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Abstract

Dealing with a problem posed by Kupka we give results concerning the permanence of the almost strong
lifting property (respectively of the universal strong lifting property) under finite and countable products
of topological probability spaces. As a basis we prove a theorem on the existence of liftings compatible
with products for general probability spaces, and in addition we use this theorem for discussing finite
products of lifting topologies.

1991 Mathematics subject classification (Amer. Math. Soc.): 28A51.

Introduction

In this paper we are concerned with hereditary properties of almost strong liftings for
finite and countable products of general topological probability spaces (respectively
Baire probability spaces) (see Section 1 for terminology), with the existence of liftings
compatible with products (see Section 2, Theorem 4 and Theorem 5), and with finite
products of lifting topologies. The Baire-almost strong lifting property (Baire-ASLP
for short) of a finite product of topological probability spaces implies the almost strong
lifting property (ASLP for short) of the factors (by Theorem 1 of Section 2). This
generalizes the result of [22, 3.2], but the converse is not true for the ordinary product
of probability spaces by Section 3, Remark 5(b) even if we have Radon measures on
the factors. The crucial point in the construction is that for factors with strong liftings,
products of open sets are measurable in the product probability space (see Theorem 1
(respectively Lemma 1) of Section 3). But [8] gives a hyperstonian space where the
latter fails (see Remark 5 of Section 3 for details).

Talagrand’s paper [28] seems to be the first one where a certain compatibility
for products and liftings appears, but it is only for products in which all factors are
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equal, so only applies in a very restricted situation. To be precise the condition (P)
of Theorem 4 of Section 2 (respectively (iii) of Lemma 1, Section 3) holds true. In
the latter lemma we give equivalent conditions in terms of lifting topologies. As a
consequence we find that the product of lifting topologies is never a lifting topology
if one assumes the non-existence of measurable cardinals (see Theorem 2 of Section
3). This result is a consequence of a theorem of Curtis, Hendriksen, and Isbell on
products of extremally disconnected spaces (see [11, p. 53]).

If we replace the ASLP by the stronger ‘universal strong lifting property’, USLP
for short, which has proved useful in connection strong lifting compactness (see [1, 23
and 25]), the situation becomes more pleasant: If a finite product has the Baire-USLP
each factor has the USLP, (see Theorem 2 of Section 2), and conversely the finite
product and by Theorem 4 of Section 3, also the countable product, where in both
cases the completion regularity also carries over to the product; and has the ASLP
if each factor has the USLP, with the exception of probably one which has only the
ASLP. This is based on Theorem 4 of Section 2, where for given lifting in one factor
we can find in the other factor, and on the product, liftings such that compatibility with
products holds true. By induction, we extend this result to products with countably
many factors in Theorem 5 of Section 2. All factors of our products may be different,
while Talagrand’s construction of the consistent liftings works only if all factors are
equal.

In the forthcoming papers [24, 25 and 26] we study the same problems for uncount-
able products and general projective limits. But this requires different techniques.

The second author is indebted to D. H. Fremlin for a helpful discussion on the
topics of this paper.

1. Preliminaries

Throughout, a quadruple (€2, 7, %, u) will be called a topological probability
space (respectively Baire probability space) if and only if (22, 7) is a completely
regular Hausdorff topological space and (2, X, i) is a complete probability space
such that Z(2) C X where Z(£2), the o -field generated by 7, is the Borel o -field of
(2, T) (respectively %,(S2) € X where %,(2), the o -field generated by all bounded
continuous functions on £, is the Baire o-field of (2, 7)). Therefore any topological
probability space is a Baire probability space but not vice versa.

We use the notion of lifting (respectively lower density) in the sense of {16, Chapter
I11, Section 1, Definition 3 (respectively Definition 4)] and for any complete probability
space (§2, Z, u) we denote by A (i) the system of all liftings. For any p € A(u) there
exists exactly one (multiplicative) lifting 6 (in the sense of [16, Chapter III, Section
1, Definition 2]) on .Z*° (i), the space of all bounded ¥-measurable functions on §2,
such that p(x4) = X, forall A € ¥ (x, denotes the characteristic function of
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A) and vice versa (see [16, pp. 35,36]). For simplicity we write p = 6 throughout
what follows. The linear lifting is defined by [16, Chapter HI, Section 1, Definition
1]. For a Baire probability space (in particular for a topological probability space)
(Q, 7, %, ) alifting p € A(u) is called strong (respectively almost strong) if and
only if p(f) = f forall f € C,(£2), the space of all bounded continuous functions on
(2, ) (respectively there exists N € T such that u(N) = 0 and p(f)(w) = f(w)
forall f € Cp(2) and all w €  \ N).

For a topological probability space it is equivalent with p(G) 2 G forall G € F
(respectively there exists N € X such that u(N) = 0 and G € p(G) U N for all
G € 7) (see [16, chapter VIII]). (2, 7, Z, w) has the almost strong lifting property,
ASLP for short (respectively the Baire-almost strong lifting property, Baire-ASLP
for short), if and only if (2, 7, I, u) is a topological probability space (respect-
ively a Baire probability space) and there exists p € A(u) which is almost strong.
(2, 7, L, n) has the universal strong lifting property, USLP for short (respect-
ively the Baire-universal strong lifting property, Baire-USLP for short), if and only
if (, 7, X, n) is a topological probability space (respectively a Baire probability
space) and any p € A(w) is almost strong. Compare [25] for a list of spaces having
the U SL P from which it becomes obvious that all spaces appearing in applications
have the USLP.

For a given probability space (2, £, u) aset N € ¥ with u(N) = 0 is called a
w-null set and for f, g € £*°(u)and A, B € X we write f = ga.e. (i) respectively
A= Bae (wif{w € Q: f(w) # g(w)} (respectively AAB, the symmetric
difference of A and B) is a u-null set.

A Borel measure ¢ on € is said to be completion regular if and only if for any
Borel set B there exist A}, A; € %,(2) suchthat A, € B C A, and (A4, \ A)) =0.

Wedenote by (2 x---xQ,, 5;1®--®X,, 4 ®- --Q® L,) the product probability
space of the probability spaces (§2;, Z;, ;) (i = 1,...,n) and by (£; X --- x
Q218 - ®,, & - - - ®u,) its (Carathéodory) completion. By N we denote the
set {1,2, 3, ...} of the natural numbers.

2. Liftings and products

Before stating the first theorem we mention that the product of Baire probability
spaces is in general not a Baire probability space (see [2]), and the same is true for
topological probability spaces (see [8]), where the situation is even much worse (see
[18 and 19]). For this reason we assume in the next theorem only the Baire-ASLP for
the product which is more likely satisfied than the ASLP.

