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Vanishing theorem for tame harmonic bundles via
L?-cohomology

Ya Deng @ and Feng Hao

ABSTRACT

Using L2-methods, we prove a vanishing theorem for tame harmonic bundles over
quasi-compact Kéhler manifolds in a very general setting. As a special case, we give
a completely new proof of the Kodaira-type vanishing theorems for Higgs bundles due
to Arapura. To prove our vanishing theorem, we construct a fine resolution of the
Dolbeault complex for tame harmonic bundles via the complex of sheaves of L?-forms,
and we establish the Hormander L2-estimate and solve (Op + 0)-equations for Higgs
bundles (E,6).

1. Introduction

1.1 Main result

Let (X,w) be a compact Kéahler manifold and let D be a simple normal crossing divisor on X.
Let (E,0,h) be a tame harmonic bundle over X — D such that 6 has nilpotent residues on D
(see §2.1 for the precise definition), and let °E be the subsheaf of ¢, E consisting of sections
whose norms with respect to h have sub-polynomial growth (see §4.2), where ¢ : X — D — X is
the inclusion. By Simpson—Mochizuki, °F is a locally free coherent sheaf, and (F,#) extends to
a logarithmic Higgs bundle

6 :°FE — °E @ Q% (log D)
such that
OA0=0.

We refer to §4.2 for more details.
In this paper, we prove the following vanishing theorem.

THEOREM A (Theorem 4.20). Let (X,w) be a compact Kédhler manifold of dimension n, and
let D be a simple normal crossing divisor on X . Let (F, ) be a tame harmonic bundle on X — D
such that 6 has nilpotent residues on D, and let (°E,0) be the extension of (E,f) on X as
introduced above. Let L be a holomorphic line bundle on X equipped with a smooth Hermitian
metric hy, such that its curvature \/TIR(hL) > 0 and has at least n — k positive eigenvalues at
every point on X as a real (1,1)-form. Let B be a nef line bundle on X. Then for the following
(Dolbeault) complex of sheaves

Dol(°E, 0) = °E 2% °F ® Q% (log D) 2% - .- 2% °E ® Q% (log D), (1)
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VANISHING THEOREM FOR TAME HARMONIC BUNDLES

the hypercohomology
H'(X,Dol(°E,0) ® L® B) =0
for any i > n + k.

Theorem A seems new even if the tame harmonic bundle (F,0,h) comes from
a complex variation of polarized Hodge structures over X — D. It indeed interpolates
the Kodaira—Akizuki-Nakano-type vanishing theorems for nilpotent Higgs bundles [Aral9,
Theorem 1] by Arapura (in the case that L is ample, see Corollary 4.22), and the log Gir-
bau vanishing theorem by Huang, Liu, Wan and Yang [HLWY23, Corollary 1.2] (in the case that
(E,0) = (Ox_p,0), see Remark 4.21). We stress here that our proof of Theorem A is essentially
self-contained (in particular, we do not apply the deep Simpson—Mochizuki correspondence) and
is purely in characteristic 0 (since we are working on Ké&hler manifolds), comparing with the
celebrated vanishing theorem by Arapura [Aral9] whose proof is in characteristic p (see §1.3 for
more details). The main technique in the proof of Theorem A is a new application of L?-methods
to tame harmonic bundles, and we hope that it can bring some new input in the study of L?-
cohomology for Higgs bundles. Let us also mention a few byproducts of our proof: we construct
explicitly complexes of sheaves of L2-forms for tame Higgs bundles which are quasi-isomorphic
to the Dolbeault complexes (1) (see Theorem 4.18) in a similar manner (but using different
metric) as [Zuc79] in which Zucker did this for variation of polarized Hodge structures over a
quasi-projective curve; we also establish the Hérmander L?-estimate and solvability criteria for
(Op + 0)-equations for Higgs bundles (£, 6) (see Theorem 3.6 and Corollary 3.7).

If we apply the Simpson—Mochizuki correspondence [Sim90, Moc06] for parabolic Higgs bun-
dles on projective manifolds to Theorem A, we can obtain a vanishing theorem for parabolic
Higgs bundles. We refer the readers to Corollary 4.22 for the precise statement.

1.2 Idea of the proof

Let us briefly explain the main idea of our proof of Theorem A. We first construct a complex of
L? fine sheaves for the tame harmonic bundle (E, 6, h) whose Higgs field # has nilpotent residues
on D, which is quasi-isomorphic to the Dolbeault complex

Dol(°E, 6) = °E —%— *E ® Qk(log D) —— --- —%% °E ® Q% (log D) (2)

For the given Kéhler metric w on X (we denote the restricted Kéahler form w|x_p again by
w over X — D) and a smooth Hermitian metric g for E over X — D, we let Eg)(X, E)gw be
the sheaf on X of germs of F-valued m-forms o with measurable coefficients such that \a!éw
is locally integrable and (0 + 6)(c) exists weakly as a locally L?, E-valued (m + 1)-form. Here
the L? norms ‘0”37“} are induced by w on differential forms and by g on elements in E. Since
(04 6)? = 0, it thus gives rise to a complex of fine sheaves
(X, By ™+ 7 (X, By 3)
As the harmonic metric h is a canonical metric on E, it is quite natural to make the choice
that ¢ is the harmonic metric h. In addition, we replace the Kahler form w by a Poincaré-type
metric wp over X — D as [Zuc79, CKS87, KK87]. However, even for the case when (E, ) comes
from a variation of polarized Hodge structures over X — D, it turns out to be a quite difficult
problem that (2?2) (X, E)pwp, 0 + 0) is quasi-isomorphic to Dol(°E, ), and one essentially cannot
avoid the delicate norm estimate for Hodge metrics near D in [Sch73, Kas85, CKS86] (see, e.g.,
[ZucT9, JYZO0T7]). In this paper, we make a slight perturbation hq n of the harmonic metric h (see
Lemma 4.11 for more details) as [Moc02, §4.5.3] such that hq y will degenerate mildly, albeit the
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norm of harmonic metric h for °E is of sub-polynomial growth. In addition, we slightly perturb
the Kéhler metric w on X — D into a complete Kahler metric wq v (see Lemma 4.10), which
is mutually bounded with the Poincaré metric wp near the divisor D. This construction indeed
brings us several advantages (among others): we can prove that ( ) (X, E)hy ywan:0+0) is
indeed quasi-isomorphic to Dol(°E, §), and the negative contribution of the curvature (E, 0, hq n)
is small enough to be absorbed completely by the curvature v/—1R(hy) of any (partially) positive
metrized line bundle (L, hy).
Thus, we have the following L? fine resolution of Dol(°E, ) ® L

(L{py(X =D, E® LIX-D)hg n-hiwan D", (4)

where D" := Opger, + 60 ® 11, satisfying D"? = 0 (we assume B = Ox here for simplicity). We
then reduce the proof of Theorem A to the vanishing of ith cohomology of the complex of global
sections of (4) for i > dim X + k. To prove this, we first generalize the L?-estimate by Hormander,
Andreotti-Vesentini, Skoda, Demailly and others to Higgs bundles. Roughly speaking, we prove
that under certain curvature conditions for Higgs bundles (E, ) over X — D, we can solve the
D"-equation as the J-equation in a similar way (see Theorem 3.6 and Corollary 3.7). We then
choose the perturbation hqe n of h carefully such that such required curvature condition can be
fulfilled and it enables us to prove the vanishing result for the L?-cohomology of (4). This idea
of solving D"-equation for Higgs bundles using L?-method seems a new ingredient as we are
aware of.

1.3 Previous results

For X a complex projective manifold with a simple normal crossing divisor D, Arapura [Aral9]
gives a vanishing theorem for semistable Higgs bundles (E,#) over X — D with trivial parabolic
structure, trivial Chern classes and nilpotent Higgs field 6. In the spirit of the algebraic proof of
the Kodaira vanishing theorem by Deligne and Illusie [DI87], the proof of Arapura’s vanishing
theorem is reduced to the mod p-setting and boils down to a periodic sequence of Higgs bundles
(E;i,0;) := B'(E, ) through an operator B raised from the absolute Frobenius morphism, which
is due to Lan, Sheng, Yang and Zuo [LSZ19, LSYZ13] and Langer [Lanl5]. The dimension of
the cohomology H'(X, Dol(E;, #;) ® L*") is non-decreasing for {(E;,6;)} and ample line bundle
L, then Arapura’s vanishing theorem follows from Serre’s vanishing theorem. With his vanishing
theorem, Arapura reproves the Saito’s vanishing theorem (see, e.g., Popa [Pop16]) for variation of
polarized Hodge structures with unipotent monodromy on the complement of a normal crossing
divisor on any complex projective manifold. In the follow-up article [AHL19], Arapura’s vanish-
ing theorem for Higgs bundles is generalized to parabolic Higgs bundles. As applications, the
vanishing theorem for parabolic Higgs bundle recovers the Saito’s vanishing theorem coming from
complex variation of Hodge structures over X — D. Our main result, Theorem A, is more general
compared with the main results in [Aral9] and [AHL19] in the sense that Theorem A applies to
general compact Kahler manifolds together with partially ample line bundles. Another new out-
put of this article is that we establish the Hormander L?-estimate and solve (O + 0)-equations
for Higgs bundles (E, 6), as an important byproduct of the proof of our main theorem.

