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ON CERTAIN COMPLEX ANALYTIC COBORDISM BETWEEN

SUBVARIETIES REALIZING CHERN CLASSES OF BUNDLES

HIROSHI MORIMOTO

Introduction

Cobordism invariants have been applied to both real and complex
categories. For example, the index of 4^-dimensional manifolds was treated
by Hirzebruch for the generalization of the Riemann-Roch theorem [3].
He also considered, in relation with this, virtual genus or virtual char-
acteristics. But many invariants, such as virtual characteristics, have
their origin in complex analytic category. In view of this, we consider
certain complex analytic cobordism, i.e., quasilinear cobordism among
quasilinear subvarieties in complex manifolds (see for the definition of
quasilinear structure [4].) Quasilinear body has very simple type of sin-
gularities, as well as its quasilinear boundaries. Therefore, the theory of
quasilinear cobordism can be reduced, through σ-processes, to that of non-
singular cobordism theory.

In [4] we considered analytic subvarieties which realize Chern classes
of holomorphic vector bundles over a complex manifold. We proved the
existence of such subvarieties which have certain simple singularities and
we called these subvarieties quasilinear subvarieties.

In the present paper we shall consider certain complex analytic co-
bordism between these quasilinear subvarieties. The definition of quasi-
linear cobordism is given in Definitions 1.6 and 1.7. We shall show in
Theorem 3.2 that if ξ and ξ are analytically equivalent holomorphic
vector bundles over a complex manifold M which can be induced by some
holomorphic maps from M into the complex Grassmann manifold, then
quasilinear subvarieties V and V given as above are quasilinearly co-
bordant.
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§1.

For positive integers q, N, 1 < p < q, let Gq>N+p be the complex Grass-

mann manifold in g-dimensional linear subspaces in the complex Euclidean

space Cp X Cq+N. Let M be a complex manifold and / a holomorphic map

from M into GqfN+p. Then, / induces a holomorphic vector bundle

f*(rq,N+p) = (E>π, M) over M from the universal vector bundle γq>N+p =

(Eq,N+P, πq,N+P, GQtN+p), where γQtN+p consists of pairs (τ,v)eEqfN+p of g-

dimensional linear subspace r of Cp X C g + j V and vectors u in r. We denote

by f:E->Eq>N+p the lifting of / and by φ: Eq,N+p -> Cp X C ί + * the map

sending each (r, υ) to iλ Notice that the composition φof is a map from

E into C* X Cq+N which sends each fibre of E to g-dimensional linear

subspaces of Cp X Cq+N. Let πq+N: Cp X Cq+N-+Cq+N denote the projec-

tion. We shall identify the complex Grassmann manifold Gq>N with the

space of g-dimensional linear subspaces in {0} X Cq+N C Cp X Cq+N.

DEFINITION 1.1. A holomorphic map f from M into GQtN+p is said to

be reducible to Gq>N if the map πq+Noφof from E into Cq+N sends each

fibre of E to g-dimensional linear subspaces of Cq+N.

If /: M—> GqtN+p is reducible to Gg>Λr, then / induces a holomorphic

map from M into Gq>N in a natural way which will be denoted by f: M

-> GqtN. GqfN+p contains Schubert varieties Fί Z) F2 ID - - - ID Fp each of

which is defined by

Fr — {g-dimensional linear subspaces τ in Cp X Cq+N;

d i m ( ^ | τ | ) <p - r} ,

where πp:C
p X Cq+N -> C p is the projection and |τ| is the carrier of τ.

We shall fix g, N and p, and we consider, for any integer R > 0, the

Grassmann manifold GqfN+R+p. In Gq>N+R+p, Schubert varieties are defined

in a similar way with respect to the decomposition Cp X Cq+N+R which

will be denoted by F? ID F2

R ID - . ID F*.

Under the canonical inclusions Cp X Cq+N ^ Cp X Cq+N X {0} c Cp X
Cq+N X CR = Cp X Cq+N+R, we regard g-dimensional linear subspaces of

CP χ Cq+N a s t h o s e o f CP χ cq+N+R9 T h i s g i v e s r i s e t o t h e following

commutative diagram of inclusions:

Gq,N+p ID FtZ)F2 D . ID Fp

y Y Y Y

q,N + R + p — ' -^1 — ; -^2 — ' * " * - J -Γp .
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Under the inclusion Gq>N+p C GQfN+R+p9 any holomorphic maps from

M into GqfN+p will be considered as holomorphic maps from M into

Gq,N+R+P for any positive integer R.