THEOREM 1. If the completed product ([1;_, S, [T/, Zi\ (®"_, )", (®7_,u)")
of the topological probability spaces (2;, i, X;, ;) has the Baire-ASLP then each
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(R, 7, %, u;) hasthe ASLP (i = 1, ... ,n).

PROOF. By induction it is sufficient to give the proof only for n = 2. If (€, x
Q. T ® P, T,R%,, 1 ®u,) has an almost strong lifting then it has a strong lifting
p by {16, p. 127] (there the blanket assumption of local compactness is not needed).

Let p; : 2, x £, —> €2; denote the canonical projections (i = 1, 2) and define the
partial maps f,,(w)) = f (@, w,) for f € L®°(u,®u,), w; € (i = 1,2). Then
put

0(g)(w,) = /p(g 0 P2y (@1) diti(wy)

for g € £ (1,). Since p(g o p2) = g o pr ae. (U ®u,) we have for all A € T, by

Fubini
/A / p(g 0 P (@1, @i (@) dpa(wr)
- / f Xerxa(8 © P2) (@1, @) d (i @d ) (@1, )
:/Ag(wz)duz(wz),
that is

/ [/ p(g o pa)(wy, wr)du (W) — g(a)z)] dus(w) =0 forall A€ X,
A

from which it follows that 6(g) = g a.e. (u,).

Since g = h a.e. (i) for g, h € £ () implies p(g o po) = p(h o py) it follows
that 6(g) = @(h) and it is easy to verify that 8 is a linear lifting for .£°°(u,). Since p
is strong and g o p, € Cp (21 X 25) for g € C,(2,) we have

0(g)(wy) =/g0pz(w1,wz)dm(w1) =/g(wz)du1(w1) = gw,) for w, € £2,,

that is, 8 is strong. By [16, Chapter VIII, Theorem 2] (the proof of this theorem
works for every topological probability space) there exists a strong lifting o’ for
(22, S, ), ). The same reasoning gives us a strong lifting for (2,, 7, Iy, §y)-

Theorem 3.2 in [22] is a special case of Theorem 1.

THEOREM 2. If the completed product ([Ti_, i, [Ti_, Z, (®_, )", (L, u:)")

of the topological probability spaces (S2;, F;, Z;, u;) has the Baire-USLP then each
factor (U, i, Z;, ;) hasthe USLP (i = 1, ... ,n).
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PROOF. By induction it is again sufficient to give the proof for n = 2 and for
simplicity we may puti = 1. We denote by p,(w) := o, forw = (w;, @) € ©2; X ,
the canonical projection p; from €2, x €2, onto ;. For given p, € A(u,) put

p(fiop) =p(fyopr for fi € L¥w).

Then p is extendable to a lifting p € A(u), the so called inverse lifting of p;, by an
argument given in [1, proof of Theorem 2.3] (see also {23]). Since p is almost strong
by assumption there exists a 2o € ¥ with 1 (£2) = 1 such that

(fi o p)(w) = p(fio p)(w) = (p1(f1) o p1)(w),
that is,
filw) = p1(fi)(wy) forall f; € Cp(2)) andall o = (w, w) € L.

By Fubini we have 1 = [ 141(S,,)d12(@2), if Qo4, 1= {01 € 1 : (@1, @) € 8}
is the section of Qg for w, € 2,. This implies 1($2,,) = 1 for almost all w, € ,.
Since ©,(S2;) > 0 we can choose w, € £2, such that 1,(£2,,) = 1, Q0,, € X, and
filw) = p1(fi)(ey) for all o, € Q,,, that is p; is almost strong.

For f; : @ — R(@{@ = 1,2) wedefine fi® fo == (fiop) - (faopy)if
pi + 2 x Q — Q; (i = 1,2) are the canonical projections. If (2, X, i) is a
probability space and 7 is a o-subalgebra of ¥ we write E,(f) for a version of the
conditional expectation of f € Z*(u) with respect to n. For the proof of Theorem
3 we need two lemmas which are more or less known but we could not find a suitable
reference.

LEMMA 1. Let there be given probability spaces (2;, X;, ;) and o-subalgebras n;
of X, (i =1,2). Then for f; € L (u;) (i = 1,2) it holds true that

Eyen(fi® f2) = E, (f1) ® E,,(f2) ae. (11 ® p2) | m & n2).

PROOF. By the definition of the conditional expectation and by Fubini’s theorem
we have for B; e n; (i = 1, 2)

/ En1®nz(f1®f2)d(u1®uz)=/ H® frd( @ us)
B\ x B, B

1x By

= /(fl - x8) ® (f2- x8,)d(iu1 ® )

Z/ fldﬂl'/ fadu,
B B,

- f E, (f)du: - / E, (f) dus
B, B

= / E, (f) ® E,,(f2) d(p1 ® p2),
B xB;
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that is the measures with density on 1, ® 7, given by means of

Pem@n — / Eyon(fi ® f3) d(u ® ),
P

Penm®@n— f E, (f) ® Ey (£) (i) @ )
P

coincide on the semi-ring & = {B; X B, : B; € n; (i = 1, 2)} which generates n; ® n,.
Hence they coincide on the ring % generated by & since Z is the set of all finite
disjoint unions of elements in & (see for example [14, 1.5, Satz 6]). But from %
these measures are uniquely extendable to n; ® 1, by [4, 5.6]. Now the uniqueness
provision of the Radon-Nikodym theorem implies the assertion.

LEMMA 2. Let there be given probability spaces (£2;, ¥, |1;) and o-subalgebras n;
of ; (i = 1,2). Then (2 x Q3,1 ® 12, (41 @ U2) | 11 ® ny) is identical with the
product of the probability spaces (S2;, ni, i | 1) (i = 1,2).

PROOF. Note that the semi-ring & = {B; x B, : B; € n; (i = 1,2)} generates
N ® n,. Now for B, € n; (i =1, 2) we have

(1 | m) ® (ua | 12)(By X By) = py (By) ma2(By)
= (U1 @ u2)(By x By)
= (1 Q u2) | m @ ) (By x By),

that is the measures (i, | 71) ® (17 | n2) and (u; ® wy) | 1y ® 1, coincide on &.
Hence the same reasoning as in the proof of Lemma 1 shows that they coincide on

m  n.

THEOREM 3. Let there be given two probability spaces (2, X, n) and (©, T, v)
with product space (2 x ©,Z Q T, u ® v). Then for any lower density ¢ for u
there exists a lower density ¥ for v and a lower density 8 for u ® v such that
B(AX B)y=¢(A) x y(B)forall Ac Xand BeT.

