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Abstract

We propose a monotone approximation scheme for a class of fully nonlinear degen-
erate partial integro-differential equations which characterize nonlinear «-stable Lévy
processes under a sublinear expectation space with a € (1, 2). We further establish the
error bounds for the monotone approximation scheme. This in turn yields an explicit
Berry—Esseen bound and convergence rate for the «-stable central limit theorem under
sublinear expectation.
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1. Introduction

Motivated by measuring risks under model uncertainty, [31-33, 36] introduced the notion
of a sublinear expectation space, called a G-expectation space. The G-expectation theory has
been widely used to evaluate random outcomes, not using a single probability measure, but
using the supremum over a family of possibly mutually singular probability measures. One of
the fundamental results in this theory is the robust central limit theorem introduced in [34, 36].
The corresponding convergence rate was an open problem until recently. The first convergence
rate was established in [ 14, 37] using Stein’s method and later in [28] using a stochastic control
method under different model assumptions. More recently, [20] studied the convergence rate of
amore general central limit theorem via a monotone approximation scheme for the G-equation.

On the other hand, nonlinear Lévy processes have been studied in [19, 29]. For « € (1, 2),
they considered a nonlinear «-stable Lévy process (X;);>0 defined on a sublinear expecta-
tion space (2, H, [), whose local characteristics are described by a set of Lévy triplets
®={0,0, Fr,): k+ € K+}, where K4+ C (A1, A2) for some A1, Ao >0, and Fy, (dz) is the
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«-stable Lévy measure

k— k+
Fi (dz) = IZFTHI(_OO’O)(Z) dz + |Z|a—+11(0,+oo)(2) dz.
Such a nonlinear «-stable Lévy process can be characterized via a fully nonlinear partial
integro-differential equation (PIDE). For any ¢ € Cpip(R), [29] proved the representation
result u(t, x) := I@[q&(x + Xp], (¢, x) € [0, T] x R, where u is the unique viscosity solution of
the fully nonlinear PIDE

dru(t, x) — sup { f Sqult, x)Fki(dz)} =0, (,x)e(0,T] xR,
R

kieKy

u(0, x) = ¢(x), xeR,

ey

with S,u(t, x) := u(t, x + z) — u(t, x) — Dyu(t, x)z. In contrast to the fully nonlinear PIDEs
studied in the partial differential equation (PDE) literature, (1) is driven by a family of «-
stable Lévy measures rather than a single Lévy measure. Moreover, since Fy, (dz) possesses a
singularity at the origin, the integral term degenerates and (1) is a degenerate equation.

The corresponding generalized central limit theorem for «-stable random variables under
sublinear expectation was established in [6]. For this, let (Ei)?il be a sequence of independent
and identically distributed (i.i.d.) R-valued random variables on a sublinear expectation space
(2, H, E). After proper normalization, [6] showed that

— Sy -
lim E d)( a—):| =E[¢(X1)]

for any ¢ € CpLip(R). We refer to the above convergence result as the a-stable central limit
theorem under sublinear expectation.

Noting that I@][qb(Xl)] =u(1, 0), where u is the viscosity solution of (1), in this work we
study the rate of convergence for the «-stable central limit theorem under sublinear expectation
via the numerical analysis method for the nonlinear PIDE (1). To do this, we first construct a
sublinear expectation space (R, CLip(R), IFI) and introduce a random variable £ on this space.
For given T > 0 and A € (0, 1), using the random variable £ under E as input, we define a
discrete scheme un : [0, T] x R — R to approximate u by

d(x) ifre[0, A),

. 2
Elua(t— A, x+ A2g)] ifte[A, TI. @

ua(t, x):{

Taking T =1 and A = 1/n, we can recursively apply the above scheme to obtain

g

In this way, the convergence rate of the «-stable central limit theorem is transformed into the
convergence rate of the discrete scheme (2) for approximating the nonlinear PIDE (1).

The basic framework for convergence of numerical schemes to viscosity solutions of
Hamilton—Jacobi-Bellman equations was established in [5], which showed that any monotone,
stable, and consistent approximation scheme converges to the correct solution, provided that
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Convergence of an a-stable central limit theorem under sublinear expectation 3

there exists a comparison principle for the limiting equation. The corresponding convergence
rate was first obtained with the introduction of the shaking coefficients technique to con-
struct a sequence of smooth subsolutions/supersolutions in [25-27]. This technique was further
developed to general monotone approximation schemes (see [2—4] and references therein).

The design and analysis of numerical schemes for nonlinear PIDEs is a relatively new area
of research. For nonlinear degenerate PIDEs driven by a family of «-stable Lévy measures,
there are no general results giving error bounds for numerical schemes. Most of the existing
results in the PDE literature only deal with a single Lévy measure and its finite difference
method, e.g. [7-9, 22]. One exception is [12], which considers a nonlinear PIDE driven by a
set of tempered «-stable Lévy measures for « € (0, 1) by using the finite difference method.

To derive the error bounds for the discrete scheme (2), the key step is to interchange the roles
of the discrete scheme and the original equation when the approximate solution has enough
regularity. The classical regularity estimates of the approximate solution depend on the finite
variance of random variables. Since & has infinite variance, the method developed in [28]
cannot be applied to ux . To overcome this difficulty, by introducing a truncated discrete scheme
ua.y related to a truncated random variable &V with finite variance, we construct a new type of
regularity estimate of ua n that plays a pivotal role in establishing the space and time regularity
properties for ua. With the help of a precise estimate of the truncation E[|€ — &N]], a novel
estimate for |[up — ua | is obtained. By choosing a proper N, we then establish the regularity
estimates for u. Together with the concavity of (1) and (2), and the regularity estimates of
their solutions, we are able to interchange their roles and thus derive the error bounds for the
discrete scheme. To the best of our knowledge, these are the first error bounds for numerical
schemes for fully nonlinear PIDEs associated with a family of «-stable Lévy measures, which
in turn provide a nontrivial convergence rate result for the a-stable central limit theorem under
sublinear expectation.

On the other hand, the classical probability literature mainly deals with ® as a singleton, so
(X1)i>0 becomes a classical Lévy process with triplet ®, and X is an «-stable random variable.
The corresponding convergence rate of the classical «-stable central limit theorem (with ® as
a singleton) has been studied using the Kolmogorov distance (see, e.g., [13, 15-17, 21, 24])
and the Wasserstein-1 distance or the smooth Wasserstein distance (see, e.g., [1, 10, 11, 23, 30,
38]). The first type is proved by the characteristic functions, which do not exist in the sublinear
framework, while the second type relies on Stein’s method which also fails under the sublinear
setting.