Let M be a complex manifold of dimension n.

DEFINITION 1.2. A holomorphic map / from M into GQfN+p is called

a quasilinear map if the map / is reducible to GQtN and is transverse-

regular to Schubert varieties Fu F29 , Fp in GQfN+p.

DEFINITION 1.3. Let /Ί and f2 be holomorphic maps from Minto GQfN+p

which are quasilinear maps. The map fx is said to be strongly quasilinearly

homotopic to f2 if there exist an integer R and a holomorphic map F: M

X C->GQfN+R+p such that

i) -PΊJTXO = /i> F\MXI = / 2

ii) F is transverse-regular to Schubert varieties F^Ff F*

111 ί*q,N + R + p

DEFINITION 1.4. Let / and g" be quasilinear maps from M into GqtN+p.

The map / is said to be quasilinearly homotopic to g if there exist quasi-

linear maps /0 = /, /i, f29 - - m

9fr-i9 fr = § such that ft is strongly quasilinearly

homotopic to fi+l9 i = 0, , r — 1.

Let M be a complex manifold of dimension n and V be a quasilinear

subvariety of codimension k in M. For the definition and of properties

of quasilinear sub varieties, see [4]. We assume that V is given by a

pullback of the Schubert variety. In other words, we assume that there

exists for some integer q a quasilinear map f: M-> Gq>N+p, p — q — k + 1

such that V — f~l(F^). We say that V is associated to /. We shall fix

an integer q and sufficiently large N.

DEFINITION 1.5. Let Vk, k — 1, , q be quasilinear subvarieties of M,

The sequence (VΊ, , V )̂ is said to be a quasilinear sequence if each V

is associated to some quasilinear map fk: M—> GqtN+p9 p = q — k + 1. k

Let V and V be quasilinear subvarieties of codimension k in M as-

sociated to some quasilinear maps.

DEFINITION 1.6. V and V7 are said to be quasilinearly cobordant in

the strong sense if there exists a strong quasilinear homotopy F: M X C

-* Gq,N+R+P f° r some R such that V and V are associated to the restric-

tions F\MXO and F\Mxί respectively. Vand V are said to be quasilinearly
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cobordant if there exists a sequence of quasilinear subvarieties Vo = V,
Vl9 , V8 = V such that Vr is quasilinearly cobordant to Vr+1, r =
0, , s — 1 in the strong sense.

DEFINITION 1.7. Quasilinear sequences (Vu , Vβ) and (Vί, , VJ)
are said to be quasilinearly cobordant (in the strong sense) if each Vk

and V£, 1 < k < q are quasilinearly cobordant (in the strong sense).

§2.

This section is devoted to prove our fundamental lemma:

LEMMA 2.1. Let M be a complex manifold and let V1 and V2 be
quasilinear subvarieties in M of codimension k. If there exist quasilinear
maps ¥t: M-+ GqtN+pί p = q — k + 1, i = 1, 2 such that each V1 is asso-
ciated to Ψi and such that the induced bundles Ψf(γq,N+p) from the universal
bundle γq,N+p over Gq>N+p are analytically equivalent, then V1 and V2 are
quasilinearly cobordant.

We begin with the consideration of certain topological space obtained
from total spaces of bundles under certain identifications.

Let ξ = (Eξ, πξy M) be a holomorphic vector bundle over M. We
denote by η = (Ev, πη, M X C) a holomorphic vector bundle over M X C
induced from ξ by the projection πM:M X C->M. We consider r-copies
of the bundle η and denote them by ηt = (Eίf πi9 I χ C ) , i = l, ,r. Let
tti-Vi-^V denote the isomorphisms and άt: Et ->Eη their liftings. We put
E\ = πr\Mχ 0), El = πϊ\M X 1) for each i = 1, , r.