Notation and conventions
— A couple (E, h) is a Hermitian vector bundle on a complex manifold X if F is a holomorphic

vector bundle on X equipped with a smooth hermitian metric h. Here O denotes the complex
structure of £ and we sometimes simply write 0 if no confusion arises.
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— Two hermitian metrics h and & of a holomorphic vector bundle on X are mutually bounded
if C~th < h < Ch for some constant C' > 0, and we shall denote this by h ~ h'.

— For a hermitian vector bundle (£, k) on a complex manifold, R(E, h) or simply R(h) denotes
its Chern curvature.

— We use A to denote the unit disk in C.

— The complex manifold X in this paper are always assumed to be connected and of
dimension n.

— Throughout the paper we always work over the complex number field C.

2. Technical preliminaries

2.1 Higgs bundle and tame harmonic bundle
In this section we recall the definition of Higgs bundles and tame harmonic bundles. We refer
the reader to [Sim88, Sim90, Sim92, Moc02, Moc07] for further details.

DEFINITION 2.1. Let X be a complex manifold. A Higgs bundle on X is a pair (£, 0) where E is a
holomorphic vector bundle with dg its complex structure, and 6 : £ — E ® Q}( is a holomorphic
one form with value in End(E), say Higgs field, satisfying 6 A 6 = 0.

Let (E,0) be a Higgs bundle over a complex manifold X. Write D” := dg + 6. Then D"? = 0.
Suppose h is a smooth hermitian metric of E. Denote by 8, + 0 the Chern connection with
respect to h, and 6} be the adjoint of § with respect to h. Write D) := 9), + 6. The metric h is
harmonic if the operator Dy, := Dj, + D" is integrable, that is, if D = 0.

DEFINITION 2.2 (Harmonic bundle). A harmonic bundle on a complex manifold X is a Higgs
bundle (E, ) endowed with a harmonic metric h.

Let X be an n-dimensional complex manifold, and let D be a simple normal crossing divisor

on X.
DEFINITION 2.3 (Admissible coordinate). Let p be a point of X, and assume that {D;};—; ¢ are
components of D containing p. An admissible coordinate around p is the tuple (U;z1,. .., zn; ¢)

(or simply (U; 21, ..., 2y) if no confusion arises) where

— U is an open subset of X containing p;
— there is a holomorphic isomorphism ¢ : U — A" such that ¢(D;) = (z; =0) for any j =
1,....0

We shall write U* :=U — D, U(r):={z€ U | |z| <r,Vi=1,...,n} and U*(r) :=U(r) N U*.

For any harmonic bundle (E,0,h), let p be any point of X, and (U;z1,...,2,) be an
admissible coordinate around p. On U, we have the description

V4 n
0 = Z fjdlog zi + Z gk dzp, (5)

j=1 k=(+1
where f; and gj are holomorphic sections of End(£) on U*.

DEFINITION 2.4 (Tameness). Let ¢ be a formal variable. We have the polynomials det(f; — t),
and det(gx — t), whose coefficients are holomorphic functions defined over U*. When the functions
can be extended to the holomorphic functions over U, the harmonic bundle is called tame at p.
A harmonic bundle is tame if it is tame at each point.
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DEFINITION 2.5 (Nilpotent residues). Let (E,6) be a Higgs bundle on X — D. We say that
6 has nilpotent residues on D if for each component D; of D and any point p € D; one has

det(f; — t)lunp; = (=)™~

Remark 2.6. One should note that the above definition introduced in [Moc02, p. 435] is more
general than that in [Aral9, Theorem 1], where the nilpotency of Higgs field 6 is defined to be
the local matrix of @ is nilpotent. We refer the reader to [Aral9] for more details.

Recall that the Poincaré metric wp on (A*)! x A"~¢ is described as
Z V—ldz; Ndz; i V—1dzy, A dZ
TeP(og 5P T e A= [alP

Note that

p = —/~T0Blog (H ~togls)- IT 0= faf)).

j=1 k=041

For a tame harmonic bundle such that the Higgs field has nilpotent residues, we have the
following crucial norm estimate for Higgs field #. The one-dimensional case is due to Simpson
[Sim90, Theorem 1] and Mochizuki [Moc02, Proposition 4.1] in general.

THEOREM 2.7. Let (E,0,h) be a tame harmonic bundle on X — D such that 6 has nilpotent
residues on D. Let f;, g, be the matrix-valued holomorphic functions as in Definition 2.4. Then
there exists a positive constant C' > 0 satisfying that

< ——, forj=1,...,¢;
‘fj’h__10g|zj|2’ rj P 3 Ly

lgkln < C,  fork={+1,n.
In other words, the norm
|0|h,wp S C

holds over U*(r) for some constant C' > 0 and 0 < r < 1.

2.2 Curvature property of Higgs bundles
Suppose now (E, 0) is a Higgs bundle of rank r equipped with a Hermitian metric h over a Kéhler
manifold (X,w) of dimension n.

We make the following assumption for (£, 6, h) throughout this section.

ASSUMPTION 2.8. We assume (?)EGZ =0.

We note that Assumption 2.8 is valid for (E,6,h) ® (F,hr) where F is a holomorphic line
bundle endowed with a hermitian metric hrp and (F,6, h) is a harmonic bundle.

Consider the connection Dy := Dj + D" (see the paragraph after Definition 2.1).
Assumption 2.8 is equivalent to that 00 = 0. Hence, one has the curvature

F(h) =D} = [D},D"] = R(h) + [,0"] € AM(X,End(E)), (6)
)

where R(h) := (0, + Op)?. Moreover, one can easily see that (v/—1F(h))* =+/—1F(h). In
other words, /—1F(h) is a (1,1)-form with Herm(FE)-value, where Herm(F) is the hermitian
endomorphism of (E, h).
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By Simpson [Sim88], one has the following Ké&hler identities:
V—1[As, D"] = (D},)", (7)
\ _1[AW7D;J = _(D”)*v (8)

where (D})* and (D”)* are the formally adjoint operators of D} and D” with respect to h and
w, and A, is the adjoint operator of Aw with respect to the Hodge inner product on differential
forms. Define the Laplacians

A= D}.Df + (D} D),
A// — D//(D//)* + (D/I)*D//
A standard computation gives the following identity.

LEMMA 2.9 (Bochner-Kodaira—Nakano identity for Higgs bundles). Let (E, ) be a Higgs bundle
endowed with a smooth Hermitian metric h, which satisfies Assumption 2.8. Then

A" = A+ [V=1F(h), A]. (9)
Proof. By (8), one has
A" =D"(D")*+ (D")*D" = —/—1[D", [As, D}])-
By the Jacobi identity, one has
A" = /Z1D}, [Au, D)) - V=1[A, [D}, D)
@ (D, (Dy)) + [V=1[D}, D", A
O A+ [VEIF(R), A,

which is the desired equality. O
2.3 Notions of positivity

Let us recall the definitions of Nakano positivity and Griffiths negativity for vector bundles
in [Dem12, Chapter VII §6]. Let E be a holomorphic vector bundle endowed with a smooth

Hermitian metric k. For any € X, let eq,..., e, be a frame of E at =, and let e!,...,e" be its
dual in E*. Let z1,..., z, be a local coordinate centered at x. Its curvature tensor is written as

R(h) = Rl dzj A dz, @ e © eg
Set Rjfop = hWBR;Y]—m, where h. 5 = h(ey,ep). We call (E,h) Nakano semi-positive at x if
Z ijfozﬁujaw >0
j7k7a76

for any u=>". uw*(0/0zj) @ eq € (T)I(’0 ® E),. We call (E,h) Griffiths semi-negative at x if

Jrex

> Ripapeicercf <0

j7k7a7B

for any £ =3, £9(0/0z;) € T)l(’gc and any ( = >, (Yeq € E,.
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We write
R(h) >nac Mw®@ 1) for AeR
if

> (Bigas = Awjghap) (1) uhd > 0
j7k7a7ﬂ

uw*(0/02;) ® eq € (T)l(’0 ® E),. We use the notation
R(h) <au Mw ® 1g)

for any z € X and any u= 3}, ,
if
D (Ritas = Awjthas) (1) CECF <0
Jok,0,08

for any z € X, any { =}, £1(0/0z;) € T)l(i[zc and any ( =) (%eq € E;. Note that Nakano
semi-positivity (respectively, semi-negativity) implies Griffiths semi-positivity (respectively,
semi-negativity).

LEMMA 2.10. Let (E,h) be a hermitian vector bundle on a Kéhler manifold (X,w). If there is
a positive constant C' such that |R(h)(x)|p. < C for any x € X, then

Cw®1E >y R(h) >y —Cw ® 1E.