The rest of the paper is organized as follows. In Section 2, we review some necessary results
about sublinear expectation and «-stable Lévy processes. In Section 3, we list the assumptions
and our main results, the convergence rate of a-stable random variables under sublinear expec-
tation. We present two examples to illustrate our results in Section 4. Finally, by using the
monotone scheme method, the proof of our main result is given in Section 5.

2. Preliminaries

In this section, we recall some basic results of sublinear expectation and «-stable Lévy
processes that are needed in the sequel. For more details, we refer the reader to [6, 29, 32, 36]
and the references therein.

We start with some notation. Let Crip(R") be the space of Lipschitz functions on R", and
Cp,Lip(R") be the space of bounded Lipschitz functions on R". For any subset O C [0, T] x R
and for any bounded function on Q, we define the norm |wlo := sup; e |@(Z, x)|. We also
use the following spaces: Cp(Q) and Cp°(Q), denoting, respectively, the space of bounded
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continuous functions on Q and the space of bounded continuous functions on Q with bounded
derivatives of any order. For the rest of this paper we take a nonnegative function ¢ € C*°(R?)
with unit integral and support in {(#, x): —1 <t <0, |x|] < 1} and, for ¢ € (0, 1), let £.(¢, x) =
e73¢c(t/e?, x/e).

2.1. Sublinear expectation

Let H be a linear space of real-valued functions defined on a set 2 such thatif X, ..., X, €
H, then p(X1, ..., X,,) € H for each ¢ € CLjp(R").

Definition 1. A functional £: H — R is called a sublinear expectation if, for all X, Y € H, it
satisfies the following properties:

(i) Monotonicity: If X > Y then E[X] > E[Y].
(i) Constant preservation: IAE[c] =c for any c e R.
(iii) Subadditivity: E[X + Y] <E[X] + E[Y].
(iv) Positive homogeneity: E[AX] = AI@J[X] for each A > 0.

The triplet (2, H, E) is called a sublinear expectation space. From the definition of the
sublinear expectation E, the following results can be easily obtained.

Proposition 1. For X, Y € H,
() ifE[X]=—E[ — X], then E[X + Y] = E[X] + E[Y];
(i) |B[X]— B[] <E[X - Y]];
(iii) BLIXY]] < @[XIPDP - (B[1Y191)/49 for 1 <p, g < co with 1/p+1/q = 1.

Definition 2. Let X; and X, be two n-dimensional random vectors defined respectively in
sublinear expectation spaces (21, H1, E1) and (23, Hz, Ez). They are called identically
distributed, denoted by X; < X, if B1[¢(X))] = Ea[g(X)] for all ¢ € CLip(R™).

Definition 3. In a sublinear expectation space (2, H, ]F:), arandom vector Y = (Y1, ..., Y, €

7:[" is said to be independent of another random vector X = (X1, ..., Xn) € H™ under
E[-], denoted by Y LX, if, for every test function ¢ € CLjp(R™ x R"), E[p(X, Y)]=

I@][I@l[_(p(x, Vl=x]. X=(X1,...,X,) € H™ is said to be an independent copy of X if X Lx
and X 1 X.

More details concerning general sublinear expectation spaces can be found in [33, 36] and
references therein.
2.2. a-stable Lévy process

Definition 4. Let o € (0, 2]. A random variable X on a sublinear expectation space (2, H, Ilf)

is said to be (strictly) a-stable if, for all a, b >0, aX + bY 4 (a* + b”‘)l/“X, where Y is an
independent copy of X.

Remark 1. For ¢ =1, X is the maximal random variable discussed in [18, 34, 36]. When
o =2, X becomes the G-normal random variable introduced in [35, 36]. In this paper, we shall
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focus on the case of @ € (1, 2) and consider X for a nonlinear «-stable Lévy process (X;);>0 in
the framework of [29].

Let @ € (1, 2), K+ be a bounded measurable subset of Ry, and Fy, be the «-stable Lévy
measure

k— k
Fi (€)= g oo 0@ d2 oy Looo)(2) d2

forall k_, ky € K4, and denote by © := {(0, 0, F_): k+ € K4} the set of Lévy triplets. From
[29, Theorem 2.1], we can define a nonlinear a-stable Lévy process (X;);>0 with respect to
a sublinear expectation IAE['] = SUPpes3,, EP[], where E? is the usual expectation under the
probability measure P, and Bg is the set of all semimartingales with ®-valued differential
characteristics. This implies the following:

® (X;)r>0 is real-valued cadlag process and Xo = 0.

e (X;)r>0 has stationary increments, i.e. X; — X, and X;_; are identically distributed for all
0<s<t.

® (X;);>0 has independent increments, i.e. X; — X; is independent of (X, ..., Xy,) for
eachneNand0<s; <---<s,<s.

We now present some basic lemmas for the a-stable Lévy process (X;)>0. We refer to [6,
Lemmas 2.6-2.9] and [29, Lemmas 5.1-5.3] for the details of the proofs.

Lemma 1. IAE[|X1|] < oQ.
Lemma 2. Forall A > 0 and t > 0, X;; and A “X; are identically distributed.

Lemma 3. Suppose that ¢ € Cyp Lip(R). Then, for any (t, x) € [0, T] x R, u(t, x) = IAE[qb(x + Xp)]
is the unique viscosity solution of the fully nonlinear PIDE

d:u(t, x) — sup {/BZu(t, x)Fki(dz)}=O, (t,x)e (0, T] xR,
R

kieKy

u(0, x) = ¢p(x), xeR,

3)

vAvith S,u(t, x) := u(t, x + z) — u(t, x) — Dyu(t, x)z. Moreover, for any 0 <s <t <T, u(t,x)=
Elu(t — s, x + X)1.

Lemma 4. Suppose that ¢ € Cp Lip(R). Then the function u is uniformly bounded by |¢|o and
Jjointly continuous. More precisely, for any t, s € [0, T] and x, y € R,

lu(t, x) — u(s, y)| < Cy c(Ix — y| + |t — s]'/),

where Cy  is a constant depending only on the Lipschitz constant of ¢ and

K= sup {/ |z|/\|z|2Fki(dZ)}<oo.
kyeKi R

3. Main results

First, we construct a sublinear expectation space and introduce random variables on it. For
eachky € K4+ C (A1, A2) forsome A1, A > 0, let Wy, be a classical mean-zero random variable
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with a cumulative distribution function (CDF)

1

ECRR

k_
|:? + ﬂl,ki(z)i|
Fw, (@)= 4

k. 1
1—|= —, >0,
[a +ﬂ2,ki(z)j|za z>

for some functions Bii.: (—00,0]—=R and Por.: [0,00)— R such that
lim,, oo B1,ky(2) =lim; o0 B2k (z2) =0. Define a sublinear expectation E on CrLip(R)
by

Elg]= sup /R 9(2) dFw,, (2)

kieKy

forall ¢ € CLip(R). Clearly, (R, Crip(R), fE) is a sublinear expectation space. Let £ be a random
variable on this space given by &(z) =z for all z € R. Since Wi+ has mean zero, this yields
E[E]1=E[—-§]=0.