PROOF. Let there be given a lower density ¢ for i (such a lower density exists by
[12, Theorem 1]). Let & denote the system of all triples (n, ¥, 8,) such that n is a
o-subalgbra of T containing all v-null sets, 1, is a lower density for v | n and B, is a
lower density for £ ® v | ¥ ® n such that

B,(A x B) = ¢(A) x ¥,(B) forall AeX, Ben.
For (7)» Wr;’ ,3,7), (n/, wy,’, ﬂn/) € A write
(77’ wrv ﬂr]) S (77” wr)’v ﬁr]’)
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if and only if

71977"%'“):1/’", and ﬂn’|2®n=ﬂn-

Then < is a partial order on & and 43 is non-empty. For the latter define (u, ¢,, B.) €
A as follows: u is a o-subalgebra of T generated by Ty := {N € T : v(N) = 0}.
Thenu = TL,UT, if T, ;= {®\ N : N € Ty}. Define v,(B) :=0if B e Tj
and ¢, (B) := © if B € T,. Clearly ¢, is a lower density on u. On the other hand
URV(E) = fv(Ea,)du(a)) forEeZQuifE, ={0 €O :(w,0)c E}forw € £2,
and E := {we Q:v(E,) =1} € T since w € 2 — v(E,) is Z-measurable (see
[15, (21.4) and (21.8)]). Since v(E,) = 0O or v(E,) = 1 for all w € Q2 we find
E=F x ©ae. (1 ® v). Hence we can define a lower density B, forall E € X Q@ u
by means of

BAE)=¢(E)x® if E=E x®ae. (u®v)

which satisfies B,(A X B) = ¢(A) x ¥, (B) forall A € £, B € u.

We show that the partial order < is inductive. For this let ¥ be a chain in % and
put for simplicity %1 := {n : (n, ¥,, B,) € £ }. We have to distinguish two cases.

(A) There is no countable cofinal part in J£". Then . := U] is a o -subalgebra
of T and by means of ¥ » (A) := ¥, (A) if A € n € ¥ is defined unambiguously a
lower density ¥» on 1 such that ¥ | n = ¥, for all n € J¢]. It is immediate that
TQny=U{Z®n:ne X} fweput Bx(E) :=B,(E)ifE € Z®n,neX
then By is a well-defined lower density on £ ® n suchthat B, | ¥ ® n = B, for
ne . Forall A € Z, B € ny there exists a n € J£ such that B € n. This implies
that

Bx (A x B) = B,(A x B) = ¢(A) x ¥,(B) = ¢(A) X Y (B),

that is (N, ¥.x, Bx) € B is an upper bound for J¢ in B.

(B) There is a countable cofinal part ((n., ¥,, By, ))nen in £°. Then put for
simplicity ¥, := ¥,,, B, := B,, for all n € N and denote by 7 the o-subalgebra of
T generated by |,y -

CLAM 1. £ @ . is the o-subalgebra ¥* of T ® T generated by | J, . T ® s

PROOE. Clearly Z* € £ ® 1. Since X ® 1 is generatedby & :={AXx B : A €
¥, B € n_} it will for the converse inclusion be sufficient to show & C £*. We have
&C Xifandonlyif & =ny forall A € X,where & = {B € ny : Ax B € £*}.
But |,y 1n € &4, and & is a o-algebra, so the result follows.
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By [12, Lemma] it is well-known that by means of

Voo (B) 1= [\ J [ ¥mUEs, (x5) > 1 = 1/k})

keNneNm=n

for B € n_ is defined a lower density for v | n such that ¥, | , = ¥, forn € N.
And accordingly (using claim 1)

Boo(P) := (YU ) BnUUEzgn, (xp) > 1 = 1/kD)

keNneNm=zn

for P € ¥ ® n_ defines a lower density for u®v | X ®n_ suchthat 8, | T®n, =
B if again Exg,, (xp) denotes a version of the conditional expectation of xp, with
respectto £ ® n,, form € N. It is obvious that ¥,.(B) and B, (P) are independent of
the choice of the particular version of the conditional expectation E,, (xp) respectively
Esgn, (xp) in the defining formulas for ., (B) respectively Bo(P). Now for A € X
and B € n we have

Boo(A x B) == )| BnUEzen, (xaxs) > 1= 1/k}).

keN neNm=>n
But

{Exsgn,(Xaxz) > 1 — 1/k} = {Esen, (Xa ® x8) > 1 — 1/k}

D (Ex(xa) ® E,, (xs)) > 1 — 1/k}

={(xa®E, (xg) >1—-1/k}

2 AX{E, (xs) > 1 —1/k}ae. u®v | S ®1,)

for m, k € N where (1) holds true a.e. (u ® v | £ ® n,,) by Lemma 1. Equation (2)
holds true since we have

(,0) € M :={(xa0p1)-(E, (xg)op2) >1—1/k}
if and only if

Xa(w) - Ey, (x8)(0) > 1 —1/k.

For w ¢ A the latter does not hold true, but for @ € A it holds true if and only if
E,. (xs)®) > 1—1/k, thatis (w,0) € M if and only if w € A and E, (x5)(0) >
1 — 1/k, thatis if and only if (w,8) € A x {E,, (x5)(@) > 1 — 1/k} (k € N).
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This implies that

Boo(A x BY = [ [) B (A X {E,, (xs) > 1 — 1/k})

keN neNm>n

~NUN 04 x ¥ulEy, (xa) > 1 - 17kD)

keN neNm=>n

= ¢(A) x (ﬂ UM ¥ (s xe) > 1 - l/k}))

keN neN m=>n
= ¢(A) X Y(B),

that is B.(A X B) = ¢(A) X Y (B)forall A € X, B € ny.
Again we have found an upper bound (1., ¥, Bx) for £ in £ if we define

Vo = Yoo, lg% = ﬂoo'

According to Zorn’s lemma we choose a maximal element (g, Yo, fo) € &. If we
assume that 7, is a strict subset of T then there exists a By € T \ no. Let 7, denote
the o-subalgebra of T generated by no U {By}. Using the well-known equality

Mo =G NB)U(HNBy):G, H € ne}

we can check:

CLAM2. E®7, ={(GN(Q x B))UHN (R x B)): G, He X nel
Put
B, :=essinf{B € ng: By C B a.e. (v)},
B, :==essinf{B € no : B; € B a.e. (v)},
Ey:=essinfl{E € 2Qny: Q x By C E ae. (u®v)},
E,:=essinf([E € T Q@ny: 2 x By € FEae. (uQv)},
and note that E, respectively E, is the essential infimum of sets £ € X ® ng with
Q x By € E ae. (u®v)respectively Q@ x Bf € E a.e. (4 ® v) modulo ¢ ® v-null
sets in X ® 7y, while the essential infima B,, B, may be taken with respect to arbitrary

v-nullsets since 7o contains all v-null sets by definition of n, for (o, ¥y,, By,) € B.
Then it is well-known by [12, Lemma 2] that by means of

¥o((G N By) U (H N By))
:= (Bo N ¥o((G N B)) U (H N BY))) U (B N yro((H N B;) U (G N B5)))
for G, H € ny, and
Bo((K N (2 x Bo)) U (LN (Q x BY))
= (R x Bo) N Bo((K N Ep) U (LN EY)))
U (R x B§) N Bo((L N Ey) U (K N ES)))
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for K, L € £ ® 1y are defined unambiguously lower densities v/, on 7, respectively
Boon X @7, such that ¥, | 9o = Yo and By | X @ 1o = fo.