Proof. For any © € X, let 21, ..., 2, be a local coordinate centered at x such that
n
we =v—1 Z dzp N\ dZy.
(=1

Let ey,..., e, be alocal holomorphic frame of E which is orthonormal at z. Write
R(h) = R}, dzj A dz), @ € @ eg.
Then Rjt,5(7) = Rfka(x), and we have
Y |Rjzas(@)® = [R(B)(@)]}, < C%.
3k, 8

Hence, for any u = >
twice, one has

DR
j7k7a7/8

j?a

W (0/02;) ® eq € (T)I(’O ® E),, by using the Cauchy—Schwarz inequality
2
< (X

()
< (kgﬁj (Z Rigast)?) (Sl ) ) (S )

Ja k.8

> Riap(@)u’
7,

4
=lultew D Rigas@)® < luls, - C*.
j7k7a7ﬂ
Hence, one has
—Cluff, < > Rjpas@)ui®uks < Clulf .
j7k7a7ﬁ

The lemma is proved. O
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The following easy fact will be useful in this paper.

LEMMA 2.11. Let (F1,h1) and (E2, he) be two hermitian vector bundles over a Kéahler mani-
fold (X,w) such that |R(h1)(x)|p, w < C1 and |R(h2)(2)|pyw < Co for all x € X. Then for the
hermitian vector bundle (Fy ® E2,hihs), one has

|R(h1h2)($)|h1h27w < \/27“2012 + 27“1022

for all x € X. Here r; := rankF;.

3. L?-method for Higgs bundles

3.1 A quick tour for the simplest case
In this subsection, we assume that (E, 6, h) is a harmonic bundle over a projective manifold X.
We will show how to apply Bochner technique to give a simple and quick proof of Theorem A
in the case that D = @ and L is ample. The main goal of this subsection is to show the general
strategy and we will discuss how to generalize these ideas to prove Theorem A.

For a Higgs bundle (E, #) over a projective manifold X of dimension n, one has the following
holomorphic Dolbeault complex:

Dol(E,0) =EL Exok L. L Ewar. (10)
By Simpson [Sim92], the complex of € sections of F
B2 o m) 2L 2 (R (11)

gives a fine resolution of the above holomorphic Dolbeault complex. Indeed, it can be proven
easily from the Dolbeault lemma. Here &/ (FE) is the sheaf of germs of smooth m-forms with
value in F. Hence, the cohomology of the complex of its global sections (A®*(E), D) computes
the hypercohomology H®(X, Dol(FE, 0)).

Suppose now (E , é) is a stable Higgs bundle with vanishing Chern classes. By the Simpson
correspondence (see [Sim92]), there is a unique (up to a constant rescaling) hermitian metric
over E such that the curvature F(E, iL) = 0. For the ample line bundle L on X, we choose a
smooth Hermitian metric hy, such that its curvature tensor v/—1R(L, h) is a Kihler form w.

Let us define a new Higgs bundle (E, ) := (E ® L, ® 1). We introduce a hermitian metric
h on E defined by h := h @ hr. One can easily check that (E, 0, h) satisfies Assumption 2.8 and
the curvature

V=1F(E,h) := V=1R(E,h) + V—1[0,0"] = V=1R(L,h;) @ 1p = w @ 1. (12)
By the Hodge theory, for each ¢ € Z>(, we know that the space of harmonic forms
H' = {ac A(E) | Aa =0}
is isomorphic to the cohomology H*(A®*(E), D") ~ H(X, Dol(E,)).

THEOREM 3.1 (Theorem A in the case that D = @ and L is ample). With the notation in this
subsection, H*(X,Dol(E,§) ® L) = H! (X, Dol(E,0)) = 0 for i > n.

Proof. Note that Dol(E,6) = Dol(E, ) ® L. It suffices to prove that #* = 0 for i > n. We will
prove by contradiction. Let us take the Kéhler form w := v/ —1R(L, hr). Assume that there exists
a non-zero o € #*. Then by Lemma 2.9, one has

0=A"a=Aa+ [V-1F(E,h), Ao (13)
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An integration by parts yields
(Aa,a)pe = IDhallh, + (D) allf, = 0.

Hence,

02/([leF(E,h),Aw]a,a>h7deolw
X

(1:2)/ (lw® 1, Ay]a, a)p wdVol,
X

- / (i — n)|alpudvol, > 0
b'e
for i > n. Here dVol,, := w™/n! denotes the volume form of (X,w). Hence, the contradiction. [

The proof of Theorem 3.1 indicates that, to prove Theorem A in full generality, we shall
find a ‘proper’ complex of fine sheaves which is quasi-isomorphic to Dol(E,#), such that its
cohomology of global sections can be computed explicitly. Inspired by the work [Zuc79, DPS01,
HLWY23], we will consider the L?-complex as the candidate for this complex of fine sheaves.
However, instead of solving d-equation for vector bundles to prove the vanishing theorem, we
shall consider L?-estimate and solvability criteria of (O + 6)-equations for Higgs bundles (£, 6).
This is the main content of next subsection.

3.2 Hoérmander L2-estimate for Higgs bundles

Solvability criteria for d-equations on complex manifolds are often described as cohomology
vanishing theorems. It is essentially based on the abstract theory of functional analysis. Since
the Kahler identities (7) and (8) hold for Higgs bundles, it indicates that the following principle
should hold.

Principle. The package of L*-estimate by Hérmander, Andreotti-Venssetti, Bombieri, Skoda,
Demailly et al. should hold without modification for Higgs bundles, provided that D'"=0+0is
used in place of 0 and that m-forms are used instead of (p, ¢)-forms.

In this subsection, we work for a very general setup. Let (E,0g,0,h) be a Higgs bundle
together with a Hermitian metric h over a complete Kéhler manifold (M,wys) (not necessarily
compact). Denote again D" := O + 6. Under a certain curvature condition of (E,0g, 0, h), one
can solve the D”-equation in the same vein as [Dem12, Chapter VIII, Theorem 4.5]. We follow
the standard method of L? estimate as that in [Dem12, Chapter VIII], and we provide full details
for completeness sake. The results in this section will be applied more specifically to modified
complete Kéahler metrics over complements of simple normal crossing divisors on compact Kéahler
manifolds in §4.5.

Let us denote by A™(M, E) (respectively, AP4(M, E)) the set of smooth E-valued m-forms
(respectively, (p,¢)-forms) on M, and denote by A{*(M, E) (respectively, A5Y(M,E)) the set
of smooth FE-valued m-forms (respectively, (p,q)-forms) on M with compact support over the
Kéhler manifold (M, wyy). The pointwise length of u € A™ (M, E) with respect to the fiber metric
induced by h and wyy, is denoted by |ul ,,. The pointwise inner product of u and v is denoted
by (U, V)pw,,, OF simply by (u,v). Then the L?-norm of u, denoted by ||ul/w,,, or simply by
|lu|l, is defined as the square root of the integral

Jul? := /M ul?.,, Vol
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where dVol,,, := wf,/n!, which is finite if u € Af*(M, E). The inner product of v and v associated
to this norm is defined by

<<u7 v>>h,wM = /M <u7 U>h,wM dVOIw]\/[)

which is simply denoted by ((u,v)). Note that the Hodge decomposition Af (M, E) =
Bp+q=mAY (M, E) is orthogonal with respect to this inner product (e, e).
We shall denote by L{ | (M, E) (respectively, L?z% w.(M,E)) E-valued m-forms (respec-

tively, (p, ¢)-forms) with locally integrable coefficients. One has a natural decomposition:

7(3)7 loc (M7 E) = @p“rq:mLz()é%y loc (M7 E) .

Moreover, the operators D" (and D), O, respectively) act on Lg) (M, E) in the sense of
distribution, or precisely speaking, F-valued currents. Note that the deﬁnition of those objects

is independent of the choice of the metrics wys and h. A section s € L?;) (M, E) is said to be
in the domain of definition of D", denoted by Dom,,. D", if D"s € Lg;rll (M, E).

Let L?;) (M, E)p,, (respectively, L’(’é‘i(M s E)hw,, ) be the completion of the pre-Hilbert space
A7 (M, E) (respectively, Ab(M, E))) with respect to the above inner product (e, e)). We simply
write Lg) (M, E) (respectively, L’(J %(M E)) if no confusion happens. By the Lebesgue’s theory

of integration, LT (M, E) (respectively, LJ(O g(M E)) is a subset of Ly | (M, E) (respectively,

L% (M, E)). The natural decomposition

(2),10
X
Lz = D Lo
ptg=m
is orthogonal with respect to the inner product (e, e).

Hence, D" (and Dj, O, respectively) act on them respectively, and these operators are

unbounded, densely defined linear operators
+1
(> )(M E) — Lg) (M, E).
The domain of definition of D” denoted by Dom D" are defined by
1

{ue L) (M,E) | D"ue L?;;F (M,E)},
for which one has Dom D" C Dom . D"”. Note that Dom D" depends on the choice of the metric
wy and h, up to mutual boundedness. Namely, if @y ~ wpyr and h ~ h, Dom D" remains the
same in terms of the new metrics @y; and h.