We need the following assumptions, which are motivated by [6, Example 4.2].

Assumption 1. For each k+ € K+, B1 k. and o i, are continuously differentiable functions in
(4) satisfying f]R z dFWki (x)=0.

Assumption 2. There exists a constant M > 0 such that, for any ki € Ky, the following
quantities are less than M:
. ‘/C’o B2.k:(2) dz‘
, 1 s .

Assumption 3. There exists a constant q > 0 such that, for any ki € K1 and A € (0, 1), the
following quantities are less than CA4:

LB (AT V) O 181k (A7 Veg))|
Bris(—A~ 1), / Prid 7ol f Prid 721,

% |z|* 1 |z|@=1

d

‘ 1 Bla (@)

—o  l2*

/°° B2,k (A7) dz /1 |Bais (A1)
1 0

B2k (A1), = R

where C > 0 is a constant.

Remark 2. Note that by Assumption 1 alone, the terms in Assumption 2 are finite and the
terms in Assumption 3 approach zero as A — 0. In other words, the content of Assumptions 2
and 3 are the uniform bounds and the existence of minimum convergence rates.

Remark 3. By (4), we can write 81, and B, as

k_
ﬁl,ki(z):FWki(ZNda - ?a Z€ (=00, 01,

k
Bk (2) = (1 — Fyy, (2)2% — ;* z€[0, o0).
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Under Assumption 1, it can be checked that for any k4 € K+ the following quantities are
uniformly bounded (we also assume the uniform bound is M):

0| =Bl @z+aBii @l
B (=D, / Lhe 22 7R e,

~1 |z|*

U =B, @z + apri, (2]
ol — dz.

Remark 4. Under Assumptions 1 and (A2), it is easy to check that

I~E[I~§I]=]§J[/ 1{s|>z}d2]= sup {/ Pki(|§|>Z)dZ},
0 kieKy 0

where {Py,, k+ € K1} is the set of probability measures related to uncertainty distributions
{Fw,., k+ € K4 }. It follows that

R[] <1+ sup {fl Pki(|é§|>Z)dZ}

kireKy
o0 _
<14 sup / 'BZki(Z) ‘—F‘/ —ﬁl’k;ﬁ 2 dz“<oo.
1

kieKy

{ ke
a(ae —1)

Similarly,

Blje ] Z/l P, (&) > V3 dz

= Q.

/'Ook+/01+/32ki(\/_) +/°°k Ja 4 By (— f)
1 1

7¢/2 72/2

Let (£)7°, be a sequence of i.i.d. R-valued random variables defined on (R, Crip(R), IF]) in
the sense that &1 = £, &4 4 &,and &41 L (&1, &, ..., &) for each i € N; we write

Spi=

®)

Now we state our first main result.

Theorem 1. Suppose that Assumptions 1-3 hold. Let (S‘n)flil be a sequence as defined in (5),
and (X;)1>0 be a nonlinear a-stable Lévy process with the characteristic set ©. Then, for any

¢ € CoLip(R), [E[p(S,)] — Elp(X1)]| < Con T @D, where

12— ozq}

r - s
(e q)= mm{4 20 2

with g > 0 given in Assumption 3, and Cy is a constant depending on the Lipschitz constant of
@, which is given in Theorem 2.
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Remark 5. The classical «-stable central limit theorem (see, e.g., [21, Theorem 2.6.7]) states
that for a classical mean-zero random variable £;, the sequence Sy converges in law to X as
n — oo if and only if the CDF of £ has the form given in (4), where (X;);>0 is a classical Lévy
process with triplet (0, 0, Fy, ). In the framework of sublinear expectation, sufficient conditions
for the «-stable central limit theorem are given in [6] which showed that, for a mean-zero
random variable &; under the sublinear expectation [E defined above, Sn converges in law to
X1 as n — oo, where (X;);>0 is a nonlinear Lévy process with triplet set ®. Here, Theorem 1
further provides an explicit convergence rate of the limit theorem in [6], which can be seen as
a special a-stable central limit theorem under the sublinear expectation.

Remark 6. Assumptions 1-3 are sufficient conditions for [6, Theorem 3.1]. Indeed, by
[6, Proposition 2.10], we know that for any O<h <1, ue Ctl)’2([h, 14+ h] x R). Under
Assumptions 1-3, by using II from (19) we get, for any ¢ € Cp Lip(R) and 0 < h < 1,

nfE[(S l/aslv(t )c)]—1 sup {/BZv(t,x)Fki(dz)H—>0
R

n kieKy

uniformly on [0, 1] x R as n — 0o, where v is the unique viscosity solution of

dv(t, x) + sup { f 8zv(t,x)Fki(dz)}=0, (t.x)e(—h 1+h) xR,
kyeK4 R

v(1 4+ h, x) = ¢ (x), xeR.

In addition, the necessary conditions for the «-stable central limit theorem under sublinear
expectation are still unknown.

4. Two examples
In this section we give two examples to illustrate our results.

Example 1. Let (£§,)7°, be a sequence of i.i.d. R-valued random variables defined on
(R, CLip(R), fE) with CDF (4) satistying B, (z) =0 for z<—1 and B, (z) =0 for z>1
with A < «/2. The exact expressions for B . (z) and B x,(z) for 0 < |z| < I are not specified
here, but we require B1 . (z) and B2 i, () to satisfy Assumption 1. It is clear that Assumption
2 holds. In addition, for each k4 € K4+ and A € (0, 1),

1/a
/‘ B (A1 /A Bris (A1) ¢ pC-wye
0 0

Zot]

79— 1 2—05

where ¢ := sup ¢, 1) |82,k (2)| < 00, and similarly for the negative half-line. This indicates
that Assumption 3 holds with g = (2 — a) /a. According to Theorem 1, we get the convergence
rate [E[¢(S,)] — E[¢(X)]| < Con™"*), where

. 1 2—«
') =min { —, .
4 2a

Example 2. Let (§;)7°, be a sequence of ii.d. R-valued random variables defined on
(R, CLip(R), E) with CDF (4) satisfying 1 k. (z) = a1|z|°~# for z < —1 and B 4, (2) = apz® P
for z> 1, with 8 > o and two proper constants aj, ap. The exact expressions for 81 i, (z) and
B2k, (z) for 0 < |z| < 1 are not specified here, but we require that 81 ¢, (z) and B (z) satisfy
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Assumption 1. For simplicity, we will only check the integral along the positive half-line; the
negative half-line case is similar. Observe that

