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Abstract

We prove that there is a positive proportion of L-functions associated to cubic characters over Fy[T] that do not
vanish at the critical point s = 1/2. This is achieved by computing the first mollified moment using techniques
previously developed by the authors in their work on the first moment of cubic L-functions, and by obtaining a sharp
upper bound for the second mollified moment, building on work of Lester and Radziwitt, which in turn develops
further ideas from the work of Soundararajan, Harper and Radziwilt. We work in the non-Kummer setting when
q = 2 (mod 3), but our results could be translated into the Kummer setting when ¢ = 1 (mod 3) as well as into
the number-field case (assuming the generalised Riemann hypothesis). Our positive proportion of nonvanishing is
explicit, but extremely small, due to the fact that the implied constant in the upper bound for the mollified second
moment is very large.
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1. Introduction

An extension of a famous conjecture of Chowla predicts that L(%, x) # 0 for Dirichlet L-functions
attached to primitive characters y. Chowla’s original conjecture [6, Chapter 8] is restricted to y a
quadratic character, which is the most studied case. For quadratic Dirichlet L-functions, Ozliik and
Snyder [30] showed, under the generalised Riemann hypothesis (GRH), that at least 15/16 of the L-
functions L(%, x) attached to quadratic characters y do not vanish, by computing the one-level density
for the low-lying zeroes in the family. The conjectures of Katz and Sarnak [25] on the zeroes of L-
functions imply that L(%, x) # 0 for almost all quadratic Dirichlet L-functions. Without assuming
the GRH, Soundararajan [35] proved that at least 87.5% of the quadratic Dirichlet L-functions do not
vanish at s = 1/2, by computing the first two mollified moments. It is well known that using the first
two (nonmollified) moments does not lead to a positive proportion of nonvanishing, as they grow too
fast (see [12] and the work of Jutila [24].) Soundararajan [35] also computed asymptotics for the first
three moments, and Shen [34] obtained an asymptotic formula with the leading order term for the
fourth moment (conditionally on the GRH), building on work of Soundararajan and Young [37]. A
different approach was used by Diaconu, Goldfeld and Hoffstein [16] to compute the third moment.
Over function fields, asymptotics for the first four moments were obtained by Florea [18, 19, 20]. We
refer the reader to those papers for more details. Moreover, in the function-field case, Bui and Florea [3]
obtained a proportion of nonvanishing of at least 94% for quadratic Dirichlet L-functions, by computing
the one-level density (those results are unconditional, as the GRH is true over function fields).

In this paper, we consider the case of cubic Dirichlet L-functions. There are few articles in the
literature about cubic Dirichlet L-functions, compared to the abundance of papers on quadratic Dirichlet
L-functions, as this family is more difficult, in part because of the presence of cubic Gauss sums. The
first moment of L(%, X), where y is a primitive cubic character, was computed by Baier and Young over
Q [1] (the non-Kummer case), by Luo for a thin subfamily over Q(V-3) [28] (the Kummer case) and
by David, Florea and Lalin [13] over function fields, in both the Kummer and the non-Kummer case,
and for the full families.

In these three papers, the authors obtained lower bounds for the number of nonvanishing cubic twists,
but not positive proportions, by using upper bounds on higher moments. Ellenberg, Li and Shusterman
[17] use algebraic-geometry techniques to extend the results of [13] to {-twists over function fields
and improve upon the lower bound for the number of nonvanishing cubic twists (but the proportion is
still nonpositive). Obtaining an asymptotic for the second moment for cubic Dirichlet L-functions is
still an open question, over functions fields or number fields. Moreover, for the case of cubic Dirichlet
L-functions, computing the one-level density can only be done for limited support of the Fourier
transform of the test function, and that is not enough to lead to a positive proportion of nonvanishing
for the full family, even under the GRH [5, 29]. Recently David and Giiloglu [14] obtained a positive
proportion of nonvanishing for Luo’s thin family [28] by computing the one-level density.

We prove in this paper that there is a positive proportion of nonvanishing for cubic Dirichlet
L-functions at s = 1/2 over function fields, in the non-Kummer case.

Theorem 1.1. Let g = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters of genus g
over By [T]. Then, as g — oo,

# {x €Cle): L (%,X) + 0} 1 #C(g).
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This theorem is obtained by using the breakthrough work on sharp upper bounds for moments of
|£(1/2 + it)| by Soundararajan [36] and Harper [21], under the GRH. Their techniques, together with
ideas appearing in the work of Radziwilt and Soundararajan [32] on distributions of central L-values of
quadratic twists of elliptic curves, were further developed by Lester and Radziwitt in [27], where they
obtained sharp upper bounds for mollified moments of quadratic twists of modular forms. Our work
owes a lot to these papers and circles of ideas.

To obtain Theorem 1.1, we need to compute the first mollified moment, generalising our previous
work [13] (Theorem 1.3) and obtain a sharp upper bound for the second mollified moment (Theorem
1.6). In fact, we obtain upper bounds for all mollified moments, not only the second moment and integral
moments. Using Theorems 1.3 and 1.6, the positive proportion of Theorem 1.1 follows from a simple
application of the Cauchy—Schwarz inequality.

As noted by Harper in the case of the Riemann zeta function, the sharp upper bound for the kth
moment is obtained at the cost of an enormous constant of the order ee(‘k, for some absolute constant
¢ > 0. Hence our positive proportion of nonvanishing is extremely small, but explicit nonetheless.

We first state the standard conjecture for moments of the family of cubic Dirichlet L-functions. We
refer the reader to Section 2 for more information about the family of cubic Dirichlet L-functions over
function fields in the non-Kummer case (i.e., ¢ = 2 (mod 3)).

Conjecture 1.2. Let ¢ = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters of genus
gover Fy[T]. Then as g — oo,

@ ‘L (%,X)‘Zk ~ :lgf)k, Pi(8),

Xx€C(g)

where Py (g) is a monic polynomial of degree k?, ay, is an arithmetic factor depending on the family and

k—1 -
= (k)1 A
o = ( )Q(ﬂkﬂ

A testament to the fact that moments of L-functions are hard to compute is the fact that simply
conjecturing an asymptotic is very difficult. The constants g; were obtained by Keating and Snaith
based on considerations from random matrix theory [26]. Number-theoretic heuristic arguments were
used in the work of Conrey, Farmer, Keating, Rubinstein and Snaith [12] to generalise Conjecture 1.2
to include lower-order terms, and more recently by Conrey and Keating [7, 8, 9, 10, 11]. The order of
magnitude gk2 is easy to conjecture, as it comes from the size of the contribution of the diagonal terms.
In the case of cubic characters, this will come from the fact that cubic characters are trivial on cubes.
For the first moment, only diagonal terms contribute to the asymptotic of the previously cited work [1,
13, 28]. For the second (and higher) moments, there will be a contribution from the off-diagonal terms.
The contribution of off-diagonal terms can be estimated in the case of quadratic characters, but it is
open for the family of cubic characters, where only the first moment without absolute value — the sum of
L( %, x) —is known. The work of Soundararajan and Harper provides an upper bound of the exact order
of magnitude for all moments of {(s). This follows from a key result of Soundararajan, who proved
that one can upper bound 10g|L(%, X)| by a short sum over primes. In our setting, we use Lemma 3.1,
which is the analogue of Soundararajan’s key inequality. These arguments lead to a constant for the
upper bound which is much larger than g. In particular, shortening the Dirichlet polynomial produces
a large contribution from the (g + 2)/N term. The techniques used to get the upper bound generate a
constant of size ¢ , as noted by Harper [21].
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1.1. Statement of the results

We state our two results about the mollified moments. Set « > 0. The mollifier we use, M (y; %), is
defined in Section 3.2 and depends on the parameter k. We will later choose x = 1 in the application to
Theorem 1.3.

Theorem 1.3. Let g = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters of genus g
over By[T]. Then as g — oo,

2L (%,X)M()(; 1) =Ag** +0 (q‘sg) :
xecle)

for some 0 < 6 < 1 (see formula (8.30) for more details on ) and where the constant A is given in
formula (8.25).

Corollary 1.4. With the same notation as before, we have

S (%,X)M(X; 1) > 0.6143¢%*2.
X€EC(g)

Remark 1.5. It is easy to estimate that #C(g) ~ c3¢%*> for some explicit constant c3 [13]. Dividing
by the size of the family, we then prove that the first mollified moment of L(%, X) is asymptotic
to a constant, which is the conjectural asymptotic. This is also the asymptotic for the nonmollified
moment (with a different constant), as proven in [13]. This asymptotic is not included in Conjecture
1.2, which is concerned with the moments of the absolute value of the L-functions. The moments of
L(%, x)k L(%, x)%2, for general positive k1, k», are conjectured to grow as a polynomial of degree k; k»
in g (see [15]). Note that the conjectures in [ 15] hold for cubic twists of elliptic curves, but both families
have the same symmetry, so the main terms will have a similar shape. Theorem 1.3 corresponds to the
case k| = 1,k = 0, and Conjecture 1.2 to the case k| = kp = k.

The following upper bound for the moment is the analogue of [27, Proposition 4.1]:

Theorem 1.6. Set k, « > O such that kk is an even integer and kx < C for some absolute constant C.
Let g = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters of genus g over F,[T].
Then as g — oo,

1 k | kk
2 [ (o) o ()| e

X€C(g)

Remark 1.7. Because of the presence of the mollifier, dividing by #C(g), all moments are bounded by
a constant, and they do not grow. Using the first and second moment then leads to a positive proportion
of nonvanishing.

1.2. Proof of Theorem 1.1

The proof of Theorem 1.1 follows from a simple application of Cauchy—Schwarz and Theorems 1.3 and
1.6 for k = 1. Indeed,

’ZXEC(g) L (% )M(X; 1)‘2

X
> > g5,
XEC(g) ) (% )M(/\(;l)‘
L(3x)#0 )(GC(g)
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Remark 1.8. Combining Corollary 1.4 and formula (7.11), we get the explicit proportion

" {x €Ce) | L (%,X) + o} > 0.3773¢¢'"% 48", (1.1)
and using formula (2.6),
HrecwiL(pr) #0) = (1 _684)2 T parise”
>(l-e —— > 0. e .
#C(g) £q4(2)%44(3)?

1.3. Overview of the paper

This paper contains two main results, which are proven with different techniques.

We first prove the upper bound for the mollified moments, adapting the setting and notation of [27]
to the case of cubic characters (and to the function-field case). The combinatorics to give an upper
bound to the contribution of the diagonal terms are significantly more complicated, in part because
the special values of the cubic L-functions are not real numbers, and they have to be considered in
absolute value, and in part because we are identifying cubes and not squares. This also applies to the
proof of the almost-sharp upper bound for the L-functions we consider, which is needed as a starting
point to prove the sharp upper bound. Because we are dealing with cubic characters, we also have to
bound the contribution of the squares of the primes, unlike the case of quadratic characters, where the
squares of the primes contribute to the main term. In the language of random matrix theory, the family
of cubic characters is a unitary family, and the family of quadratic characters is a symplectic family (for
Dirichlet twists) or an orthogonal family (for twists of a modular form). In [21], the author also bounds
the contribution of the squares of the primes to get sharp upper bounds on the moments of | (% +1it)|,
which is a unitary family. In our case, because of the presence of the mollifier, mixing the square of
the primes with the primes is very cumbersome, and we treat them separately with an additional use
of the Cauchy—Schwarz inequality. The contribution from the squares of the primes morally behaves
like L(1, y). Bounding this contribution is similar to getting an upper bound for the average of L(1, x),
which is much simpler than the original problem of bounding the average of L(%, X)-

We then proceed to evaluating the first mollified moment. Because the mollifier is a finite Dirichlet
polynomial, this amounts to the computation of a ‘twisted first moment’ (see Proposition 8.1). Evaluating
this twisted first moment is similar to evaluating the first moment for the non-Kummer family in [13],
relying on the approximate functional equation and powerful results on the distribution of cubic Gauss
sums.

The structure of the paper is as follows. Section 2 contains the standard properties of cubic characters
over function fields that are used throughout the paper. Section 3 contains the proof of Theorem 1.6
modulo three important results proven in three subsequent sections: a technical lemma proven in Section
3.5, an upper bound for the contribution of the square of the primes in Section 5 and the proof of a
proposition giving an almost-sharp upper bound for the unmollified moments of L( %, x) in Section 6. In
Section 7 we give some estimates on the (extremely small) positive proportion of Theorem 1.1. Finally,
Section & contains the asymptotic for the first mollified moment, following the lines of [13] where the
first moment is computed.

2. Background

Let g be an odd prime power. We denote by M, the set of monic polynomials of F, [T], by M, <4
the subset of degree less than or equal to d and by M, 4 the subset of degree exactly d. Similarly,
Hy, Hy,<a and Hy 4 denote the analogous sets of monic square-free polynomials. In general, all
sums over polynomials in [F, [T] are always taken over monic polynomials. The norm of a polynomial
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f(T) € F4[T] is given by

|f|q = qdeg(f)'

In particular, if f(T) € Fyn[T], we have | f|sn = q"9e(/) for any positive n. We will write | f| instead
of | f|; when there is no ambiguity.

The following notation will be used often. We will write A <, Btomean A < (1+&)B forany ¢ > 0
as g — oo.

The primes of F, [T] are the monic irreducible polynomials. Let (n) be the number of primes of
F,[T] of degree n. By considering all the roots of these polynomials, we see that nm(n) counts the
number of elements in F,» of degree exactly n over the base field F,, which is less than or equal to the
total number of elements in Fyn. Therefore,

n(n) <

ﬁ. 2.1
n

More precisely, the Prime Polynomial Theorem [33, Theorem 2.2] states that the number 77 (n) of primes
of Fy [T] of degree n satisfies

n n/2
w(n) = %+0("n ) 2.2)

The von Mangoldt function is defined as

deg(P) if f=cP* ce F;, P is prime,
0 otherwise.

A(f) ={

Recall that for f € F,[T] the M&bius function u(f) is 0 if f is not square-free and (—1)" if f is a
constant times a product of 7 different primes. The Euler ¢, function is defined as # (F, [T]/(fF,[T])) *
It satisfies

¢ =171 [ ] (1-1P17").
Plf

and

3 4D _dals)
T
alf

When f(T) € F,»[T], we may consider ¢, defined similarly.

In this paper we consider the non-Kummer case of cubic Dirichlet character over F,[T], where
g = 2 (mod 3). For more details, we refer the reader to [2, 13] for the function-field case and [1] for the
number-field case. In the function-field case, when ¢ = 2 (mod 3) these characters are best described
as a subset of the cubic characters over F 2 [T]. Notice that g*> = 1 (mod3). Therefore, we will first
discuss the case ¢ = 1 (mod 3), which we will later apply to g2. We proceed to construct cubic Dirichlet
characters over F, [T] as follows. We fix an isomorphism Q between the third roots of unity uz c C*
and the cubic roots of 1 in Fy. Let P be a prime polynomial in F,[7], and let f* € F,[T] be such that
P t f. Then there is a unique a € u3 such that

quE(P) -1

f 3 =Q(a) (mod P).
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Note that this equation is solvable because ¢ = 1 (mod 3). Then we set

xe(f) =«

We remark that there are two such characters, yp and yp = XIZJ, depending on the choice of €.
This construction is extended by multiplicativity to any monic polynomial F € F,[T]. In other
words, if F = Pfl .-+ P§s, where the P; are distinct primes, then

— €l €s
XF _XP] .. .XPS.

