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Convolution Inequalities in lp Weighted
Spaces

Dedicated to the 65th anniversary of Prof. Saburou Saitoh

Nguyen Du Vi Nhan and Dinh Thanh Duc

Abstract. Various weighted lp-norm inequalities in convolutions are derived by a simple and general

principle whose l2 version was obtained by using the theory of reproducing kernels. Applications to

the Riemann zeta function and a difference equation are also considered.

1 Introduction

Let ξ = {ξn}n∈Z ∈ lp, η = {ηn}n∈Z ∈ lq, and p−1 + q−1 > 1. Young’s inequality (see

[3, pp. 178–179]) says that the convolution

(1.1) ξ ∗ η := {ξn ∗ ηn}n∈Z, ξn ∗ ηn :=
∑

r∈Z

ξrηn−r

belongs to lr, where r−1
= p−1 + q−1 − 1, and moreover,

(1.2) ‖ξ ∗ η‖r ≤ ‖ξ‖p ‖η‖q.

Note that for the typical case of ξ, η ∈ l2, the inequality (1.2) does not hold.

In [6] by using the theory of reproducing kernels (see [5]), S. Saitoh obtained the

following inequality

(1.3)

∞
∑

n=0

|∑r+s=n ξ
(1)
r ξ(2)

s |2
∑

r+s=n ρ
(1)
r ρ(2)

s

≤
(

∞
∑

n=0

|ξ(1)
n |2

ρ(1)
n

)(

∞
∑

n=0

|ξ(2)
n |2

ρ(2)
n

)

for some sequences of strictly positive numbers {ρ( j)
n }∞n=0 ( j = 1, 2) belonging to l1

and for {ξ( j)
n }∞n=0 ( j = 1, 2) such that the right hand side of (1.3) is finite.

Some other remarkable results are in [1], in which D. Borwein and W. Kratz dealt

with conditions for the validity of the weighted convolution inequality

(1.4)
∑

n∈Z

∣

∣

∣
bn

∑

r∈Z

an−rxr

∣

∣

∣

p

≤ C p
∑

n∈Z

|xn|p
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when p ≥ 1.

In the following, our fundamental convolution norm inequalities will be given in

the form

(1.5) ‖ξ ∗ η‖p ≤ ‖ξ‖p ‖η‖p

by considering the lp-norm in some naturally determined weighted spaces. Our new

type lp convolution norm inequalities are obtained easily by elementary means and

furthermore, in general lp (p > 1) versions of Saitoh’s inequality (1.3). Various

reverse convolution inequalities in lp weighted spaces are also considered. Moreover,

we shall state in this paper two typical examples, as applications.

2 Preliminaries

We suppose throughout that

1 < p ≤ ∞,
1

p
+

1

q
= 1.

We always assume that a weight sequence is a sequence of strictly positive numbers

belonging to l1. For a weight sequence ρ = {ρn}∞n=0 and a complex sequence ξ =

{ξn}∞n=0, we define

‖ξ‖lp(ρ) :=
(

∞
∑

n=0

ρn|ξn|p
)

1
p

, for 1 < p < ∞ and ‖ξ‖l∞(ρ) := sup
n

ρn|ξn|,

and we say that ξ ∈ lp(ρ) if ‖ξ‖lp(ρ) < ∞.

For two complex sequences ξ( j)
= {ξ( j)

n }∞n=0 ( j = 1, 2), we shall denote by

ξ(1) ∗ ξ(2) the convolution of ξ(1) and ξ(2), which is defined by

(2.1) ξ(1) ∗ ξ(2) := {ξ(1)
n ∗ ξ(2)

n }∞n=0, ξ(1)
n ∗ ξ(2)

n :=

n
∑

r=0

ξ(1)
r ξ(2)

n−r.

Given a positive integer m, define the convolution product
∏m

j=1 ∗ξ( j) by

(2.2)

m
∏

j=1

∗ξ( j) :=
[

m−1
∏

j=1

∗ξ( j)
]

∗ ξ(m).