Let Ui=i^t be a disjoint union of the total spaces Et. From this
union, we construct a topological space by the identifications ai>ί+ί: E]->
E°i+i> ϊ = 1> * * *> r ~ I? where aiti+1 denote the restrictions of άϊ+^άi. We
shall denote the space obtained in this way by $ = [Et, α ,̂̂ +i}î r̂,î y r̂-i

DEFINITION 2.2. A complex valued function / on i is said to be holo-
morphic if each restriction f\Ei\Et-^C is holomorphic. A map / =
(f\ - * >fp)' & —> Cp is said to be holomorphic if each /* is holomorphic.

LEMMA 2.3. Given a holomorphic function f on Ek for some integer 1
< k < r, there exists a holomorphic function f on $ such that

ϋ) fUu = o, f\El+i Ξ o
iii) f\Ei = 0, i < k - 2, i > k + 2.
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Proof. Notice that/oαr f c_ l f c is a holomorphic function on Eι

k_x. Ex-

tending it on Ek_x by the canonical projection Ek_1-+El_ί, we obtain a

holomorphic function gk_t: Ek^->C such that gk^ = / ° ^ - u θ n £ f e

I _ 1 . Let

ρ0 and ρ1 be holomorphic functions on C such that po(O) = p^ϊ) = 0, pQ(ϊ)

= ^(0) = 1. Let p0 denote the pullback of ρ0 under the projections Ek_1

—> M X C —> C. If we put /fc-i = ρo-gk-u then the function /fc-i satisfies

/&_! = f°ak-ίtk on J5J|_j and /*._! Ξ O on ^ _ i I n a similar way, making

use of pt and £fc+1, we obtain a holomorphic function /fc+1 on Ek+ί which

coincides with f°(ak>k+iy
i on 2?£+1 and vanishes identically on E\+ι.

If we define fk=f and /, = 0, ί < & — 2, i > £ + 2, then functions

fu " 'tfr define a holomorphic function f on <f. It is easy to verify that

the function / satisfies i) ii) and iii). Q.E.D.

Let ξ = (Eξ, πξ, M) be a holomorphic vector bundle over M which is

holomorphically equivalent to the induced bundles Ψ*(γq,N+p) = (E{Ψ^),

π(Ψτ), M) with biholomorphic bundle maps bt: Eξ -> E(Wt) i = 1, 2. Let

^ — (^7> TΓ̂ , M X C) be a holomorphic vector bundle over M X C induced

from ξ by the projection M x C-+M. Considering three copies of the

bundle η, we obtain as in the beginning of this section a topological space

We shall extend to the space S the notions of singularities of holo-

morphic mappings on holomorphic vector bundles developped in [4].

DEFINITION 2.4. A holomorphic map / from $ into Cm is said to be

fibre wise regular if each restriction f\Ei is fibre wise regular on Ei9 i =

1,2,3, i.e., the differential d(ft\κΓi(β)) of the restriction to any fibre πj\z)y

ze M X C is injective at any point of the zero cross-section.

Let EQtN+p denote the total space of the universal vector bundle γQιN+p

over Gq>N+p. Under the notations in § 1, we denote by φι:Eι-^CΊ> X Cq+N

a fibre wise regular map obtained from the pullback of φqfN+voψ1\ EiΨ^) ~>

Cp X Cq+N through the canonical projection E1->E(¥ί). We denote the

restrictions Ψί\Eo by φ^ = (φ$\ φf+N\ φf: E\ -• C*9 φq

ιlN: E\ -> C«+N. Notice

that φ(1) induces a holomorphic map from M into Gq>N+p which coincides

with Wx.

In a similar way we define a holomorphic map <p3: E3 -> Cp X Cq+N by

the pullback of φq,N+p°¥2 under the canonical projection Ez -> E(Ψ2). We

denote the restriction φ3\El by <p{2) — {ψp\ψ{

qlN). Then φ(2) induces ¥2.
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PROPOSITION 2.5. For the above constructed topological space £, there

exists a holomorphic map Φ = (Φp, Φq+N, ΦR): £ -> Cp X Cq+N X CR, Φp: £ ->

Cp, Φq+N: £ -> Cq+N, ΦR: δ -• CR for some integer R such that

ϋ) O^W, $*): ^ -> Cq+N X C Λ is fibrewίse regular.

Proof. From Lemma 2.3, there exist holomorphic maps ft, φz from £

into Cp X Cq+N such that

i) ft = ̂ ! on JSu ^ = 0 on J53

ii) ^3 = 0 on Eu ψ3 = φz on Es.