CLAIM 3. E; = QX Bya.e. (u®v | ZQny)and E; = QxBya.e. (uQv | T®ng).

PROOF. By C B, a.e. (v) implies 2 x By C Q x Byae. (u®v | I ®7,). Since
Q x B, € £ ® no this implies 2 x B; 2 E;ae. (L ®v | X ® no) by definition of
E,. Forowe QletE,, :={0 € ©: (w,0) € E,} be the w-section of E,. Note that by
Lemma 2 the probability space (2 X ©, £ ® o, # ® v | T ® o) is the product of the
probability spaces (€2, £, p) and (O, no, v | ng). Hence applying Fubini’s theorem
(see [15, (21.4) and (21.8)]) to this product, we have E,, € n, for all € Q since

E, € & no,
0= (u®v)((£2 x By \ Ey)
:/quxB@\&uMuw)

= /V(Bo \ Ei,)du(w),

0 <v(By\Ey)forallw e Qand w € @ — v(By \ E,,) is ¥-measurable, This
implies for N := {w € Q : v(By \ E,) > O} that N € ¥ and u(N) = 0. If
Qo =R\ Nthen Qy € X, u(2) = 1,v(By \ E\,) = 0 hence By C F,, a.e. (v)

for all w € €2y. Let B := essinf{E|, : w € 2} where the essential infimum is taken
in ng with respect to v-null sets. It follows that B € ny, and B 2 By a.e. (v), hence
B 2 Bja.e. (v). Again by [15, (21.8)] we have

(L ®V)(Q x B)\ E)) = f (@ x B\ EDo)din(@)
_ / v(B: \ Er)dps()
=0,

the latter since B; € E,, a.e. (v) for all w €  and since u(£2,) = 1, that is

Qx B CEjae (u®v | X2®ng). Theprooffor £, = Q2 x Byae. (u®v| L ®no)
is similar.

For A € X and B € n, write B = ((G N By) U (H N BY)) for G, H € ny. And then
we have

F:=AXxB=Ax({(GNBy)U(HNB))
= (A X G)N(Q x Bp)) U((A x H)N(Q x BY))
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together with K := AX G, L := Ax H € ¥ ® ny. For simplicity put £y := Q x By.
By definition we have

Bo(F) = (Eo N Bo((K N Ey) U (LN EN)) U (EGN Bo((L N Ey) U (K N ES))).
By an application of claim 3 this can be rewritten as
Bo(F) = (Eo N Bo(A x R)) U (Eg N Bo((A x S))

if

R:=(GNB)Y)YUHNB)), S:=HNB)U(GNBSE).
Since R, S € ny this implies

Bo(F) = (Eo N (9(A) X %o(R))) U (Eg N (9(A) X $o(5))).
By means of £y = Q x Bj the latter formula can be transformed into

Bo(A x B) = p(A) x Yo(B) forall AecX and B € B,

This implies that (7, Wo, EO) € 4 and clearly (0o, ¥, Bo) < (1, EO, EO), a contra-
diction. Therefore ny = T and if we put ¥ = ¥, 8 = By we are done.

THEOREM 4. Let (2, Z, u) and (®, T, v) be complete probability spaces and (2 x
0, Z®T, u®v) the completion of their product. Then for any p € A(u) there exist
o € A(v)and m € A(u®v) such that

P m(A X B)y=p(A) xo(B) forall Ae€eX and BeT.

Inaddition t(f @ g) = p(f) @ o(g) forall f € L>(u) and g € L (v).

For the proof we denote for any o-subalgebra n of T by £®n the o-subalgebra
of T consisting of all F € £®T for which there exists a set £ € £ ® n with
F = Eae. (u®v),in particular £®n contains all u®v-null sets and clearly T®T =
IRT.

The proof of Theorem 4 follows the same general pattern as that of Theorem 3
and with the exception of part (B) it consists in minor modifications of the proof of
Theorem 3 so that we have only to replace ‘lower density’ by ‘lifting’, ‘X ® n’ by
‘L®n’, and ‘u ® v’ by * p,®v’ throughout. In order to shorten the proof let this be
done together with the following indications:

(i) The existence of a lifting ¢ for u follows from ([16, IV, 2, Theorem 3]).
(ii) If(n, ¥,, B,) € % then n is complete since n contains all v-null sets.
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(iii) For F € *Qu we find E € £ ® u with F = E a.e. (u®v) and then we can
define the lifting B, for u®v | T&u by means of B,(F) = (p(E) x @ if E
and u are defined as in the proof of Theorem 3 (independent of the choice of
E).

(iv) From £ ® ny = J{Z ® n : n € X} follows follows immediately that

IZ®nx = U{Z®n : n € ).
(v) Claim 2 in the proof of Theorem 3 implies

T®no = {(GN (2 x Bp)) UHN (R x BY)): G, H e T®n}.

(vi) For Claim 3 the essential infima E,, E, can (and will) be chosen in £ ® 7.
This allows us to take over the proof of Claim 3 from Theorem 3 unchanged.
(vii) Once we have ny = T we define p := ¢, 0 := Yy, and 7 := B,.
(viil) 7 (f ®@g) = p(f) ®o(g) follows from (P) first for simple functions f, g and
then for f € £*(u), g € £*(v) by approximation with simple functions.

We now turn to the proof of (B). Let there be given a countable cofinal part
((Mns Yup» By )nen In X', Again put ¥, := ¥, , B, := B, forall n € N and denote by
N the o-subalgebra of T generated by | J, .y 77x. Claim 1 of the proof of Theorem 3
implies Z®7nco = ¢ (U,ony Z®7x). We now choose an ultrafilter % on N finer than
the Fréchet filter and define by [16, IV, 1, Theorem 2] linear liftings for v respectively
u®v by means of

Y (k) = lim (B, (1) for he L0 | na),

B(f) = lim B,(Esen,(f)) for f e 2™(udv | T8n.)

which satisfy ¥’ | Z*°(v | n,) = ¥, respectively g’ | Lo (udv) | T®n,) = B, for
n € N, For g € Z*(u), h € £*(v), applying Lemma 1, we have

B(g®h) = ’}gg Br(Esgy, (g ®h)) = ’}g,zrll B.(g ® E, (h))
= jieg(w(g) R Y (E,, () = ¢(g) ® nlgg Y. (E,, (h))
= @(g) ® ¥'(h),
that is
(D B(g®h)=¢(@) @Y'(h) forall ge L), h € L7(©).