We have that yr is a cubic character modulo P; - - - Pg. It is primitive if and only if ¢; = 1 or e¢; = 2 for
all i.

If g = 1 (mod 6), then we have perfect cubic reciprocity. Namely, let a, b € F, [T] be relatively prime
monic polynomials, and let y, and y; be the cubic residue symbols already defined. If ¢ = 1 (mod 6),
then

Xa(D) = xp(a). (2.3)

Throughout the paper, we will fix g = 2 (mod 3) (and then ¢ = 1 (mod 3), as we already mentioned).
When ¢ = 2 (mod 3), the foregoing construction of yp will also give a cubic character as long as P
has even degree, and the character can be extended by multiplicativity. In the non-Kummer case, a
better way to describe cubic characters is to see them as restriction characters defined over F 2 [T]. This
description was formulated by Bary-Soroker and Meisner [2], who generalised the work of Baier and
Young [1] from number fields to function fields. We summarise their work here. Let 7 be a prime in
F,2[T] lying over a prime P € F,[T] of even degree. Then P splits and we can write P = 7, where &
denotes the Galois conjugate of 7. Remark that P € F, [T] splits if and only if deg(P) is even. Then the
restrictions of y, and y to F, [T] are yp and yp (possibly exchanging the order of characters). Using
multiplicativity, it follows that the cubic characters over F, [T] are given by the characters yr where
F € F2[T] is square-free and not divisible by any prime P(T) € F,[T].

Given a primitive cubic Dirichlet character y of conductor F' = P - - - Py, the L-function is defined by

L(s,x) = Z )l(;f:)= Z g Z x(f),
q

feMy d<deg(F) feMg.a

where the second equality follows from the orthogonality relations for y. This L-function can be written
as a polynomial by making the change of variables u = g~*, namely,

Lux)= Y ut > x(h)

d<deg(F) feEMg.a

Let C be a curve of genus g over F,, (T) whose function field is a cyclic cubic extension of F, (T'). From
the Weil conjectures, the zeta function of the curve is given by

Pc (u)
(1 —u)(1—qu)’

In the case under consideration (that is, ¢ = 2 (mod 3)), we have

L(u, )L (u, x)
(I-u3? ~

Zc(u) =

Pe(u) = 24)

where y and )y are the two cubic Dirichlet characters corresponding to the function field of C. Because
of the additional factors of (1 — u) in the denominator of equation (2.4), there are extra sums in
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the approximate functional equation for £(u, y) in this case (see Proposition 2.1). Furthermore, the
Riemann-Hurwitz formula implies that the conductor F of y and y satisfies deg(F) = g + 2.
As in the introduction, let C(g) denote the set of primitive cubic Dirichlet characters of genus g over
F, [T]. From the foregoing discussion, we have
C(8) ={xr € Hppgpu : P F=P¢F,y [T}, (2.5)
and in particular g is even. In that case, from [13, Lemma 2.10] we have

#C(g) = 3¢5+ 0 (q%“”)) ,

where

o= 11 0l 1 ()

ReF, [T ReF, [
deg(R) odd deg(R) even
We remark that
c3 < (1 - W) =¢,20)7" (2.6)
ReF,[T]

The following statement [ 13, Proposition 2.5] provides the approximate functional equation of the
L-function:

Proposition 2.1 (Approximate functional equation, [13, Proposition 2.5]). Let g = 2 (mod 3) and let x
be a primitive cubic character of modulus F. Let X < g. Then

(f) x(f)
L(Ex)= 2 qd/:g(f)/2+w(X) 2. qd)e(gm/z

feMg<x EMyg,<g-X-1

1 x(f) w(x) xX(f)
+ )y + D T
_ deg(f)/2 - deg(f)/2
! \/a S eMg xa q°® ! \/a S eEMg.g-x q°e
where
w(x) = =g CEODE ST k() @.7)

f EMueg(F)-1
is the root number and g = deg(F) — 2.

Now let x be a primitive cubic character of conductor F defined over I, [T]. Then for Re(s) > 1/2
and for all &£ > 0, we have the following upper bound:

|L (s x)| < g® &™), 2.8)
For Re(s) > 1 and for all £ > 0, we also have the lower bound
L (s, x)| 3> g2 4., 2.9)

(See [13, Lemmas 2.6 and 2.7].)
We recall Perron’s formula over F, [T'], which will be used several times in Section 8:
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Lemma 2.2 (Perron’s formula). If the generating series A(u) = Yy M, a( FHue) s absolutely
convergent in |u| < r < 1, then

Z a(f)zi Alw) du

r n
£ 2ri Jyy=r 4" u

and

1 A(u) du
DGR W e

f EMqvSn

where, in the usual notation, we take 55 to signify the integral over the circle around the origin oriented
counterclockwise.

Finally, we recall the Weil bound for sums over primes. Let y be a character modulo B, where B is
not a cube. Then

> x(P)

PeP,

<q

n/2deg_(B)’ (2.10)
n

where the sum is over monic, irreducible polynomials of degree n.

2.1. Cubic Gauss sums

Let g = 1 (mod 3). We now define cubic Gauss sums, and we state the result for the distribution of cubic
Gauss sums that we are using in Section 8. Since we will work with g = 2 (mod 3), the general theory
presented here will be applied to ¢?.

Let y be a (not necessarily primitive) cubic character of modulus F. The generalised cubic Gauss
sum is defined by

1%
GyV.F)= Y xr(we, (”7) @.11)
u (mod F)

where

2”i"Fq/]Fp (al)
eqla)=e P

is the exponential defined by Hayes [22], for any a € F,((1/T)).
When (A, F) = 1, it is easy to see that

G4(AV, f) = x5 (A)G4(V, f). (2.12)

Furthermore, the shifted Gauss sum is almost multiplicative as a function of F. Namely, if ¢ = 1 (mod 6),
and if (Fy, F>) = 1, then

Gq(V,FiF) = xF, (F2)*G4(V, F1)G4(V, F»).

The generating series of the Gauss sums are given by

Yo (fou)= D Ga(f, Fusee®)

FeMy
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and

Y, (fou) = Z Gy (f, Fyuteer), (2.13)
FeMy,
(F.f)=1

The function ¥, ( f, u) was studied by Hoffstein [23] and Patterson [31]. In [13] we worked with ‘i‘q (f,u)
and proved the following results:

Proposition 2.3 ([ 13, Proposition 3.1 and Lemmas 3.9 and 3.11]). Let f = fi f22 f33, where f| and f> are
square-free and coprime, and let 5 be the product of the primes dividing f3 but not dividing f1 f2. Then

Z ( | 42 [d+deg(fi)]5
Gy(f,F)=6p-1 2/3

P& LA e

(F,f)=1

— -1
Gy (L fp(L [d+deg()]) | | (uﬁ)
q

y -
S+ed 1 y ,u)d
+0 5f2=1q_ _‘75‘ M_u’

270 Jju=g-e  u¢ u

1
[filg

with2/3 < o < 4/3 and where ‘i‘q (f,u) is given by equation (2.13), [x]3 denotes an integer a € {0, 1,2}
such that x = a (mod 3),

1, a=0,
p(l?a): T(Xfi)q’ a= 1’
0, a=2,

and

. -1
) = Y p(@e @ @) =07 (o).

o
acFy

Moreover, we have

1 W, (f.u) du di i (3-0) . 1(3-0)re
e ad rw <11,

When ¢ = 2 (mod 3), the root number in equation (2.7) can be expressed in terms of cubic Gauss
sums over F > [T], as proven in [ 13, Section 4.4]. Let y be a primitive character of conductor F € Fy [T7].
Then F is square-free and divisible only by primes P(T) of even degree and

w(y) =g G2 (1,F), (2.14)
where
G (1, F) = g*&H) (2.15)

for F € F,[T] square-free (see [13, Lemma 4.4]).
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3. Setting and proof of Theorem 1.6
3.1. Setting

Following the work of Soundararajan on upper bounds for the Riemann zeta function [36], we first show
that we can bound log |L (%, )()| by a short Dirichlet polynomial. The following statement is analogous
to [4, Proposition 4.3]:

Lemma 3.1. Let ¢ = 2 (mod 3) and let x be a cubic Dirichlet character of genus g over Fy[T]. Then
for N < g +2 we have

AN —deg(f) | g+2
wlrien NI deg(f) ) N

A () +x (D) (N = deg(£) 449

+ .

1,1
deg( /<N ON|f|2* N deg(f) N

10g|L (%7X)| <R

Proof. The proof follows that of [4, Proposition 4.3], by setting z = 0, N = h and using the fact that
m=g+2. m]

Since A(f) = 0 unless f is a prime power and A (P/) = deg(P), we have

(X(P) + ¥(P)) (N —deg(P) g +2
N

1
log ’L (%’X)’ = 5 Ly 1
deg(P)<N N|P|2" Nizq

1 (x(P) +Xx(P)) (N —2deg(P))

2
deg(P) <N /2 N|P|"* ~oeq
1 (x(P)' +X(P)') (N — L deg(P))

1,1
123 2 deg(P)<N/I N|P|2* Vg

+

It is easy to see that the powers of primes with / > 3 contribute O (1) to this expression. More precisely,
using the Prime Polynomial Theorem (2.1), we have

(r(P)' +X(P)') (N - Ldeg(P)) _ < g’ (N - 1))
[ = .
123 deg(P) <N /I 2IN|P|>* Nloga =3 j<N /I leqlJ(%Jfqu)
N N N
1 N-h 1 N-h 1
— <« — /3 b
SNZ h(1+ 1 )ZqSNZ h(l+ 1 )q T(h)<zz h(l+ 1 )
h=3 pg"\2"Nlga) jlh h=3 pg"\2" Nlogq h=3 4"\ " NTeq )\
Jj<h/3

Then, for any k& > 0,

k P)(N — P 2
|L(%,x)| <exp kR X ( )(NI de]g( ) +k(g+ )+kn
deg(P)<N N|P|§+Nl°gq N

x(P)(N —2deg(P))

I
deg(P)<Nj2  2N|P| " Nhoea

+ kR 3.1
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Similarly as in [27], we separate the sum over primes in J + 1 sums over the intervals

Ip = (0, (g +2)6o], [ = ((g +2)00, (g +2)01],...,1; = (g +2)8,-1,(g +2)0,], (3.2)
where for 0 < j < J, we define

el
97 = {log )00 6=2]67"].

for some 0 < b < 1. In view of equation (2.5), it is natural to use g + 2 instead of g in the definition of
the intervals /;.

We will choose J such that 6; is a small positive constant. We discuss in Section 7 ex-
plicit upper bounds and how to choose 6;. We remark that for a given choice of 6;, we have
J = [log(log £)'% +1log @, |. The power of 1000, together with the parameters chosen in Section
7, guarantees that J is positive for any g > 3.

For each interval /;, we define

Pr(x;u) = Z M’

Pel; 1P|

where

1 deg P
a(Pyu) = ] (1 _deg ) ’
|P| EouToza (g+2)0,

for 0 < u < J, and we extend this to a completely multiplicative function in the first variable. By P € I;,
we always mean that deg P € I;.

In order to use Lemma 3.1 we need bounds for exp (RP 1 (% u)) on each interval /;. Sett € R and
let £ be a positive even integer. Let

s

Ecn)=) % (3.3)

s<t 7

Note that E,(¢) > 1 if t > 0 and that E,(¢) > 0, since ¢ is even. We also have that for t < £/e?,
el < (1 +e—"/2) Eo(0). (3.4)

Let v(f) be the multiplicative function defined by v(P%) = L, and let vi(f) = (v=*---xv)(f) be

al’
the j-fold convolution of v. We then have v; (P%) = ]a—,
s
The following lemma gives a formula for the powers (‘RP 1 (x; u)) , and will be used frequently in
the paper:
Lemma 3.2. Let a(f) be a completely multiplicative function from F,[T] to C, and let I be some
interval. Define Py := Y, pc; a(P). Then for any integer s, we have

Py=sl > a(fv(f),
P|f=Pel
Q(f)=s

s _ S_' N
(RPp)' = 5 Pf;PEIa(f)a(h)V(f)V(h)-
Q(f h)=s
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Proof. We have

P = Z a(f) Z 1.

P|f=Pel Py--Ps=f
Q(f)=s

Note that if f = Q" --- Q" thens = a; +---+a,, and

_ N s — Q) S—Q@p — - — Q| B 5! ~
Z—fl_(al)( a3 )( @y )_al!---ar!_S!V(f)’

P Py=

SO

Py=sl > a(fv(f).
P|f=Pel
Q(f)=s

We also have

(%P1>S=2—lss(j) Soapam Y oY

r=0 P|f h=Pel; f=Pi1--Pr h=Pi--Ps_,

Q(f)=r
Q(h)=s-r

= (S) Z a(f)mr!v(f)(s_r)gv(h)
r P|fh=Pel;

Q(f)=r
Q(h)=s-r

| JRE—
=5 2, anavnvih.
P|f h=Pel;
Q(f h)=s

For j < J, and for any real number k£ # 0, let

J
Do) = [ [ (1+e7) o, (kRP1 (c:) (3.5)

r=0

We remark that the weights are a(-; j) for all intervals Iy, .. ., /; in the formula for D x (x). Note that
we have

(kR Py, (v )))°
s!
Ly WDl ORI

P|f h=Pel, |fh|
Q(f h) <ty

Eq, (KRP;, (x: ) = )

s<{,

where we have used Lemma 3.2.
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We also define the following term, which corresponds to the sum over the square of primes in formula

(3.1):
P)b(P;j
Sjk(x) =exp| kR % , (3.7)
deg(P) <(g+2)0;/2
where

. 1 2deg P
b(P;j) = _ (1— ;50 ) (3.8)

2|P| 0 (8+2)0;

Proposition 3.3. Let k be positive. For each y a primitive cubic character of genus g, we have either

lo
max |‘RP10()(;u)| > )

O<u<J

or

‘L (%X)‘k < exp(k(1/60; +m)Dj x(X)S7s.x(x)

2 8j+1
e“kRPy,, (x;u)
+ > exp (k(1/6;+1) Dk (08 a(0) | ——F =]
0<j<J-1 Jj+l
j<u<J
for any s; even integers and n = 1.676972 .. ..
Proof. Forr=0,1,...,J,let
_— . lr
T = { x primitive cubic, genus(y) = g : max |‘RP1 ()(;u)| < . (3.9)
r<u<J " ke?

For each y we have one of the following:

1. x ¢ To.
2. y €7, foreachr < J.
3. There exists a j < J such that y € 7, forr < jand y ¢ Tj41.

If the first condition is satisfied, then we are done. If not, assume that condition (2) is satisfied. Then in
formula (3.1) we take N = (g +2)0;, and we get

)L (%,X)‘k < exp(k(1/6; +7)) ﬁ exp (KR Py, (13 1)) Ss.00)
=0

<exp(k(1/0; +m)D s ik (x)Sr.k(x).