/°° B2k (2) g @
1 o B—1

which shows that Assumption 2 holds. Also, it can be verified that, for each k1 € K1+ and
Ae(0,1),

B (AT = g A,

/00 (87D AB-)/a
1

e 81
U1Boie (A1) AV 1By k(AT U | Boke (A7)
— a1 &= e —dz
0 2! 0 bl Alja 701

1
NG EN T / AP 4,
2—« Al/e

where ¢ =sup,¢(g 1) |B2.ks. (2)| < 0o. We further distinguish three cases based on the value of
B.
If =2,

1 —1/
/ 'ﬂz’ki(ﬁ 1 I e < 5 C NG gy NG AT < AR e
0 Z -«

where C = (¢/(2 — o)) + a, for any small ¢ > 0.
fa<p<2,

1 -1
/ |Bois (A7) dz < —C AC-@/a | 92 (AB-w)ju _ pAQ-)/ay o oAb
a1 T 2—a 2— - ’

0 b4 B

where
c 2ay

If B > 2, it follows that

1 —1
/ |132,ki(A 1 /O‘Z)| dz < C A(270()/Ot 4 a (A(zf"‘)/"‘ _ A(ﬁ,a)/a) < CA(z,a)/a
0 7%= T 2—« B—=2 - ’

where
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Then, Assumption 3 holds with

2 —
Y e ifp=2,
o
q= ,B;a ifa<p <2,
o
2 —
« ifg>2

for any small ¢ > 0. From Theorem 1, we immediately obtain ‘I~E[¢(.§n)] —IAE[¢(X1)]’ <
Con T@h) where

. 1 2—a ¢ .
min { —, - = if B =2,
4" 2ua 2
1 _
(@, )= { min Iﬁza} ifoa<p<2,
o
. 1 2—« .
min { —, if B> 2,
4" 2«

with e > 0.

5. Proof of Theorem 1: Monotone scheme method

In this section we introduce the numerical analysis tools of nonlinear partial differential
equations to prove Theorem 1. Noting that E[¢(X1)] = u(1, 0), where u is the viscosity solution
of (3), we propose a discrete scheme to approximate u by merely using the random variable &
under E as input. For given T > 0 and A € (0, 1), define ua : [0, T] x R — R recursively by

d(x) ifte[0, A),

up(t, x) =1 - ) (6)
Elua(t— A, x+ AY?g)] ifre[A, T].

From the above recursive process, we can see that, for each x € R and n € N such that nA < T,
ua (-, x) is a constant on the interval [nA, (n + 1)A A T), that is, ua(t, x) = ua(nA, x) for all
tenA,(n+1)AAT).

By induction (see [20, Theorem 2.1]), we can derive that, for all n € N such that nA <T

and x € R,
Mmkm=EpG+NN2}J}
i=1

In particular, taking 7 =1 and A = 1/n, we have ua(1, 0) = E[¢(§n)], and Theorem 1 follows
from the following result.

Theorem 2. Suppose that Assumptions 1-3 hold, and ¢ € CpLip(R). Then, for any (t,x) €
[0, T1 x R, |u(t, x) — ua(t, x)| < CoAT @D, where the Berry—Esseen constant Co = Lo Vv U,
with Ly and Uy given explicitly in Lemmas 11 and 12, respectively, and

Il 2—« q}

(e, ¢) =min § —, , = (-
(e, ¢) = min {4 20 2
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5.1. Regularity estimates

To prove Theorem 2, we first need to establish the space and time regularity properties of
ua, which are crucial for proving the convergence of ua to u# and determining its convergence
rate. Before showing our regularity estimates of ua, we set

k_ +k 1 _Afl/ot Af]/(l/
{ +ky +2/ 181,k ( D+ B2,k ( 2)| dz
0

11’A= sup

—1
kireKy bad

—

+ 1 B1 g (AT + |,32,ki(A_l/a)|},

I A= sup
kreKy

ko +ky +/°° 1Bk (—ATYVoR)| + | B (AT dz
a—1 1 bl

+ 1B (—ATV + |,32,ki(A]/a)|}-
Theorem 3. Suppose that Assumptions 1 and 3 hold, and ¢ € CpLip(R). Then:
(i) foranyte[0,T]and x,y € R, lua(t, x) — ua(t, y)| < Cylx —yl;
(ii) foranyt,s [0, T] and x € R, |ua(t, x) — ua(s, x)| < CoIa(|t — s|'/% + A1/?);
where Cy is the Lipschitz constant of ¢ and, In = \/I1 A + 2Ip A with Ix < c0.

Notice that I~E[§‘ 2] = 00, so the classical method developed in [28] fails. To prove Theorem 3,
for fixed N > 0, we define EN := £1yg)<n) and introduce the truncated scheme ua n: [0, T] x
R — R recursively by
P(x) if €10, A),

Elua N — A, x4+ AV2EN] ifre[A, T). ™

ua Nt x) = {

We get the following estimates.

Lemma 5. For each fixed N > 0, I~E[|§N|2] = Nz_“ll,N, where
{ ko +ky o /‘1 Bl.ir(—zZN) + B2k (zN)
0

L y:= sup

kieKy

2« Za_l dz_ﬁl,ki(_N)_ﬁz,ki(N)}'

Proof. Using Fubini’s theorem,

E[& *1qjej<m)]

z
= sup /(/ 2rdr1{z|§N}> dFWki(Z)}
kreKy R 0
[e'S) 0
= sup / < / 2rljo<r<zy dr — / 2rlz<r<0) dr>1{|z|§N} dFWki(Z)}
kreKy R 0 —0

N 0
= sup / 2r</ 1<:<my dFWki(Z)> dr—/ 2r<[ 1 —n<z<n) dFWki(Z)) dr}
kreKy 0 R —-N R

N 0
= sup /0 2r<FWki(N)—FWki(r)) dr—/N2r<FWki(r)—FWki(—N)> dr}.

kieKy —
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12 M. HU ET AL

By changing variables, it is straightforward to check that

1
ky Py B2,k (2N)

N
/0 2r(Fw,, (N) = Fy, (r)) dr = N>~ (2 dz — ok (N)> ;

— o 0 Za—l

0 1 _
/ 21(Fis (1) — Fis (—N)) dr = N> ("—‘ 2 f PriaCaV) ﬁl,m—N)),
N 2 -« 0 o

which immediately implies the result. (]