(Let us remember that according to Section 1 we write ¢ for the lifting of functions ¢
defined by ¢(x4) = Xp(a), A € X.)
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According to [16, III, 1, page 36] we then define lower densities ¢, for v | 1o
respectively B, for u®v | Z®n. by means of

Va(B) := {¥/'(xp) = 1} for B € s, Ba(E) := {B'(xg) = 1} for E € Z@ne.

For w € Q,0 € © let us define filterbases F(w) = {A € £ : w € ¢p(A)} on £,
FO) ={B€Ene:0€yYs(B)on0O, F(w,0):={E € TN : (w,0) € B(E)}
on Q x © and choose ultrafilters % (») in X, % (8) in 1, finer than % (w) respectively
Z (). Note that 7 (w) = Z (w).

CLAM. EN(A x B) # D for E € F(w,6), A € %), and B € %) if
(@,0) € Q x O.

PROOF. Assuming that E N (A x B) = @ it follows by (1) that

0=1-B(xe)w,0) = B'(Xaxp) (@, 0) = p(xa) @)V (x8)(O) = ¥'(x8)(6) = O,

hence V'(x5)(@) = 0. Since ¥'(xp) + ¥'(xp) = 1 this implies 8 € ¥,(B°), a
contradiction.

By the Claim we find an ultrafilter % (w, 0) € £ ®n,. finer than Z (w, ) and such
that

AXBe¥U(w,0) foral Ae % (w),Be%@®).

According to [30] we define liftings ¢ for i, ¥ fOr v | 7o, and B for u®v | T®nue
respectively by means of

P(A) ={weR:Aec¥(w)} with @(A) C p(A) C(A) for Ae X,
Voo(B) :={0 € ©: B € %(0)} with Y,(B) C Y¥o(B) C ¥,(B°) for B € 1y,
BolE) :={(0,0) € 2 x O : E € % (w,0)} with B, (E) C Bo(E) C B(E)*

for E € Z®n.. Note that ¢ = ¢ and forn € N, B € n, we have ¥'(xz) = ¥, (xz),
hence ¥a(B) = {¢'(xp) = 1} = ¥u(B), ¥u(B) = ¥u(B) € Y(B) € ¥a(B) =
¥.(B), s0 Y, | N, = ¥,,. In the same way we find that B, | X®n, = B, forn € N.

For (w,0) € Q x ©, A € X, B € 1, we have (w,0) € ¢(A) X Y(B) if
and only if A € % (w) and B € % (0), hence A x B € % (w, 8) by the claim, so
(w,8) € Bo(A x B), thatis p(A) X ¥e(B) C (A x B).

Ifp : Qx0 — Q, pp: Q xO® — O are the canonical projections,
then p)(%Z (w,9)) N T is again an ultrafilter in ¥ and so is Z (w) = F(w),
D2(Z (w, 0)) N 14 is an ultrafilter in 7., and so is Z (8). By the claim % (w) C
(% (@, NZ, %6) C p(%(w,0)) N ne. This implies pi(Z (w,0)) N T =
F(w), py(% (@,0)) N = Z (). Soif (w,0) € Bo(A x B), thatis A x B €
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U (w,8) wehave A € F(w)and B € % (0), thatisw € p(A) and 8 € ¥ (B), hence

Bs(A X B) S 9(A) X Yo(B), 50 (A X B) = ¢(A) X Y (B).
Again (s, Yoo, Boo) is an upper bound for £ in B,

Ifforp € A(u),0 € A(v)and r € A(u®v) the equation (P) of Theorem 4 is true
we write 7 = p ® o and call 7 a product lifting of p and 0. A lifting 1 € A(u®v)
is called decomposable if it is a product lifting.

For a sequence (($2,, ¥,, it,))aecn Of complete probability spaces we define recurs-
ively for n € N alifting o} on (®_,(£2;, Z;, u;))" in the following way: Choose p €
A(uy) and put pof = p. If p} € A, ® - - ®u,) has already been constructed, we
find by Theorem4 a p,; € A(itnyi) suchthat o} = pf®@p,.i1 € A, &--- Olhnit)
for n € N. Then put

0 = (((01 ® P2) ® p3) -+ ® Pn_y1) @ Pn,

but we may not rearrange the brackets. For this product the following recursion
formulas hold true.
(1) pI(AxA,) =p*_(A) X p,(A,) forall A € (R]Z/T;) and A, € Z,, n > 1.
(i) If<m <nthenp;(AXApi1X---XAy) = 0y (A)X P41 (Ams1) X+ X 0, (Ay)
forall A € (®,X)", A, €X;(j=m+1,...,n), thatis

Pr = (0 ® Putt) ® -+ @ Pa-1) @ P

In particular we have
(i) pi(Ar x - x A) = p(A) x - x p(Ap) forall A, e Z, (i =1,...,n).
(iv) If1 <m <nthen pj(A X Qpq1 X -+ X Q,) = pp(A) X Qpy1 X - X Q,
forall A € (@, E)".

The following is a generalization of theorem 4 for countable products.

THEOREM 5. Let there be given a sequence ((S2,, T, in))nen Of complete probab-
ility spaces with completed product (2, X, ). Then for any p, € A(u,) there exist
on € A(iy) (n > 2) and po, € A(1) such that

(1) Poo(AX[[res) ) = (01 @+ - ® P)(A) X [T, 2ifor A e ® - ®%, and
(i) Poc(Ar X -+ x Ay X [I72,01 Q) = p1(A) X -+ X p(An) X [172,,,, Qi for A; €
L, =1,...,n).

PROOF. For any n € N consider the o-algebra ¥* := p[j,}(El@ .- ®X,) where
P is the canonical projection from Q onto [7_, €, and [n] := {1, 2, ... , n}. Clearly
it holds true that Xy € X* forany 1 < m < n. Let (¥£}), be the o-subfield of
generated by ¥* Uu foru := {N € £ : u(N) =0}, &, := pn | (£}), and T* =
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U,en(E3),- Then X* is a field of subsets of €2 and X is equal to the o -field generated
by X*. Moreover o p;,; = u,® -+ - ®u, foralln € N (cf. [17, VI, Proposition 5.41).
Define a lifting p; for (€2, (£}),, ft,) by means of p:(A*) = pX(A) x [,
where A* € (£}), and A € X, with A* = A x [[2 ., Q; a.e. (iL,).