Since Ψl9Ψ2

 a r e reducible to GqN, πq+Noφι and πq+Noφ3 are also fibrewise

regular for the projection πq+N:Cp X Cί+iNr -> C4+iV.

Since the bundle E2 is induced by a holomorphic map from the com-

position of the projection and Ψx (or ¥2) Mx C-^> M-+ Gq>N, E2 has a

fibrewise regular map <p2: E2 —> Cβ, R = q + N. From Lemma 2.3, there is

a map φ2: £ ->CR such that

i) 02 = φ2 on 2£2

iii) ft|^i = 0, ψ2\E\ = 0.

If we define

(Φp, Φ^N) = (̂ 1 + ft) , Φ* = 2̂

then the map Φ ~ (Φp,Φq+N,Φn) satisfies the required conditions. Q.E.D.

We shall extend the notion of general position defined in [4] to maps

on δ. Each zero cross-section of Et will be identified with M X C for

i = 1, 2, 3.

DEFINITION 2.6. A holomorphic map /from if into Cp is said to be

in general position if each restrictions f\Si9 i = 1, 2, 3 is in general posi-

tion o n l x C .

Let iζtf and Kc be arbitrary compact subsets of M and C respectively

such that 0,1 e Kc. For each i = 1, 2, 3, ^ χ i ί c c i l ί χ C can be re-

garded as a compact subset of Et and will be denoted by Kt. We define

a compact subset of £ by iC = Kx U iζ> U iζ*. Let L be an arbitrary com-

pact subset of £. For holomorphic maps / from £ into Cp, norms | |/| |L U J r

can be defined by
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3

~ 2_j 11/U
l

where norms H/UJU^JLU*) are those defined in [4].

LEMMA 2.7. Let f: £ —> Cp be a holomorphic map such that f\Eo is in

general position on KM X 0 <=—> El. Then, for any ε > 0, there exists a

holomorphic map g\$ -> Cp such that

i) g^f on El and E\

π) \\f-g\\Luκ<e

iii) g is in general position on Kx

iv) The restriction g\Eχ is in general position on KM X 1 c=—> E\.

Proof. Since f\El is in general position on KM χ θ c Z?J, / i s in general

position on some compact neighbourhood A of KM X 0 in KM X Kc c Ex.

From the stability of general position, there is δA > 0 such that if | |/ — g\\A

then # and g\Eo are in general position on A and i£^ X 0 C J?J respectively.

Let φ1:£-^Cp X C ς + i v r be the holomorphic map defined in the proof

of Proposition 2.5. Denote φx = (α1, , ap, β\ , βq+N). We define a

holomorphic function p on J5j by composing projections E{ —> M X C -+ C.

Then / ) Ξ θ o n j££, ̂  = 1 on 2Jϊ and does not vanish on Eλ — El. Define

holomorphic functions ~βj: £ -> C, j = 1, 2, , # + 2V by

~β* = ̂ . ^ on J5j

P = = p O n JĈ 2) -"3

We shall deform the mapping f:i -± Cv into the following form, for

some constants s),

g = (g\g\ •••,gp):$ >σ

S 1 = Λ + β Σ βyjS', J = l , 2 , . - . , p .

Since the maps J81, ,'βq+N identically vanish on 2?J and JEJ, the map g

coincides with / on El and E\. Because p does not vanish on Et — E°ly

the map (β\ β2, , βr): S -> C\ r = g + N is fibrewise regular on ̂  - JS7?.

Let JB be the closure of KM X Kc — A in KM X Kc a Ex. Since

(?S - - -, jSO is fibrewise regular on π^(B), π^.E^-^ M X C, we can apply

the approximation method developped in [4] making use of ~β\ i = 1, , r.

Hence, we come to see that there are ε), 1 < i < p, 1 < j < r such that

the corresponding ^ is in general position on B and satisfies
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| | / - g | U u χ < m i n ( 4 ,-

In fact, at each stage of approximations, we only add terms of the
form εljβj for some constants εlj. Therefore, the final form becomes

See for the details [4]. We denote this map g by g\
From the stability of general position, there is δB > 0 such that if

IIg1 — g\β < δB then g is in general position on J5.
Since the restriction of (/?, , βr) to El is also fibrewise regular, we

obtain, in a similar way, a holomorphic map g"\£'—• Cp the restriction
of which to El is in general position on KM X 1 d El and which satisfies

w - g"\

If we set g = gh', then g satisfies the required conditions. Q.E.D.