By the argument in [Dem12, Chapter VIII, Theorem 1.1], this extended operator D" (the
so-called weak extension in the literature) is closed, namely its graph is closed. We define Dom D},
in exactly the same manner.

The following result in [Dem12, Chapter VIII, Theorem 3.2.(a)] is crucial in applying the L2-
estimate. Roughly speaking, it gives a condition when the weak extension of D" is the strong one,
in terms of the graph norm, and it enables us to apply the integration by parts for L?-sections
as in Lemma 3.4.

THEOREM 3.2. Let (M,wys) be a complete Kéhler manifold and (E, 0, 0, h) is a Higgs bundle
on M satisfying Assumption 2.8. Then Af'(M, E) is dense in Dom D", Dom D"* and Dom D" N
Dom D"*, respectively, for the graph norm

we ull + 10", w e flull + 1(D")ull,  we flull + [[D"ull + [|(D") "ul|
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We recall the following lemma of functional analysis by Von Neumann and Hémander (see,
e.g., [Dem12, Chapter VIIL, § 1]), which is crucial in obtaining the L?-estimate for Higgs bundles.
First we recall the following notation of the adjoint operator T* and DomT™: y € Dom T™ if the
linear form

DomT >z — (Tx,y)),

is bounded in 7 -norm. Since Dom 7" is dense, there exists for every y in Dom 7™ a unique element
T*y in JA such that (z,T*y); = (T'z,y)), for all € DomT.

LEMMA 3.3. IfT : 74 — 5% is a closed and densely defined operator, then its adjoint T* is also
closed and densely defined and (T*)* = T. Furthermore, we have the relation ker T* = (ImT)*
and its dual (ker T)* = ImT*. In particular, ker T © ImT* = JA4.

Note that A, := [\/—1F(h),Ay,,] acts on AT}, @ E as a hermitian operator. As Ay, is
smooth, for any u € L5, M, E), Ap(u) € L7y, | (M,E). If Ay, is semi-positively definite,

(2),loc
AY? exists as a densely defined hermitian operator from L5, (M, E) to itself. The following

result is exactly the same vein as the Kodaira-Nakano inequality (see [Dem82, Lemme 4.4]).

LEMMA 3.4. Let (M,wy;) be a complete Kéhler manifold and (E,Og,0,h) is a Higgs bundle
on M satisfying Assumption 2.8. Assume that A,, is semi-positively definite. Then for every
u € Dom D" N Dom D"*, one has

|D"ul|? + || D" ul|? > (Apu, u) = / (Amu, u)p oy, AVolyy, . (14)

M

Proof. Since (M,wys) is complete, by the proof of [Dem12, Chapter VIII, Theorem 3.2.(a)l,
there exists an exhaustive sequence {K,},en of compact subsets of M and functions p, such
that p, =1 in a neighborhood of K, Supp(p,) C Ky+1, 0 < p, <1, and |dpy|w,, <277. One
can show that p,u — u in the graph norm w — |ju|| + || D"u|| + || D"*u||. Since A,, is supposed
to be semi-positively definite, hence by the monotone convergence theorem

lim <Am(pl/u)7puu>h,wM dvoly,, = / <Am(u)7u>h,wM dVoly,,,
M M

v——+00

which might be +o0 in general. Hence, it suffices to prove (14) under the assumption that u has
compact support.

By the convolution arguments in [Dem12, Chapter VIII, Theorem 3.2.(a)], there exists uy €
AUY(M, E) such that uy tends to u as ¢ — oo with respect to the graph norm |lu|| + || D"ul| +
|| D"*ul|, and there is a uniform compact set K such that Supp(us) C K for all £. By Lemma 2.9,
one has

(A" ug,ue) = (Aug,ue) + (Amue, u)-
As uy has compact support, one applies integration by parts to obtain
(A" ug,ug) = [|D"ugll* + || D" ug||?
and
(A"ug,ue) = | Dyuell® + 1D ue* = 0,
which gives rise to
D" ugl|? + [|1D"*ugl|* > (Amue, ue)).

Inequality (14) follows from the above inequality when ¢ tends to infinity. The lemma is proved.
O
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Remark 3.5. Suppose that A,, is a semi-positively definite hermitian operator on A™T}, ® E. For
some v € Lg) (M, E), assume that for almost all z € M, there exists a measurable and integrable
non-negative function «(z) such that

(v, f>h,wM ’2 < afz)(f, Am(x)f>h7wM
for any f € Aj*(M, E),, then the minimum of a(x) is
A5 2 @)0lf yy = (A (2) ™10, 0)

if the operator A,,(z) is invertible. Hence, we shall always formally write it in this way even
when A,,(z) is no longer invertible, following [Dem12, Chapter VIII, §4].

Now we are able to state our main result on L?-estimate for Higgs bundles.

THEOREM 3.6 (Solving the D"-equation for a Higgs bundle). Let (M,wys) be a complete Kahler
manifold and let (E,0g,0,h) be a Higgs bundle on M satisfying Assumption 2.8. Assume that
A, is semi-positively definite on ATy, ® E at every x € M. Then for any v € L?z‘) (M, E) such
that D"v =0 and

/M(Amlv, v)dVol,,, < +00,

there exists u € L’(g)_l(M, E) such that D"u = v and

|2 < /M<A,;}v,v> dvol,,,.

Proof. Consider now two closed and densely defined operators

A = L (M, B) T2 ot = Ly (M, B) =25 o = Ly (M, ).

For any f € Dom S N DomT™, one has

(o) = | / (f, o) dVolsy |2 < | / (Al )2 - (A f, )2 Vol 2
M M

< /M(Amlv,deole - /M<Am £, f)dvol,,
by Cauchy—Schwarz inequality. By (14) one has
(£ o012 < CUSFIZ + 1T FI7),s (15)

where C := [ (A,'v,v) dVol,,, > 0.

Note that 7* 0 S* =0 by SoT = 0. For any f € Dom T, there is an orthogonal decompo-
sition f = f1 + fo, where f; € ker S and fy € (ker S)* =TIm S* C ker T* by Lemma 3.3. Since
v € ker S, by (15) we then have

[(f. 007 = (A o) P < CUSAI? + 1T AP = CIT*A]* = CIT* £

By the Hahn—Banach theorem, we conclude that there is u € DomT" such that Tu = v with
|lul|2 < C'/2. The theorem is proved. O

A direct consequence is the following result which can be seen as a Higgs bundle version of
Girbau vanishing theorem (see [Dem12, Chapter VII, Theorem 4.2]) in the log setting [HLWY23,
Theorem 4.1].
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COROLLARY 3.7. Let (M,wy;) be a complete Kihler manifold, and (E,0,h) be any harmonic
bundle on M. Let L be a line bundle on M equipped with a Hermitian metric hy,. Assume that

([V=LIR(hL), Ao 1fs Pongons = €lF 1R, s (16)

for any x € M and f € (AP9T}; ® L), with p+q=m. Set (E,0,h) = (E® L,0® 1y, hhr).
Then for any v € Lg)(M, E) such that D"v = 0, there exists u € Lq(g) Y(M, E) such that D"u = v
and

2
)2 < I

Assumption 2.8. Hence,
VEIF(h) = V=1(R(R) + 16,63
=V=1R(h) @ 1+ V=1R(hy) @ 1p + [0 © 11,0 @ 1]
V=1F(h)® 11 +V—1R(h) ® 1f
V—1R(hp) ® 1, (17)

where the last equality follows from that F (h) = 0 since (E, 9, 71) is a harmonic bundle. In this
case, it is easy to see that for any f € (AT}, ® E);, decomposing f =) fP? with fP4
its (p, ¢)-component, one has

<Amf7 f)h,wM = Z <[\/jR(h[), AUJ]M] ® ]lE(fnq)’ fp’q>hL7W]W

pt+g=m

Z Z €|fp’q|]2’l,7w1\,j = E‘fﬁ,wM'

ptrg=m

pt+q=m

Hence, (A 1 f, fhwy < 6_1|f|%wM Applying Theorem 3.6, we conclude that there is u €

Lg) Y(M, E) such that D"u = v and

lvl®

HuH2 S/ <A;nlv,v)h7deVole <
M g

4. Vanishing theorem for tame harmonic bundles

4.1 Parabolic Higgs bundle

In this section, we recall the notions of parabolic Higgs bundles. For more details, refer to [AHL19,
8§81, 3, 4, 5] and [MY92, §1]. Let X be a complex manifold, D = Ele D; be a reduced simple
normal crossing divisor, U = X — D be the complement of D and j : U — X be the inclusion.