Lemma 6. For each fixed N > 0, E[lE — &N = le"‘Iz,N, where

T B1 ke (—ZN) + Bok. 2N) dz}
7 '

ko +ky
L y:= sup + Bl (=N) + B2 i (N) +
1

kieKi a—1

Proof. Notice that

Eflg —eN1=E[IE11g=m] = sup { /R 121117153 deki<z)}. (8)

kieKi

Observe by Fubini’s theorem that

o0
/ |21 1gzj>n) dF Wy, (2) = / / Lo<r<izpfjz>ny dFw, (2) dr
R 0 R
o0
=/ /I{IZ\>r} dFWki(Z)dV-l-N/ 17>~ dFw,, (2)
N R R

= /N (I = Fw () + Fw, (=r)) dr

+N(1 = Fy, (N) + Fi, (—N)). ©)
Using (8) and (9), we obtain
- k_+k _ -
Eflg —&V)1= sup {—JFN1 C N (Brae (—N) + Bri (V)
kieKy a—1
+ /"O Brie(=r + Bors (1) dr}.
N re
By changing variables, we immediately conclude the proof. t

Lemma 7. Suppose that ¢ € Cy Lip(R). Then:

(i) foranyk e Nsuchthat kA <T andx,y € R, lua n(kA, x) —ua n(kA, )| < Cplx —yl;
(ii) for any k € N such that kA <T and x € R,

lua N(kA, X) — ua N(0, X)| < Cy (T n)"/ANE2/2 A0/ 20
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Convergence of an a-stable central limit theorem under sublinear expectation 13

where Cy is the Lipschitz constant of ¢, and I\ N, Iy are given in Lemmas 5 and 6,
respectively.

Proof. Assertion (i) is proved by induction using (7). Clearly, the estimate holds for k = 0. In
general, we assume the assertion holds for some k € N with kA < T. Then, using Proposition 1,
we have

lua N((k+ DA, x) —upa n(k+ DA, y)]
= |Elua nkA, x+ AV*EN)] — Elua n(kA, y + AVEN)]
<E[|uankA, x+ AYEN) —up NKA,y+ AV*EV)|] < Chlx -yl

By the principle of induction the assertion is true for all k € N with kA <T.

Now we establish the time regularity for ua n in (ii). Note that Young’s inequality implies
that, for any x, y > 0, xy < %(x2 +y?).Forany & > 0, let x = |x — y| and y = 1/e; then it follows
from (i) that

ua N(kA, x) <up N(kA, )+ Alx — y|* + B,

where A = (¢/2)Cy and B = (1/2¢)Cy.
We claim that, for any k € N such that kA <T and x, y € R,

ua NkA, x) < ua N0, y) +Alx — y|* + AMIkAY® + CyDykAY® + B, (10)

where M,%, = IE[|§N|2] and Dy = I~E[|$ — £N]]. Indeed, (10) obviously holds for k = 0. Assume
that for some k € N the assertion (10) holds. Notice that

ua N((k+ DA, x) = E[ua n(kA, x + A2EN)]

= sup Ep, [uanGkA, x+ AV*EN)] (11)

kreKs
Then, for any k+ € K+,
Ep, [uan(kA, x+ AYUENY <up n(0, y + AV Ep, [EV]) + AMRGKAY® + CyDykA'®
+B+AEp, [[x—y+ AV —Ep VD[] (12)
Seeing that Ep,, [§V — Ep, [EV]] =0and
Ep [(" — B 18")] = En, [€")] - (Ep,, 18M)" <E[1"P].

we can deduce that

Ep [Jx—y+ A (N — Ep [EV)|*] < Ix — yP? + M A, (13)
Also, since Ep, . [£]1=0, it follows from (i) that

ua N0,y + AV Ep [EN]) =up N0, y+ AVYEp, [EN — £])

<ua N0, )+ CyDy A, (14)
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Combining (11)—(14), we obtain
ua N((k+ DA, x) <ua n(0,y) + Alx — yI* + AMy (k + DAY* 4+ CyDy(k + 1)AY* + B,
which shows that (10) also holds for k + 1. By the principle of induction our claim is true for
all k € N such that kA < T and x, y € R. By taking y = x in (10) we have, for any ¢ > 0,
1
ua n(kA, X) < ua (0, ) + §C¢,M%,kA2/°‘ + CyDrKA + —Cy.
€

By minimizing of the right-hand side with respect to &, we obtain
ua NkA, x) < ua §(0, x) + Co (M) 2AC=0/22 () AYV2 4 CuDy A0/ (kA)
<up N0, X) + Cy (M2 AC=022 4 py AU=0/) (e p)1/2,
Similarly, we also have
ua N0, x) < un N(kA, x) + Cg (MF)>AC7022 4 Dy AT/ (g p)1/2,
Combining with Lemmas 5 and 6, we obtain our desired result (ii). O

Lemma 8. Suppose that ¢ € CoLip(R) and N > O is fixed. Then, for any k € N such that kA <T
and x € R,
vertua(kA, x) — ua N(kA, x)| < C¢12,NN1_QA(1_“)/“I<A,

where Cy is the Lipschitz constant of ¢ and I y is given in Lemma 6.

Proof. Let (&;);>1 be a sequence of random variables on (R, Cpip(R), ]]:3) such that & =&,

Eiv1 4 &,and & L (&1, &, ..., &) foreachie N, and let SiN =& ANV (—=N)foreachieN.
In view of (6) and (7), by using the induction method of [20, Theorem 2.1] we have, for any
k € N such that kA < T and x € R,

k k
uA(kA,x):IE|:¢(x+ Al Z&')}, uA,N(kA,x)zlﬁ[d)(er Al Z%Nﬂ-

i=1 i=1
Then, it follows from the Lipschitz condition of ¢ and Lemma 6 that
uakA, x) — ua N(kA, x)| < Co AV KE[1E — &1 < Cola yN' AN~ %kA. O
Now we start to prove the regularity results of ua.

Proof of Theorem 3. The space regularity of ua can be proved by induction using (6). We
only focus on the time regularity of ua and divide its proof into three steps.

Step 1. Consider the special case |ua(kA, -) —ua(0, -)| for any k € N such that kA <T.
Noting that ua n(0, x) =ua (0, x) = ¢(x), we have

lun(kA, x) = up(0, )| < lua(kA, x) —ua N(kA, X)| + |ua N(kA, x) —up N(O, X)].

1/

In view of Lemmas 7 and 8, by choosing N = A™"/% we obtain

lua(kA, x) — ua(0, x)| < Cp((Iy §)PNC=O2AC=02 oy yNI=o Ad=/@y e p)1/2

< Cop (I, )"* + 25, A ) (kM) (15)
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Convergence of an a-stable central limit theorem under sublinear expectation 15

where

etk f V1B i (=A%) + B (AT ) &
0

I],AZ sup { Za_l

kieKy -«

+ 1 B1p (AT + |,32,ki(A_l/a)|},

k_ +ky % | By ks (AT + | Bo g (AT V%)
—+ dz
1

a—1 ¢

I A= sup {

kieKy
_ A1/ —1/a
H 1B (AT D)+ Bore (A )|}-

In addition, by Assumption 1, it is easy to obtain that /1 A and I A are finite as A — 0.

