’) for some B’. Thus, the hypothesis (Theorem 2.3 with L = N — 1 and B = B’)
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gives the estimate
IRla —anfll, S 27%PIfl,

for p > 2(N — 1). So, we need only to consider R[ay] instead of R[a]. Furthermore,
by a moderate decomposition of an, we assume

Supps any C [30 - 50; So + 60]

for some s, € (—1,1). We may assume that s, = dov for v € Z.
It is not difficult to see that the contribution of the frequency part {(7,€) : |7 +
v(s) - €| 2 216N ¥s € I} is not significant. To see this, let us set

ao(s,t,7,€) = an (s, t,)Bo (652N 272 |7 +4(s) - )
and a; = ag — an. Recalling (2.10), by Fourier inversion we have

Rlanlf = Tlaolf + T[a1]f.

The operator 7 [a;] is easy to handle. Let us set a = —i286Y (7 + (7(s), &) "1 sa;.
Then, by integration by parts in ¢ and (2.10) we see 7 [a1] = (2¥6Y) =17 [a]. Note
that |7+ v(s) - ¢] 2 286Y on suppa; and so on suppa. It is clear that a satisfies
(2.8) and (2.9) with § = 6, and B = C,65 ¢ for some large C, C;. Thus, Lemma 2.6

gives | T[] fl, < 27%||f|l, for p > 2.
Therefore, the proof of Theorem 2.3 with L = N is now reduced to show that

1T Taolf 1, < €2/ f ][, p>2N. (4.2)

4.2. Decomposition
For n > 0, let us set 8, = 227 %/N and
Jn=0,2ZN1I. (4.3)
We consider

On(s,m &)= Y UG (s), (1,))P NN,

0<j<N -1

by which we can decompose ag into the symbols contained in (0, s) for s € J,,.
Set (. =0 — Bo(2°""). Note that fo+ 3,51 B(272N") =1. Let ¢e
C§([~1,1]) such that } ., (- —v) = 1. We set

0= 4500 EN) (0 s = v), v €T, =0,
OB ) C(0 s — 1), VEFn, n 1.

Then, it follows that

agp(s,t,7,8) = ZZ (s,t,7,8). (4.4)

n>0ved,

Since d, is the fixed constant, it is clear that C~tag € 2y (d,, so) for a large constant
C > 0. So, supp ag C Ag(do, so) and & < 1 for (7,€) € supp a’?. Obviously, we may
assume 6, < 1 since a}) = 0 otherwise.
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The following tells that a) is contained in a proper symbol class.

LEMMA 4.1 (cf. [23, Lemma 3.2]). For n > 0, there exists a constant C' such that
Cta? € Uy (6, 6p).

Proof. Condition (2.8) trivially holds for a = a}}. So, we only need to show (2.9) for
6 =0, and s = V.

It is not difficult to see that ag satisfies (2.9) (see [23, (3.35)]). So it suffices to
show (2.9) for By (0;,2N'B N (s,T,€)). By Leibniz’s rule, it is enough to prove that

|Vred, NP27H(G(s), L7, (. ) S27, (4.5)
for j =0,...,d — 1. Note that if |6, — s| < d,, then
(L3125 (1, 6] ~ (7, )] (4.6)

(see [23, Lemma 2.6]). Note that V., ¢(GU)(s), Egzy(T, €)= (/.Zg:lj)TG(j)(s). Thus,
by (4.6) we get (4.5). O
4.3. Proof of Proposition 2.4

By the reduction in § 4.1, it suffices to prove (4.2). Recalling (4.4) and applying
the Minkowski inequality, we have

ITlaolflo < Y D Tlaplf|l,-

2-k/NLS, <1 VEIn

Using Lemma 4.1, one can easily see that supp a” C Ay(dy, d,7). Thus, we may use
the decoupling inequality (3.2). Combining this and the above inequalities gives

ITlaolflly < Cc > 6, NS | T(ar)p ) 7

2-F/N<§, <1 vEIn
for 2N < p < oo. Hence, for estimate (4.2) it suffice to show that

T Tap1f llp S 6~ NP2 2| f ], p > 2N. (4.7)

Indeed, let f,(z,s) = ((6; s — v)f(x,s) where ( € C([~2,2]) such that { =1 on
supp ¢. From (2.10) we see T [al]f = T[a}]f,. Combining this and (4.7), we have

(S |71zl fIB) 77 S sh- Nt 0/makio (57 |5, |2) P

VEJn VEJn

LR i
Therefore, taking the sum over n, we get (4.2), which proves Proposition 2.4.