The Z transform (see [2, Chapter 12]) of a sequence { f (n)} as the function F(z)

of a complex variable z defined by

(2.3) Z{ f (n)} := F(z) =

∞
∑

n=0

f (n)z−n.

It is assumed that there exists an R such that (2.3) converges for |z| > R.
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The inverse Z transform is given by the complex integral

(2.4) Z
−1{F(z)} := f (n) =

1

2πi

∮

C

F(z)zn−1 dz,

where C is a simple closed contour enclosing the origin and lying outside the circle

|z| = R.

The relationship between the convolution product and the Z transform is based

on the following lemma.

Lemma 2.1 If Z{ f j(n)} = F j(z) ( j = 1, . . . ,m) then the Z transform of the convo-

lution product
∏m

j=1 ∗ f j(n) is given by

(2.5) Z

{

m
∏

j=1

∗ f j(n)
}

=

m
∏

j=1

Z{ f j(n)}.

Or, equivalently,

(2.6) Z
−1

{

m
∏

j=1

F j(z)
}

=

m
∏

j=1

∗ f j(n).

Our main results follow.

3 Convolution Inequalities in Weighted lp Spaces

We obtain new inequalities by considering Hölder’s inequality and by using inter-

change of order of summation.

Theorem 3.1 Let ρ( j)
= {ρ( j)

n }∞n=0 be some weight sequences and ξ( j)
= {ξ( j)

n }∞n=0 ∈
lp(ρ( j)) ( j = 1, . . . ,m). Then, we have the weighted lp inequality

(3.1)
∥

∥

∥

m
∏

j=1

∗(ξ( j)ρ( j))
(

m
∏

j=1

∗ρ( j)
) (1−p)/p∥

∥

∥

lp

≤
m
∏

j=1

‖ξ( j)‖lp(ρ( j)).

Equality holds here if and only if ξ( j) are represented in the form

(3.2) ξ( j)
= c j{an}∞n=0, c j : constants,

where a ∈ C is a constant such that ξ( j) ∈ lp(ρ( j)) ( j = 1, . . . ,m).

Unlike Young’s inequality, inequality (3.1) holds also in case p = 2.

Remark 3.2 Saitoh’s inequality (1.3) is a special case of the above result when p = 2

and m = 2.
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Remark 3.3 For the convolution as in (1.1), we also have the inequality

(3.3)
∑

n∈Z

∣

∣

∣

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
∣

∣

∣

p(
m
∏

j=1

∗ρ( j)
n

) 1−p

≤
m
∏

j=1

∑

n∈Z

|ξ( j)
n |pρ( j)

n

for ρ( j)
= {ρ( j)

n }n∈Z be some sequences of strictly positive numbers belonging to l1
and for some two-sided complex sequences ξ( j) ∈ lp(ρ( j)) ( j = 1, . . . ,m).

In particular, for ρ(m)
= {1}n∈Z, we have

∑

n∈Z

∣

∣

∣

[

m−1
∏

j=1

∗(ξ( j)
n ρ( j)

n )
]

∗ ξ(m)
n

∣

∣

∣

p

≤
(

m−1
∏

j=1

∑

n∈Z

ρ( j)
n

) p−1(∑

n∈Z

|ξ(m)
n |p

)

m−1
∏

j=1

∑

n∈Z

|ξ( j)
n |pρ( j)

n .

(3.4)

Let ρ( j)
= {1}∞n=0 ( j = 1, . . . ,m). Upon simple computation, we get

Z{ρ( j)
n } =

z

z − 1
, j = 1, 2, . . . ,m,

and so, by Lemma 2.1,

m
∏

j=1

∗ρ( j)
n =

1

(m − 1)!

m−1
∏

j=1

(n + j).

Then, in view of Theorem 3.1, we have the following corollary.

Corollary 3.4 If ξ( j)
= {ξ( j)

n }∞n=0 ∈ lp ( j = 1, . . . ,m), then

(3.5)

∞
∑

n=0

∣

∣

∣

m
∏

j=1

∗ξ( j)
n

∣

∣

∣

p[
m−1
∏

j=1

(n + j)
] 1−p

≤
[ 1

(m − 1)!