Step 2. Let us turn to the case |ua(kA, -) —ua(IA, -)| for any k, [ € N such that (k vV DA <
T. Without loss of generality, we assume that k > [. Let (é,-)j?il be a sequence of random vari-

ables on (R, Cpjp(R), E) such that & =&, &1 4 &,and &1 L (&1, &, ..., &) foreachieN.
By using induction (6) and the estimate (15), it is easy to obtain that, for any k >/ and x € R,

lua(kA, x) —ua(A, x)|

l l
IE|:MA<(k—l)A,x+ Al Zgiﬂ —JE[MA<0,x+A1/“ Zg,-)”

i=1 i=1
SE|:

< Cp((I1. )V + 2D A) (k= DAY, (16)

l 1
Un ((k— DA, x+ Al Zg,-) —up (O,x—l— Al Zg,-) H

i=1 i=1

Step 3. In general, for s, 1 € [0, T, let &, §; € [0, A) such that s — §; and ¢ — §; are in the
grid points {kA: k € N}. Then, from (16),

UA(t, X) = up(t — 8, x) Sua(s — 85, X) + C((I1,0)"> + 20 At — 5 — 8 + 8|'/*
<un(s, x) + Co((I,A)"/* + 21 )1 — 512 + A1/,
We can similarly prove that
Ua(s, x) S ua(t, x) + Co((I1, A)"7* + 26, A)(|t — 5|2 + A/,
and this yields (ii). O

5.2. The monotone approximation scheme

In this section we first rewrite the recursive approximation (6) as a monotone scheme, and
then derive its consistency error estimates and comparison result.
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For A € (0, 1), based on (6), we introduce the monotone approximation scheme as

{S(A, X, ua(t, x), ua(t — A, -)) =0,

(t,x)e[A, T] xR,
ua(t, x) = ¢(x),

(17)
(t,x) [0, A) xR,
where S: (0, 1) Xx R x R x C,(R)— R is defined by

T 1/«
S(A, x, p,vy =2 E[V(XAJFA 2l (18)

For a function f defined on [0, 7] x R, introduce its norm |f|o := SUP[o,T]xR [f(z, x)|. We
now give some key properties of the approximation scheme (17).

Proposition 2. Suppose that S(A, x, p, v) is as given in (18). Then the following properties
hold:

(i) Monotonicity. For any c1, ¢z € R and any function u € Cp(R) withu <v,

cl —C
S(A,x,p+ci,utc)=SA, x,p,v)+

(i) Concavity. For any A € [0, 1], p1, p2 € R, and vi, v2 € Co(R), S(A, x, p, v) is concave in
(p,v), i.e.

S(A, x, Ap1 + (1= M)p2, Avi(-) + (1 = Ava(-)) = AS(A, x, p1, vi(-))
+ (1 = W)S(A, x, p2, va(-)).
(iii) Consistency. For any o € Cgo ([A, T] x R),

d:w(t, x) — sup { f 8;w(t, x)Fki(dz)} —S(A, x, w(t, x), o(t — A, +))
k+eK4 R

< (1 +E[|&]1) (18} wloA + |3 DswloA*) + RO Diw|o AG~/®

+ |Diw|oR) + IDxwloRA,
where

R'= sup {wl,ki(—m + 1Boss (1)
kyeKy

1
+ /0 [lB1.ks(— D)+ B (= D2l + |k (D) — B 1, (D2l ] dz},

1
Ry =5 sup { / (1B (=A%) + | Boi (A7) (]! dz},
kyeKy 0

RL =4 sup {wl,ki(—A—“‘*n+|ﬂ2,ki(A—”“>|
kyeKy

+ /1 [1B1k (AT + [ Bris (A V2)[ ] dz}.
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Convergence of an a-stable central limit theorem under sublinear expectation 17

Proof. Parts (i) and (ii) are immediate, so we only prove (iii). To this end, we split the
consistency error into two parts. Specifically, for (¢, x) € [A, T] x R,

d;w(t, x) — sup { / 8,w(t, x)Fki(dz)} —S(A, x, w(t, x), w(t — A, .))‘
kyeKy R

< AN E[o(t — A, x+ AY*E)] — E[w(t, x + AV¥E) — Dyo(t, ) AV E] + d0(t, ) A

+A_1‘I~E[5A1/a§w(t, 0] — sup {/8Za)(t,x)Fki(dz)}A‘:=I+II. (19)
kyeKi R

Applying Taylor’s expansion (twice) yields

t
o, x+ AV*E)=w(t — A, x+ A/%E) +/ d(s, x) ds
t—A

t x+Aleg
+ / / 0:Dyw(s, y) dy ds. 20)
t—A Jx

Since fE[é] = fE[ —£]1=0, (20) and the mean value theorem give

t . t x+AleE
I<A™! / |8;0(t, X) — d;(s, x)| ds + A_IIEH f / & Dyw(s, y) dyds
t—A t—A Jx

}

1 -
< §|a,2w|oA+E[|s|]|a,wa|oA”“. (21)

For 11, by changing variables we get

0
/ (Szw(t’x)[_ﬁ;’ki(A_l/aZ)A_l/aZ+Ot/31,ki(A_l/“z)]|z|_°‘_ldz
—0o0

I < sup {

kireKy

o
N / 8e(t, [ =B 1, (AT DA™V 2 oy (AT 9)]e 7 dz
0

I

We only consider the integral above along the positive half-line; the integral along the negative
half-line is similar. For simplicity, we set

0 = d;w(t, X)[—,Bé)ki(Ail/aZ)Ail/aZ + aﬁz,ki(Afl/az)]zfafl ,

00 00 1 Al/e
f ,odz=/ pdz—l—/ ,odz—l—/ pdz:=Ji+Jr+ J3.
0 1 Al/a 0

Using integration by parts, for any k4 € K4,

1l =

Sra(t, V) (AT + / Bak (A" D) [Dya(t, x + 2) — Dyoo(t, X)]z~% dz
1

o0
§2|Dxa)|0(|ﬁ2,ki(A1/a)|+ / |Boi (A7) dz>,
1
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18 M. HU ET AL
where we have used the fact that, for 6 € (0, 1),
[810(t, X)| = |Dy(t, x + 0) — Dyo(t, x)| < 2|Dywlo.

