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CONGRUENCES FOR RANKS OF PARTITIONS
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Abstract

Ranks of partitions play an important role in the theory of partitions. They provide combinatorial
interpretations for Ramanujan’s famous congruences for partition functions. We establish a family of
congruences modulo powers of 5 for ranks of partitions.
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1. Introduction

A partition of a positive integer n is a sequence of nonincreasing positive integers
whose sum equals n. Let p(n) denote the number of partitions of #. Ramanujan found
and proved the three famous congruences:

p(5n+4) =0 (mod 5), (L.1)
p(Tn+5) =0 (mod 7), (1.2)
p(11ln + 6) = 0 (mod 11).

Dyson [9] defined the rank of a partition to be the largest part minus the number of
parts and conjectured that ranks of partitions provided combinatorial interpretations
to Ramanujan’s congruences (1.1) and (1.2). Atkin and Swinnerton-Dyer [3] proved
these conjectures. Namely,

Sn+4

N(m,5,5n+4):¥, 0<m<4, (13)
Tn+5

N(j,7,7n+5):‘w, 0<j<6,

where N(m, k,n) denotes the number of partitions of » with rank congruent to m
modulo k. They also obtained the generating functions for every rank difference
Nb,t,tn+d)—N(c,t,{n+d)with{ =5,7and 0 < b,c,d < ¢.
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Inspired by the works of Atkin and Swinnerton-Dyer, many authors studied
properties of ranks of partitions. For equalities between N(t, k,n) and N(s, k,n), see
[1, 10, 12, 17]. For example, Andrews et. al. [1] found that

N(0,4;2n) — N(2,4;2n) = (-1)"(N(0, 8;2n) — N(4, 8;2n)),
N(@,4;2n+ 1) - N@2,4;2n+ 1) = (-1)"(N(0,8;2n + 1) + N(1,8;2n + 1)
-2N(@3,8;2n+1) - N4,8;2n + 1)).
In [2], Andrews and Lewis made conjectures on inequalities between ranks of
partitions modulo 3. Bringmann [4] first proved these conjectures: for n > 0,
N(0,3,3n) < N(1,3,3n) (n#1,3,7), (1.4)
N(0,3,3n+1) > N(1,3,3n+ 1),
N@,3,3n+2) <N(1,3,3n +2).
When n = 1,3,7, we have equality in (1.4). Bringmann’s proof relies on the circle
method to obtain asymptotic results on ranks of partitions modulo 3. For more
studies on the asymptotic behaviour of ranks of partitions, see [5, 6]. Later, Chan
and the author provided refinements of these inequalities by using elementary g-series

manipulation (see [7, Corollary 1.7]).
More recently, Chen et al. [8] studied congruences for ranks of partitions. Let

ag(n) := N(0,2,n) — N(1,2,n).
They proved that, for all @ > 3 and all n > 0,
ap(53°n + 8,) + ap(5*n + 84-2) = 0 (mod 51*/2),

where 0, satisfies 0 < §, < 5% and 246, = 1 (mod 5%). In this paper, we establish the
following congruences.

THEOREM 1.1. For integers a > 0, let

23.50-19
20 7 ifaisodd,
. 24
* 711957 - 1) o
—_— I a 1S even.
24

Then,
N(1,10,5%"'n + 52, + 4) = N(5,10,5%"'n + 51, + 4) (mod 51@*D/2]),
REMARK 1.2. From the proof of Proposition 3.1,
N(0,10,5n +4) = N(4,10,5n + 4) = N(1,10,5n + 4) = N(5,10,5n + 4).  (1.5)
Thus,
N(0, 10,5 n + 52, +4) = N(4,10,5% ' + 52, + 4) (mod 5L@*D/2)),
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We prove Theorem 1.1 by arguments similar to those in [14, 16, 18]. We first
establish some identities between modular functions on I'y(10) in Section 2. Then we
prove Theorem 1.1 in Section 3.

2. Preliminaries
Recall the Dedekind eta-function given by
() = (@)

In the above equation and for the rest of this article, we use the notation
(Do = (53 Qoo 1= | |1 = x6h),
k=0

where g = 2™ with Im(7) > 0. We also need

iy T2OT5D)
P i aory
o GDRR(107)
I e
v QD
M = M(1) := 72(500)"
K = k() = 120,
n(t)

By the criteria for the modularity of eta-products [15, Theorem 4.7], p, ¢t are modular
functions on I'((10) and M, K are on I'3(50) and I'y(25), respectively.
For g(1) 1= ;2 a,(n)q", the operator Uy is defined by

v =1 3 o)

k=1
A=0

One can easily verify that

Uk £(d)9)(0) = f(g) D aglkn)g".