It remains to prove (4.7). By Lemma 4.1, we have C~'a? € (8, d,v) for a
constant C' > 0. For n = 0, it is easy to show (4.7). Since &y = 27 %N applying
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Lemma 2.6, we get
1T (0% fllp < 00 Pl fllp = 85 VTV P27R P £, 2 < p < .

For n > 1, we need to decompose a} further. Let us set

a1 (s.1,7,€) = al(s, 6,7, ) (1 = o) (1007|2746 (), (. €)XV Y)

and aj,=ay; —aj,, so we have aj =ay; +ay, We note that C‘laﬁi €
Ay (0p, 0nv), i = 0,1 for some C > 0. This can be shown by following the proof
of Lemma 4.1. So, we omit the detail.

We now decompose T [ay]f = Tlay,|f + Tlay ] f. For (4.7), it suffices to show

1T Tay 1 1lp < Co~ P2 R2) p,, i = 0,1, (4.8)

for p > 2N — 2. Tt is clear that (2.13) holds with § = §,,, so = d, v, and some large B
on supp a;; ;. By Corollary 2.9, we have (4.8) for i = 1 if p > 2N — 2. The operator
Tlay ] can be handled in the same manner as 7 [a;] since

I+ (7(s),€)] 2 652" (4.9)

holds on supp all,. We set a = —i286} (7 + (y(s),€)) ' 0rall . Integration by parts
in ¢ and (2.10) yields T[al,] = (2"62)~'7T[a]. Using (4.9) and the fact that
Ctally € Ap(6p, 6nv) for some C >0, one can easily verify that (2.8) and (2.9)
hold for a with § = 6,,, so = d,,v. Thus, by Lemma 2.6, we have

1T T30l fllp S 87280 28) I fllp S 8~ AHD/P2=be ) £,

for p > 2, which gives (4.8) for ¢ = 0. For the second inequality we use the fact that
8, = 27K/N, O
5. Proof of Theorem 1.2

We first prove the sufficiency part, that is to say, estimate (1.2) with a =1—1/p
for 1 < p < pg by making use of Theorem 2.3.

5.1. Proof of estimate (1.2) witha=1—1/p

We make use of the argument in [28, 31]. As mentioned before, it suffices to
prove (2.1) by duality. Let Py denote the (Littlewood—Paley projection) operator
defined by

F(Prg)(&,7) = B7*I(&NGE ), k=1

for § € C5°([1/2,2]). Recall that 5y € C3°([—1,1]) such that Fp =1 on [-1/2,1/2]
and set B.(t) = Bo(Cy'275t) — Bo(Cy25t). Here, Co =1+ 2sup{|y(s)| + |7 (s)] :
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s € supp ¥ }. Let fj be given by

Fe(€,u) = Bo27F (€, w)]) F(€, ).

We claim that

(SRR < 1S 272 ) 2+ 1 e, (5.1)

k>1 k>1

for p > 2d and M >> 1. Then, (2.1) follows by the Littlewood-Paley inequality.
Let 3= (p(273-) — Bo(Co22 -) Considering an operator Ry, given by

Fo(Rif)(E 1) = BUEI/2") Fu(RI) (1),

we decompose
PeRf = PiRifr + PeRi(f — fr) + Pe(R — Ri) [ (5.2)

In what follows, we show that the contributions from the second and third terms
are negligible. In fact, for any M > 1if p > 1, we have

(5.3)

—M

1O 1BRe(f = )22 < 11l
k

and (5.4).
To see (5.3), note Fy(Rig)(&, ') = [m(&,t',u)g(&, u) du where

mlE,t u) = (2m) () A(E]/20) / 1Oy () ds.