] p−1
m
∏

j=1

∞
∑

n=0

|ξ( j)
n |p.

The constant [(m − 1)!]1−p is the best possible. Moreover the (nonzero) extremal com-

plex sequences are of the form ξ( j)
= c j{an}∞n=0, where c j are constants and a ∈ C such

that ξ( j) ∈ lp ( j = 1, . . . ,m).

In particular, for m = 2 we have

(3.6)

∞
∑

n=0

∣

∣

∣

n
∑

r=0

ξ(1)
r ξ(2)

n−r

∣

∣

∣

p

(n + 1)1−p ≤
∞
∑

n=0

|ξ(1)
n |p

∞
∑

n=0

|ξ(2)
n |p.

Proof of Theorem 3.1 For m ≥ 1, we first observe that

(3.7)
∣

∣

∣

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
∣

∣

∣

p

≤
(

m
∏

j=1

∗ρ( j)
n

) p−1
m
∏

j=1

∗(|ξ( j)
n |pρ( j)

n ), n = 0, 1, . . . .
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We use induction on m. When m = 2, the inequality (3.7) is reduced to Hölder’s

inequality. Now suppose (3.7) holds for some integer m ≥ 2. We claim that it also

holds for m + 1. By induction hypothesis, we arrive at

∣

∣

∣

m+1
∏

j=1

∗(ξ( j)
n ρ( j)

n )
∣

∣

∣

p

≤
∣

∣

∣

n
∑

r=0

[

m
∏

j=1

∗(|ξ( j)
r |ρ( j)

r )
]

|ξ(m+1)
n−r |ρ(m+1)

n−r

∣

∣

∣

p

≤
∣

∣

∣

n
∑

r=0

(

m
∏

j=1

∗ρ( j)
r

) (p−1)/p(
m
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
) 1/p

|ξ(m+1)
n−r |ρ(m+1)

n−r

∣

∣

∣

p

,

which is, by Hölder’s inequality,

≤
(

m+1
∏

j=1

∗ρ( j)
n

) p−1
m+1
∏

j=1

∗(|ξ( j)
n |pρ( j)

n ),

completing the proof of (3.7).

By using (3.7), we obtain

∞
∑

n=0

∣

∣

∣

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
∣

∣

∣

p(
m
∏

j=1

∗ρ( j)
n

) 1−p

≤
∞
∑

n=0

m
∏

j=1

∗(|ξ( j)
n |pρ( j)

n )

=

∞
∑

n=0

n
∑

r=0

[

m−1
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
]

|ξ(m)
n−r|pρ(m)

n−r.

For the function

θ(x) =

{

1 for x ≥ 0

0 for x < 0,

we have

∞
∑

n=0

n
∑

r=0

[

m−1
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
]

|ξ(m)
n−r|pρ(m)

n−r

=

∞
∑

n=0

∞
∑

r=0

[

m−1
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
]

|ξ(m)
n−r|pρ(m)

n−rθ(n − r),

which is, by interchanging the order of summation and substituting n − r = s,

=

∞
∑

r=0

[

m−1
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
]

∞
∑

s=−r

|ξ(m)
s |pρ(m)

s θ(s)

=

∞
∑

r=0

[

m−1
∏

j=1

∗(|ξ( j)
r |pρ( j)

r )
]

∞
∑

s=0

|ξ(m)
s |pρ(m)

s .
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Therefore,

(3.8)

∞
∑

n=0

∣

∣

∣

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
∣

∣

∣

p(
m
∏

j=1

∗ρ( j)
n

) 1−p

≤
m
∏

j=1

∞
∑

n=0

|ξ( j)
n |pρ( j)

n .

Raising both sides of the inequality (3.8) to power 1/p yields the inequality (3.1).