DEFINITION 4.1. A parabolic sheaf (E, oF) on (X, D) is a torsion-free Oy-module E, together
with an Rl-indexed filtration o F (parabolic structure) by coherent subsheaves of j, E such that
(i) a€ R and oE|ly = F

(i) for 1 <i <, g41,F = oF ® Ox(D;), where 1; = (0,...,0,1,0,...,0) with 1 in the ith
component;

(iil) qrel = oF for any vector € = (e,...,€) with 0 < € < 1;

(iv) the set of weights {a — @FE/a—eE # 0 for any vector € = (e,...,¢e) with 0 <e < 1} is
discrete in R’
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A weight is normalized if it lies in [0,1)!. Denote oF by °E, where 0 = (0,...,0). Note that
the parabolic structure of (E, oF) is uniquely determined by the filtration for weights lying
in [0,1)!. A parabolic bundle on (X, D) consists of a vector bundle £ on X with a parabolic
structure, such that the filtered subsheaves o F are vector bundles. As pointed out by one of the
referees, by the work of Borne and Vistoli the parabolic structure of a parabolic bundle is locally
abelian, i.e. it admits a local frame compatible with the filtration (see, e.g., [IS07] and [BV12]).

DEFINITION 4.2. A parabolic Higgs bundle on (X, D) is a parabolic bundle (E, o F,0) together
with Ox linear map

6:°E — Q(log D) ® °E

such that
ONO=0
and
0(aE) C Qx(log D) ® o F,
for a € [0,1)".

A natural class of parabolic Higgs bundles comes from extensions of tame harmonic bundles,
as discussed in the following section.

4.2 Extension by an increased order
By a celebrated theorem of Simpson and Mochizuki, there is a natural parabolic Higgs bundle
induced by tame harmonic bundle (E, 0, h).

We recall some notions from [Moc07, §2.2.1]. Let (X, D) be the pair in §4.1. Let E be a
holomorphic vector bundle with a €*° hermitian metric h over X — D.

Let U be an open subset of X with an admissible coordinate (U;z1, ..., z,) with respect to
D. For any section o € I'(U — D, E|y_p), let |o|;, denote the norm function of o with respect
to the metric h. We use the notation |o|;, € (9(]_[5:1 |z;| =) if there exists a positive number C'
such that |o], < C - Hle |2;]7%. For any b € R, say —ord(c) < b means the following:

V4
ol =0 TT117)
i=1
for any real number € > 0 and 0 < |z;| < 1. For any b, the sheaf F is defined as follows:
I(U,pF) :={c €eT(U—-D,E|y_p) | —ord(c) < b}. (18)

The sheaf pE is called the extension of E by an increasing order b. In particular, we use the
notation °E in the case b = (0,...,0).

According to Simpson [Sim90, Theorem 2] and Mochizuki [Moc07, Theorem 8.58], the above
extension gives a parabolic Higgs bundle, in particular, 6 preserves the filtration.

THEOREM 4.3 (Simpson and Mochizuki). Let (X, D) be a complex manifold X with a simple
normal crossing divisor D. If (E,0,h) is a tame harmonic bundle on X — D, then the corre-
sponding filtration p E according to the increasing order in the extension of E defines a parabolic
bundle (E,pFE,0) on (X, D).

Here we also recall the following definition in [Moc07, Definition 2.7].

DEFINITION 4.4 (Acceptable bundle). Let (£, O, h) be a hermitian vector bundle over X — D.
We say that (E,0g,h) is acceptable at p € D, if the following holds: there is an admissible
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coordinate (U z1, ..., zp) around p, such that the norm [R(E, h)|pwp < C for some C' > 0. When
(E 0p, h) is acceptable at any point p of D, it is called acceptable.

The following deep result by Mochizuki [Moc07, Proposition 8.18] will play an important
role throughout this paper.

THEOREM 4.5 (Mochizuki). Let X be a complex manifold and let D be a simple normal cross-
ing divisor on X. Assume that (E,0,h) is a tame harmonic bundle on X — D. Then (E,h) is
acceptable.

4.3 Modification of the metric

In this subsection, we work with the following modification of acceptable metric defined in
[Moc02, §4.5.3]. Let us consider the case X = A", and D = Zle D; with D; = (z; = 0). Let
(E, g, h) be an acceptable bundle over X — D. For any a € Réo and N € Z, we define

l l n
K@ V)= = S atogls - ¥ Ston-log =)+ 3 dogli = Jaf)). (19
j=1 j=1 k={+1
Set h(a, N) := h-e X(@N) Then
R(h(a,N)) = R(h) + vV—199x(a, N) = R(h) + Nwp.

Note that Qx+ = @?:1 L; where L; is the trivial line bundle defined by L; := p;Qa~ for i =
1,...,0 and Ly = p;Qa for k = £ +1,...,n where p; is the projection of (A*)f x A"* to its ith
factor. For any p = 1,...,n, set hy, to be the hermitian metric on Q2% induced by wp. Then there
is a positive constant C(p,£) > 0 depending only on p and ¢ such that |R(hp)|n,wp < C(p,£).
Set CO ‘= SUPp=—y,... nit=1,....n C(pa E)

PROPOSITION 4.6. Let (E,0g, h) be an acceptable bundle over X — D, where X is a compact
complex manifold and D is a simple normal crossing divisor. Then there is a constant Ny > 0
such that, for any x € D, one has an admissible coordinate (U;z1, ..., z,) around p (which can
be made arbitrary small) satisfying the following property.

For vector bundles &, := 5* ® E and %), := QZ* ® E, which are all equipped with the €°-
metric hg, and hg, induced by h(a,N) and wp, one has the following estimate:

\% _1R(h£p) ZNak WP ® ]lé’p; \% _1R<hﬂ‘p) <ai 2Nwp ® lﬂ"p (20)

over U* for any N > Ny. Such Ny does not depend on the choice of a.

Proof. As (E,h) is assumed to be acceptable, for any = € D, one can find an admissible coor-
dinate (U;z1,...,2n;¢) around x such that |R(h)|n., < C. By the above argument, one has
|R(hy)|hywp < Co for the Hermitian metric hy, on Q.. By Lemma 2.11, we conclude that there
is a constant C7 > 0 which depends only on Cy and C' such that

|R(h’;1h)‘h;1h,u;p < C1,  |R(hph)lhphwy < Ch

foranyp =0,...,n, where h;lh is the metric for &}, and h,h is the metric for .#,. By Lemma 2.10,
one has

\/le(hljlh) >nax —Clwp ® llg’p, \/le(hph) <nak Crwp ® ﬂfé‘p-
As hg, = h;lh(a, N) and hg, = hyh(a, N), we then have

vV —1R(h,gp) > Nak (N — Cl)wp ® ﬂgp, vV —1R(hyp) <Nak (N + Cl)wp ® ]lgzp.
If we take N, = Cy + 1, then the desired estimate (20) follows for any N > N,.
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Now we will prove that for points near z, the above estimate N, holds uniformly. As C}
depends only on C, one has to prove that there is a constant C' such that for any point z near
x, there is an admissible coordinate with respect to z such that [R(h)|p ., < C.

CLAIM 4.7. Let ¢ : A — A* defined by ¢(t) = t/4+ 3. Then

v—1 Z V-1 t _
. dzNdz dt Adt < o/ Tdt N dE < O,

|2 (log[2[2)2 ~ 16]¢(t)|* (log (1)[?)?
where Cy = 4(log 2)72.

V—=1dt A dt
(T —t2)2

For any z € U, we first assume that z; = - -- = zy = 0, namely the components of D passing to
z are the same as x. Take isomorphisms of unit disk {¢; € Aut(A)};j—¢11,..n such that ¢;(z;) =
xj. Note that 1 = --- = 2y = 0. Hence, (1a,..., 1A, ¢¢11,...,0n) 0@ : U — A" gives rise to the
admissible coordinate for z, and the Poincaré metric wp is invariant under this transformation.
Hence, one can take N, = N,.

Now we can assume that z; =---=2z, =0, and that any of {zn41,...,2¢} is not
equal to zero, for m <. We first take automorphisms {7;}i—m+1,.. ¢ C Aut(A*) such that
771(%) =2z. Set ¢y =mijop: A — A* fori=m+1,...,{. Take isomorphisms of unit disk {¢; €
Aut(A)}j—r41,..n such that ¢;(z;) = ;. Then o to(la,. .., 1a, Pmits---rPn) : A" — X will
give rise to the desired admissible coordinate for such z. By the above claim, one has |R(h)|pwp <
C5C. Hence, the above estimate N, can be made uniformly in U. As X and D is compact, one
can cover D by finite such open sets, and the desired Ny in the theorem can be achieved.

We now show that these admissible coordinates can be made arbitrarily small. For 0 < e < 1,

set
b AT S AT
(21, ...y 2n) — (€ 21, ..., e t2y),
where A; = {z € A||z| < ¢e}. For any admissible coordinate (U;zi,...,2,;¢) around x such
that |R(h)|pwpe < C, one can introduce a new one (U(e);wr,. .., wn,;¢:) around = with

e U(e) = A"
T — ¢e 0 p(T).

When ¢ <« 1, this admissible coordinate will be arbitrarily small. Note that ¢iwp > wp| An-
Hence, in the new admissible coordinate (U(e);wi,...,wn;pe), one still has |R(h)|pwp, < C.
The constant N, is thus unchanged. The proposition is proved. ]

This result will be important for us to construct a fine resolution of parabolic Higgs bundles
in §4.5.