Notice that, for any k4 € K1,

1
s < / bl D (87
A o

1
" ‘ / 1/ St x)[_ﬂé,ki(A_l/aZ)A—l/az]z—a—l dz|.
Al/a

By means of integration by parts and the mean value theorem, we obtain

1
‘ / o St =i (AT ATz dg
Al/a

Sa1/a(t, V)B2ie (DA™ — 81002, X)Bo iy (A7)

1

. B (A" Dyar(t, x + 2) — Dyoo(t, X)]z77% dz
A] o

1
—a / | St D2k (AT e
Al/a

< |D2wlol B2,k (DIAF® 4 2Dwlol ok, (A1)

1
+ (@ + DDl / |Boi (A2 dz
0
by using the fact that, for 6 € (0, 1), |8;0(t, x)| = 3 |D2w(t, x + 02)z*| < |D2wloz%; similarly,

1 1
‘/u/ ab.0(t, )P (AT dz 5“|D)2cw|0/ |Boi (A™V2)|2! 7 dz.
Al/a 0

In the same way, we can also obtain

Al/ot
/3] < |D)2¢w|0f |oBo i (A7) — By i (AT ATV~ dg
0

1
= |DjwloA®~/* / Bk (2) — By, (D)2l ™ dz.
0
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Convergence of an a-stable central limit theorem under sublinear expectation 19

Together with Ji, J2, and J3, we conclude that

I <4|Dyw|o sup {'ﬁl,ki(—ﬁ]/a)|+|/32,ki(A]/°‘)|

kieKy

+ /1 Bk (AT + B s (AT D)1 dz}

1
+(1+2e)Doly sup {/ Hﬂl,ki(—A_l/aZ)l+|ﬂ2,ki(A_l/°‘z)I]zl_“dz}
0

kieKy

+ AP~ D)y sup {Iﬂl,ki(—1)|+|ﬂ2,ki(1)|

k+eK4

1
+/0 [|eBiks(—2) + B 4, (— 2)2

+ |eBoks (@) — B g, (22| dz}.

The desired conclusion follows from this and (21). [l

From Proposition 2(i) we can derive the following comparison result for the scheme (17),
which is used throughout this paper.

Lemma 9. Suppose that v, v € Cp([0, T] x R) satisfy
S(A, x, v(t, x), vt — A, ) <h in(A,T] xR,
S(A, x, v(t, x), vt — A, ) >hy in(A,T] xR,
where hy, hy € Co((A, T] x R). Then

v—=v< sup (@—=9T+t sup (1 —hy)t.
(t,x)e[0,A]xR (t,x)e(A,T1xR

Proof. The basic idea of the proof comes from [4, Lemma 3.2]; for the reader’s convenience,
we give a sketch of the proof.

We first note that it suffices to prove the lemma in the case v <v in [0, A] x R, h; <hy
in (A, T] x R. The general case follows from this after seeing that, from the monotonicity
property in Proposition 2(i),

w:=Vv+ sup v—y"+1 sup (hy — o)™
(1,x)€[0,A]xR (1,x)e(A,TIxR

satisfies

S(A, x, o(t, X), o(t — A, ) = S(A, x, ¥(t, 0), Wt — A, )+ sup (i —h)" =k
(1,0e(A, TIXR

for (f,x) e (A, T] xR,andv<win [0, A] x R.
For ¢ >0, let ¥.(2) := ct and g(c) := sup, yepo.71xr{y — vV — ¥c}. Next, we have to prove
that g(0) <0 and we argue by contradiction assuming g(0) > 0. From the continuity of g, we
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can find some ¢ > 0 such that g(c) > 0. For such c, take a sequence {(#,, x4)}»>1 C [0, T] x R
such that, as n — o0,

O = g(c) — (v =V — Ye)ty, xp) — 0.

Since v —v — . <01in [0, A] x R and g(c) > 0, we assert that t,, > A for sufficiently large n.
For such n, by applying Proposition 2(i) (twice) we can deduce that

h(t, Xa) = S(A, x, (1, X), p(t = A, )
> S(AL X, V(. Xn) + Veltn) + () = 8, Wtn — A, )+ Yelty — A) + 8(0))
> S(A, X, Wtn, %), Wt — A, )+ Weltn) = Yeltn — A) = 8,) A~
> hy(tn, Xn) + ¢ — 8, A7

Since hy < hy in (A, T] x R, this yields that ¢ —8§,A™! <0. By letting n — 0o, we obtain
¢ <0, which is a contradiction. O

5.3. Convergence rate of the monotone approximation scheme

In this subsection we prove the convergence rate of the monotone approximation scheme
ua in Theorem 2. The convergence of the approximate solution ua to the viscosity solution u
follows from a nonlocal extension of the Barles—Souganidis half-relaxed limits method [5].

We start from the first time interval [0, A] x R.

Lemma 10. Suppose that ¢ € Cyp Lip(R). Then, for (t, x) € [0, A] X R,
lut, x) — ua(t, x)| < Co(My +MHAY, (22)

where Cy is the Lipschitz constant of ¢, Mg1 = I~E[|§|] and M)l( = I@l[|X1 1.

Proof. Clearly, (22) holds in (¢, x) € [0, A) x R, since u(0, x) =ua(t, x) =p(x), (f,x) €
[0, A) x R. For t = A, from Lemma 3 and (6), we obtain

[u(A, x) —ua(A, 0)| < [u(A, x) — u(0, x)| + [ua(0, x) — ua(A, x)|
<E[l¢px +Xa) — 9] + E[lp() — p(x + A8)]]
< Cy (XN +Ergn)alt/e,

which implies the desired result. O

5.3.1. Lower bound for the approximation scheme error. In order to obtain the lower bound for
the approximation scheme, we follow Krylov’s regularization results [25-27] (see also [2, 3]
for analogous results under PDE arguments). For ¢ € (0, 1), we first extend (3) to the domain
[0, T + £2] x R and still denote it as u. For (z, x) € [0, T] x R, we define the mollification of u
by

u®(t, x) = u* (1, x):/ . 0/ u(t — 1, x —e)le(1, e)dedr.
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In view of Lemma 4, the standard properties of mollifiers indicate that

|u—M8|0§C¢,K(8+82/Q)SZC¢JC8, o)
10/Duf o < Cp xcMi (s + 2/%)e ™27k < 2Cy oM ~H7F fork+1>1,

where M; := max=1 [_,_,_ -[\x|<l [8/Dk¢ (2, x)| dx dr < oo.
We obtain the following lower bound.

Lemma 11. Suppose that Assumptions 1-3 hold, and ¢ € Cp Lip(R). Then, for (t, x) € [0, T] x
R, ua(t, x) < u(t, x) + LoAT @9 where

1 2—a g
4

r ) = i R
(o, @) mm{ w2

and Ly is a constant depending on Cy, Cy 1, M}](, M;, M, and M, and is given in (26).