Next we determine under what conditions equality can hold in (3.1). Equality

in (3.1) implies that equality holds in (3.7) for each positive integer m. In the case

m = 2, this happens only if equality holds in Hölder’s inequality, i.e., only if for n ≥ 0

there exists a number ξn ∈ C such that

(3.9) ξ(1)
r ξ(2)

n−r = ξn, r = 0, 1, . . . , n.

Suppose that ξ(1)
0 = 0 and ξ(1)

r 6= 0 for some r > 0. Then, by (3.9), we have ξ(2)
n−r = 0

n ≥ r, that is ξ(2)
= {0}∞n=0. So, ξ(1)

0 = 0 implies that ξ(1)
= {0}∞n=0 or ξ(2)

= {0}∞n=0.

Now we assume that ξ(1)
0 and ξ(2)

0 are nonzero. From (3.9), the complex number

ηr := ξ(1)
r /ξ(1)

0 = ξ(2)
r /ξ(2)

0 satisfies ηrηn−r = ξn/[ξ(1)
0 ξ(2)

0 ] = ηn for all 0 ≤ r ≤ n. Put

a = η1, we have η0 = 1 and ηn = an for n ≥ 1. This implies that ξ(1)
n = c1an and

ξ(2)
n = c2an. Finally, by inducting on m, we have (3.2).

Generally, let ρ( j,r) ( j = 1, . . . ,m; r = 1, . . . , s) be some weight sequences and

ξ( j,r) ∈ lp(ρ( j,r)). For r = 1, . . . , s, by setting

ar =

(

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
)(

m
∏

j=1

∗ρ( j,r)
)−1/q

, br =

(

m
∏

j=1

∗ρ( j,r)
) 1/q

and by using the inequality

∣

∣

∣

s
∑

r=1

arbr

∣

∣

∣

p

≤
(

s
∑

r=1

|ar|p
)(

s
∑

r=1

|br|q
) p−1

,

we observe that

∣

∣

∣

s
∑

r=1

(

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
)
∣

∣

∣

p

≤
s

∑

r=1

∣

∣

∣

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
∣

∣

∣

p(
m
∏

j=1

∗ρ( j,r)
) 1−p{

s
∑

r=1

m
∏

j=1

∗ρ( j,r)
} p−1

.

Therefore,

∣

∣

∣

s
∑

r=1

(

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
)∣

∣

∣

p{
s

∑

r=1

m
∏

j=1

∗ρ( j,r)
} 1−p

≤
s

∑

r=1

∣

∣

∣

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
∣

∣

∣

p(
m
∏

j=1

∗ρ( j,r)
) 1−p

.

(3.10)
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Combining with Theorem 3.1 we get the following inequality

∥

∥

∥

(

s
∑

r=1

m
∏

j=1

∗(ξ( j,r)ρ( j,r))
)(

s
∑

r=1

m
∏

j=1

∗ρ( j,r)
) 1/p−1∥

∥

∥

p

lp

≤
s

∑

r=1

m
∏

j=1

‖ξ( j,r)‖p

lp(ρ( j,r))
.

(3.11)

4 Reverse Convolution Inequalities in Weighted lp Spaces

Various weighted lp-norm inequalities in convolutions are derived by using Hölder’s

inequality. Therefore, by using reverse Hölder inequality one can obtain reverse

weighted lp-norm inequalities.

We first restate the reverse Hölder inequality ([8], see also [3, pp. 125–126]) here.

Proposition 4.1 Let a1, . . . , an and b1, . . . , bn be some positive numbers such that

0 < m ≤ ak/bk ≤ M. Then we have

(4.1)
(

n
∑

k=1

ak

) 1/p(
n

∑

k=1

bk

) 1/q

≤ Ap,q

( m

M

)

n
∑

k=1

a
1/p
k b

1/q
k ,

if the right hand side of (4.1) is finite. Here

Ap,q(t) = p−
1
p q−

1
q

t−
1
pq (1 − t)

(1 − t
1
p )

1
p (1 − t

1
q )

1
q

.

In connection with Proposition 4.1 we note the following version, whose proof is

surprisingly simple.