Now assume that condition (3) holds. Then there exist j = j(x) and u = u(y) > j = j(x) such that
|‘RP1J,+l (x;u)| > j41/(ke?). We then have

Sj+1

| < ( keZ‘RPIJ.+1 (x;u)

Cin
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for any even integer s .1, and taking N = (g +2)6; in formula (3.1) we get

k e2kRP;, (piu) |
|L (%X)| <exp (k (1/6;+1)) Dj.x (x)S;.x(x) +
Jj+1
Then, if (3) holds, we have
k kRP; ., (x;u) |
L (3x) = D ek (1/6;+0) Dk COSia 00 |[—F2——] . 310)
0<j<J-1 J+l
j<u<J

where in the bound of the right-hand side, j and u are independent of y. O

Remark 3.4. In this proof, we could have written maxo<;<y—1 instead of > 0<j<s-1 in the bound (3.10).
j<u<J j<us<J
However, this maximum depends on y, and in future applications of Proposition 3.3 we will need the

right-hand side to be independent of y so that we can exchange the bound with a sum over all the
possible y.

3.2. The mollifier

Let k be a positive real number, and define

a(f3 Dx(NHAS)v(f)
P|f =Pel; KQ(f)\/m

Qf) <t

M; (X; i) = Ey, (—%sz ()(;J)) =

where A(f) is the Liouville function. We also define
J
M (X; %) =1 ™ (X; %).
j=0

We have, for any positive integer n,

(1) 2 a(f; Hx()A(f) "
M (X’K) _p|f;3€1. KQ(f)\/m n (f’fj)’

Q(f) <nt;
where
va (14)) = > v(fi) - v(fa).
f:fi ..... f;]
Q(fi) <Cj,....Q(fn) <¢;

Then, taking « such that k« is an even integer,

kk

M (x:2)
B D afisd)ahyd) x () X (i) A(5) A (Ry) o (F5:65) vewsn (113 65)
= K J* Y] K ] °
Plfh=Pel; k) | fihj]
Q(f;) <5 6.0(h) <5 ¢

@3.11)
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We remark that the mollifier should be a Dirichlet polynomial approximating | L ( % ,x)|!. Indeed, taking
k = 1 and k an even integer in the foregoing definition, we see that |M; (y; 1) |¥ is a Dirichlet polynomial
on the interval /; in view of formula (3.1), approximating the exponential with the finite sum E¢; on
each interval (we do not claim that the finite sum is an upper bound, but it is close enough to work on
average) — that is, it is very close to equation (3.6), with the added Liouville function taking care of
the cancellation. Taking x # 1 allows us to mollify all moments, not just in the case when k is an even
integer, by taking the mollifier to be |M;(y; %)|kK on each interval /; as already defined. We remark
that for any «, the term with f;4; = P in the Dirichlet series (3.11) is

_ka(P,J) (x(P)+Xx(P))
2 |P|1/2 ’

-k
which is independent of «, and of the correct size to approximate )L (%, )())

Now we will introduce the main technical lemma that will be required to prove Theorem 1.6. We
postpone its proof until Section 4.

Lemma 3.5. Let j =0,...,J 1,0 <u < J for (i) and j < u < J for (iii). Let s; be an integer with
akkl; <57 < d+9,’ where a and d are such that a > 2, d > 8§, and4ad01]’b <1, withO<b<l.
Then we have

(2-4/a)so/3
) (250)!

o | =4
4% [TOJV

so [ 3
@ 3 | (X;f)rkk (RP1060)™ < 2qg+2ek21H(0)(Z |1?|) £

XEC(g) Pely

2kk
(ii) Z DJ,k(X)2|M ()(;%)| <o q¥PDiC(k),

Xx€C(g)
2 2541 1 2kk 5 2
(i) " Dk (RPy, ) M (s 1) <o 2942 DeC k) exp (1 + 24 )
X€C(g)
iy (2-4/a)s;+1/3
K2(J—jo1) Z 1 3Jl(%) T (250)!
Xe _4_ —
|P|

Fer 457 [%J' ’

where Dy is given in equation (4.15), H(0) is bounded by formula (4.21) and C(k) is a constant
satisfying C(2) = ee”.

3.3. Averages over the family

Lemma 3.6. Let Iy, 1;,...,1; be intervals such that Iy = (0,(g + 2)0],1; = ((g +2)6p, (g +
2)01],....15 = ((g +2)0;-1,(g +2)0,]. Let B,C,b and c be any functions supported on F,[T].

Suppose s and {; are nonnegative integers for j =0, ...,J such that
J J
230,543 0,6, < 1)2. (3.12)
j=0 =0
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Then we have

J

2 2

>0l X BEICH) b () e ) xr (Fi2rm)
ReM 2 o1,y =0 P|FjH;=P€l;
P|fihj=Pel;
Q(FjHj)<s;
Q(f;)<t;
Q(hy)<t;

7 b2 (F-HZ.f-h?)
5 q U E A |
=[] 2, BE)CH)b(f) e ()"
2012
Jj=0 P|F;H;=Pcl; |F1'ijjhj‘ 2
Plfihj=Pel; !
Q(FjH;)<s;
Q(f)=t
Q(h_,‘)S(’_,‘
FyH} fjh5=8

Remark 3.7. We will also use this lemma in slightly different cases. We will allow the following
variations:

o The condition Q (F;H,) < s; is replaced by Q (F;H) = s;.
o The condition P | F;H; = P € I; isreplaced by P | F;H; = deg(P) = m, where m; is a fixed
element in [;.

These variations will happen for some values of j and may happen both at the same time. In all cases,
the results are analogous.

Proof. Expanding the left-hand side of the equation obtained and exchanging the order of summation,
we need to evaluate sums of the form

J
2 2
> ([ EH A= D0 xns, e (B
Ll 2k

Rquz,g/2+l REqu.g/ZH

since g% = 1 (mod 6), and we have cubic reciprocity over Fpo[T]. Ifﬂjj.=0 F jsz. fi h? # [ then

J J J
> deg (Fijfjhﬁ) <(+2)[2) 055,43 Y 0,6 | < (g+2)/2 = deg(R),
Jj=0 J=0 J=0

and the character sum vanishes. We are then left with the contribution of those terms with

JJ':o FiH; fih5 = (1. Since FjH; f;h3 is only divisible by primes in /; and the intervals /; are dis-
joint, it follows that we must have F;H; f;h; = (J for each j < J. For any ¢ € F2[T], ¢ = (J and
degc < g/2+ 1, we have

S o@= Y @ Y 1= Y u@geed - geateld

lelgz
ReEM 2 i dquz RE/\/lqz’g/er1 de./\/lqz q
d|c d|R dlc
; N A e I ) ;
and using ¢ = Hj=0 FiH f fih I the conclusion follows. O
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3.4. Proof of Theorem 1.6
Proof. We write

3 e prfet)"= 3 (b )" 3 (b o es)

x€C(g) x€C(g)NTo x€C(e)\To

kk

)

kk

(3.13)

where 7, is defined in equation (3.9). We first focus on the second term. Since y ¢ 7, there exists
u=u(y)suchthat0 < u < J and

lo
|%P10()(;u)’ > Pk

. s ke*RPry (xiu) | ) .
Choosing sg even and multiplying by (T) © > 1, completing the sum for all y € C(g) (since

all the involved terms are positive) and applying Cauchy—Schwarz, we obtain

()l Pl ) <3 3 Je (o) o (v:2)

kx (keZ‘RPIO (xsu) )SO

=0 xC(@)\To =0 yC(g) t
u(¥)=u
1/2 1/2
1/2 1 2k 2 ke?\* 1) PR« 250
NI AT N DS (E) M d)[ (R Gew)| L G4
yeC(g) u=0 yeC(g)

where we choose sq to be an even integer such that
kkty < 509 < 1
akkly < s < —,
0= 50 0

with a and d as in Lemma 3.5.

For the first sum in formula (3.14), we have an upper bound of size ¢%/2g®") using Lemma 6.1. We
aim to obtain some saving from the second sum. Using Lemma 3.5(i) and Stirling’s formula, we get, for
c=2-4/a,

12
2kk
(%Plo (xs u))2s0

5,3 (T e
= yodie \ b0 ‘

< g&/2g0W

kel+c/60bsl—c/65c/6 o ‘
( S oole (log g)*/?
qg/2 qg/2
A

< - <
q(loes) g

for § > 1 and all A > 1, where the last line is obtained by setting so = 2[akk{y/2] + 2. We also used
the bound (4) for H(0) from Lemma 3.5(i) in the second line. Replacing the two estimates in formula
(3.14), we get

) o ot

X€C(&\To
and the sum over the characters y ¢ Ty does not contribute to the sharp upper bound.
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For the first sum of equation (3.13) over the characters y € 7y, we use Proposition 3.3. As before,
we first bound the sum by the completed sum over all y € C(g), since all the extra terms are positive.
We have

>ole(s )( [ (x: )|kK§exp(k(l/91+n)) > D],k(x)SJ,k(x)|M(x;%)‘kk

x€C(g)NTo X€EC(g)
ke2RPp, (x;u) |
w3 ek (1/64m) Y DuanSiatn |——= ] M (e d)]T Gas)
0<j<J-1 xeC(g) g+
Jj<u<J

where s, is even.
Using Cauchy—Schwarz, we write

1/2 1/2
kk 2kk
Z Dy i(x)Ss.k(x) ‘M(X;%) < Z DJ,k(X)2’M()(;%) Z Sic(0*| .
x€C(g) X€C(g) X €C(g)
(3.16)
and similarly,
ke?R Py, (x;u) A kx
> D08k 00 || |m (s d)
X€C(g) g+
2541 1/2 1/2
ke*RP;., (x;u)\ ™’ 2kk
<| 2 Dt |——] M) >sik?| - Gan
x<C(g) biwt x<C(g)
To bound formula (3.16), we use Lemmas 3.5(ii) and 5.1, which give
kk
> Drk00Siat0 M (v: 1) < g=2D2c (02,2, (3.18)

X€C(g)

Similarly, to bound formula (3.17) we use Lemmas 3.5(iii) and 5.1. When we bound the first term
in formula (3.17) with Lemma 3.5(iii), we use Stirling’s formula and note that the sum over primes is
bounded by log (6;.1/6;) = 1. Now we pick s ;41 = 2 [1/(2d9j+1)], and then when g — oo, we have

1 2kk
M (1))
2 2+c/392b 2—¢/3gc/3\5i*!
2V6 ) k-e 050 s° 5
<e %qgﬂDkC(k) exp (k2+2k) kP U=j=1) J+15 41

2Sj+l

kezﬁ"\PIﬁ1 (x;u)

£}+1

D D)’

X€C(g)

4¢cl3

alogfs1  logF
d9j+1 d9j+l

452Dy C (k) exp ( + 2k) exp (k2 J-j-1)+

2\/_
3.19)
-7 (

where

c k262+c/350/3
(Y—Zb—2+§, F—W,
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with ¢ = 2 —4/a and a and d as in Lemma 3.5. We now replace in formula (3.17), and using Lemma
5.1, the sum over j, u, y in formula (3.15) is bounded by

1/2

2V6
exp(kn) —\/_DkC(k) exp (k2 + Zk) Sl Crq8?,

\/E

where

k kK*(J-j-1) alogfj logF )
Cy = exp|— + + +
/ ogzg_ P (9(,- 2 2d6;4 | 2d6;4

j<u<J

k2 ~1) alogh; log F
Z - ])exp( (J—j-1)  alogfi log )
02 2 2d6;,1  2d6;4

+ k2u aue ae'loghy e*logF
(u+1)exp ( + + )
0<MZ<; . 2 246, 240, 240,

u

=0(1). (3.20)

Now using also formula (3.18) and the fact that the characters in 7y do not contribute to the upper bound,
we finally have

(% )| ‘M( )|k:< <. DIIC/ZC(k)l/zsllc/Z exp (%2 +(1 +77)k) (3.21)

X (exp(k/ej) + {‘/? Cy

This completes the proof of Theorem 1.6. In Section 7 we find an explicit numerical value for the
constant in the upper bound (3.21) when k = 2, which depends on the bound for Cj. O

X€C(g)

q%*2. (3.22)

4. Proof of Lemma 3.5

Proof. Following [2, 13], the sum over y € C(g) can be rewritten as the sum over the cubic residue
symbols yg, for monic square-free polynomials R € F 2 [T] of degree g/2 + 1, with the property that if
P | R, then P ¢ F,[T]. Since all the summands in the foregoing expressions are positive, we first bound
the sums over y € C(g) by the sum overall R € M2 ,/5,-

We prove the last upper bound; the first two are just simpler cases of that one. We note that D ; x ( x)?
contributes primes from the intervals Iy, ..., 1;, ‘RPIM (x;u) contributes primes from / j+1 and the

mollifier contributes primes from all the intervals Iy, . . ., I;. To prove (iii), we have to bound

> ﬁ(1+e—‘r/2)25R(r)ng(j+1)>< ﬁ Er(r), @.1)

REqu g+l T= 0 r=j+2
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where the Eg (r) are defined as follows. Forr = 0,.. ., J,

(k/2) 2 FriEntnt) q(F FooHyyHyos j)v(Fri)v(Fr2)v(He )v(Hy2)

P|fohy Fy\FroHy Hia= Pel, KU \| frhy Fri FroHy 1 Hys|
Q(Frllirl)sgr
Q(FrZHVZ)S[r
Q(fr) <(k-k)Cr
Q(hy) < (k-K)E,

X a(frhr DA he)Vie (s € ) Vi (Bes €0) XR (frh%FrlFrZH,%]Hfz) .

Er(r) =

Forr=j+1,

(2sr)!