Applying the same method, we have the approximation lemma with
respect to K3 and KM X 0:

LEMMA 2.8. Let f\$ -> Cp be a holomorphic map such that f\Ei is in
general position on KM X 1 c E\. Then, for any ε > 0, there exists a
holomorphic map g: £ -> Cp such that

i) / = g on El and E\

iii) g and g\Ei are in general position on Kz and KM X 0 respectively.

Finally with respect to K2 cz E2y we prove the following approximation

lemma.

LEMMA 2.9. Let f \ £ -> Cp be a holomorphic map. Then, for any ε >
0, there exists a holomorphic map g:£ -*CP such that

i) g = f on El and El

ii) \\f-g\\^κ<e
iii) g is in general position on K2.

Proof. Let φ2: £ -* CR be the holomorphic map defined in the proof
of Proposition 2.5. We denote φ2 = (γ\ , γR). We deform / into the form
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Since γj, j = 1, , R vanish identically on E\ and E\9 g coincides with /

on El and El

Because the map φ2 is fibrewise regular on E2, there exist, by the

approximation method in [4], {ε}} such that corresponding g satisfies

i) \\f-g\\Luκ<e
ii) g is in general position on K2. Q.E.D.

PROPOSITION 2.10. Let f\$' —• Cp be a holomorphίc map such that f\Eo

and f \ E i are in general position on KM X 0 C E\ and KM X 1 c E\ respec-

tively. Then, for any ε > 0, there exists a holomorphίc map g\S -> Cp such

that

i) g = f on El and E\

ii) Wf-gUκ<e

iii) g and g\Ej, i = 1, 2, 3, j = 0,1, are in general position on K and

KM X j c E{ respectively.

Proof. Firstly, by Lemma 2.7, we deform / into gx so that gu g^o and

g^Ei are in general position on Ku KM X 0 C E\ and KM X 1 c E\ respec-

tively. Secondarily, by Lemma 2.8, we deform gx into g2 so that g2,g2\Eo

and g2\Ei are in general position on Kz, KM X 0 c E°3> KM X 1 C JSJ. And

finally, by Lemma 3.8, we deform g2 into g3 so that g3 is in general posi-

tion on K2. Notice that in each process, approximation is carried out

on L U K and that /, gu g2 and #3 coincide on El and E\. From the

stability of general position, it is easy to see that there is g3 with condi-

tion iii). Q.E.D.

Let φf: El ~> Cp, φf: E\ -> Cp be those defined in Proposition 2.5.

PROPOSITION 2.11. There exists a holomorphίc map f: $ -+ Cp such that

i) /UΪ = φ?, fk = 9?
ii) / is in general position on M x C a Et for any i = 1, 2, 3.

iii) f\Ej, i = 1, 2, 3, j = 0,1 are in general position on M x j c J?/.

Proo/. Let {iίJ}, {IΓg}, n = 1, 2, 3, , be compact coverings of M and

C respectively such that Kn

M c ίΓ^+1, {0,1} C iΓg c iΓg+1 for any n. The

set KM X i^c can be regarded as compact subsets in zero cross sections
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M X C C Ei for each ί = 1, 2, 3. We consider the union Kn = ϋC? U i£?

U Kg in if. Let {Lw}n=M,..., be a compact covering of £ such that ifn C

Let Φ = (Φp, Φq, ΦR): £ -> Cp X Cq+N X CR be the map given in Propo-

sition 2.5. Put fo = Φp:£-+ Cp. Then fo\El = ψp

l) and fo\E\ = <p(

p

2). Fur-

thermore /01 El and f0 \ El are in general position on M X 0 d E] and M x

1 c S31.

By successive application of Proposition 2.10 to (Ln, Kn) n = 1, 2, ,

we obtain, from the stability of general position, holomorphic maps fn: £

—> Cp and Jn > 0 such that for any n

i) fn = /0 on El and SJ

ii) fn9 fn IE/, 1 < i < 3, j = 0,1 are in general position on Kn, Kn

M X

j c Ei respectively.

iii) If IIA - g\\κn < δn then g and g\E{, 1 < i < 3, j = 0,1 are in

general position on Kn, KM X j C 2?/.

i v ) "* * " ^ — - - f •'•

Define / = lim^̂ oo fn. Then / is a holomorphic map from £ into Cp

which satisfies the required conditions. Q.E.D.