Theorem 4.1 In Proposition 4.1, replacing ak and bk by a
p
k and b

q
k (k = 1, 2, . . . , n),

respectively, we obtain the reverse Hölder type inequality

(4.2)
(

n
∑

k=1

a
p
k

) 1/p(
n

∑

k=1

b
q
k

) 1/q

≤
( m

M

)−
1
pq

n
∑

k=1

akbk.

Proof Since a
p
k/b

q
k ≤ M, it follows that

akbk ≥ M−1/qa
p
k

and so,

(4.3)
(

n
∑

k=1

a
p
k

) 1/p

≤ M
1
pq

(

n
∑

k=1

akbk

) 1/p

.
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On the other hand, from m ≤ a
p
k/b

q
k, we obtain

n
∑

k=1

akbk ≥ m1/p

n
∑

k=1

b
q
k,

and this establishes
(

n
∑

k=1

akbk

) 1/q

≥ m
1
pq

(

n
∑

k=1

b
q
k

) 1/q

.

Combining with (4.3), we have the desired inequality (4.2).

Remark 4.2 Theorem 4.1 can be derived from Proposition 4.1 by using the inequal-

ity

Ap,q(t) < t−
1
pq ,

which was proved by Lars-Erik Persson (see [7] for more details).

Theorem 4.3 Let ξ( j)
= {ξ( j)

n }∞n=0 ( j = 1, . . . ,m) be some sequences of strictly

positive numbers satisfying

(4.4) 0 < m
1/p
j ≤ ξ( j)

n ≤ M
1/p
j < ∞, j = 1, 2, . . . ,m, n = 0, 1, . . . .

Then for any weight sequences ρ( j)
= {ρ( j)

n }∞n=0, we have the reverse lp weighted convo-

lution inequality

∥

∥

∥

m
∏

j=1

∗(ξ( j)ρ( j))
(

m
∏

j=1

∗ρ( j)
) (1−p)/p∥

∥

∥

p

lp

≥
m
∏

j=2

A−1
p,q

(

j
∏

k=1

mk

Mk

)

m
∏

j=1

‖ξ( j)‖p

lp(ρ( j))

≥
(

m
∏

j=2

j
∏

i=1

mi

Mi

)
1
pq

m
∏

j=1

‖ξ( j)‖p

lp(ρ( j))
.

(4.5)

Proof For m = 2, from the inequality (4.1) we have

2
∏

j=1

∗(ξ( j)
n ρ( j)

n ) =

n
∑

r=0

ξ(1)
r ρ(1)

r ξ(2)
n−rρ

(2)
n−r

≥ A−1
p,q

( m1m2

M1M2

)(

2
∏

j=1

∗[(ξ( j)
n )pρ( j)

n ]
) 1/p(

2
∏

j=1

∗ρ( j)
n

) 1/q

.

We suppose that

m
∏

j=1

∗(ξ( j)
n ρ( j)

n ) ≥
m
∏

j=2

A−1
p,q

(

j
∏

i=1

mi

Mi

)(

m
∏

j=1

∗[(ξ( j)
n )pρ( j)

n ]
) 1/p(

m
∏

j=1

∗ρ( j)
n

) 1/q

.
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Then, we have

m+1
∏

j=1

∗(ξ( j)
n ρ( j)

n )

=

n
∑

r=0

[

m
∏

j=1

∗(ξ( j)
r ρ( j)

r )
]

ξ(m+1)
n−r ρ(m+1)

n−r

≥
m
∏

j=2

A−1
p,q

(

j
∏

i=1

mi

Mi

)

n
∑

r=0

(

m
∏

j=1

∗[(ξ( j)
r )pρ( j)

r ]
) 1/p(

m
∏

j=1

∗ρ( j)
r

) 1/q

ξ(m+1)
n−r ρ(m+1)

n−r ,

which is, by the inequality (4.1),

≥
m
∏

j=2

A−1
p,q

(

j
∏

i=1

mi

Mi

)

A−1
p,q

(

m+1
∏

i=1

mi

Mi

)(

m+1
∏

j=1

∗[(ξ( j)
n )pρ( j)

n ]
) 1/p(

m+1
∏

j=1

∗ρ( j)
n

) 1/q

and so the assertion follows.