Er(r) = I

a(FyHysu)v(Fp)v(Hp)a(fyrhes DA he) Vi (frs G ) Viee (Bes 6) XR (frh%Fng)

P\fyhy Fy Hy=Pel, KON\ - Fy by Hy |
Q(FyHy)=2s,
Q(fr) <(k-k)r
Q(hy) <(k-k)tr

X

Forr=j+2,...,J,

a(frhes DAL e )Viek (frs €) Vi (s €) XR (frh%)

Er(r) =
P|f.hy=Pel, KR | fr |

Q) <(k-x)ty
Q(h) <(k-Kk),

For 6; small enough (depending on d, k, k), note that we can apply Lemma 3.6 to evaluate formula
(4.1), because from our choice of parameters, we have, forany j < J — 1,

J
429,5, +40415)41 +3Ze,k/<f, <1/2. 4.2)

r<j r=0

We then obtain that formula (4.1) is bounded by

s ﬁ(1+e-fr/2)2E(r)xE(j+1)x ﬁ E(r)|, (4.3)
=0 r=j+2

where the E(r) are the factors obtained after doing the average over R from Lemma 3.6. We proceed to
address the three cases, depending on the value of r.
Forr =0,...,j, we have

(k/Z)Q(FrlFrzHrlHﬂ)a(FrlFrZHrlHﬂ;j)V(FrI)V(FrZ)V(Hrl)V(HrZ)

Pfhy Fri FroHyi Hoy Pel, KU1 | fr e Fry FroHyy Hyo
Q(Fr1Hyp) <ty
Q(FVZHrZ) S[r
Q) <(k-n)6,
Qi) <(k-K)C,

Jrh}FpFroHY H2 =0

E(r) =

¢q2 (frh;szrlFrZHlefz)

X a(frhrs DA he) Vi (fr ) Vi (hrs 6r)
rir rfr k\Jr>tr k\ My, tr |frh%Fr1Fr2H’%1H§2ti
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Notice that if max{Q(f.), Q(h,), Q(F,1Hy1), Q(Fr2H,2)} > £, we have 22Urir FriHr FroHpa) > ol
We write F, = Fy1F,», H. = H,1H,,, and we recall that v, (F,) = (v = v)(F,). We have

E(r) <

P|f h,FrH,=P€l,
fh2FH?=0

(k/z)Q(FrHr)a(FrHr;j)V2(Fr)V2(Hr)a(frhr;J)/l(frhr)vkk(fr)vkk(hr)¢q2 (frh%Fng)
K hr) VIfr FrhyHy | |frh%FrH;%|q2
N L Z 2Q(frh’F’H")(k/Z)Q(FrHr)VZ(Fr)VZ(Hr)ka(fr)vkk(hr), (4.4)

& Q(fih
2" P|f h, FyH,=Pel, kUr) | frhy Fr Hy |
f-h2F H?=0

a(F.Hy;j),a(f-hy;J) < 1in the second term. Now using the facts that vi(f,) < (k«)?U%) and
va(F,) < 2920F7)  we get that the second term in formula (4.4) is

where we have used the bounds ¢, (f-h2F,.H?) /|frh§Fer’q2,/l(frhr),v(Fr),v(Hr) < 1,

1 (2k)g(frhrFrHr)
< Wy

% . 4.5)
P|fh,F,H,=Pel, | fr by FrHy |
frh}F H?=8

Now write (fr,h,) = X and (F,,H,) =Y and let f, = f,0X, hy = hy0X, F, = F,Y and
H, = H, Y. Then fr,ohf oFr»OHfo = . Write (f,.0,H,0) = S and (hy 0, Fro) = T, and write
fro = fraS hro = heiT, Frg = Fo 0T and Hyg = H,:S. Then f. h* F, H> = () with
(fraFr1 heaHep) = 1, and it follows that f,1F,; = 6, b 1 Hyp = & Let (fr1,Fr1) = M,
fri = fraM, F, | = F, ;M. Then M?f, 5 F, 5 = 5. Write M = CD? x (J with (C,D) = 1 and C, D
square-free. Then C2Dfr,2Fr,2 = ([ and it follows that fra2= CID% x (&), Fro= CzDg x (&), where
C1Cy = C and DD, = D. Then we replace

f» = XSCD*C\D3f},  F, — YTCD*C,D3F},
and similarly
h, — XTAB*A\B3h},  H, — YSAB*A,B3H;,

with AjA, = A and BB, = B. We ignore the coprimality conditions when bounding the second term
of formula (4.4), and for the first term we keep the condition (S,7) = 1, which we need to get the
cancellation between the mollifier and the short Dirichlet polynomial of the L-function.

Replacing in formula (4.5), we get that the second term in formula (4.4) is bounded by

2yv2Q272 A3 RO 3 6 £33 3 g3
1 (zk)Q(XYSTABCDfthH

rirttr

¢ 3P3 3/2
2 P|XYST ABCD f.h, F,H,=Pecl, |XYSTB D “ACfrhrFrHr|/

1 QO @3 2K8) 7
2 ]‘[(1_ |P|) (1_|P|3/2) (1_ |P|3) '

Pel,

<

Let F(r) denote this expression. Using the inequality form of the Prime Polynomial Theorem (2.1),
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note that for » # 0, we have

1 2 3 _1 6 !
F(r) <o - exp| 4(2k)" +6(2k) 2 a2 T 220 2 ng* |’
(8+2) 0,1 <n<(g+2) 6, (8+2)6,-1<n<(8+2)6;
and hence
1 2
F(r) <o 55 exp (16k ) (4.6)

For r = 0, we have
F(r) S0 5 (5420070,
26
and we remark that
gli_r)rgc F(0) =0.
For the first term in formula (4.4), using the change of variable from before, we get

(k/Z)Q(CDZCZDgABZAZBgF’}H’?)/l(CC]AA]frhr)

2 2 2 2,313
PIABCD ;i FyHy=pPel, k2(CD*CIDIAB?ABL hr)\/|C3D6A3BGfr3h§Fr3Hf’
C,C,=C,D|D>,=D
A1Ar=A.B, By=B

X a (ffhi;J) a (ABZAIB%CDZCIDQ;J) a (FﬁHf;j) a (ABZAQB§CD2C2D2;]')

(k/2)20ST) 4(S; Na(S; j)a(T; Ja(T; ja(X; J)a(Y; j)*A(ST)

2
P|STXY=Pel, K Q(X3ST) |[YXST|
(5,7)=1

X

x v, (YTCD*C,D3F} ) v: (YSABAs B3}
X Vi (XSCDC\D3 2| vie (XTABA 1 B}A} )

¢ (X3ST3Y3CPDOASB [P RO HY)
|X3S3T3Y3C3DOASBR2 [P FPHY| ,

For every fixed value of A, B,C, D, f,, h,, F,,H,, A|, A2, B1, B, C1,C2, D1, D3, let

f(A,B,C,D,fr,hr,Fr,Hr,Al,Az,B],BZ,CI,CZ,Dl,DZ)
= l_[ o(Pia,b,c.d, f,h,F,H,a\,a2,b1,b3,c1,¢2,d1, d>),

Pel,
P4||A,PP||B,....PY | Dy, P2 || Dy, P | £, P ||y, PE||F, PH | | H,
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where

o(P;a,b,c,d, f,h,F,H,ai,az,by,ba,cy,c2,dy,dy)

= Z ((k/z)s+t+2y ( 1 /K)s+t+2xa(P; j)s+t+2ya(P; J)S+t+2x (_1)S+I

s,t,x,y2>0,5t=0

X Vs (Pt+y+c+2d+c2+2d2+3F) Vs (Ps+y+a+2b+a2+2b2+3H)

X Vi (Ps+x+c+2d+c1+2d1+3f) Vi (Pt+x+a+2b+a1+2b1+3h)
K K

¢ ) (P3s+3t+3x+3y+3c+6d+6a+12b+3f +6h+3F+6H) 1 )
q

X
|P3s+3t+3x+3y+3c+6d+6u+12b+3f +6h+3F+6H| ) | P|stt+x+y
q

We can rewrite the first term in formula (4.4) as

A =[] (k/2)CDTCDIAB MBI A(CCLAALfr hy)
r):=
Pel, PIABCD fyh, F Hy= Pel, kHCD2C D%ABZAlefﬁhg)\/|C3D6A3Bﬁfr3h§Fr3H;°’|
CC=C,D1D>=D
A\ A=A B BaeB
X a (ffhi;]) a (ABZCDZCIDfAlBZ; J) a (FEHE;J') a (ABchZAngczDg;j)

X-F(A3 B» Cs D»fr,hr,Fr’Hr»AlsAZ’ B1932> C17C2’D17D2)? (4'7)

and we will show that
J
[ [at) < co) (4.8)
r=0

for some constant C (k).

Since we need an explicit constant, in the case k = 2 we will prove that that we can take C(2) = e”.
We can write A(r) as an Euler product, and we look at the coefficients of 1/|P|, 1/|P|>/?, 1/|P|? and
1/|P|*/2. Recall that v¢(P) = L. For the coefficient of 1/|P|, we need to consider A=B=C=D =
fr=h=F.-=H,=1ands,t,xory= 1. This gives

@2 p3
@;1(P) = k*(a(P:J) = a(P, j>)2|qP3—(|qz)

for the coefficient of 1/|P|. Since 0 < a(P; j) < a(P;J) < 1, we remark that 0 < & 1(P) < k2.

For the coefficient of 1/|P|*/> we consider f, = P, h, = P,F, = P,H, = Pand A = P,A; = 1
and A=P,A;=P,C=P,Ci=1and C =P,C; = P,whiles =t =x =y =0. When f, = P (and
everything else is 1) we get a factor of

¢, (P) _ _Ka(Pi)’¢, (P)
|PP2IPE, 6P/ {P3]

1
5 a(Pi) i (P)
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We get the same term when h, = P. If F,, = P, we get

Ka(P;j) ¢, (P)
6|P|3/2 ip3|q2

bl

and when H, = P we get the same factor. If A = P, A = 1, we get the term

_Ra(PiD)a(Pyj)? kepg: (P°) _ Ka(PiJ)a(P:)j)’¢g: (P°)
P 2APP2[PI, 2|PP2|Pol

Similarly, when A = P, A| = P, we get

Ka(P;J)*a(P; )¢, (P°)
2|P|3/2 |P6|q2 .

Putting all of this together, we get

e (P)
@j32(P) = =k (a(P; ) = a(P; j))* ~T——
31PY
for the coefficient of 1/|P|*/2. We remark that —%3 < a;32(P) <0, since a(P; j) < a(P;J).
For the coefficient of 1/|P|?>, we must ttke A = B=C =D = f, = h, = F, = H. = 1 and
s+t +x+y =2, and we proceed as before to obtain

P6
012(P) = K a(Pi) - a(p: 22
4|pe|
and we have that 0 < @ »2(P) < kT4-

For the coefficient of 1/|P|>/?, we obtain the product of the coefficients of 1/|P| and 1/|P|/2,
resulting in

s (P
aj s (P) = —k>(a(P;J) - a(P,J))53“’|P—6|q2,

which satisfies —%5 <ajsp(P)<0.
Overall, for the sum over A, B,C, D, Ay, Cy, By, Dy, Fy, hy, Fr, H, we get

B aj1(P)  a;32(P) a;2(P)  ajs5p(P) 1
A(r)_lsl:,[(“ e e e e O]

Since we want to obtain an explicit constant for the case k = 2, we proceed to bound the term

corresponding to O (ﬁ) To do this we bound the terms of the form 1/|P|"/? for n > 5 in the Euler

product corresponding to the sum of formula (4.7). We bound trivially the signs and the terms involving
a(-,j) and a(-,J), and we recall that v,(P%) = % Thus, the terms contributing to 1/|P|"/? can be
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bounded by

k )Zs+21+2x+2y+3a+6b+3c+6d+3f +3h+3F+3H

1/2
25+2t+2x+2y+3a+6b+3c+6d+3 f +3h+3F+3H=n ( |P|

1
X
(s+x+c+2d+c1+2d1+3)(t+x+a+2b+aj;+2b; +3h)!
1
X .
(t+y+c+2d+cr+2dr +3F)(s+y+a+2b+ar+2b, +3H)!

The number of terms in this sum is bounded by the number of ways of choosing values for the indices
ai,az,...,dr, s, t,x,y, f, h, F, H subject to the condition that 2s +2¢ +2x +2y +3a +3a, +6b1 +6b> +
3ci +3c +6d; +6dy+3f+3h+3F +3H = n. Since there are 16 indices, this number is bounded by
("JI“SIS ) In addition, note that the numbers in the four factorials sum up to n. Thus, the fraction involving
the four factorials can be bounded by %. Putting all of this together and summing over the powers of

1/|P|'/? starting from 1/|P|?, we get that the contribution of the higher powers of 1/|P]'/? is bounded by

£+15
Notice that (% is decreasing in 6 < ¢, with a maximum at £ = 6. We thus get

S_

- 2261 < ( 4k )" 1 2261-2Mk°
3
& P13 1= k)

whenever |P|'/? > 4k.

We now suppose that k = 2. Considering the worst case, g = 5, we can apply the foregoing, provided
that deg(P) > 3. Writing [, A(r) as a product over primes with deg(P) < (g +2)6;, and restricting to
those primes with deg(P) > 3, we get that this contribution is bounded by

@j1(P)  @j3p(P) aja(P) ajsp(P) 1 22612V

3<deg(P)<(g+2)0; 1+ EE |PI3/2 * |P|? * |P[5/2 ¥ W@
< (1 . aj,l(P)) ;2P| 1 2261-217 )
3<deg(P) <(g+2)0; ] |P2] IPP 15 (1 - 5%)
Noticing that
aPy—aPijy= — L, de® deg(P)

| P| & 0; Toga |P|(g+z>;jlogq (g+2)6’j|P|m (g+2)91|p|m
< 1_( _deg(P) ) deg(P) < 2 deg(P)
- (g+2)9] (g+2)91 - (g+2)91’
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we obtain
a;1(P) a;1(P)
( P )Se"p 2 i
3<deg P<(g+2)6; deg P<(g+2)0;

16 deg(P

< exp g & < exp(16). (4.10)
(g+ ) jdegPS(g+2)6’j | |
‘We also have

(1 @;2(P) l_[( ) (@(2)) s win

3<deg P<(g+2)6; |P2| P |P2| é’q(4)

and

. 17 elS.l
1 2261-2 <(§q(3)) Bt @12

+ —
3
3<deg P<(g+2)6; 1Pl 15 (1 - 53%) £q(6)

When deg(P) < 2 and k = 2, we can bound

. 210 116 \® 16
_—5 |P|1/2 exp —|P|1/2 .

Applying the Prime Polynomial Theorem, this gives

a;1(P) aj3p(P) «j2(P) ajs52(P) 1 23 ( 16 ))

! + + + ——exp|——=
deg(P)gz( |P| |P|3/2 |P|? |P|>/2 |P|3 45 |P|1/2

<

N a;1(P) N a;j2(P) N 1 2% o 16
|P| |P|>2 |PJ]? 45 |P|1/2

(1
deg(P)<2

2
w6l 4+20+1234 16 \\'(,, 4,20 12% (16 /2
. 4.0, 127 o8
q q q* 45 q'? 2 s TPy

£360+1084+38 . eb (4.13)

IA

IA

Combining formulas (4.10), (4.11), (4.12) and (4.13), it follows that we can take
c)=e"

We remark that we expect the value of C(2) to be much smaller, which could potentially be proven by
exploiting the cancellation in the Liouville function in formula (4.7). We have decided not to to do that
here, since it does not change the final value of the constant in formula (1.1), as the worst contribution
to this constant comes from the upper bound for C; computed in Section 7.

Now we go back to expressing bounds for general k. Combining formula (4.6) and (4.8), and
incorporating everything in formula (4.4), we get that the contributions from the intervals Iy, . . ., I; are
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bounded by
J 5 J
ﬂ(1+e—fr/2) E(r) < ]_[ l—[(A(r)+F(r)))(1+e "/2)
r=0 =0 \Pel,
<g DiC(k), (4.14)
where
—6/2 27 —6./2 2 e!ok
Dk=(1+e ) D(1+e ) 1+ S5 (4.15)

We now look at the term r = j + 1 from formula (4.3), which involves the mollifier and (R P;, ( X))ZS' .