4.4 From L2-integrability to ¢%-estimate
Note that in order to show the quasi-isomorphism between some complex of sheaves of L2-forms
and (1), one has to deduce some norm estimate of sections from the L2-integrability condition.
In the case that (F,#) is a line bundle with trivial Higgs field, this has been carried out in
[DPSO01, §2.4.2] and [HLWY23, Theorem 3.1]. This subsection is devoted to showing this using
mean value inequality following [Moc06, Lemma 7.12].

We first recall the following well-known lemma and we provide the proof for the sake of
completeness.
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LEMMA 4.8. Let (E,h) be a Hermitian vector bundle over a complex manifold X . Suppose that
R(h) is Griffiths semi-negative. Then for any holomorphic section s € H°(X, E), one has

V=1081log|s|2 > 0.

Proof. Outside the zero locus (s = 0), one has

V—1081log|s|? = ﬁ{a’lj’ﬁhs}h _ \E{ﬁhs,s}h| /|\4{5,8h5}h B {\/TIR(‘ZL)S,S};L
sly s|: 5|2
> {\/le(h)Sa s}h

= 2
‘S|h

>0,

where the first inequality is due to Cauchy—-Schwarz inequality and the second follows from the
assumption that R(h) is Griffiths semi-negative. As log|s|? is locally bounded from above, it is
thus a global plurisubharmonic function on X. O

ProprosITION 4.9. With the same setting as Lemma 4.6, for any x € D, we take an admissible
coordinate (U;z1,...,z,) around z and pick N > Ny as in Lemma 4.6. Then for any section
s € HO(U*, .. ® E|y+), when 0 < r < 1, one has

L

5lhop (2) < Clisltanyon - (H |zi|-ai—5> (21)

i=1
for any 6 > 0 and any z € U*(r).
Proof. By Lemma 4.6, for the hermitian vector bundle (7. ® E, hyh(a,—N)) one thus has
R(hph(a,—N)) = R(hyh(a,N)) —2Nwp ® Lor, op <cni 0
over U* for N > Nj. For any section s € HO(U*, Q.. ® E), by Lemma 4.8 one has
vV —1001log |s(z)|i(a7_N)

where we omit h, in the subscript for simplicity. For any z € U*(r) where 0 < r < 1, one has
log ’S<Z)|%L(a,—N),wp <0, and

>0,

Wwp —

4n
10g [5(2) [} (0, Ny wop < W/Q 10g () |7 (.- ) wp @VOlg
=11~ z
<10g< i / Is(w) 2 d 01)
= =l 9 a,—N)wp?V
N Hle %2 Jo. h(a,=N)wp™ "9
1
§10g<C ————s(w) |2 (0 dv01>
Q. Hle |wl‘2| ( )|h( s N),wp g
¢ n
<log Cy +10g/ [5(0) 2@ nywp | [ [0z wil®)?] TT (1 = lwj|*)?dvols,
z i=1 j=t+1

<logC; + log/ |s(w)|,21(a7N)7devole

Q.
< log Cy + log|s[[7 a.n).

wp?

where Q, := {w € U* | |w; — z;i| < |2zi]/2 for i < {;|w; — 2] < % for i > ¢} and g is the Euclidean
metric. The first inequality is due to mean value inequality, and the second is Jensen inequality.
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Hence,
¢ N/2 ¢
5 lhion = e+ ( ~ [Tioela?) - (T 1a1)
=1 =1
)4 N/2 l
< Pslhiapyn (- Tonl?) - (TT10)
i=1 i=1
¢
< Collthiamyn - (T 117
i=1
for any § > 0 and some positive constant Cs depending on 6. O

4.5 A fine resolution for Dolbeault complex of Higgs bundles
Let (E,0,h) be a tame harmonic bundle on X — D, where (X, w) is a compact Kahler manifold
and D = Zle D; is a simple normal crossing divisor on X.

Let L be a line bundle on X equipped with a smooth Hermitian metric Ay such that
vV/=1R(hy) > 0 and has at least n — k positive eigenvalues. Such a metrized line bundle (L, hr)
is indeed called k-positive in [SS85]. Let B be a nef line bundle on X. Let o; be the section
HO(X,0x(D;)) defining D;, and we fix some smooth Hermitian metric h; for the line bun-
dle Ox(D;) such that |o;|p,(2) <1 for any z € X. Write op := Hle 0; € H'(X, 0x (D)) and
hp = Hle h; the smooth metric for &x (D). Pick a positive constant N greater than Ny, where
Ny is the constant in Lemma 4.6 such that (20) and Proposition 4.9 hold for (E, 6, h).

Given a smooth metric hg on B, note that for a = (ay,...,a;) € R and £ := L ® B|x~
equipped with the metric

Y4 ¢ N
hy(a) = hphp [ ] loil3% - ( — ] 0s \ai|%%_> , (22)
i=1 i=1
its curvature

¢
V=1R(hg(a)) = V=1R(hy) + V=1R(hp) + > _ 2V~1a;R(h;)
=1

L 2 3 2 L
dlog|o;|; A Olog|oly. V—1R(h;)
++v—=1N ‘ Lt — N — 23
D (N 2 logoy
Here R(h;) is the curvature of (Ox(D;), h;).
Let 0 < ~v1(x) < -+ < yu(x) be eigenvalues of /—1R(hy) with respect to w. Set

i=1

go := inf Vt1(),

which is strictly positive by our assumption on v/—1R(hr).

LEMMA 4.10. There exists a smooth hermitian metric hg of B, such that upon rescaling h;, for
ac Rio sufficiently small, we achieve the following.

(i) One has
V—1R(hg(a)) > V—1R(hy) — 1w > —€1w (24)

for €1 = £¢/100n2.
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(ii) The metric
Wwa N = 2w + V—1R(hy(a)) (25)
is a Kéhler metric when restricted on X* = X — D for €9 = £¢/10n.
(iii) One has °E=4F.

Proof. Let us explain how to achieve part (i). The possible negative contribution for
vV—1R(h¢(a)) can only come from

log|allh

y4
V—1R R(hp) —i—ZQ\/iaZ hi) NZ
=1

As B is nef, one can take hp such that /—1R(hp) > —§5lw. As N is fixed, we can
replace h; by c¢- h; for 0 < ¢ < 1 and let a; be small enough, such that Zle 2v/—1a;R(h;) —
NZle(v—lR(hi)/(log]Ji\%i)z) > —1zyw. This proves part (i). Part (ii) follows directly from

part (i).
By Theorem 4.3, °F is a parabolic Higgs bundle. By Definition 4.1 (iii), one has °E=4,F if a
is chosen small enough. This proves part (iii). O

We know that wq n is a complete Kahler metric. Indeed, write h; loc e~ % in terms of the
trivialization D; NU = (z; = 0) of any admissible coordinate (U; z1, ..., 2), one has

¢
Wa N = <z~:2w + Z 2Jj1aiR(hi) + mR(hM)>

l
dz; dz; =
D 1og|z|2+sol> ( v *a“’l)A(zﬁa%)

— logIZIZ2 + i

From this local expression one can also see that we n ~wp on any U*(r) for 0 <r < 1.
We also can show the following.

LEMMA 4.11. For the smooth metric hq n :=h - Hl 1 ]01\2“1 (= Hle log|ai],2”)N of E, it is
mutually bounded with h(a, N) defined in §4.3 on any U*(r ) for 0 <r < 1.

Let us prove that such construction satisfies the positivity condition in Corollary 3.7.

PRrOPOSITION 4.12. With the above notation, for any p + q > n + k, one has

(V-1R(hg(a)), Au, v)f, Plwan = Q\flwaN (26)
for any f € Ap’qT)*(*,x and any x € X*.

Proof. For any point x € X*, one can choose local coordinate (z1, ..., z,) around z such that w =
V=131 dz Adz; and V/=1R(hg(a)) = V=11 Yidz A dz; at z, where 33 <--- <7, are
eigenvalues of /—1R(h(a)) with respect to w. By (24) one has 7; > 7; —e1. Let A\ <--- <\,
be eigenvalues of vV—1R(hy(a)) with respect to wg n. Then \; = 7;/(2 + 7;) by Lemma 4.10(ii),
and, thus, at each point x € X*, one has:

- —61/(62—61) S )\z' S 1 fori= 1,...,n;

- AN>1—e9/(eg—e1)fori=k+1,...,n
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We can assume that p > ¢. Then

(W=1R(hg(a)), Aoy N1 Floan = <Z)\z + Z)\j — A= — )\n) Iflia,N

i=1 j=1

k
> (0-n(1- 220 ) - =g,

€2
>(1- ]
> (1on( o2 ) i 2 I

Remark 4.13. Let us mention that Lemma 4.10 and Proposition 4.12 are indeed inspired by the
proof of Girbau vanishing theorem in [Deml2, Chapter VII, Theorem 4.2] and its logarithmic
generalization in [HLWY23, Theorem 4.1].

We equip ' with the metric hq n and X* with the complete Kahler metric wq y having the
same growth as wp near D. Let £75, (E)p be the sheaf on X (rather than on X™*) of germs

of Ly, E-valued m-form u, for which D”(u) exists weakly as L?-form. Namely, for any open set
U C X, we define

a,NWa,N

L5(E)U) ={ue LU -D,E) | D'"u e Lg;rl(U D,E)}. (27)
Here we write 2(’;)(]5’) instead of 2%( Jha nwa,y fOT short.