Therefore,

(

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
) p(

m
∏

j=1

∗ρ( j)
n

) 1−p

≥
m
∏

j=2

A
−p
p,q

(

j
∏

i=1

mi

Mi

)

m
∏

j=1

∗[(ξ( j)
n )pρ( j)

n ]

and hence that

∞
∑

n=0

(

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
) p(

m
∏

j=1

∗ρ( j)
n

) 1−p

≥
m
∏

j=2

A
−p
p,q

(

j
∏

i=1

mi

Mi

)

∞
∑

n=0

m
∏

j=1

∗[(ξ( j)
n )pρ( j)

n ]

=

m
∏

j=2

A
−p
p,q

(

j
∏

i=1

mi

Mi

)

m
∏

j=1

∞
∑

n=0

(ξ( j)
n )pρ( j)

n

≥
(

m
∏

j=2

j
∏

i=1

mi

Mi

)
1
q

m
∏

j=1

∞
∑

n=0

(ξ( j)
n )pρ( j)

n .

Thus, the theorem is proved.

Inequality (4.5) can be generalized further as follows:

Theorem 4.4 Let ξ( j)
= {ξ( j)

n }∞n=0 ( j = 1, . . . ,m) be some sequences of strictly

positive numbers and let

m( j)
n =

(

min
r1+···+r j=n

{

j
∏

i=1

ξ(i)
ri

}) p

, j = 2, 3, . . . ,m, n = 0, 1, . . .
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and

M( j)
n =

(

max
r1+···+r j=n

{

j
∏

i=1

ξ(i)
ri

}) p

, j = 2, 3, . . . ,m, n = 0, 1, . . . .

Then for any weight sequences ρ( j)
= {ρ( j)

n }∞n=0, we have the reverse lp weighted convo-

lution inequality

∞
∑

n=0

(

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
) p(

m
∏

j=1

∗ρ( j)
n

) 1−p(
m
∏

j=2

j
∏

i=1

m(i)
n

M(i)
n

)−
1
q

≥
∞
∑

n=0

(

m
∏

j=1

∗(ξ( j)
n ρ( j)

n )
) p(

m
∏

j=1

∗ρ( j)
n

) 1−p
m
∏

j=2

A
p
p,q

(

j
∏

i=1

m(i)
n

M(i)
n

)

≥
m
∏

j=1

∞
∑

n=0

(ξ( j)
n )pρ( j)

n .

(4.6)

We note that the reverse convolution inequality (4.5) does not hold for m j = 0.

In this case, we have the following theorem:

Theorem 4.5 Let p ≥ 1, N j ∈ N ( j = 1, . . . ,m), 0 ≤ N < N1, and ξ
( j)
k satisfy

(4.7) 0 ≤ ξ
( j)
k ≤ M < ∞, 0 ≤ k ≤

m
∑

j=1

N j , j = 1, . . . ,m.

Then

N1
∑

k=N

(ξ(1)
k )p

m
∏

j=2

N j
∑

k=0

(ξ
( j)
k )p

≤ Mm(p−1)

N1+···+Nm
∑

km=N

km
∑

km−1=N

· · ·
k2
∑

k1=N

ξ(1)
k1

m
∏

j=2

ξ
( j)
k j−k j−1

.

(4.8)

In particular, for N = 0, we have

(4.9)

m
∏

j=1

N j
∑

k=0

(ξ
( j)
k )p ≤ Mm(p−1)

N1+···+Nm
∑

n=0

m
∏

j=1

∗ξ( j)
n .

Proof Since 0 ≤ ξ
( j)
k ≤ M for 0 ≤ k ≤ ∑m

j=1 N j , 1 ≤ j ≤ m, it follows that

N1+···+Nm
∑

km=N

km
∑

km−1=N

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m
∏

j=2

ξ
( j)
k j−k j−1

] p

≤ Mm(p−1)

N1+···+Nm
∑

km=N

km
∑

km−1=N

· · ·
k2
∑

k1=N

ξ(1)
k1

m
∏

j=2

ξ
( j)
k j−k j−1

.