We first write

(2Sr) V(Fr)V(Hr)ka(fr)VkK(hr)

ES plph Fl—per, KIS fFohy Hy|
Q(F,H,)=2s,
Q(fr)<(k-k)lr
Q(hy) <(k-x)L,
f-h2F.H?=0

E(r) < (4.16)

where we have bounded A(frh,),a(frhyiJ)a(FrHyiu), ¢, (frh2F,H?) /‘(f,h%F,HE)‘q2 < 1,
VkK(fr;fr) < ka(fr)~

Using the change of variable as before, we can rewrite the sum of formula (4.16) as

Vi (XSCD*C1 D3 f?) viw (XTAB*A 1 B3h3)

X.S,T,C.D.A,B,f hy KQ(XZSCDZCIDfﬁ3TA32A1B%hg)\/|X252T2C3A3BGD6fr3h§|
C1C,=C,DyDy=D
A1Ay=A,B|B>=B

P|XST f,h, ABCD=Pel,

Q(XSCD>C D3 f3) <k«t,

Q(XT AB>AB}h;) <k,

v(Y)2v(F,)v(H
x Z _ 3/(2 rsz)(F() rsg(H)’ (4.17)
Y,FrvHr |Y||FrHr| 3 " 3 "
P|YF,H,=P¢l,
Q(Y2F3H})=2s,-Q(T CD>*C,D3SAB* A, BY)

where we have used the fact that v (23) <v(2)/3%@ and v(:) < 1.
Now note that Q (TCD*C,D3SAB*A2B3) < Q ((ST) (cp?)’ (ABZ)Z) < 4k«{, and by hypothesis
4rty < 25,50 Q (P} 2 (2= 4) 5, = e

Let @ = 25, — Q (TCD*C,D3SAB?A,B3). Using the fact that v(Y)? < v(Y), since v(Y) < 1, the
sum over Y, F,, H, is bounded by

v(Y) Z v(Fy) Z v(Hy) 4.18)
Q(F, 3/2 Q(H, 3/2° )
2i+3j+3k=a P|Y=Pel, Y1 P|F,=Pecl, 39 )lF’|/ P|H,=Pel, 3% )lH |/
Q(Y)=i Q(Fyr)=j Q(Hr) k
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Now

S i = (Z e
Q(F, 32~ 71 32| °
P|F,=Pe¢l, 39 )lFrl / J: Pel, 3|P| /
Q(Fy)=j

a similar expression holds for the sum over H, and

2 (5

PlY=Pe¢l,
Q(Y)=i

Using the inequalities from before, it follows that

| /2 ] ! /2 5 a2 |
SR IR L
;r 1P 2i+31'Z+;‘k=a iljlk13r 1;, Pl isza/z 3 i! (%21)'
3| (a-2i)
a2 /3 2 2
] (2)0 (3) (3)
= 1P| 2 ; — + _
(;V 1P 3 i;‘IB i [% h ZJ! a/3<i<a/2 [%J‘ (%21)‘
3|(a—2i)
{ a/2 5\ (%)0/3 | 5 (%)csr/3
2\ ) (3 <2\ 2, =] oA (4.19)
(zg;, P (3) La/3]! (;; |P|) Lesy/3]!

‘We now consider the exterior sum in formula (4.17). For the sum over A; (recall that A is square-free),
we have

> e = [+ o.

AllA P|A

Then overall we get

Vi (A) oy 1 k(k+1)
> o k+ D) |A|3/2_]_[ TR

P|A=Pel, Pel,

Similar expressions hold for the sums over C, B, D, and overall for the sumover X, S, T, A, B,C, D, f,, h,
we get that it is

2 2 (12 2 3032 2 2
k(k+1 k= (k“/2+1 k k k
gﬂ(uw) L 240 (1+—) (1 )(1+—) — H(r).
Pel |P|3/2 2PP 6P/ 1P| 1P|
Using the Prime Polynomial Theorem (2.1), we get

2 (k2
2k(k +1) K3 k (7”)
&0 34012 | 250

H(r) <z exp| k®+2k +
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for r # 0, and then
H(r) <e exp (k2 + 2k) , (4.20)
which is what we need to prove (iii). For r = 0, we have
H(0) < (g60)°W. (4.21)

In (i), the bound will depend on H(0). Replacing formulas (4.19) and (4.20) in formulas (4.17) and
finally (4.16), it follows that

. csjv1/3
i | Sj+l (g) J+1 (zsj+])!
E(j+1) S£2exp<k +2k) > Pl T (4.22)
PEIjH 3 °

Finally, we consider the case where » > j + 2. In this case, only the mollifier contributes primes in
this interval in the factors of formula (4.3). It is easy to see that

J J Q) 1 QUhy)
k k

[Tem<[] > .

r=j+2 r=jw2 Plfmprer,  VIfrhrl

frhi=0

where we used the same bound as before on the functions appearing in the mollifier, and we also used
the fact that vi,(g,) < (kk)?(&) . Note thatf, h? = (I is equivalent to f, = g,S> and h, = g, T3 for
(Sr,T,) = 1. Then the term corresponding to a fixed r in this product is bounded by

R [ N
lgr| 1S,/ [ARE S AR \PR2)

P|g,=Pc¢l, P|S,=Pc¢l, P|T,=Pel,
Using the fact that —log(1 —x) < 1%, we get
[1(-5) <o % ) DINET Y
1- —) < exp < exp| k? -+ O Ea———
n_ 2
Pel, Pl P | S P, PR Ul
k4
2 ——
<e €xXp (k + &0, k2) .
Similarly,
- (g+2) 6,
K3 ) ? ( K3 ) 1 1
l-———] <exp|2 —— | <exp| 24 ——+0|—
3/2 3/2 _ 3 2 2
105 2 it N O g

23 1
Se eXp q<g+2>er_1/2+0 2o )|

Then the contribution from r > j + 2 will be bounded by

K 2k3 1
K2(J- j-1)
See l_[ ex P( (8+2) 601 _ |2 q(8+2)9r—1/2 +0 (q2(3+2)9"1 ))
r=j+2

<o VD, (4.23)
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Combining the contribution of the intervals I, with r < j from formula (4.14), the contribution of
the interval /4 from formula (4.22) and the contribution of the intervals I, with j +2 < r < J from
formula (4.23), we get the bound of the last inequality.

We prove the first inequality corresponding to “j = —1” in the same way, except that the bound for
H(r) in formula (4.20) is not valid for » = 0, so we just keep H(0) on the right-hand side. The second
inequality corresponds to j = J. O

5. Squares of the primes

In this section we prove an upper bound for the average over the square of the primes appearing in the
kth moment. Our proof is similar to [21], but it is simpler because we separate the primes and the square
of the primes from the start by using Cauchy—Schwarz in order to deal with the mollifier.

We recall that

X (P)b(P; j)

, 5.1
P (5.1

Sik(x) =exp| kR
deg(P)<(g+2)0;/2

where the positive weights b(P; j) are defined by equation (3.8). Then b(P; j) < % which is the only
property that we use in this section.

Lemma 5.1. Let S; i be the sum defined by equation (3.7) and set § > 1. For j =0, ...,J we have

2k 3ek(r+) & 2% Bm
S',k(/\,/)zﬁqg+2 ex (k+ )+ ex (klo m+—)— .
xe%g) ! P BT 4 2, o klog Br(B-1)) g?m

m=1

In particular, choosing 8 = 2 and using the fact that g > 5, we have

DU Sik0? < g5k, (5.2)
X€C(g)

where

4k1ek 42 25\
+— R
— (5]

and in particular

S ~#3967.15... .
Proof. Let
: X(P)b(P;))
Fn(x:Jj) = Z T,
PeP,y,

where the sum is over the monic irreducible polynomials of degree m. For ease of notation, we will
simply denote this sum by Fj,, (x). Let

F(m) = {X €C(g): |RFn(x)| > Bim,but [RF, ()| < ﬂl—n, Vm+1<n< (g+2)9j/2}.
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Note that Fy(y) = %, so the set F(0) is empty. Since the sets F(m) are disjoint, note that we have

(g+2)0;/2
DSt DL DL S+ > S0 (5.3)
xeC(g) m=1  yeF(m) x¢F(m),Ym

If y does not belong to any of the sets F(m), then

1
RF, —
IRENGOI < 5

forall 1 <n < (g+2)0;/2, so in this case we have

SJ-,k()()2 < exp (k + ﬁz—kl) .

Now assume that y € F(m) for some 1 < m < (g +2)60;/2. Then we have

(g+2)0;/2 m (g+2)0;/2 1 1
Z %FI(X)< 2l Z —lsz(logm+y+1)+—,
i1 B B (1 - é)

where vy is the Euler—Mascheroni constant. Therefore, in this case we have

2k

Sj,k(,\()2 <exp|k(logm+y+1)+ ————
IBm+1 (1 _ "%)

If y € F(m), also note that (8™RF,,(x))* > 1, so combining with this inequality, we get

2k
Z Sj,k()()2 <exp|k(logm+7y+1)+ 1 Z (BmRFm()())4. (5.4)
XEF(m) B! (1 - ,;) xeClz)

Note that by Lemma 3.2,

4!ﬁ:m Z Z b(fi NS DX S Ne()v(f)v(h)

m 4 _
D, B"REL(0) = A

X€C(g) X€C(g) P|f h=PePy
Q(fh)=4

Using Lemma 3.6 (note that 8m < (g +2)/2, since 8, is small enough), we get

Z (ﬂm%Fm()())él < q5+24 ﬂ;m V(f)V(/’l) (55)
xeC(g) 2 P|fh=PeP,, Ifh|
Q(fh)=4
fh*=5
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When fh* = (3, we can write f = bf>, h = bh? with (fi, 1) = 1. Since Q (b*f3h3) = 4, it follows
that fi = h; = 1 and Q(b) = 2. Then using the fact that v(b)> < v(b), we get

2
v(f)v(R) ) 1 1) 1
S, 2 TP 2( 2, pp

< 2q2m ’
P|f h=PeP, Plg=PePy, PePy,
Q(f h)=4 Q(b)=2
fh*=0

where for the last inequality we used the Prime Polynomial Theorem (2.1). Combining this and formulas
(5.4) and (5.5), we get

(8+2)6;/2 (8+2)6;/2

2 a2 2k 418%4m
DD, Sk gt Y exp|k(logm+y+ 1)+ S (56
m=1  yeF(m) m=1 ,8m+1 (1 - é) q
Note that for any 1 < 8 < /g, this expression will be <« g8+,
Now we take 8 = 2. We use the fact that exp(2k /(8™ (8 — 1))) < e*, and the fact that
i K m xk!
mham < ———
= 2 p)k+l
m=1 (1 x) ’
for x < 1. Since g > 5, using this inequality and formula (5.6), inequality (5.2) follows. O

6. Upper bounds for moments of L-functions

Here, we will prove the following upper bound:
Proposition 6.1. For any positive real number k and any € > 0, we have
2k
5 ) <o
X€C(8)
We first prove the following result:

Lemma 6.2. Let | and y be integers such that 3ly < g/2 + 1. For any complex numbers a(P) with
la(P)| < 1, we have

21 1

PP PS5 P 61
1/3 )
X€C(g) |deg(P)<y |P| |-2[/3J'9/ deg(P)<y |P|
, 3-¢
P
If we also assume that | < Z la(P)] , then we have
1P|
deg(P) <y
21 5 I
P)a(P P
xPa?) [y e ©2)

X€C(g) |deg(P)<y P deg(P)<y 1P|
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Proof. We extend a(P) to a completely multiplicative function. We have

21

Z x(P)a(P) ()2 a(f)WV(f)V(h)X(fhz)'

deg(P) <y |P| P\fhgi;e)gflp)gy |/ Al

(6.3)

Q(h)=l

Note that

21 21

x(Pa(P)| _ Z Xr(P)a(P)

xEC(g) |aeePr<y  VIPI FeNpa o |deeP <y VIPI

Using this and equation (6.3), note that if fA? is not a cube, then the character sum over F € M q2.g/2+1
vanishes, since deg ( fh?) < 3ly < g/2 + 1 by hypothesis. Then

2 _
x(P)a(P) < FP(11) a(fla(h)v(f)v(h) ¢, (th).
X €C(g) |deg(P) <y |P| P|f hodeg(P) <y VIfhl ‘fhz‘qz
Q(f)=l
Q(h)=l
fh*=a

The condition fh? = () can be rewritten as f = b f13 and h = bh? with (f1, ~1) = 1. Then we get

2
21
x(P)a(P) la(b)|*v(b) la(f)IPv(f)
I DY o
P 1] : | f1?/2390)
X€C(g) |deg(P)<y P|b=deg(P)<y P|f =deg(P)<y
Q(b)<l Q(f)=(1-Q(b))/3
Q(b)=I (mod 3)
2(1-Q(b))/3
- qg+2(l!)2 |a(b)|2v(b) 1 R Z |a(P3)/|j ,
A PO U B (T VO Dl W BT
Q(b)<l
Q(b)=l (mod 3)
(6.4)

where we used the fact that v(ab) < v(a)v(b),v (f3) < v(£)/3%) and v(b)? < v(b), and we ignored
the condition that ( f, h;) = 1.
We further get that this is

. i
la(P)P !
g’ | 0 T )i!(((l—i)/3)!>232<ll‘>/3 (©

1

11/3] .

,(11)? la(P)|? 9J

8

<q 91/3 Z |P| Z (L A\ (6.6)
deg(P) <y J=0 (3J)~(§—J).
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where we get the first line by using the facts that [a(P)| < 1 and 3.} | ﬁ < 1 and that the sum over

primes in formula (6.4) is bounded. Using the trinomial expansion formula, we get

L1/31 9J 11/3] 32j 3a 521/3
) T e e albicl = 21731
=0 (3))! (% —j)!Z =0 (2))! (% —j)!2 arbrezlaysy @tblet 121731

Replacing in formulas (6.6) and then (6.4), we get

21 1
xPa)| s la(P)P?
2 T | < men | 2 P

X€C(g) |deg(P) <y deg(P) <y

Now let

B la(P)|?
x= ) Pl

deg(P)<y
and we assume that [ < x37%. We claim that for i < [/ with i = / (mod 3), we have

yi32i/3 o

-0 S ©.7)

Using Stirling’s formula, we need to show that for / < x3~¢, we have

21 - i) log(l—i) )

2i
élog3+llogl—l—ilogi+i— 3 = 3 < (I -i)logx+logC,

for some constant C. Now let

2i 21 —i [—i\ 2(—i
f(i):ilogx+élog3+llogl—l—ilogi+i— (3 l)log(Tl)+ (3 )

Then

2 I—i
f(z)—log(3 x) 10g1+310g( 3 ),

and f attains its maximum on [0, /] at i with i3 = x3(I — i)%. Since [ < x*>~%, it follows that f attains its
maximum at some iy with i > [/2. Indeed, if we suppose that iy < [/2, then [ — iy > [/2, and since
x3 > [t follows that i(3) > [3/4 — which is a contradiction, since we assumed that ig < 13/8.Leti; =ip/l.
We have 1/2 < i; < 1. Then

fip) =li;logx + {a ; i)

20(1 - iy) log(l —il) LA i)

2
10gl+%log3—l—lillogi1+io— 3 3 3

Since 1/2 < ij < 1, it follows that

f(io) < llogx,

which establishes formula (6.7). Combining formulas (6.5) and (6.7), and since // 323 < 1, the conclu-
sion follows. O
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Proof of Proposition 6.1. The proof is similar to the proof of [36, Corollary A]. Let

N(V) = H)( primitive cubic, genus(y) = g : log )L (%,X)‘ > VH

Then

‘L (%,X)(Zk - Zk/wexp(ZkV)N(V)dV. (6.8)
x&Cig) o

In formula (3.1) with £ = 1, note that we can bound the contribution from primes square by O (log log g).
Indeed, we split the sum over P with deg(P) < N/2 into primes P with deg(P) < 4log, g and primes
P with 4log, g < deg(P) < N/2. For the first term, we use the trivial bound, which gives the bound
O(loglog g). For the second term, we use the Weil bound (2.10), yielding an upper bound of size o(1).