Proof. Step 1. Notice that u(t — t, x — e) is a viscosity solution of (3) in [0, T] x R for any
(7, e) € (— €2, 0) x B0, ¢). Multiplying it by ¢:(7, ¢) and integrating it with respect to (z, e),
from the concavity of (3) with respect to the nonlocal term we can derive that u®(¢, x) is a
supersolution of (3) in (0, 7] x R, i.e. for (¢, x) € (0, T] x R,

o:u°(t, x) — sup {/SZug(t, x)Fki(dz)}zO. 24)
R

kieKy

Step 2. Since u® € C;°([0, T] x R), together with the consistency property in Proposition
2(iii) and (24), using (23), we can deduce that

S(A, x, uf (1, ), u (1 — A, )
> —2Cy kM [(1+ M)A+ 2AV) 47 A2/ R0 4 7 IR) + R3]
=1 —2Cy kM C(e, A). (25)

Applying the comparison principle in Lemma 9 to ua and u®, by (17) and (25), we have, for
(1, x)€[0, T] x R,

un—u® < sup  (ua —u")t +2TCy M C(e, A).
(t,x)€[0,A]1xR

Step 3. In view of the previous equation and Lemma 10, we obtain
up —u=(ua —ut)+ W —u)

< sup (ua —w)t +|u—uf| +2TCy M Cle, A) +2Cy &
(t,x)e[0,A1xR

< CoMy +MHA* +2TCy xMC(e, A)+4Cy ke

Assumptions 1-3 indicate that R <4M, R}, < 10CAY, and R <16CAY. When « € (1, 5]
and g € [%, 00), by choosing & = A!/* we have up — u < LyA'/*, where

Lo:= Cy(My + M}) +4Cy c + 2TCy oM [2(1 + M) + 4M + 26C]; (26)
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when o € (l, %] and g € [0, %), by choosing ¢ = A2 we have UA —u < LoAq/2; when o €
(%, 2) and g € [(2 — &) /at, 00), by letting & = AP™%/2% we get up —u < LoyA®~/2*; when
o e (‘31, 2) and g € (0, (2 — @)/@), by letting ¢ = A2 we getup —u < LoAq/z. To sum up, we
conclude that upx — u < LoAT@9 where

I( ) . 1 2—a g
o, g)=min { —, L= 1.
q 4 2

This leads to the desired result. O

5.3.2. Upper bound for the approximation scheme error. To obtain an upper bound for the
approximation scheme error, we are not able to construct approximate smooth subsolutions
of (3) due to the concavity of (3). Instead, we interchange the roles of the PIDE (3) and the
approximation scheme (17). For ¢ € (0, 1), we extend (17) to the domain [0, T + €2] x R and
still denote it as ua. For (¢, x) € [0, T] x R, we define the mollification of u by

ub (8, x) = ua * 5 (2, x):/ / un(t— 1, x — e)Ze(t, e) dr de.
—e2<1<0 Jle|<e

In view of Theorem 3, the standard properties of mollifiers indicate that

lua —uJo < Cop(1+1a)e + A2,
27
19! Dkufy o < CoM (1 4+ 1p)(e + AV fork+1> 1.

We obtain the following upper bound.

Lemma 12. Suppose that Assumptions 1-3 hold and ¢ € Cp Lip(R). Then, for (¢, x) € [0, T] x
R, u(t, x) < up(t, x) + UgAT @D ywhere

1 2—a g
4

I'(«, g¢) = min {—, a2
and Uy is a constant depending on Cy, Cy ., M)l(, Mgl, M, M, and I, and is given in (29).
Proof. Step 1. Note that for any (¢, x) € [A, T] x Rand (7, e) € (— €2, 0) x B(0, ¢),
SIA, x,upn(t—t,x—e€), upn(t— A, -—e))=0.

Multiplying the above equality by ¢:(t, e) and integrating with respect to (z, e¢), from the
concavity of the approximation scheme (17), we have, for (t, x) e (A, T x R,

0:/ / S(A, x,upn(t—t,x—e), up(t — A — 7, - — €))¢e(1, ) dedrt
—e2<1<0 Jle|<e

= / f (ua(t — 1, x— ) —Elualt — A — 1, x — e + AV8)]) A7 ¢, (7, €) de dt
—e2<1<0 Jle|<e

< (Ui (1, x) — Bl (t — A, x+ AVE) AT = S(A, x, ui\ (1, %), u'\ (1, -)). (28)

Step 2. Since uf, € C;°([0, T] x R), by substituting u, into the consistency property in
Proposition 2(iii), together with (27) and (28), we can compute that

iy (1, x) — sup { / azuz(t,xmi(dz)}z—C¢M¢(1+1A>(1+s—1A1/2)C(5, A),
R

kieKy
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where C(e, A) is defined in (25). Then, the function
Bt x) i= Uy (1, ) + CpM (1 +1a)(1 + e AV Ce, M)t — A)
is a supersolution of (3) in (A, T] x R with initial condition V(A, x) = u’, (A, x). In addition,
v(t, ) = u(t, x) — Co(My + MHAY* — Cy(1+1p)(e + A/?)
is a viscosity solution of (3) in (A, T] x R. From (27) and Lemma 10, we can further obtain
VA, X)=u(A, x) — Co(My +MHAY — Cy(1 +Ia)(e + A1?)
= (A, x) —ua(A, 0) + wa(A, x) — u\ (A, ) + u (A, x)
— Co(MY + MDAV — Cy(1 +1a)(e + A'?)
<uf (A, x) =W(A, x).

By means of the comparison principle for PIDE (3) (see [29, Proposition 5.5]), we conclude
that v(z, x) <v(t, x) in [A, T] x R, which implies, for (¢, x) € [A, T] x R,

u— 1y < Co[(My +MHAY* + (1 +Ia)(e + A2+ TM (1 + 1)1 + &7 ' AVHC(e, A)].
Step 3. Using the previous equation and (27), we have
u—up=—ul)+ Uy —up)
< Col(My +MHAY +2(1 +1a)e + A2+ TM (1 + 1p)(1 + &7 AV2)Ce, M),

Under Assumptions 1-3, we have Ix < 0o, R <4M, RL <10CAY, and R} < 16CAY. In the
same way as for Lemma 11, by minimizing with respect to ¢ we can derive that, for (¢, x) €
[A, T] xR, u —up < UgAT@D where

Uo = CpMy + M} +4(1 +15) + 2TM (1 + Ia)2(1 + M}) +4M +26C)]  (29)

and
I( ) . 1 2—a g
o,g)=min{ -, ——, = ¢.
4 4 2a 2
Combining this and Lemma 10, we obtain the desired result. O
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