We also define 2@% (E) to be the sheaf on X of germs of Lo, E-valued (p, q)-form, for which

Op(u) exists weakly as locally L?-form. Namely, for any open set U C X, one has

SENU) = {u € LU = D. B) | dpu € Lty (U ~ D, B)}. 2%)

Note that for any admissible coordinate (U; 21, ..., 2y), as wq N ~ wp and hq N ~ h(a, N) on any
U*(r) for 0 < r < 1, we have that Lg)(U*(r),E)h(mN)MP (in (27)) and L@g(U*(T), )h(a,
(in (28)) are the same as those in §3.2.

The following lemma is a consequence of Theorem 2.7.

LEMMA 4.14. Let (E,0,h) be a tame harmonic bundle over X — D. Suppose 6 has nilpotent
residues on D. We have that

and

0L () C sl(’;)L‘I(E).

Proof. Since 6 is one-form with value in End(FE), its norm remains unchanged if we replace the
metric h by h(a, N) := h- e X(®N)_ One thus has
10lha,N)wp = Olhwp < C

for some C' > 0, where the last inequality follows from Theorem 2.7. (Let us stress here that this
is the only place where we use the condition that 6 has nilpotent residues on D.) Hence, 6 is a
bounded linear operator between Hilbert spaces

LI4(U - D, E) — Liy (U - D, B).

The theorem follows from that D” = 9 + 6 and 9gf = 0. O
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PROPOSITION 4.15. Let (E,0,h) be a tame harmonic bundle over X — D. For x € D and any
admissible coordinate (U;z1, ..., z,) centered at x, one has

L(U*(r), 21y © Elu=() N L3 (B)(U () = (% (log D) ® °E) (U (r)) (29)
if 0 < r <« 1. In particular,

Q% (log D) ® °E C sg’)o(E). (30)
Proof. Assume that DNU = (21...2 = 0). Write w; =logz; for i =1,...,¢ and w; = z; for
Jj ={+1,n. For the basis dw; of Q% (log D), on U*(r) with 0 < r < 1, one has

l
ldwylu, < C1 [[(~log|2il?),

i=1
for some constant C'.
First, we prove ‘2’ of (29). Pick any section s € (2% (log D) ® °E)(U(r)). One can write

S:Zde®€[
I

with ey € °E(U(r)). Then

‘
lerln < Co [ |2l

i=1

for any € > 0 by the definition of °E. Therefore, one has

V4
|dwr @ er|p(an) wp < ldwr @ eqlpwp e XN =0 ( H(|zi|“i_€)>
i=1

for any I, € > 0. This proves that

[ 1w ® ol = O11)
U*(r)
and, thus,

LU (), Q) © Elun) N ERAE)U(r) 2 (2% (log D) © °E) (U(r).

Now we prove ‘C’ of (29). For any section s € I'(U*(r), Qi) ® Ely«y), we write

SZZdU)[@@[
I

with ey € E(U*(r)). If s € £ (E)(U(r)), it follows from Proposition 4.9 that

(2)
l
shnar () < ([T 1a1)
=1

for any o > 0. Hence,

V4
(T ) 2 blhr = Eldulonlerl = 3 lrl
=1 I I

for any d > 0 and 0 < r < 1. Therefore, one has
er € oE(U(r)).
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Since 4 is chosen properly such that o E = °F, one concludes that
s € (% (log D) ® °E)(U(r)).
This proves that
LU (1), Q) @ Elyr) N L) (U () € (23(log D) @ °E) (U(r).
Equation (29) follows. Equation (30) is a consequence of (29). O

Note that in Theorem 4.15, one does not need to assume that 6 has nilpotent residues on D,
which is essentially required in Lemma 4.14. For the remainder of § 4.5, we present this nilpotency
assumption. Recall that one has D"? = 0. Let ( 0 (E), D") be a complex of fine sheaves over X
defined by

D// D// D//
£y (B) == £)(B) = -

By (30) and Lemma 4.14, there is a natural inclusion

— £5)(E). (31)

AN <>EQ?Q;((logD) 4.8 °E ® QY (log D)

! LDlDi (32)

D// ” N n

and we are going to show that this morphism between two complexes is a quasi-isomorphism.

We now recall a celebrated theorem (in a weaker form) by Demailly [Dem82, Théoréme 4.1],
which enables us to solve the d-equation on weakly pseudo-convex Kihler manifold (might not
be complete). When the metric is complete, it is due to Andreotti and Vesentini [AV65].

THEOREM 4.16 (Demailly). Let (X,w) be a Kéhler manifold (w might not be complete), where
X possesses a complete Kahler metric (e.g. X is weakly pseudo-convex). Let E be a vector bundle
on X equipped with a smooth hermitian metric h such that

VvV — R(E h) < Nak EW ® ]].E,
where € > 0 is a positive constant. Assume that g € L?Q’g(X, E) such that dg = 0. Then there

exists f € L7(12")1_1(X7 E) such that 0f = g and

1F1lhw < e gl
This theorem by Demailly is used to solve the O-equation locally. We first recall the notation
used in the following proposition and theorem. Let (X, w) be a compact Kéahler manifold and let
D = Zle D; be a simple normal crossing divisor on X. Let (E, 0, h) be a tame harmonic bundle
on X — D. With the modified Hermitian metric hq y for £ and the complete Kahler metric wq n
defined in Lemmas 4.10 and 4.11, we have the sheaves of L? E-valued forms E’(’S(E)hm NWa,N

defined in (28). We write Effég( ) instead of 21(02%( )ha.nwa, n fOT short.

PROPOSITION 4.17. For any x € X, there is an open set U C X (can be made arbitrary small)
containing x such that for any g € £1(02r§( )(U) with ¢ > 1 and 0g(g) = 0, there exists a section

fe )qu Y(E)(U) such that dgf = g.

Proof. If x ¢ D, then we can take an open set U C X — D containing x which is biholomorphic
to a polydisk, and the theorem follows from the usual L?-Dolbeault lemma. Assume x € D. Let
(U; z1,...,2,) be an admissible coordinate around z. By Lemma 4.6, &), := Tg* ® E equipped
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with the ¢'*°-metric hes, = hy,*h(a, N) induced by h(a, N) and wp, satisfying

V _1R(hé"p) ZNak Wp & 16‘},
for any p =0,...,n. Note that wp

(1) ™ wa,N|g*(%) and h(a, N)|g*(%) ~ hanN (1) Hence,

one has

L (U (3): Gnphg, _ wor = LG (U () E)hg s wan (33)

(2 “n—p’
for any p=0,...,n. For any g¢¢ L?é?<0*(%)7gn—p)hgn_p,wp with d(g) =0, if ¢>1, by
Theorem 4.16, there is f € Lg?_l(U*(%), En-plhg, wp such that df = g. The proposition then
follows from (33), and U*(3) is the desired open set U in the proposition. O

Now we are ready to prove that the L?-complex is the desired fine resolution for our tame
harmonic bundle.

THEOREM 4.18. The morphism between two complexes in (32) is a quasi-isomorphism.

Proof. Pick any m € {0,...,n}. We are going to show that ¢ : kerf/Im6 — ker D”/Im D" at
°E ® Q%(log D) is an isomorphism. For any x € D, we pick an open set U > = as in Propo-
sition 4.17 and set U* =U — D. Indeed, U* = 0*(%) where (U;z,...,2,) is an admissible
coordinate around x and, thus, hq v ~ h(a, N) and we ny ~ wp on U*. Pick any g € Sg)(E)(U)

such that D"g = 0. By Lemma 4.14, we can write g = Y- . _ . gpq Where g, € Ez(oég(E)(U), and

let go be the largest integer for ¢ such that g, # 0. By Lemma 4.14, we can decompose D"g
into bidegrees, such that
/ —

OEIm—qo.00 = 0

09m—q0,00 + OEIm—qo+1,90-1 =0

09po—1,m—po+1 + 5Egpo,mfpo =0

egpo,m—po =0

for which the operators act in the sense of distribution. Hence, gm—gy,q0 € Sg)_ 1O0(EY(U) with

5Egm:q0’q0 = 0. Applying Proposition 4.17, there is a section fy,—g,q0—1 € Sg;qo’qofl(E)(U) such
that O fim—qo.q0—1 = —9m—qo.q0- By Lemma 4.14, D" f,,, o0 001 € L5 (E)(U), and we define g =
D" frn—qgo.q0—1+ g € L5 (E)(U). One thus has D"¢" =0. Write ¢’ =

SZ();)I (E)(U). Note that

/ /
ptg=m Ip,g Where g, , €

{ —

/ f— JR—
Im—qo,q90 = aEfm—qo,qo—l + 9m—qo.q0 = 0,

/ _
Im—qo+1,q0—1 = efquo,qoﬂ + Im—qo+1,q0—1>

/ _
Im—qo+2,q0—2 = Im—qo+2,q0—2>

/ _
\gpo,mfpo - gp07m—p0'

We can use the same method to find f € Sg;l(E)(U) such that go =g+ D"f € Qg)O(E)(U)

such that D" gy = 0. Decomposing D" gy into bidegrees we get
d(g0) =0, 6(go) = 0.
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By the elliptic regularity of 0 one concludes that
g0 € D(U™, Q. @ Ely-).