The results which we have proved so far in this section can be sum-

med up as follows.

Let Φ = (Φp, Φq+N, ΦB): £ -> Cp X Cq+N X CR be the map given by Pro-

position 2.5, and let f:£-+Cp be the map given by Proposition 2.11. We

define Φ = (Φp, Φq+N, ΦR) = (/, Φq+N, ΦB). From Proposition 2.5 and Propo-

sition 2.11, we have

PROPOSITION 2.12. There exists a holomorphic map Φ:£-^CP X Cq+N

X CR such that

ϋ) (Φq+N, ΦR):£ -+Cq+N X CR is fibrewise regular on each I χ C c

Ei9 ί = 1, 2, 3.

iii) ΦP\S -> Cp and Φp\Ei are in general position on each I x C c
Ei9 i = 1, 2, 3 and on each M x j ' c Ei respectively.

We are now in a position to prove our fundamental lemma (Lemma

2.1). Since the map (Φq+N, ΦR): £ -> CQ+N -> CΛ is, from ii) of Proposition
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2.12, fibrewise regular on each Eίy ί = 1, 2, 3, the map Φ carries each fibre

of Et to g-planes in Cp X Cq+N X CR. Therefore Φ\E{ induce holomorphic

maps

Ψt'.MxC >Gq,N+R+p9 i = l , 2 , 3

such that SPΊLT/XI = ^Lvxo a n ( i ^Lvxi = 3̂i>/xo From the condition i) of

Proposition 2.12, we have

Ψ ' M > Gq,N+p

Let F f D ^ D O i ^ be Schubert varieties in Gq,N+R + p with re-

spect to the decomposition Cp X (Cρ+iV X Cβ). From the condition iii) of

Proposition 2.12, it follows that Ψί9 Ψi\Mxj, i = 1, 2, 3, j = 0, 1 are transverse-

regular to JFY*, Ff, - - -, F*. This completes the proof of Lemma 2.1.

In [4] we have considered the existence of quasilinear subvarieties

which realize Chern classes of given vector bundles. The following the-

orem is an immediate consequence from the proof of Main Theorem of [4].

THEOREM 3.1. Let M be a complex manifold and ξ be a holomorphic

vector bundle of rank q over M which is assumed to be induced from the

universal bundle γq>N over the Grassmann manifold Gq>N under some holo-

morphic map f: M-+ GQtN. Then there exists a quasilinear sequence (VΊ,

V2, - , Vq) in M such that

ϊ) Vk realizes the k-th Chern class Ck(ξ)

ii) Vk is associated to some quasilinear map fk:M-> GqtNip9 p — q —

k + 1 such that ξ is analytically equivalent to the induced bundle

tk\fq,N + p)

From our fundamental lemma we shall prove the following theorem

which asserts that the quasilinear cobordism of the sequences {(Vί9 , Vq)}

results from the analytic equivalence of bundles {ξ}.

THEOREM 3.2. Let M be a complex manifold. Let ξ and ξ' be holo-

morphic vector bundles of rank q over M which satisfy the assumption of

the above theorem. Let (Vl9 V29 , Vq) and (V[9 V29 , Vq) be quasilinear

sequences given by the above theorem with respect to bundles ξ and ξf re-
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spectively. If ξ and ξ' are analytically equivalent, then (V19 •••, Vq) and

(Vί, , Vq) are quasilinearly cobordant.

Proof. From the condition ii) of Theorem 3.1, there exists a holo-

morphic map fk,fί: Λf-> Gq,N+p, p = q — k + 1 such that Vk, Vί are as-

sociated to fk and fί respectively and such that the induced bundles

f*(ϊq,N+p), fί*(rq,N+p) are analytically equivalent to ζ and ξ'. Since ξ and

ξ' are analytically equivalent, f*(γq,N+p) and/fc*(^?>ΛΓ+p) are also analytically

equivalent. Therefore, from our fundamental lemma, it follows that Vk

and Vί are quasilinearly cobordant for any k = 1, 2, , q. Q.E.D.
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