Set g = f — fx. Since | (&, u)| = Co2%+° or |(&,u)| < Cy *25=% on supp F(f — fx), we
have |u| > Colé| if Cy'2F=1 < |¢] < 2843, Therefore, integration by parts gives

08 m(& ', w)| S 27N A+ (€ uw)™Y, (& u) €suppg

for any o and N > 1. Note that P,Ryg(z,t) = [ K(x,y,t,5")g(y,s’) dyds’ where

1
K(z,y,t,s") = 7(”1/ i@y t=t) (&) g—is “ﬁ<(€’ )l)m(E,t/,u)dngdudt'.

(2m)

Therefore, |0g, m(£,t',u)| < 27 FN2=IN for (¢,u) € supp g and integration by parts
shows

K (2,1, 8)] S 27" 279N (1t o =yl + |s') 7N (L4 )7

Decomposing Ry (f — fx) = Zj RiPi(f — fr), we get (5.3) forany M > 1 and p >
1.
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We now show

IO BR = R S I, (5.4)
k
forp > 1 and M > 1. We write F(Rf — Rif)(E,7) = [ b(s, &, 7)Fu f (€, s) ds where
bsy.7) = o= [ € OOE (1 Gl€]/24)) x(t) dt (o).

Since |¢| < Cy 1252 or €] = 22 on supp F.(Rf — ka) we have || > Cpl¢] if

2F=1 (€, )\ < 281 Integration by parts gives |0gb(s,&,7)| S 27 kN for any «
and . Hence,

1Pe(R = Ri)fllp S 27" fllp, p =1 (5.5)
for all N > 1. Since [¢| < Cy'2F72 on supp]—"(Pk(R Rk)f), similarly as in the

proof of (5 3), we have HPk(R Ri)Pjfllpy < 279N P fll, for j = k + C’ for some
C’ > 1. Estimate (5.5) gives |[Pe(R — Ri)P;fllp S27*V||Pif|l, for j <k+C"
Combining those estimates, we get (5.4).

Therefore, estimate (5.1) follows if we show

1O 1BRefe2) 2] < 11D 2727 152) ), (5.6)
k

k>1

for p > 2d. This can be done by using [28, Theorem 1] and (2.5) (also see [1, 29,
31]). Indeed, let 5 € C°((1/4,4)) such that 33 = 3. Consider the ooperator P, given

by F(Prg)(€,m) = B27*|(&, 7))g(&, 7). Note that PyRyfi = PoePeRufi.
Let us denote the centre of a cube @ by (zg,tg) and set

Eq =A{(y,s) : dist (y — zg,toy(I)) < 10diam(Q), s € I}.

Since T, = P, R}, and Eq satisfy the assumptions in [28, Theorem 1], by using (2.5)
we obtain (5.6). We omit the details.

5.2. Sharpness of smoothing order

In this section, we show upper bounds on the smoothing order « for which LP —
L? estimate for R f holds when  is of maximal type L. In [31], those bounds were
obtained for d = 2. Modifying the examples in [31], we show the following.

ProproOSITION 5.1. Let d >3, L>d and 1 < p < oo. Let ¥ and x be nontrivial,
nonnegative continuous functions supported in the interiors of I and [1,2], respec-
tively. Suppose there is an s, such that (s.) # 0 and 7 is of type L at so. Then,
Rf maps LP boundedly to L only if

(@B)a<l—p Y (i) a< ()™, (i) a < (Lp)~!

In particular, the upper bound (i) provides the necessity part of Theorem 1.2,
thus, the proof Theorem 1.2 is completed. We prove the upper bounds (), (i) and
(ii1), separately.
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Proof of (i). Let to € (1, 2) such that X(to) > 0. We choose ¢ € S(R?) such that
¢>=1on [-1,1]9 suppCC[1/2 4]4; and (=1 on [1,2]4. Let o € C((—1,1))
satisfy 1o =1 on [—1/2,1/2]. We take

J(z,t) = C(Ax)ho(Arolt — tol),

where 79 = 1+ sup,c; [7(s)|. Note Rf(z,s) = AL if |2+ toy(s)| < eA™! and |s —
so| < ¢ for a small constant ¢ > 0. Thus, |Rf|, = A~'17%/P. Since