(4.10)

https://doi.org/10.4153/CMB-2011-103-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2011-103-0


Convolution Inequalities in lp Weighted Spaces 365

On the other hand, we have

N1+···+Nm
∑

km=N

km
∑

km−1=N

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m
∏

j=2

ξ
( j)
k j−k j−1

] p

=

N1+···+Nm
∑

km=N

N1+···+Nm
∑

km−1=N

{

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m−1
∏

j=2

ξ
( j)
k j−k j−1

] p}

[ξ(m)
km−km−1

]pθ(km − km−1)

=

N1+···+Nm
∑

km−1=N

{

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m−1
∏

j=2

ξ
( j)
k j−k j−1

] p}
N1+···+Nm
∑

km=N

[ξ(m)
km−km−1

]pθ(km − km−1)

=

N1+···+Nm
∑

km−1=N

{

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m−1
∏

j=2

ξ
( j)
k j−k j−1

] p}
N1+···+Nm−km−1

∑

r=0

[ξ(m)
r ]p

≥
N1+···+Nm−1

∑

km−1=N

{

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m−1
∏

j=2

ξ
( j)
k j−k j−1

] p}
N1+···+Nm−km−1

∑

r=0

[ξ(m)
r ]p

≥
N1+···+Nm−1

∑

km−1=N

{

· · ·
k2
∑

k1=N

[

ξ(1)
k1

m−1
∏

j=2

ξ
( j)
k j−k j−1

] p}
Nm
∑

r=0

[ξ(m)
r ]p,

which is, by inducting on m,

≥
(

N1
∑

k=N

(ξ(1)
k )p

)

m
∏

j=2

(

N j
∑

k=0

(ξ
( j)
k )p

)

.

Combining with (4.10), we have the desired inequality (4.8).

5 Applications

Following our fundamental convolution inequalities, we shall give two typical exam-

ples as applications.

5.1 Example 1

Let

ξ(1)
n = ξ(2)

n =

1

n + 1
, n = 0, 1, 2, . . . ,

we have

ξ(1)
n ∗ ξ(2)

n =

n
∑

m=0

1

m + 1

1

n − m + 1
=

2

n + 2

n
∑

m=0

1

m + 1

and
4

(n + 2)2
≤ 1

m + 1

1

n − m + 1
≤ 1

n + 1
.
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Then, from the inequality (3.6) and Theorem 4.4 we obtain

(5.1)

∞
∑

n=1

(
∑n

m=1
1
m

)p

np−1(n + 1)p
<

ζ2(p)

2p
< 41−1/p

∞
∑

n=1

(
∑n

m=1
1
m

)p

np+1/p−2(n + 1)p+2/p−2
,

where the Riemann zeta function ζ(s) defined for Re(s) > 1 by

(5.2) ζ(s) =

∞
∑

n=1

1

ns
.

In particular, for p = 2 we have

(5.3)

∞
∑

n=1

(
∑n

m=1
1
m

)2

n(n + 1)2
<

π4

144
< 2

∞
∑

n=1

(
∑n

m=1
1
m

)2

√
n(n + 1)

.

5.2 Example 2

A discrete system that smooths the input signal xn is described by the difference equa-

tion

(5.4) yn = ayn−1 + (1 − a)xn, n = 0, 1, 2, . . . ,

where a is a constant such that |a| < 1.

By repeated substitution and assuming zero initial condition y−1 = 0, the output

of the system is given by

(5.5) yn = (1 − a)

n
∑

m=0

an−mxm, n = 0, 1, 2, . . . .

Then, from the inequality (3.6), we obtain the estimate

(5.6)

∞
∑

n=0

|yn|p

(n + 1)p−1
≤ |1 − a|p

1 − |a|p

∞
∑

n=0

|xn|p

for {xn}∞n=0 ∈ lp(p > 1).
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