So we have
P)(N — deg(P )
10g|L (%’X)| = “ ; elg( D122 ologlogs). (6.9)
deg(P)<N N|P|2*Nlogq N
Let
g+2 VvV
N A
and Ny = N/log g, where
papes ifV <logg,
A=|%loglogg if logg <V < j;logg logloge. (6.10)
0 if {5 loggloglogg < V.

We only need to consider 4/log g < V. Indeed, note that the contribution from V < 4/log g in the integral
on the right-hand side of equation (6.8) is o (qggkz), by trivially bounding N (V) <« ¢8. If y is such

that log |L (%,X)| >V, then

X(PY(N - deg(P)) |

Vv 2
R — _V—Z+0(loglogg)2V(1—Z)
deg(P)sN N|P|§+Nlogq

for g large enough, since +/logg < V.
Let

Y(PYN —deg(P)| o X(P)(N = deg(P))|

1 1 1 1
I o1
deg(P)<N, ~ NI|P|?" Nlea No<deg(P)<N  N|P|?"Nloga

S1(x) =

Then if log ’L (%,)()) >V, either

So(xy) =2 V/A or Si(xy)=V({1-3/A):=Vi.
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Let

F1 = { x primitive cubic, genus(y) =g : S;(x) = Vi}
F> = { x primitive cubic, genus(y) = g : S2(x) = V/A}.

Using formula (6.1) of Lemma 6.2, we get

2 21
Rle 3 (S]]« (4] LEBOT

V/A v [21/3]! |P|

X€EC(g)

|a<P>|2)l

(N0<deg(P) <N

for any / such that 3IN < g/2+1 & [ < V/(6A) and where a(P) = (N — deg(P))/(N|P|'/Nloeq),
Picking [ = 6| V/(36A)], this gives

l

2 4\ 413 s l v
[Pl < ¢® | = - (5/2)*°(loglogg)’ < q®exp|———logV|. (6.11)
Vv e 10A

If y € Fi and V < (logg)> %, then we pick [ = |_V12/10ggJ. Note that since a(P)
(N = deg(P))/(NIPI'/N19¢8), we have Saeqp)<n,la(P)2/IP| = logg + o(logg), and then I

IA

3-¢
(Zdeg(P) <No |a(P)|2/|P|) . We can then apply formula (6.2) of Lemma 6.2, and we get

2 2
S 1 Vv Vv
|F1] < Z ( l(X)) < g8Vlexp|llog 0g2g < g8 exp [-——]1.
e L V1 eVi Vlogg logg

If V > (log g)>~%, then we pick I = 18V and apply formula (6.1) to get

1
143253 Jog g

< g8 exp(-2VlogV).
2
H341/3:

|F1l < ¢8 (

Using this and the values for A of equation (6.10), we prove the following:
If ylogg <V < logg, then

V2 6 \°
N(V) < ¢% exp _logg(l_loglogg) . (6.12)

Iflogg <V < % log g loglog g, then

V2 6V ?
N(V) < g®exp |- 1- : 6.13
V) <a eXp( logg( 10gg10g10gg)) O

IfV > & loggloglog g, then

(6.14)

ViogV
N(V) <<qgexp(— gg )

Now we use the bounds (6.12), (6.13) and (6.14) in the form N(V) < ¢%g°V exp (-V?/logg)
if V < 4klogg and N(V) < ¢%g°"exp(—4kV) if V > 4klogg in equation (6.8) to prove
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Proposition 6.1. Indeed, we have

2k
|L(%,X)| < qgg"“)/

xeC(g) Vieg g

exp (2kV —V%/log g) dv + ¢8g°") / exp(=2kV)dV
4klogg

4klogg

<k qgg"<1) exp (k2 log g),

and the desired upper bound follows. As mentioned in [36], it is interesting to remark that the proof
suggests that the dominant contribution for the 2kth moment comes from the characters y such that

‘L (%,X)‘ has size g¥, and the measure of this set is about qgg‘k2. O

7. Explicit upper bound for mollified moments

Here we will obtain an explicit upper bound for expression (3.21), which means that we want to find an
upper bound for C; from equation (3.20) by choosing 6, a, b and d subject to the constraints in Lemma
3.5 and subject to formula (4.2).

Let
k*uf

f(u) = Rie" — Ryue" + —— “ L

with
log F a
Rl—ke+2dlog6'1+ 2d Rz—ﬁ, (7.1)

where we recall that

c k262+c/350/3

CL/=2b—2+§, sz, c=2—4/a,

and a and d are as in Lemma 3.5. We will pick 6; subject to the condition (4.2) and such that Ry > 0.
‘We have

k26
f'(u) = €"(Ri = Ry = Rou) + —.

and notice that for u < (R; — R2)/R, we have f’(u) > 0, so f is increasing on [0, (R — R2)/R3] — that
dee log £ ] Also note that

is, f is increasing on |0, +log6y +

’ — Ri/R; kZHJ
f'(R1/Ry) = —Rze +—= <0,

so the maximum of f occurs at some m € (R{/Ry — 1, R|/R3). With this notation, we write

1 k*ué
CJ<2/ (u+1)exp( (R]e — Ryue* + ;J))du.
For u > 4R /R, we have Rje" + k2u9J/2 < Ryue* /2, so

J 1 kzuej © AR, /R
/ (u+1)exp (E (Rle“ - Ryue" + T)) du < / e du = e /R (7.2)
4

4A/B Ri/R,
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Now

4R\ /R, | K2ub
/ (u+1)exp (— (Rle”—Rzue”+ u J)) du
0 0y 2

4R (4R 1 k2mé
<L (—1 + 1) exp (9— (R]em — Ryme™ + ﬂ))
J

Ry \ Ry 2

4Ry (4R, K2R, Rye®s!
< —|—+1 s 7.3
<R ( R )exp( R, )exp o (7.3)

where in the third line we used the fact that m € (R;/R, — 1, R{/R;). Combining formulas (7.2) and
(7.3), we get

Ry
_ 4R1 4R1 k2R1 R28R2
Cyp<2|e®/Rey L1 L4y
7 e & |\ & exp 3R exp 7

Now using this inequality back in formula (3.21), we get

k kk k2
Z ’L (%X)‘ |M (X%)| <. qg+2D,1(/2C(k)1/ZS,L/2exp (7+(l+n)k)
x€C(g)

Ry
24| _ 4R, (4R, k2R, Rye®
x k[07) +24) = |en#Ri/Re 5L (22D 4y , 7.4
exp(k/6y) + —|¢ + % \ B +1|exp R exp o (7.4)

where we recall that R; and R; are given in equation (7.1) and Sk is defined in Lemma 5.1.

From the explicit upper bound obtained, we remark that because of the term exp (R,e®! /R=1 /g 7)s
the upper bound we obtain is of the form e,
Now we take k = 1, k = 2. Condition (4.2) becomes

J 4 1
IO;Qrfr + E < 5
Note that any 6; with
gl-b elb d-38
T el —1 = 40d

satisfies this condition. We will pick 6 such that

d-8( 1\\7F

Now, in formula (7.4), in order to obtain an optimal constant, we set

i — ERI/RZ’
0y
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and the term log F/(2d) in the expression for R is small compared to the rest, so in order to optimise
the constant, we set

1 2de

log — = — ¢
89, T w-2+¢

(7.6)

Now from Lemma 3.5 we need
4add} ™’ <1,
so combining this with equation (7.5) it follows that

<o- 2(d—8)(e—1).
Se
Now, to minimise equation (7.6) we need ¢ to be maximal, so we will pick

2(d-8)(e—1)
- Se '

=2 (7.7)

From equations (7.5), (7.6) and (7.7), it follows that

cX

b=1-———,
6(de + x)

(7.8)

where x = log(40de/((d — 8)(e — 1))). With choices (7.8) and (7.7) for b and ¢, we want to minimise
equation (7.6), and this translates into minimising the function of d given by

de +x
1 - @d=8) (e
Se

for d > 8.
The minimum of this function is achieved for

d ~8.15, (7.9)
and in that case,
1 2de
log — = ———— =~ 92.65.
89, T2b-2+¢ 92.65
With this choice for d, we get
b ~0.91, c =~ 1.96. (7.10)

Choosing b, ¢, d as in formulas (7.9) and (7.10), we obtain the upper bound

182

S (o) 910 D <0 e g @.1)

X€C(g)
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8. The mollified first moment

Here we will prove Theorem 1.3. We consider the mollified first moment with x = 1. We have

Z a(h; J)x(h)A(h)v(hg) - -+ - v(hy)

M(y) = M(y, 1) = , (8.1)
by hy=h |A]
Plh_,’:PEI_,’
Q(h;)<t;
and then
a(h; J)A(h)v(hg) - ---- v(hy)
>or(hMoo= Y - L3 xL(bx) 62
xeClg) BTy =h |hl xeClg)
Plh_,’ﬁPEI_,’
Q(h;)<t;

We will evaluate the twisted first moment in the following proposition:

Proposition 8.1. Let g = 2 (mod 3), and let h be a polynomial in B, [T] with deg(h) < g (% - s). Let
h = CS?E3, where C and S are square-free and coprime. Then we have
q5v2¢,(3/2) 11 11
Z x(h)L (%,X) = — Ak =735 l_[ Mr\—. =5
xeC(g) é’q(3)|C|V|S| 9 9 ReF,[T] g 49

deg(R) even
R|h

7g | deg(h) ”

+ 0 (q?+T+£(g) ,

where Ank (#, #) and Mg (#, #) are given in equations (8.14) and (8.15).

Proof. The proof is similar to the proof of [13, Theorem 1.1]. Using the explicit description of the
characters y € C(g) given by equation (2.5), along with Proposition 2.1, we write

Z X(h)L (%’ /\/) = Sl,principal + Sl,dual’

x€C(g)
where
1
S],principal = Z —deg(f)/2 Z XF(fh)
feMg<x g FeH o po
P|F=PgF, [T]
1 1
* Y xr(fh) (8.3)
1 —+/q Z qdee(f)/2 re Z
feMg x+ ’qu,g/z-H
P|F=P¢F,[T]
and
1 —
S1,dual = Z deg(£))2 Z w(XF)XF (fhz) (8.4)
feMg <g-x-1 4 S
P|F=PgF, [T ]
1 1 L
* Z deg(f)/2 Z w(XF)XF (fhz) . (8.5)
I=va fem qeEt F
a8=X qz,g/2+l

P|F=P¢F,[T]
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We will choose X = 2 deg(h) (mod 3). For the principal term, we will compute the contribution from
polynomials f such that f/ is a cube and bound the contribution from f'4 noncube. We write

Sl,principal = Sl,@ + Sl,#@’

whereS N corresponds to the sum with f/ a cube in equation (8.3) andS W corresponds to the sum

with f h not a cube — namely,

1
e Z o2 ()2 Z 1 (8.6)
fe <X €M 2
q.< q-.g/2+1
fh=8 (F,f h)=1
P|F=P¢F,[T]

and

1 1 1
S1407 Z g (/2 Z XF(fh)Jfl_\@ Z T Z XF (fh).
fe

feMg<x €H 2 8, q.X+1 €H 2 g4,
f h#6 2 2
’ P|F=P¢F,[T] P|F=P¢F,[T]
8.7)

Since X = 2deg(h) (mod 3), note that the second term in equation (8.3) does not contribute to
equation (8.6).

8.1. The main term
Now we focus onS1 & Since h = CS2E3, where C, S are square-free and (C,S) = 1 andfh = @, it
follows that we can write f = C2SK>. Then

KM us(ern) 1V F(i",ziﬁﬁ*‘
P|F=PgF,[T]

We first look at the generating series of the sum over F. We use the fact that

1 if F has no prime divisor in F,, [T],
>, D)= {0 P AT (39)
DEFIT] otherwise,
D|F

where y is the Mobius function over F, [T']. The generating series corresponding to the inner sum in
equation (8.8) is

Z xdeg(F) — Z xdeg(F) Z ,u(D) - Z #(D)xdeg(D) Z xdeg(F)-

FeH o FeH o DeF,[T] DeF,[T] Fel
(F,Kh)=1 (F,Kh)=1 DIF (D,Kh)=1 (F,DK h)=1
P|F=P¢F,[T]

(8.10)
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We evaluate the sum over F' and have

Z deg(F) _ n (1 +xdeg(P)) _ Zp2(x) ,
FeH PeF 5[] Z,2 (x?) 1_[ (1 +xdeg(P))

(F,KDh)=1 P{DKh PeF 1 [T]

P|DKh
and combining this with equation (8.10), it follows that
Z xdeg(F) _ Zfl2 (x) ﬂ(D)xdeg(D) .
r&t 2, () 1—[ 1+ xdeg(P)) péir] 1+ xdeg(P)>
(F.Kh)=1 PEF ,[T] (D.Kh)=1 peF ,[T]
P|F=P¢F,[T] PiKh PID

Now we write down an Euler product for the sum over D, and we have

43

D)xdeg(D) deg(R) deg(R)
S (1_—1x deg(R)) [ -] e
DEF,[T] 1_[ (1+x el )) ReF,[T] X ReF, [T] (1+x7g2 )
(D.KM)=1 peF ,(T] (R,Kh)=1 (R,Kh)=1
4 deg(R) odd deg(R) even

P|D

where the product over R is over monic, irreducible polynomials. Let Ag (x) denote the first Euler factor

and Bg(x) the second. Using equation (8.11) and putting everything together, it follows that

Zp0 ] A0 [ B

ReF,[T] ReF,[T]
Z xdeg(F) _ deg(R) odd deg(R) even . (8.12)
Fer Z, (x2) 1—[ (1 +xdeg(P)) 1_[ AR (x) 1_[ Br(x)
(F,Kh)=1 P€F 1 [T] ReF,[T] ReF, [T
P|F=P¢F,(T] PIKh R|Kh R|Kh
deg(R) odd deg(R) even
‘We now introduce the sum over K, and we get
Z ydeg(K)
kv, [ (1+2=@) [T 4[] Be®
Pe]qu [T] ReF,[T] ReF,[T]
P|K,Pth R|K,Rth R|K,Rth
deg(R) odd deg(R) even
deg(R) deg(R)
- l_l b (1 +xdeg(R))L:\ (x) (1 — udee(R)) 1—1 I+ deg(R) 2”
ReF,[T] R ReF,[T] (1 +x 2 ) Br(x) (1 — udeg(R))
deg(R) odd deg(R) even
Rth Rth
1
X 1—[ 1 - udeg(R) ’
ReF, [T
R|h
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where R denotes a monic irreducible polynomial in F, [T]. Combining this equation and equation (8.12),
we get the generating series