Fu(RF(8))(€) = A Np(s) / CATEE) 1S (At — to])x(t) dt

it follows that supp, F..(Rf) is included in {€ : [§| ~ A}. Hence, [|Rf(:, 5) 12 (re;d2)
2 X1=d/P g0 we have || Rf]|pz ra+1y 2 A%7174P. Since || f[l, S ATE@HD/P ] we get
a<1l-1/p. O

Proof of (ii). Let I C (—1,1) be a nonempty compact interval such that (1. 1)
holds for s € I. Also, we ﬁx a constant p > 1 to be chosen later. Let {s;} C I
be a collection of pA~!/?-separated points which are as many as Cp~'A\/4. Since
G(se),G'(s0),...,G4D(s,) are linearly independent in R+, there is a unit vector
Z¢ € (span{GU)(sg) : 5 =0,1,...,d —1})*.

Let ¢ € S(R¥1) such that ¢ =1 on [—3rg,3re|¢™ and ¢ is supported in
[—1,1]%"1 where 7o =1+ sup,c; |v(s)|- Let e, € {£1} be independent random

variables. We consider
ngfg x,t) Zég(b x,t)e iABe(ta)

Since (¢, G (s4)) =0 for j =0,...,d — 1, by Taylor’s theorem we have
(B0, G(5)) = (B2, GV (s0))(s = s0)"/d! + O(|s — se| ). (5.7)

Thus, [t(Z¢, G(s))] < 272A"" whenever s € I, ;== {s € I : |s — sy| < A"} for a
¢ > 0 small enough. Noting that

Rfe(x,s) = GMEZ'(O’JWJ(S)/WﬂC +ty(s), £)eNECE (1) dt, (5:8)
we see |Rfo(z,s)| 2 1if (z,5) € By :=[—c, ] x I,. Thus, Y, ||i)‘{fg||Lp(Bg) >p L
Meanwhile, by (5.8), (5.7) and integration by parts in ¢ we have |Rf,,(z,s)] <

(14 Msg — sp|D)~N for any N > 1 if m # £ and s € I,. Since {s;} are pA~ (/9.
separated, it is easy to see

DD 1Rl m,) S D0 D (L4 Ase = sy TPNATHE S prdNLL

¢ m#Al ¢ m#AL

Therefore, taking p, N sufficiently large, we have |Rf[|5 2 p~! for any choice of &.

By our choice of ¢ it follows that F,. (PR f) is supported on {£ : C1 A < [£] < CaA}
for some positive constant Cy, Cy. Thus, |Rf||1z 2 AR f||,. Combining this with
the LP? — LP estimate gives A* < C||f]|, for any choice of &,. By Khintchine’s
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inequality we have E(||f[[5) ~ [(3, | fe|?)P/2 da dt ~ C,AP/??. Therefore, we see
A < A/24 and then a < 1/(2d) taking A — oo. O

Proof of (iii). Since 7 is of type L at s, by an affine transformation and taking
supported near s,, we may assume

V(s 4 80) =¥(s0) + (s p1(s), -, 8" a(s))

for 1< a1 <---<aq=L and smooth functions ¢;, j=1,...,d, where [¢; —
1/aj!||gea+1(ry < ¢ for a small constant ¢ > 0. We may also assume s, =0 and
furthermore (0) = 0 by replacing f(z,t) by f(x —tv(0),t).

Let ¢1 € S(R) such that ¢ > 1 on [—1, 1], and supp $1 C [1/2,4] with (Zl =1on
[1,2]. Let ¢g € C((—1,1)) with )9 = 1 on [-1/2,1/2]. We consider

d—1
flat) = T vo(x/Fa))ér(hra)x(t).
j=1
Denoting ||a|| = Z?:l aj, we have || f|l, < A~Nel/(Lr) Set B\ = {(z,s) e R x I :
|| < eGP G =1,....d, |s| <eA"VE} for a sufficiently small ¢ > 0. Since

Y(s) = (5T 01(8), ..., 5%pa(s)), [{@+ty(s),e;)| <27IA"%/L j=1,....d, for
(x,s) € Ex and t € [1,2]. So, Rf(z,s) 21 for (x,s) € Ey. This gives [|Rf||, 2

A-Ua+0/(50). " Since. supp Fy, (RF) © (& ¢ |eal ~ A [98f]1 g 2 Ao~ +0/(En)
Therefore, we obtain « < 1/(Lp). O
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