It then holds true that p; | (£), = p;, forany m with 1 <m <n.

Indeed for A* € (X}), there exists aset A € %, such that A* = A x [, .,
a.e. (fin), m € N. Using recursion formula (iv) following the proof of theorem 4 we
get

Py = prax ], @

= P1(A X Qe x oo x Q x [T, )

= A X Quax - x Q) x []7 @

= P(A) X Qo X x x [ 7

= P (A) X ni=m+19i

= pr(A”).
Thus there exists a lifting po, € A(u) with property (i) (cf. for example [17, XVI,
Proposition 1.8]). Relation (ii) follows immediately from relation (i) and Theorem 4.

3. Products of lifting topologies

For a complete probability space (€2, X, 1) and alifting o € A (i) can be associated
two so-called lifting topologies

T, = {Up(Ai):Ai € E} and J':={AeX:ACpA))

iel
Both J, and J are extremally disconnected topologies such that 7, C J* and
Ch(RQ, T,) = Cp(Q, T) = {f € L= : f = p(f)} (see [16, Chapter V]). Here
again we use the same notation for p and its uniquely associated lifting for functions
in £*(u) as in Section 2.

LEMMA 1. Let (2, Z;, u;) be a complete probability space, p; € A(w;) (i =
1,...,n), and denote by (2; x --- x Q,, E, u) a complete probability space such
that T,Q - L, CTandp | Z,® - - Q%, = 1 ®- - Qu,. Thenforam € A(u)
the following conditions are all equivalent.

(i) F, x---x 7, C X andmn is strong with respectto T, x -+ x .
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(i) Iy x---x Ty C X andm is strong with respectto T x --- x T*.

(i) (A x---xA)=p1(A) X ---xp(A) forall A, € Z, (i=1,...,n).
iv) I, x--x T, €.

V) Tpx-xTiC T

PROOF. Either (i) or (ii) implies (iii). For h; € Co(;, 7)) = Cp(2, T)),
Q= x---xQ, p; :+ @ —> Q;, the canonical projection, we have k; o
pi € Co(R, T, x---xT,) C C,,(Q,,Z: X oo X Z,:‘) fori = 1,...,n). Let
Ty X -o-x T, < L respectively ¥ x --- x J* C T and let ¥ € A(u) be strong
with respect to J, x - -+ x 7, respectively T* x --- x F*. Then it follows that

(*) r([T_, thiop) =[] i o po.

ForA; e Z;(i=1,...,n)thesets A, x --- x A, and p;(A;) x --- x p,(A,) differ
only by a set of p-measure zero. Therefore T(A; X --- x A,) = w(p(A}) X --- X
on(A)) = pi(Ar) X -+ X p,(A,), where the latter equality follows from (x) for
hi = xp(A) € Co(Si, 7)) = Co(2, T (i = 1,...,n).

(iii) implies (iv). Since n; := {p;(4;) : A; € X;} is a basis for the topology 7,
(i=1,...,n). Therefore ) := {p;(A}) X---xp,(A4,) : A, € X, (i=1,...,n)}isa
basis for the topology 7, x - - - x 7, . By (iliy wehave j € F,, I, x - x T, C Fy.

(iii) implies (v). n*:={A;x---xA,:A; € ﬂpf(i =1,...,n)}isabasis for the
topology Z,’:xm-xﬂp:. ButA;x.--xA, € p1(A) X+ -xp,(A,) =7a(AX---XA,)
by (iii) for A, x --- X A, € %, thatis n* C Z*, hence Z; X oo X 9; c I

The equivalences (i) if and only if (iv) and (ii) if and only if (v) hold true by [16,
Theorem 3, p. 64].

THEOREM 1. Let (2;, F;, ;, ;) be a complete topological probability space with
alifting p; € A(;), 1 #0G =1,...,n),let () X -+ X Q,, T, u) be acomplete
probability space suchthat 2,® - - - X, C Tandp | T,® - R, = 1;Q - - - Qu,
and let m € A(u) satisfy

T(A; X -+ X A) =p1(A) X - X p,(A,) forall A;eX; (i=1,...,n).

Then we have 9 x -+ x 9, € X foran € A(u) and 7 is strong with respect to
A x - x T, ifand only if all p; are strong fori =1, ... ,n.

Moreover if ¥; = 3?(9,), W; is completion regular fori = 1,...,n, T =
Q- ®%,, and By(Q) = Bo(Q)® - - - Bo(RQ,) then 1, - - - @, is in addition
completion regular.

PROOF. If the liftings po; ({ = 1,...,n) are strong we have 9 x --- x J, C
Tyx---xJ*. BylLemmal,(iii)if and only if (v) it follows that 7 x - - . x I* € F*.
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Since clearly 7> € £ we have J x --- x 9, € Z*, that is 7 is strong by [16,
Theorem 3, p. 64]. On the other hand if 9 x --- x 9, € X and 7 is strong then
G Xhx-xQeFx---xT,forG, € J andhence G; x Q¢ x --- xR, C
(G X 2 % --- x Q) = pi(Gy) x 2, x --- x Q,. This implies G, € p,(G,) for
G, € 9, thatis p, is strong. In the same way it follows that p,, ... , p, are strong.
To show that v is completionregularlet A = A, x---xA,, A, € ;i =1,... ,n).
The completion regularity of u; implies that A; € .@0(9,») (i=1,...,n. So
there exist E;, F; € %,(2;) such that E; C A, C F; and wi(F; \ E;) = 0 for
anyi =1,...,n. Hence E := E| x ---xE,,,F x ---x F, € By(Q),
ECACF,and u(F \ E) =0. Therefore A € 350(52) and hence E c @0(9) But
from J; x - - - x F, C X itfollows that Z(Q) = T and consequently @0(9) V@’(Q)

REMARK 1. If p; € A(u;) for a complete probability space (£2;, X;, ;) then p; is
strong with respect to J; = 7, respectively 7, = Iy (i =1,...,n). If we choose
pi €EA) (G =1,...,n)and p] € A(u1®---®p,,,) according to the discussion
following Theorem 4 in Section 2 then by Theorem 1 for J = J,, respectively
Ji =} =1,...,n) it follows that p; is strong with respectto J,, x --- x Z,
respectively Ty x o x Tr thatis I, x -+ x F, C T respectively Trx e X
Jr < . This raises the question whether J,; = J,, x --- x J, respectively
9 ; 9 ¥ x -+ x J*? Barring measurable cardinals, Curtis, Hendricksen, and
Isbell proved (see [11, p. 53]) that a product of two topological spaces is extremally
disconnected if and only if one factor is extremally disconnected and the other one
is discrete. This implies the following result whose blanket assumptions are satisfied
for example by the Lebesgue measure space on [0, 1].