Z udeg(K) Z xdeg(F) — Zqz(x) l—[ 1
2 deg(R _ pdeg(R
Kr, réi, Z, (x2) ReF, [T (1 +xdee(R)) (1 — ydee(R))
(F,Kh)=1 deg(R) odd
P|F=P¢F,[T] Rth
1 deg(R) ydeg(R) 1 1
x |1 —(1+2x2+—) [l — =5 || — ==
e 2 _ ;,deg(R deg(P _ ;,deg(R
ReR, [T] (1+x%) 1= udee®) PEF (7] 1+ xdes( )Re]Fq[T]l udee(®)
deg(R) even Plh R|h
Rfh
Z_2(x)
= 2, Aweuw) [ Me(xw), (8.13)
Zqz (x ) R
€F, [T ]
deg(R) even
RIh
where
_ 1 1 deg(R) deg(R)
.AnK(x, I/l) = 1_[ W l_[ m (1 +2x" 2 (1 —-u )) , (814)
ReF,[T] ReF, (T (1+x 2 )
deg(R) odd deg(R) even
1
Mg (x,u) = (8.15)

1 +2xdee(R)/2 (] — ydeg(R))

We remark that if 7 = 1, this generating series is the same as in [13, Section 4.3], and we compute
the asymptotic forS 67 in the exact same way, keeping the dependence on h. Using Perron’s formula

(Lemma 2.2) twice in equation (8.8) and the generating series just obtained, we get that

Ank (x, 1) (1 = ¢°x%) [Ty Mg (x, 1) dx du

1 1
S = dx du.
10 IClg /18] (270)? ‘7{'75‘ X-dex(€?D) X u

(1= qu) (1= g%) (1= g¥2u) x5+ (¢¥2u)

where we are integrating along circles of radii |u| < l/q% and |x| < 1/¢>. As in [13], we have that
Ank (x, 1) is analytic for |x| < 1/q, |xu| < 1/q, |xu2| < 1/¢%. We initially pick |u| = 1/q%+£ and
|x| = 1/¢**%. We shift the contour over x to |x| = 1/¢'*¢ and we encounter a pole at x = 1/g>. Note
that the new double integral will be bounded by O (q%”g). Then

042 Ank L,M)I_I h MR L»“) e
%gz@mgqmﬂ%f Rl wrolat).

X-deg(C2D) y

(1= qu) (1= u) (¢3u)
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3
We shift the contour of integration to |u| = ¢~¢ and we encounter two simple poles: one at u = 1/¢2
and one at u = 1/4. Evaluating the residues, we get

q%*?¢,(3/2) 11 11
5,09° - nK 32 H Mg\ = =5
£4(3)|Clg+/ISlg 7 q ReF, [T] 4
deg(R) even

RIh
qg+2 v2,(172) (1 1

1/3 PN _)
a,(3)|czs!/ P 4) peg,ir)
deg(R) even
R|h

11
Mg (—2, —) +0 (q¢ Frex). (8.16)
' q

8.2. The contribution from noncubes

Let S1; be the first term in equation (8.7) and S, the second. Note that it is enough to bound S;;, since
bounding S, will follow in a similar way. We use equation (8.9) again for the sum over F, and we have

1
Su = Z TR Z u(D) Z xr(fh). (8.17)
f Mg x 4 EM <8 h FEH 2 211 gee(D)
Fhai3 (D )=1 (F, D) 1

Remark that we used yp(fh) = 1, because D, f,h € F,[T]. Looking at the generating series of the
sum over F, we have

Z XF(fh)Mdeg(F) = 1—[ (1 +Xp(fh)udeg(P))

Fet PeF s [T]
(F.D)=1 PIDfh
_ Lgr(uxyn) L= xp(fR)ue™
Lo W@ X50) et Ny |~ HP (PR (P
Pifh
P|D

Using Perron’s formula (Lemma 2.2) and the generating series obtained, we have

D (F) = j{ Ly (. xrn) I 1= xp(fh)u'e® dy
XF - — Eel — 2deg(P)
et g 270 ] L, (w2, ) D) pes i) | PR u
(F D) 1 PYfh
PID
where the integral takes place along a circle of radius |u| = 1/q around the origin. Now we use

the Lindel6f bound for the L-function in the numerator and a lower bound for the L-function in the
denominator (formulas (2.8) and (2.9)), and we obtain

2edeg(f h) —28deg(fh)'

|£c12 (”’th)| <q )qu (”z’m)| > q

Therefore,

Z xr(fh) < q2 deg(D)q4£deg(f h)+2¢ deg(D)
Fen 42,5 +1-deg(D)
(F D) 1
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Trivially bounding the sums over D and f in equation (8.17) gives a total upper bound of
S < q #Hsg ,

and similarly for S».

8.3. The dual term

Now we focus on Sy _guai. From equation (8.5), using equations (2.14) and (2.12), we have

_ -2 1 2
Si,dual =g 2 Z W Z G, (fh ,F) (8.18)
S EeEMy,<g-x-1 M2 g
(F,fh)=1

P|F=P¢F,[T]

- |
q ° 1 )
* 1 -9 Z glee(£)/2 Z qu (fh ,F) . (8.19)
feMgg-x Fe?—tqz,%+1
(F,fh)=1

P|F=P¢F,[T]

We write S1 dual = Si11,dual + S12,dual for terms (8.18) and (8.19), respectively, on the right-hand side of
this equation.

‘We have
Yo GelfrF) = Y wy Y Gpe(r#RNF)
Fetyp g, NeF, [7;] FeMp2 .1 gy
(F.fh)=1 deg(N)<5+1 (F.f h)=1
P|F=P¢F,[T] (N,f h)=1

u(N)G 2 ( R, N) > G, ( FHN, F) .

NeF,[T] Fquz,%+l—deg(N)
deg(N)<5+1 (F,N fh)=1
(N, fh)=1

(8.20)

Now let (f, h) = Band write f = Bf and h = Bh, where f = f1 7 f and h = hih3h3 with (f1, f2) = 1,
(h1, hp) =1 and fi, f, h1, hy square-free. Using Proposition 2.3, we get

848 4deg(N)-1 deg(fi)~4 deg(hy)- 3 [ §+1+deg(fiha)],

ng (2)

G, ( [N, F) =0pm=1
FEM‘IZ’%.;.]—deg(N)
(F,f hN)=1

-1
x G (L filN)p(1. [g/2+ 1 +deg(fil)]s) [ ] (1+|P1|)
PEF ,[T] q>

P|fhN

() _ssii)| 1 }{ P> (fH2N,u) du
’ 270 Jjujeg2e y5¥1-dee(D)  u

s

+0 (5ﬁh]:1q§+agdeg(N)

with 2/3 < o < 4/3. Combining formulas (8.18) and (8.20), we write S11 qua = M1 + E1, where M,
corresponds to the first term in this equation. Using equation (2.15) and following similar steps as in
[13], we get
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-3 [&+1+deg(fim)],

ng/6+5/3 1 6fihl lq
M= 2 qiee(B)/2 2 deg(f ) /2+deg(fi) 3
K Blh deg(f)<g-X-1-deg(B) 4
deg(B)<g-X-1 (fﬁ)ﬂ
- 2
x Y pN)gEN |G (1,N)]
NeFy[T)
deg(N)<5+1
(N.fh)=1
1!
xp(1,[g/2+ 1 +deg(fil)ly) | | (”W)
PeF, 5 [T] 9’
P|fhN
~ q8/6+5/3 Z 1 Z S p, Iq%[§+1+cleg(f.hz)]3
- 2 deg(B) /2 deg(F ) /2+deg(fihn) /3
{2 (2) &hoa doe(F) <o X dee(my 9 eg(f)/2+deg(fiha)/
deg(B)<g-X-1 (f,ﬁ):l

1
<ol [ef2+ 1 edeg(im) ] (14 5]
(7] 4

PeF ,
q
P|fh
-1
1
X N)g~2dee(N) 1+ ,
> (g [ e
N€F,[T] PeF (T 4
deg(N)<5+1 PN

(N.fh)=1

47

where we have used G 2 (fh%, N) = xn (fh*) G 2(1,N) and the fact that the first sum is zero unless

hy=fH=1

Similarly as in [13], we use Perron’s formula and the generating series to rewrite the sum over N.

Again, the only difference is the presence of /4 in these formulas. We have

-1
_ 1

¥ umren [] et
(7] e

NeF,[T] PeF
deg(N)<5+1 P|N
(N, f h)=1
1 Juk (W) -1 _
=— @ ——F——X n Adual,R (W) l_[ Baua,g(w) ™!
24101 _ )
i J weP (1 = w) ReF,[T] ReF, [T
deg(R) odd deg(R) even
RIfh R|fh
where
Tk (w) = H Adual,R (W) l_[ Bgual,r (W)
ReF,[T] REeF,
deg(R) odd deg(R) even
and
wdeg(R) wieg(R)
Adua,r(W) =1 - and  Bgua,r(w) =1- 5
g2des(®) (1 + w) g2dee(R) (1 + de;(m)
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Introducing the sums over B and f, we have

§[5+1+deg(filn)]4

M, = g8/ 3 1 3 Opm=19 >
deg(B)/2 d 2+d hy)/3
{2 (2) s q dee(F) <gX-1—dex(B) q eg(f)/2+deg(fiha)/
deg(B)<g-X-1 (f,ﬁ)=1
1\ 1\
xp(l,[g/2+ 1 +deg(fi)ls) [ ] (1+m) <[] (1+m) (8.21)
ReR, [T] q ReR, [T] 4
deg(R) odd deg(R) even
RIfh R|fh
1 Tk (W _ dw
i % I_l Aguat, (W)™ ]_[ Baal, k(W)™ o
weZH (1 —w) ReF, [T] ReR, [T]
deg(R) odd deg(R) even
RIfh R|fh
We let
0p=1 -1 -1 de
. - . 2(f)
Hax (hs u, w) Z deg(f)/2+deg(fi)/3 1_[ Cr(w) 1_[ Dr(w)™u ’
(f.h)=1 q ReF,(T] ReFy[T]
deg(R) odd deg(R) even
R|f RIf
R{h Rth
where

1 ) 1 wdeg(R)

Cr(W) = Adual, (W) (] + g2 dee(R) + g2 dee(R) - g2de(R)

1 2 1 2 deg(R)
Dg(w) = Baua,r (W) (1 + M) = (1 + qdeg(R)) WGk
Then we can write down an Euler product for Hx (h; u, w), and we have

u(3j+1) deg(R) © 3] deg(R)

. _ 1
Hox (hu,w) = . L_[[T] 1+ Cr(w)” deg(R)/3 Z q(3]+l)deg(R)/2 Z q3j deg(R)/2
€lg

deg(R) odd
Rth

uGithdeg(R) & 3 deg(R)

1
-1
X n 1+Dgr(w) RSSYE Z 4 Ci+D dee(R) /2 Z 437 dea(®)]2
ReF, [T ] =0 =
deg(R) even
Rih

M(?j+])deg(R) R u3jdeg(R)

X 1—[ L+ deg(R)/3 Z q(3j+])deg(R)/2 Z q3jdeg(R)/2
ReF,[T] Jj=1

R|B
Rth
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Following [13], let

uGiHldeg(R) & 3jdeg(R)

_ -1
Hok (1, w) = 1_[ 1+ Cr(w) deg(R)/3 Z q(3j+])deg(R)/2 Z g3 deg(R)/2
ReF, [T] j=1
deg(R) odd

uGiHldeg(R) & 3jdeg(R)

1
X 1—[ 1 +DR(W) qdeg(R)/3 Z q(3/+1)deg(R)/2 Z q3jdeg(R)/2
ReF, [T] j=1
deg(R) even

1_[ 1 ydeg(R) y3deg(R)
= 1+Cr (W)7 +
32
RER,(T] RIS (1 = w IRI)? — u3dee(®
deg(R) odd |R|;1
deg(R) 3deg(R)
— u u
< L jrepaeo” P dea(R)
ReF, [T |R|5/6( _ usaeg;;)) IR — uddee
deg(R) even IR

= Z( 5/6) nK(u,W)5

with Bk (¢, w) analytic in a wider region — for example, Bnx (u, w) is absolutely convergent for |u| < ¢ s
and |uw| < q%.
After simplifying and making similar computations to the ones in [13], we have

-1

deg(R) 3deg(R)
u u
HnK(h;u, W) = HnK(u, W) l_[ 1 +CR(W)_1 + %
ReFy[T] |R|5/6 _ udde®) IR[;/* — uddee(R)
deg(R) odd |R\(31/2
R|h
-1
deg(R) 3deg(R)
X I—I 1+Dg(w)™! " + 3/b;
ReF,[T] |R|5/6 _ uddes(R) |R|q — y3deg(R)
deg(R) even |R|3/2
R|h
deg(R) 3 deg(R)
X 1—[ 1+ “ 7
ReF, [T] |R|5/6 _ udde®) |R| — y3deg(R)
R|B IRI)?
Rth
_u - —
:Z( 5/6)BHK(”’W) l_[ Eg(u,w)™! l_[ Gru,w)™! 1—[ Fr(u).
4q ReF,[T] ReF, [T] ReF,[T]
deg(R) odd deg(R) even R|B
R|h R|h RIR

(8.22)

We now rewrite M using the generating series we have obtained and Perron’s formula for the sum
over f. We need to deal with the terms involving [g/2+1+deg( fi h)]3 that appear in equation (8.21). We
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notice that if g/2+1+deg(fih2) = 0 (mod 3), then deg( f;) = g —deg(hy) — 1 (mod 3), and in that case,
o(1, [g/2+1+deg(f1hy)]3) = 1.If g/2+1+deg(f1hs) = 1 (mod 3), then deg(f1) = g—deg(hy) (mod 3).
In this case we also have 7(y3) = ¢ by Proposition 2.3, and p(1, [g/2 + 1 + deg(fih2)]3) = ¢°,
since we are working over F 2. Using Perron’s formula (Lemma 2.2) twice and keeping in mind that
X = 2deg(h) (mod 3), we get

=Ty On,=1 L § § HacthmTuto)
§q2(2) i qdcg(B)/2+dcg(h2)/3 (27-”')2 Wg/2+1(1 — W)
deg(B)<g-X-1
4 _1 1 q'3 dw du
deg(R) odd deg(R) even
Rlh Rk

We proceed as in [13], shifting the contour of integration over w to |w| = ¢!~ and computing the
residue at w = 1. Writing

K:nl((u) = BnK(M’ l)jnK(l),

we get
1 —{q2(2) o gdee(B)[2+deg(h2)[3 2 i (1 _ uql/G) (1 _ M3) ue—X-1 q
deg(B)<g-X-1

_ _ _ _ du
x [ Er@D'ceW™ [] GruD'Dr)™ [] Fr=
ReF,[T] ReF, [T ReF,[T] u

deg(R) odd deg(R) even R|B

R|h Rk Rth

+0 (q§_%+£g) .

