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COMMUTING k-TUPLES OF SELF ADJOINT
OPERATORS AND MATRIX MEASURES

BY
PATRICK J. BROWNE

1. Introduction. In this note we give a generalization of a spectral representation
theorem for self adjoint operators in a Hilbert space recently obtained by the
author [1]. Our interest here is to develop corresponding results for a k-tuple
(Ty, ..., T;) of commuting self adjoint operators.

In this section we present some definitions and terminology.

DErINITION 1. Let {u,;}, 1<i, j<n, be a family of complex valued set functions
defined on the bounded Borel subsets of R¥. The family (u,;) will be called an
n X n positive matrix measure if

(i) the matrix (u;;(M)) is Hermitian positive semi-definite for each bounded
Borel set M< R¥;

(ii) we have
/‘ii( Ule) = le“ﬁ(Mm), 1Li,j<n,
m= m=
for each sequence (M,,) of disjoint Borel sets with bounded union.

The theory of matrix measures defined on the bounded Borel sets of R! is given in
detail in [2, pp. 1337-1346]. A careful study of these pages shows that all properties
of and results concerning matrix measures on R! carry over to the R* case. We
shall have occasion to call on these results in the R* setting.

DErINITION 2. Let H be a Hilbert space and

7;=f JE(dD),  i=1,2...,k

self adjoint operators in H. We say that the k-tuple (773, ..., T}) is a commuting
k-tuple of self adjoint operators if for any choice of Borel sets M, <R we have

Ei(Mi)E:i(Mi) = Ea’(Mi)Ei(Mi)s 1<14,j< k.

This definition follows Prugovecki [3, page 261} and we shall be leaning heavily
on the theory of functions of such operators as outlined in the above reference
(pp. 269-284).
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Specifically if E denotes the spectral measure on the Borel sets of R¥ satisfying

EMyXMyX+ X My) = E{(M)Eo(M) -+ + Ex(My)

whenever M;<=R,i=1, ..., kare Borelsetsand if p(4,, . . . , 4;) is a Borel function
on R*, there exists a unique linear operator p(T3, . .. , T;) in H satisfying

ey (T, - .., TS, 8) =J'R,,P(/1)(E(d/1)f, g, geH.

Its domain of definition is given by

DT, ..., T) = {fe H| fRJp(z)P (E@DS, ) < oo}.

Details of these results can be found in [3, pp. 269-284]. Our definition of
p(Ty, ..., Tp) differs slightly from that of Prugovecki in that given a Borel function
p(4) he establishes the existence of a linear operator p(7T7, . . ., T;) such that

@ 6 0(T -, TI) = [ (e E@DS), g

Our definition can be obtained by replacing p(1) by ]Tl) in (2). For consistency
with our earlier work [1] we shall use definition (1) which also ensures that

(aprtoep)(Tys - - o, T) = aypy(Ty, - - o, T)+oupe(Th, - - -, To)
on the intersection of the domains of p,(T, . . ., T3) and py(Ty, . . . , Ty). Further-
more we shall restrict our attention to Borel functions p which are defined E almost
everywhere on R*. Under this condition it is easy to show that D(p(Ty, ..., T}))
is dense in H, c.f. the corresponding result for a single self adjoint operator

[2, Theorem 6, p. 1196]. The same argument also shows that p(T},..., T;) is a
closed operator in H.

2. The spectral representation theorem. Let H be a Hilbert space and T;=
§2, AE(dA), i=1,2,...,k, a commuting k-tuple of self adjoint operators in
H. Denote by E, the spectral measure defined on Borel subsets of R* and satisfying

EM; X" -+ X M) = Ei(My) - - - Ex(Mp)
for all My, ..., M,, Borel subsets of R

For a finite set N« H, N={f;, ... , fu}, Hy will denote the closure of the mani-
fold in H consisting of all vectors of the form p,(Ty, ..., T)fi+* - +p,(T1, ...,
T)f. where p, varies over Borel functions defined E-almost everywhere on R*
for which f; € D(p,(Ty, . . . , Tp)), 1<iLn.

The following Lemmas, Definition and Theorems have precise analogues in our
earlier work dealing with a single self adjoint operator [1]. It is not our purpose
here to reproduce verbatim existing arguments but rather to note that they carry
over mutatis mutandis to the present situation. Accordingly, we take the liberty
of stating these results without proof, referring the reader to the above reference.
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LEMMA 1. Let the complex valued measures u,;, 1<i, j<n, be defined by u,;(-)=
(EC)fis f3)- Then (u;;) is an n X n positive matrix measure on the Borel subsets of R¥.

LemMA 2. Let (u;;) be as above. Define u by u(-)=2: pss(-). Then u is a
totally finite regular measure on the Borel subsets of R* and each p; is absolutely
continuous with respect to u. Further, Hy is a Hilbert space which is unitarily
equivalent to L*(u,;).

LEMMA 3. Let n>1 be an integer. Then there is a collection £ of finite subsets
N< H, each containing n points such that

H =3 ®Hy.

Ne¥

For fe H we let fy be its component in Hy, that is
f=2fvfneHy.
Neg

LEMMA 4. For every Borel function p we have

D(p(Ty, . .-, TY) = {f€ H|fy e DTy, ..., T, N Z;
Nz.?”P(Tp ey Tk)_anzs (D}

and (p(Ty, . . . » T In=p(T1, ..., T)fn-
We now adopt the following notation:

N={fN. 12, N w() = €O,
py = ﬁuﬁ’ , Uiy (M) =f mi(Ouy(do).
i=1 M

LEMMA 5. H is unitarily equivalent to Y y. ,L*(us}).