THEOREM 2. If we are barring measurable cardinals then for two complete prob-
ability spaces (2;, Z;, ;) and p; € A(u;) with non-discrete lifting topologies 7,
I (i = 1,2) the product topologies F,, x F,,, T+ x T, are not extremally discon-
nected. If (2) x S0, £, ) is a complete probability space such that 8%, C I,
nl Ti®T, = wi®us, I, x I, Iy x I3 C T then in particular

I X Ty # Ty T and Ty x T2 # T, I

for any m € A(w), and if  is strong with respect to J,, x ,, respectively T x T
(for example if 1 = p3) then it holds true that

T X TnG T Tix TG T

REMARK 2. By [8] there exists a compact Radon measure probability space F :=
(X,7,Z,un) such that 7 x J ¢ T and this situation occurs for complete
topological probability spaces such that (X, 7) is compact extremally disconnected,
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w is a diffuse Radon measure, and G € 7, u(G) = u(G) for all G € 7. Such
spaces are given by the hyperstonian space derived from a diffuse probability space,
for example the hyperstonian space of the Lebesgue measure space on [0, 1] will do
(see [8]). It is well-known that such spaces have a unique strong lifting . Since G
is clopen for G € J we have xg € C(X), o(xg) = xg thatis 0 (G) = G. But
then #(G) = u(G) implies 6(G) = 0(G) = G. Moreover for any A € X we find
a G € J such that u(AAG) = 0 by [7, p. 27] or [20, p.533 note 12] since F is
hyperstonian, and this implies 0 (A) = 0(G) = G, hence we get F, € F < J.
Since (X, ) is compact (X, ,) must be too, and any 7 -compact subset of X is
7,-compact; therefore w is a Radon measure for ., too. If we assume .7, Hausdorff
(this is true for example for the hyperstonian space of the Lebesgue space on [0, 1])
then .7 and 7, are completely regularand C(X, J,) = C(X, ) = C(X, Z) since
T, € Z < Zr Thisimplies 7 = Z,. Sofrom I x T ¢ TR weinfer I, x F,,
T x T* L TRE.

REMARK 3. Nevertheless it is a standard procedure (see for example [5]) to con-

struct for compact Radon measure spaces ($2;, 7, X;, u;), i = 1,... ,n a complete
probability space (2, x - -+ x Q,, X, u) satisfying the assumption of Lemma 1 and
Theorems 1 and 2. Forh € C(Q; x --- x ,) define R(h) := [ -+ [ h(wy, ..., w,)

dpu(wy) ---du,(w,). Then R defines a positive Radon measure A = u on the
complete o-algebra ¥ := m(Az) of all Az-measurable subsets of Q; x --- x £,.

For another procedure to construct for more general spaces (2;, 7}, XZ;, i), i =
1, ..., nacomplete probability space (2, x - - - Q,, £, u) as above see [27, Theorem
1].

REMARK 4. In [28] is proved the existence of a so-called consistent lifting p for a
complete probability space (2, X, i), thatis of a p € A(u) such that foralln € N
there exists a p" € A(u"), W' = u® .- ®u (n factors) with

PA X xA)=p(A) x---xp(A,) forall A, eZ(=1,...,n).

Let F := (X, 7, Z, 1) be defined as in Remark 2 and choose a consistent lifting for
this space. If we assume p = o, o the only strong lifting for F, then Theorem 1
implies 7" C X", a contradiction for n = 2 according to [8]. Therefore the unique
strong lifting for F is not consistent and any consistent lifting for F is not strong. In
[29] Talagrand proves the existence of non-consistent liftings under the continuum
hypothesis. The above construction does not need this hypothesis. In particular F is
a space with the SLP but not with the USLP.

REMARK 5. We consider in more detail hyperstonian spaces ($2;, J;, X, u) for
Q, # 0 which are derived from a diffuse probability space. Throughout o denotes the
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unique strong lifting of such a space and we assume the lifting topology 7, Hausdorff
(see Remark 2). Such spaces provide additional simplifications. Write 2 = ; x €2,
T =9 x J and let (2, T, Ag, Ag) denote the Radon product of (2;, 7, X1, i1)
taken with itself according to Remark 3. Clearly 7 C Ag.

For a measure space (€2, X, ©) such that T,®%, € T and uw Q% = u1®u,
(which holds true for ¥ = Ag, u = Ag) we have not in general 7 C T and hence
we define 7 € A(u) tobe F N T-strong if G € 7(G) forall G € N X. Such
liftings are uniquely determined by o on the generator of £; ® ;.

@ Ifr e A(w) is 7 N X-strong thent(A X By =a(A) x o(B) for A, B € ¥,
moreover J C X and 7 is in fact strong; this is in particular true for any strong
lifting of Ag.

Indeed we have 0 (A) x 6(B) € J for A, B € %, since J, = J, by Remark 2.
This implies 0 (A) x 6(B) € n(0(A) x o(B)). Since

1((0(A) x 0(B)A(A x B)) = iu®u (6 (A) x 0(B))A(A x B)) =0

we have 0 (A) xo (B) C (A x B). From this inclusion follows the converse inclusion
by considering the complement of A x B. Now Theorem 1 implies 7 C X since o
is strong. In particular for ¥ = £,®X, we have J € X by [8] (see Remark 2) and
(a) implies

(b) @1 does not have T N (L, X,)-strong lifting.

If we choose by Theorem 4 of Section 2 liftings 0 € A(u;) and 7 € A Quy)
such that 7(A x B) = 0(A) x p(B) for A, B € X, then we have

(c) m is not 7 N (X,QX,)-strong, p # o and p is neither strong nor consistent.

Indeed if 7 would be I N (21®21)—strong then (a) would imply 7(A x B) =
0(A) x o(B) for A, B € X, in particular ; x p(B) = 71(2; x B) = Q; x
o (B) therefore p(B) = o(B) for B € ¥, hence J C ;8% by Theorem 1, a
contradiction according to (b).

(d) Assuming the continuum hypothesis and weight(2,, 9) < ¢, ¢ the cardinality of
the continuum (for example take the hyperstonian space of the Lebesgue measure space
on [0, 1]) then (2, T, Ag, Ag) has the ASLP by [9] but (2, T, £,8%,, u1®u,) does
not.

This means that (2, &, Ag, Ag) has a unique strong lifting 7 € A(Ag) satisfying
n(A x B) = a(A) x o(B) by (a) while for (2, 7, ,QZ,, u;®u,) does not exist
such a lifting by (b).