By (29), go € I'(U, Q% (log D) ® °E|r;), which shows the surjectivity of ¢.

Now we prove the injectivity of ¢. Let g € I'(U, Q% (log D) ® °E|y) C £5) (E)(U) such that

g=D"f. Write f =3 . _,. 1 fpq Where fp, € £€2§(E)(U) Then g = D" (fim-1,0) = 0(fm-1,0)
thanks to the bidegree condition. Hence,

fm-10 € DU, Q7L @ Bl ) N g MY(B)(U).

()

By (29) again, f,,—1,0 € T'(U, Q% (log D) ® °E|ry). The injectivity of ¢ follows.
When m > n, the exactness of D” can be proven in the same way. Let g € Sg)(E)(U )

such that D”g = 0. Applying Proposition 4.17 once again as in the case of m < n, we can

find f € Eg;l(E)(U) such that D" f + g € L"é;ﬂ’*"(E)(U) As 0(D" f + g) = 0, this implies that

Op(D"f + g) =0, and by Proposition 4.17 again one can find h € E?é;l_n_l(E)(U) such that
D"h = Ogh = D" f 4 g. This shows the exactness of D” when m > n. This completes the proof

of the theorem. OJ

Remark 4.19. To summarize, let us explain our choice of the perturbation of the metric h by
hax = h-Tlizy oy - (= TTizy log ol ).

The input of the factor Hle |o; ]Z‘:z is to ensure that the sections of °F are L?-integrable, which
does not seem to be true for the harmonic metric h. However, a; have to be small enough since
holomorphic sections of E which are also L2-integrable with respect to ha,n only lie on o F. Due
to the semicontinuity of the parabolic structures by Mochizuki (cf. Definition 4.1 (iii) together
with Theorem 4.3), o £ = °F if a; are small enough. This is the main context of Theorem 4.15.

The input of (— Hle log |ai\%i)N is to add enough local positivity near D such that one can
apply the Hormander-Demailly L?-estimate to obtain the L?-Dolbeault lemma locally around
D. This is Proposition 4.17. Let us stress here that the fact that (F,h) is acceptable due to
Mochizuki is essential to perform such modification of metrics.

4.6 Proof of the main theorem
In this subsection, we will prove the following vanishing theorem for a tame harmonic bundle.

THEOREM 4.20. Let (X,w) be a compact Kéhler manifold of dimension n and let D be a simple
normal crossing divisor on X. Let (E, oF,0) be the parabolic Higgs bundle on X induced by
a tame harmonic bundle (E,0,h) on X* = X — D whose Higgs field has nilpotent residues on
D. Let L be a line bundle on X equipped with a smooth Hermitian metric hy such that its
curvature v/—1R(hz) > 0 and has at least n — k positive eigenvalues at every point on X as a
real (1,1)-form. Let B be a nef line bundle on X. Then

H™ (X, (°E ® Q% (log D),0) ® L® B) =0
for any m > n+ k.

Proof. We will use the notation in §4.5. Recall that (X*,wq n) is a complete K&hler manifold.
Write . := L ® B|x» and we equip it with the metric ¢ = hphp where hp is properly chosen
as Lemma 4.10. Then g is the restriction to X* of a smooth metric on X. We introduce a
new Higgs bundle (E, 0, B) =(E®ZL,0® 1y, hgn -g). We still use the notation D" := 5@ +0
abusively, and D"* denotes its adjoint with respect to h. We will apply Corollary 3.7 to solve
the D”-equation for this new Higgs bundle.
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Note that hq ng = hhy(a) by (22) and Lemma 4.11. By Proposition 4.12, the metrized
line bundle (£, hg(a)) satisfies the condition in Corollary 3.7 when m > n + k. Hence, by
Corollary 3.7 for any section geLg)(X*,E);WGN, if D"g=0 and m > n+ k, there exists

fe Lg)_l(X*, E) such that

vaa,N
D//f — g

Let Sg)(ﬁ)ﬁ w, y De the sheaf on X (rather than on X*) of germs of locally L, E-valued
m-forms, for which both D”(u) (as a distribution) exist weakly as locally L?-forms. Namely,

for any open set U C X, one has

Lly(E)U) :={u € L3/(U - D,E)E%’N | D"u € Lg)“(U ~ D, E)j . o} (34)

Then the above argument proves that the cohomology H i of the complex of global sections of
the sheaves (Szz)(E) v+ D") vanishes for m >n + k.

As g is smooth over the whole X, the metric h ~ h(a, N) near D (fix any trivialization of
L ® B). Hence, the natural inclusion

hvwa,

E@LeB % .- 8 °EoLeBoQ(logD)

! l ! (35)

0 ~ ’n” DH ~ D// 2 2 ~
8 (B > 8 B ury — % 22 (B

is thus also a quasi-isomorphism by Theorem 4.18.
As the complex (222)(E) P D") is a fine sheaf, its cohomology computes the hypercoho-

mology of the complex (°F ® L ® B ® Q% (log D), #). We thus conclude that H™ (X, (°£ ® L ®

B ® Q% (log D),0)) = 0 for m > n + k. The theorem is proved. O

Remark 4.21. Let us show how to derive the log Girbau vanishing theorem in [HLWY23,
Corollary 1.2] from Theorem A. In this remark we use the same notation as that in [HLWY23,
Corollary 1.2]. With the same setting as Theorem A, let (E,0,h) := (Ox_p,0, h) where h is the
canonical metric on the trivial line bundle Ox_p. According to the extension of (E, 6, h) defined
in §4.2, one has (°E,0) = (Ox,0). Hence, the Dolbeault complex in (1)

Dol(°E, 0) = Ox > Qk (logD) > -+ % Q% (log D),
which is a direct sum of sheaves of logarithmic p-forms shifting p places to the right:
Dol(°E, 0) = @) (log D)[p],

where QF (log D)[p] is obtained by shifting the single degree complex QF (log D) in degree p.
Hence, if m > n + k, by Theorem 4.20 one has

0 =H"(X,Dol(°E,0) ® N ® L) = &p_oH™ (X, % (log D) ® N @ L[p])
= Oy oH"P(X, Q% (logD) @ N® L).
We thus conclude that
HY(X, 0% (logD)® N ® L)

if p4+ g > n + k. This is the log Girbau vanishing theorem by Huang, Liu, Wan and Yang.
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4.7 Vanishing theorem for parabolic Higgs bundles

Let X be a complex projective manifold and let D be a simple normal crossing divisor on X.
For a parabolic Higgs bundle (E, o F, ) on (X, D), its parabolic Chern classes, denoted by para-
¢i(E), are the usual Chern class of °F with a modification along the boundary divisor D (see,
e.g., [AHL19, § 3] for more details). With a polarization, i.e. an ample line bundle H on X, the
parabolic degree para-deg(FE) of (E, oF,0) is defined to be para-c;(E) - H" !. We say (E, oE,0)
slope stable if for any coherent torsion-free subsheaf V of °E, with 0 < rankV < rank®FE = rankFE
and 0(V) CV @ QL (log D), the condition

para-deg(V) < para-deg(E)
rank (V) rank(E)

is satisfied, where V carries the induced the parabolic structure from (F,goFE,0), i.e. oV :=
V N gE. A parabolic Higgs bundle (F, oF, ) is poly-stable if it is a direct sum of slope stable
parabolic Higgs bundles. By [IS07], (E, oF, 0) is called locally abelian if in a Zariski neighborhood
of any point x € X there is an isomorphism between the underlying parabolic vector bundle
(E, oF) and a direct sum of parabolic line bundles.

By the celebrated Simpson—Mochizuki correspondence [Moc06, Theorem 9.4], a parabolic
Higgs bundle (E, o £, 0) on (X, D) is poly-stable with trivial parabolic Chern classes and locally
abelian if and only if it is induced by a tame harmonic bundle over X — D defined in §4.2. Based
on this deep theorem, our theorem can thus be restated as follows.

COROLLARY 4.22. Let (E, oF,0) be a locally abelian poly-stable parabolic Higgs bundle on a
projective log pair (X, D) with trivial parabolic Chern classes such that the Higgs field 6 has
nilpotent residues on D. Let L be a line bundle on X equipped with a smooth metric hj, such
that its curvature /—1R(hr) > 0 and has at least n — k positive eigenvalues. Let B be a nef line
bundle on X. Then for the weight-zero filtration °E of (F, 4FE, ), one has

H™ (X, (°E ® Q% (log D),0) ® L® B) =0
for any m > dim X + k.

Remark 4.23. The above corollary essentially generalizes the main theorem [Aral9,
Theorem 1] in which he assumed that 6 is nilpotent (see Remark 2.6) and that L is
ample.
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