LEMMA 6. For every Borel function k we have

1,j=

UD((Ty,...,T)) = {F € % L) | % Rklp(t)lz ilmff.(t)F N(OF n(Dun(dr) < 00}
and
Up(Ty, - . ., T))n(® = p(OUS)N®.

Here U denotes the unitary map U: H—3 y L2(up;) established in the previous
lemma. We have also used the notation for F=Yy Fye€ 3y L2(ul}), Fy=

Fnis e oo s Fyn)-

DeriNITION 3. Let (T4, . . ., T;) be a commuting k-tuple of self adjoint operators
on a Hilbert space H and let {(,uﬁ)} be a family of finite n X n positive matrix meas-
ures on the Borel subsets of R* and vanishing on the complement of the Cartesian
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product of the spectra of the operators Ti,...,T;. Let U be a unitary map
between H and >y L2(u3). The transformation U is an nxn spectral represen-
tation of H onto > Lz(,uﬁ) relative to (T4, . . . , T3) if the following conditions are
satisfied:

(a) for every Borel function p defined E-almost everywhere on R* we have

2, j=

UDQ(T,, ..., T) = {F LU 3 [ IpOF 3 PrFx@Oidn < oo};

(6) (Up(Ts - - - » TN InO=pO)Uf ) ()

THEOREM 1. Every Hilbert space admits an n X n spectral representation relative to
an arbitrary commuting k-tuple of self adjoint operators defined in it, for any value
of the integer n.

THEOREM 2. Let U be an nXn spectral representation of H onto Y L2(p75)
relative to a commuting k-tuple of self adjoint operators (T, ..., T;). Then to
each K there corresponds a finite set N< H such that (pf,? )= (,ug), H is a direct sum
of subspaces Hy and U maps Hy, onto L2(ul).

3. An Analytic Representation. We now specialize our attention to the case
H=IL2%*(S, 2, v) where (S, 2,») is a positive measure space. We shall further
assume that there is an expanding sequence of sets S,<.S, covering S, each of
which has finite » measure and such that for bounded Borel sets M < R¥, the range
of E(M) contains only functions which are »-essentially bounded on each of the
sets S, (c.f. [2], p. 1210).

This restriction on the operators Ty, . . . , T;, will be assumed to hold throughout
this section.

LeMMA 7. Under the above hypothesis there is for each g € L*(S, X, v) a function
W defined on the Cartesian product of S and R* which is measurable with respect
to the product of v and the measure u=(E(-)g, g) and which has the property that

for every bounded Borel set M < R* and every F in L*(u) we have

(i) v-ess sup fMI W(s, D)|? w(d?) < oo,

seSp
(i) (EM)F(T,, . . ., T)g)s) = wa(S, DF(Dud?).

Proof. Again we are in the situation of being able to refer to an existing result
proved for the case of a single operator noticing that the argument used there is
applicable to our present case. We refer the reader to [2, Lemma 9, p. 1211].

In like manner, we follow the argument of Dunford and Schwartz and with
reference to [2, Theorem 11, p. 1213] claim
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THEOREM 3. Let (S, Z, ) be a positive measure space and let {S,} be an increasing
sequence of sets of finite measure covering S. Let U be a 1 X 1 spectral representation
of L¥(S, Z,v) onto Dy o L2(yN) relative to the commuting k-tuple of self adjoint
operators (Ty, . .., Ty). Suppose for each bounded Borel set M< R, the range of
E(M) contains only functions which are v-essentially bounded on each of the sets S,.
Then for each element N € £ there is a function Wy defined on Sx R* and having
the properties:

(2) Wy is measurable with respect to the product measure vX i ;
(b) for each bounded Borel set M < R* we have

y-€s8 supf [Wnls, D2 u™dr) < o0, n>1;
M

seSy
© (UHNR) = L FOWals, ap(ds),  fe XS5, ),

the integral existing in the mean square sense in L.

This theorem gives an analytic representation of the spectral representation U
as a collection of integral transforms in the case of a 1 X 1 spectral representation.
The construction of an analytic representation for an n X n spectral representation
is identical with that used for the theory of a single self adjoint operator. We refer
the reader to [1, Lemmas 7, 8, Theorems 3, 4]. Accordingly we claim

THEOREM 4. Let U be an nXn spectral representation of L*(S,Z,v) onto
DNew L2(usy) relative to the commuting k-tuple of self adjoint operators (Ty, . . . , Ty).
Under the hypothesis of the previous theorem, for each N € £ there are functions Wy,
1<Li<n, defined on S x R* such that

(a) Wy is measurable with respect to v X py;
(b) for each bounded Borel set M < R* we have

v-ess sup f mNOWh(s, OWEE, Duy(dt) < ©, 1> 1;
Mi,j=1

seSp
© Do) = ( [fOWse @) . FerEsy,

the integrals existing in the mean square sense in L2(uly).

THEOREM 5. With the notation of the previous theorem we have

O =3 [, 3 m¥oummwie, oux@,
NeL JR 1

1=
fe LS, X, v), the integrals existing in the mean square sense in L*(S, 2, v) and
the series converging in the norm of L%(S, Z, v).
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Our project is now complete. The reader will see that by reference to existing
results and noting their immediate generalization we have been able to produce a
spectral representation theory for commuting k-tuples of self adjoint operators.
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