Shifting the contour of integration to |#| = g~ and computing the residue at u = ‘%,
g g q puting q

M= g Kok (q71/%) Z Op =1 1—[ E ( 16 1)_1C (1)-!
1 =44 ng(z) (\/6_ ]) & q2deg(B)/3+deg(h2)/3 ReR, [T R\4 ’ R
€y
deg(B)<g-X-1 deg(RI) odd
R|h
-1 54
X I_l Gr (4_1/6, 1) Dr(1)™! 1_[ FR (q_1/6) +0 (q%ursg) -
ReF,[T] ReF,[T]
deg(R) even R|B
R|h Rth
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Now note that we can extend the sum over B to include all B | & at the expense of an error term of
size O (T(h)/q%(g‘x)), giving a total error term of size O (q%“%”g). Then

x,, Kk (g7

-1 -1
=2 F =t [ E(¢7%1) cr)™ [ Gr(a7V01) DR()
{p(2) (\/3— 1) ReF, [T] REF,[T]
deg(R) odd deg(R) even
R|h R|h
On =1 -1/6 B ieg 24X 1eg
XZQZdeg(B)/3+deg(h2)/3 [1 Fefa)ro(q¥reerqieiree). 8.23)
Blh ReF, [T]
R|B
Rth

Recall that 1 = CS?E3 with C, S square-free and coprime. Then for the sum over B we can write an
Euler product as follows:

Oni=1 ~1/6
£ g2aen ) [rvdeg ) [ = (‘1 )

ReF,[T]
R|B
Rth
~ ordg (h)-1 1 ordgr (h)-1 1 Fr (q_1/6)
- 1—[ Z |R|2]/3 Z 1,2 + 2ordp (h)
ReF,([T] Jj=1 Jj=2 |Rq3 3 R|, °
R|C Jj=1 (mod 3) Jj=2 (mod 3) 4
ordgr (h)—-1 ordgr (h)—-1 -1/6
1 1 Fr(q7'°)
x 1_[ Z R2]/3 Z 1,2 + 2ordg (h)
rRer,(T]| = Rlg = R ORl,
R|S Jj=2 (mod 3) j=0 (mod 3)
ordg (h)-1 1 ordg (h)-1 1 Fr (61_1/6)
% ]_[ Z il T 1,2 2o (h)
rer, (11| =0 IRlg RIS TR
q | |q
RIE j=0 (mod 3) Jj= ](mod3)
RICS
. - . -1/6\ — IRlg
Simplifying and using the fact that Fg (¢~'/°) = ; RT, o> Ve get
5h1:1 -1/6 1 |R|q
F R —
ZZdB3dh3l_[R(q) 23131_[ _
& q eg(B)/3+deg(hy)/ ReF,IT] |C| / |S| / ReF, [T] |R|q 1
R|B R|h
Rth
Using this and equation (8.23), it follows that
’C —1/6 -1
My =2¢¢7%% 27 1/? ) [ Ex (q_1/6’1) Cr()”!
IClg7 1814742 (2) (va - 1) ReF, [T]
deg(R) odd
R|h
“i6 1\ -1 IRlq Bie £4Xye
<[] GR(q ,1) pr()'x [] - 1+0(q6 g 4 g5+s g).
ReF,[T] ReF, [T] IRlg —
deg(R) even R|h
Rih
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Putting everything together, we get

S11,dual

zqg7%+2]CnK (q—l/é)

-1 -1
ER (q_l/é,l) CR(I)—I H GR (C]_l/G,l) DR(I)—I
2/3 1/3
TIPS ) (Va - 1) reb b Rk, [T]
deg(R) odd deg(R) even
R|h R|h
|R|q

O( % ieg §+§+gg)
RER, [T] IRlg —1
q

Rk

i 2
_g 1 1 5 ¥, (fh*N,u) du
e Y Y unG, () e YN du,
f)/2 q /2+1—deg(N)
2mi lul=g~2 fqu,Sg—X—l qice f NEFIT] u8/4+l—-deg u
deg(N)<5+1
(N.f =1

We treat S;2 gua Similarly, and since deg(f) = g — X we have [g/2 + 1 + deg(fih2)]s = 1. Then, as
before, p(1,1) = 7(x3) = ¢°, and we get

S12, dual
X
g% ok (g7 _ -1 ) ) i
2/3, /3 1 ) ERr (q 1/691) Cr(1)™! 1_[ Gr (q 16 1) Dr(1)™!
|C| IS1q 412(2)(1_\/‘_1) ReF,[T]

ReF,[T]
deg(R) odd deg(R) even
R|h R|h
|R|q +0 (q%’ﬂ:g + q§+§+sg)
ReF, |R|q
th

—1 J 2
q 2 L 1 5 ‘I’qz (fh N,u)ﬂ
* 1 —+fq 2ni ‘ful_qur , Z qdee(f)12 Z HING (fh ’N)

u8/2+1-deg(N) o~
feEMy e-x N€eF,[T]

deg(N)<5+1

(N, fh)=1

Combining the two previous equations, we get

g5 5 2Kk (¢7119) £,(1/2)
Sl,dual = - 23 13
ICI2P18153 2,0 (2)

[T Ee(ee1) cey?

ReF,[T]
deg(R) odd
R|h
-1/6 -1 |R|q By S4+Xeg

[_] Gr (47/0,1) " Dr(1) [_] W +0 (gF+es 4 g8+3 (8.24)
ReF,[T] ReF, q
deg(R) even R|h

R|h
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1 1 \i’qz (fth, u) du

+q7g/271_'7§ Z d 2 Z u(N)G (fhz’N) 2+1-deg(N) 15

2mi lul=g~2° FeMoymgxa q eg(f)/ NeF, 7] ug/ + eg(N) u
deg(N)S%H

(N,fh)=1
R : (NG (£172.N) Tz (SN, ) du
1 —+fq 2ni Jyu=g-20 Z qdee(f)/2 Z H q* fh, u8/2+1-deg(N) 4 -

feEMge-x NE€eF,[T]
deg(N)<5+1
(N, fh)=1

Now using the work from [13], we have

K (477%) _ Awc (1/4%1/4)
77(2) 7,(3)

When deg(R) is odd, note that we have

Rly _
|R|q -1

-1
Er(q7%1) " Cr())!

and when deg(R) is even, we have

_ -1 IR IRI; 11
GR (C] 1/671) DRl £ = 2 - :MR (_25_)
Rlg— 1 |RZ+2IRly -2 2 q

Hence combining equations (8.24) and (8.16), we get

q5*%¢4(3/2) (1 1 ) (1 1 )
S +Sl,dual = —A%K |5 =2~ MR 5 a2
1 Lg(3ICIg4/1S1q a* > l_[ q* g2

ReF, [T]
deg(R) even
R|h
X7 2
~&_ 1 1 2 \qu (fh N,M) du
rg i — Y wmrn D, HWNGe (fRN) e S
2 lul=g=2o FeMyagxa q eg(f)/ NERIT] ug/ + eg(N) u
deg(N)<5+1
(N,fh)=1
-3-1 P, (fh*N,u)
q 2 1 f 1 2 q2 f sUu) du
+ — _ u(N)G Z(fh,N)f_
L =g 2ni Jyy=g-2 fe/\%:,gx qdee(f)/2 Ne%:[T] q u8/2+1-deg(N)
deg(N)<5+1
(N, f h)=1
+0 (q‘%gﬂ;‘g " q§+§+gg + qg—§+sg) .
Using Proposition 2.3 and following similar steps as in the proof at [13, page 48], we get
§ 2
- 1 1 2 lpqz(fh N’M)du
qa° 54 Z d 2 Z '“(N)qu(fh’N) 2+1-deg(N) 55
2mi lul=g~2° FeMomgxa q eg(f)/ NeF, 7] ug/ + eg(N) u
deg(N)<5+1
(N,fh)=1

3 3
- qug—(Z—o-)X+2deg(h)(§—0')’

as long as o > 7/6. The second integral involving the sum over f € M ,_x is similarly bounded.
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Collecting the estimate forS gt S'1,dual With the proper error terms and the estimate forS 1 £7 from

Section 8.2, we get

q%*?2,4(3/2) 11 11
xr (4 )= L2222 4 (1L Mg
)cecz(g) ( ) £4(3)IClgISly @ ¢ RJ;[[T] a> ¢
deg(R) even
R|h

X 3g 3 S X
+0 (q%u:g +q727(270-)X+2deg(h)(770-) +q§+gg +qg—7+sg) ’

where 7/6 < o < 4/3. We pick ¢ = 7/6 and X = %Tg + %. Then the error term becomes
eg(h)
0 ( q ol ) eg ) Since deg(h) < fio — &g, the main term dominates the error term, and we have a

genuine asymptotic formula.

8.4. Proof of Theorem 1.3

Proof. Here we will finish the proof of Theorem 1.3. From equation (8.2) and Proposition 8.1, it follows
that the main term in the mollified first moment is equal to

J
q¢*2¢,(3/2) ( 11 )
— " Ax =, — T(r), (8.25)
403 T\ g P l:(!
where
a(hy; J)A(hy)v(hy)
T(r) - ;/2 3/2 3/2 Mg —2,3—/2
Plh,=Pel, ICrlg ISk 15 7 1ER g™ Re, (1) 9 4
Q(hy) <, deg R even
h,=C,S2E} R|h,
(Cr,Sr)=1,C,,S, square-free
a(hy; HNA(h)v(h,) 1 1
= Z 3/2) ¢ 13/21 1 13/2 1_[ Mg (= 32
Plh.=Pel, IG5 71501 1 ER g™ Rer, (1] g 4
h,=C, SfEr3 deg R even
(Cy,Sy)=1,C;,S; square-free R|h,
2Q(hy)
- 321 13/2 1 13/2°
pinSee, 201G, P 1E

h,=C,SZE}
(Cr,Sr)=1,C;,S, square-free

where in the second line we have added the /1, with Q(k,) > £, to the main sum, and we have also used
the facts that 26~ < 22U%) and the bound v(h,-) < 1. Now we have

2Q(hy)
A 3/2| ¢ 13/2 3/2
2 Plh,=Pe€l, |Cr|q/ |Sr|q/ IEr|q/
h,=C,S2E?
(Cy,Sr)=1,C,S; square-free
Q(Cy) Q(Sy)
< 1’ : Z : 3/2
o picisper, |Cr |q pis.=per, 1Srlg
-1 -1 -1
gRUEr) 4 8
x 2, 2 26 [ 1] 3/2 == '~ %
plE=Per, |Erly Pel, |P| [Py [Py
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so combining the two previous equations, we get

T(r) > Z a(hy; J)A(hr)v(hy) 1—[ Mg (i 1 )
- 3/2 3/2 3/2 3/2
Plh,=Pel, ICrlg s, g PIE, lg / ReF, [T P ¢
h,=C,S2E} deg R even
(Cr,Sr)=1,C,,S, square-free R|h,

-1 -1 -1
4 8
1 - 1 - .
2 11—1[( |P|3/2) ( |P|3/2) ( |P|3/2)

Let U(r) denote the first term. Then

J J J 1
[Trr=]Joo]]|- . (826)
r=0 r=0 =0 ZfrU(r) HPGI 3 2 1- % 1- %

e Pl P17
We first focus on
y li[U() Ii[ 5 a(hy; D)A(hy)v(hy) [ (1 1 )
= r)= R|—=, —=
3/2a 13/2 3/2 27 32
r=0 w0 ewsrea,  GIEPISHPIE? jey iy \4P 4
hr=CrSfEf deg R even
(Cy,Sr)=1,C,, S, square-free R|h,

s P: 3e+1 -1 3e+l
14 3 Al

(8.27)
PR (3e +3)!

r=0 Pel,

x (a(P;)? +3(e + 1)(-a(P; J)+3e+2))NP( 1 %ﬂ)l
7 q

where Np (# #) =Mp (q—lz, #) or 1 according to whether deg(P) is even or odd. Thus

_a(P;J)
Pl

1
1+ = (1 +——+—
1/2
deg(P)<(g+2)6; l 3 P> 1Pla

2 2 2 .
1 P,J 1 a(P;J
+— 1+ 6*22_'_6_3 _éle) + — 1+ g:iz_*_i exp _le) _1
3 1P IPlg 1Pl 3 1Py 1Pl Pl
1 1
X Np (— —) . (8.28)
PERPRE l
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For the second product of formula (8.26), we have

4 1

1-
r=0 26-U(r) [lpes, ( lPlz/z) (1 Pls/z) (1 |pT3/2)

1 g 1 2 4 8
= (1 =20 &P (; " (q3n/2_1 T g T e —8)))

X 1- exp +0 ( )
A 2 2206,
r=1 2 n=(g+2)0,_ nq”/ q=so!
! 1
(1 ‘%K)H( (—%qge,-l/z))
r=
1
> 1-—,
ee

where in the second line we used the inequality form of the Prime Polynomial Theorem (2.1),

" 1 2 4 8 . . L
K = exp (Z:’Zl qT (an/2_1 P Rl e ) , and the estimate in the last line is taken
with the constants chosen in Section 7.
Putting together all this information, we obtain

45*244(3/2) 1 45*244(3/2) 11
e A“K( > 3/2)HT(”>(1_ ) ) A“K(?’W)”' .

Finally, summing the error term coming from Proposition 8.1 gives

1/4 w(g+
D Y (830)
deg(h)<w(g+2) |h|

where w = 2?:0 6;¢;. Note that because of formula (4.2), we have

so formula (8.30) constitutes an error term. This finishes the proof of Theorem 1.3. |

Proof of Corollary 1.4. Note that from expression (8.27), we can write

P:J
U ( al 3/2)( (P;J)> —3a(P:J) +6)
deg(P)<(g+2) 6, 6|P|
1
. (1)
deg(P)<(g+2) 6y 1P
> ¢,(3/2)7"

https://doi.org/10.1017/fms.2021.62 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.62

Forum of Mathematics, Sigma 57

We also have

o1 1 1+ (1 - =)
Awl\somp)= I = 1 s
ReF, [T] [RIZ ReF,[T] 1+L)

deg(R) odd deg(R)even

For the factors involving R of even degree, we have

1 2 1\?
1- - >(1-—]| .
(IRI+1)2  |R|'2(|R| +1)? IR|?

and this leads to
1 1 o
Ank (gy W) > ,(2)".
Combining everything, the main term of the mollified moment in formula (8.29) satisfies

> (1 - L) Lﬂ >0 6143qg+2
- e ) £g(228,(3) ~ ’

where we have bounded by the worst case g = 5. O

9. Conclusion

The method we used for the family of cubic L-functions would be expected to work in general for
families where one can compute the first moment with a power-saving error term, and it is useful in
families where the second moment is not known. The method allows us to get a sharp upper bound for
the second mollified moment, which is enough to obtain a positive proportion of nonvanishing (under
the GRH). For the family of cubic twists, we expect that the Kummer case would be similar, and the
results would hold in that setting as well. Our results should also transfer over to number fields, but it
would be conditional on the GRH.
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