A natural question to ask is: Given complete probability spaces (2, ¥, u),(®, T, v)
and liftings p € A(u), 0 € A(v) does there always exist a ‘productlifting’ 7 = p®0c?
It follows from (c¢) above that the answer is to the negative and this shows that Theorem
4 of Section 2 is the best possible result in the direction of product liftings.

The first author is indebted to Dr Grekas and Dr Gryllakis for finding a gap in an
earlier version of Remark 5.
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THEOREM 3. Let there be given topological probability spaces (i, 7, X;, i)
(i =1,...,n)suchthat one of these spaces has the ASLP and all the other ones have
the USLP. Then the completed product ([T;_, @, [T/, Zi, (@, )", (®"_ ui)") is
a topological probability space which has the ASLP.

PROOF. By induction on n we may assume n = 2. Let us choose an almost strong
lifting p, for u, and then according to Theorem 4 of Section 2 a lifting p, for u,
and a lifting 7 for u;®u, such that 7 (A, x A;) = pi(A;) X pa(A,) for 4; € I
@i = 1, 2). Since (2, &, X,, it,) has the USLP p, must be almost strong and there
exist N; € X; suchthat i;(N;) =0, G; C p;(G;)UN, for G; € ; (i = 1, 2). Putting
N := (N; x €,) U (; x N;) we have (1, ®u,)(N) = 0 and

Gi x G2 S (p(G) X p(G2) UN =7(Gy x G) UN.

Since the set & of all G, x Gy, G; € Z; (i = 1,2) is a generator for the product
topology Z; x % it follows from [25, Lemma 4.1] that 9, x 95 C £,®%, and 7 is
almost strong.

The following is a generalization of Theorem 3 for countable products.

THEOREM 4. Let ((2;, T}, Z;, 1i))ien be a sequence of complete probability spaces
with completed product (2, T, T, 1). Suppose that one of the spaces (2, F;, L, i;)
for i € N has the ASLP and the other ones have the USLP. Then  C ¥ and
(2, 7, Z, 1) has the ASLP. Moreover, if T; = Q(Qi), W; is completion regular for
any i € N, and %B,(2) = @2, Bo(S:) then w is completion regular.

PROOF. We may assume that (2;, J;, X,, i) has the ASLP and all the other spaces
have the USLP. Then choose an almost strong lifting p, for (2, 4, Z,, 1;) and by
Theorem 4 of Section 2, foranyn € Nandi € {2,...,n} alifting p; € A(u;) which
is almost strong with respect to ; by assumption, and a lifting p* € A(u, Q- -®u,)
such that foreach A; € &, (i =1,...,n)

Pr(Ap X - X Ay) = pi(Ar) X -+ X p,(An).

Then there exists a u;-null set N; € X; such that foreach G, € 7, G; € p;(G;) UN;
(G(=1,...,n). Put

Nppi=(Ni Xx Qo x-o o x QU - U X+ x Q1 X Np).

In view of Theorem 3 it holds true that (4,& - - - ®p,,,)(N[,,]) = 0 and for any G €
‘% X oo X %

(1) G C 0,(G) U Np).
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Now let N} := pj;(Np) and N := {J,. N;. Then it follows u(N) = 0. By
Theorem 5 of Section 2 there exists a lifting p,, € A(x) such that

o0 0
@ eAx [ =p@x [[2 for Acz® &5,
i=n+1 i=n+1

Fori,n e N1et Q¥ := Q\ N;, 7% := ZNQ, =0 := =, N, u? := p; | T?, and

1

let p? be the lifting on ¢ defined by
p?(A,» N Q?) = pi(A) N Q? forany A; € X;.

Denote by (R°, 79, £°, 4°) the completed product of the family ((Q?, F°, Z°, u));ien,
and let p be the lifting defined by

Pl (ANQY) = p(A)NQ® forany A e .
It is easily seen that relation (2) implies
Poo(p ' (A)) = P '(pi(A)) forall A;€X; and i€N,
and hence it holds true that
02 (P (A)) = P (P(A)) forall A; € X and ieN.

The last relation and the fact that each p is strong imply the 75 — Js-continuity of
p; forany i € N. Thus '

T'c Ty <

From the above relations it follows that 7 C Z. Indeed for G € 7 it holds true that
G = (GNOUGNEQ\Y), GNY € 0 C T because of GN(N2\ Q%) C Q\Q°
and (2 \ Q% = 0. Hence G € X.

To show that p, is almost strong let G, := p[;]l(Gl x - -xGy)forG;, e (i =
1,...,n). It follows from (1) and (2) that

Poo(G) UN 2 poo(G3) UN; = pi (05 (Gy X -+ - x Gp) U Niwp)
) p[;}(Gl X - x Gy) =G,

Hence for G € F we get G C p,(G) U N. Using now the same arguments with
those in the proof of Theorem 1 we conclude the completion regularity of .
COROLLARY. Let ((2:, Z, QO(Q,-), wi))ien be a sequence of Baire probability
spaces with completed product (Q, T, T, ). Suppose that one of the spaces
(Q;, 7, .@0(9,-), w;) for i € N has the Baire-ASLP and the other ones have the
Baire-USLP, and #,(2) = Qe Bo(S2). Then (2, T, T, w) has the Baire-ASLP.
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PROOF. From [3, Proposition 3] each u, is completion regular. We may suppose
that (,, 9], 3?0(9]), (1) has the Baire-ASLP and all the other ones have the Baire-
USLP. So (2, 4, @0(91), (1) has the ASLP and all the other spaces have the USLP.
Applying now Theorem 4 we conclude that w has the ASLP and is completion regular.
Hence u has the Baire-ASLP.

Property %o(Q2) = @7, PBo(2;) holds true for compact or Polish spaces €2;,i € N
(see for example [17, VI, Theorem 5.5 and Theorem 5.6]). For more general spaces
with the above property, see [21].

The product of two completion regular even Radon measures is not in general
completion regular (see [8, p. 288]). For positive results in special cases compare
also [13]. In [24] we study the same problem for uncountable products and general
projective limits.

Finally we remark that since the space F of [8] described in Remark 2 is completion
regular (see [6, p. 85]) and has the ASLP it has the Baire-ASLP too. Assuming that
the probability space (X x X, 7 x 7, S®X, u®u) has the Baire-ASLP then it
would be completion regular according to [3, Proposition 3], a contradiction to [8].
So (X x X, 7 x J,ERY, u®du) does not have the Baire-ASLP and hence the
above property is not in general invariant under the formation of products of Baire
probability spaces.

The authors are indebted to the referee for remarks and suggestions which led to
substantial improvements of the manuscript.
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