We need the following fundamental lemma.
LEMMA 2.1 (See [18, Lemma 2.3]). Let
ao(t) = -1,
a(t) = —t(2 -5+ 5%),
a () = —t(11-5+2- 531+ 5%3),
az(t) = —t(28 -5+ 11 - 5%t + 2 - 5°7 + 557,
as(t) = —1(7-5* +28 -5+ 11-5°2 +2- 577 + 5%%).
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Then, foru: H — C and j € Z,
4

Us(ut') = — Z a () Us(ud™*™3). @2.1)

=0

LEMMA 2.2. Let U%)(f) := Us(K - o/ - f), UY)(f) := Us(M - p - f). Then we have
four groups of identities.

Group 1
u®O(1) = 5pt
veoah=p

UCO@ 2y =1-4-5t- 52 + p(-4 + 5%)
U3y = —6+7-5%+2-5*2+ 57 +p(5-4-5%)
U =13-18 -5 -2-5*%% +2.5° +57¢
+p2-52=5%-2.52 -2.5).
Group 11
UOY(1)=4r-9-522-9.5% -31.5¢* - 7.57° - 5°65
+p(29-5t+57-5°2 + 3752 + 63 - 5% + 11 - 585 + 51%)
UCYEYy = =51+ p(1 + 5%1)
UCYE2) = —4.5 - 52 + p(1 + 5%)
U3 =1+18-5t+7-52 +52 + p(-2-5-3-5%1 - 5%
U =-2.54+7-52t+4-52 +5%° + 57 + p(9-5-2- 5%t - 5°F).
Group II1
uto) = -1
U =3.5+4-5%t+p@' - 5%
UM =-12-5-4-51 -5 + p(-41" +4.5%)
UM =71 = 5% = 5% + p(2 - 57 + 5°1 + 5%)
UM = 2.5 +54.5% 418 - 5% + 2. 5% - 5%+
+p(18 -5 =38-53-2.5%-2.574%).
Group IV
UMD = -4 =52 =52 + p(11 - 5+ 5% + 5°%)
UMY =2-5+4-5%+pt ' —4-5)
UMD = 5%t — 52 + 5°pt
UMD = -33.5-11-5% =572 - 5% + p(-11r + 11 - 5% + 5°1%)
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UM =r'+33-52+11-5% -5 =57 - 5%
+p(11-5.1 —9.5% + 551+ 552 + 574,
SKETCH OF PROOF. The equations in Groups I-IV are identities between modular
functions on I'p(10). One can automatically prove them by the MAPLE package

ETA [11]. For example, the Maple commands for verifying the second identity in
Group II are provided at https://github.com/dongpanghu/code5.

We call a map d:ZXZ — Z a discrete array if for each i, the map
d(i,—) : Z — 7Z given by j + d(i,j) has finite support.
LEMMA 2.3. There exist discrete arrays a;j, b;j with 0 < i,j < 1 such that for k € Z,

Uy = i a; j(k, m)t" + p( i biJ(k,n)t"), (2.2

n=[(k=s;;)/51 n=[(k-s;;)/51
where

-1 when (i,)) = (0,0),
-1 when (i,j) = (0, 1),
ST 4 when (i,j) = (1,0),
4 when (i,j) = (1,1).

Moreover, the values of a; j(k,n) and b; j(k,n) for —4 < k < 0 are given in Groups I-1V
of Lemma 2.2 and, for other k, a; j(k, n), b; j(k, n), satisfy the recurrence relation in [18,
2.17)]:

m(k,n) = (7-5*mk=1,n—1)+28-5mk - 1,n=2)+ 11 - mk - 1,n = 3)
+2-5mk-1,n-4)+5%mk - 1,n-5)+ (28 - 5m(k - 2,n— 1)
+11-5mk=2,n-2)+2-5mk—2,n=3) + 3°mk = 2,n — 4))
+(I11-5mk=3,n=1)+2-5mk -3,n=2)+5*mk = 3,n-3))

+©2-Smk—4,n— 1)+ 5*m(k —4,n = 2)) + m(k — 5,n — 1). (2.3)
PROOF. We verify that the result holds for —4 < k < 0 by Groups I-IV in Lemma 2.2.
Then we apply (2.1) to prove Lemma 2.3 by induction on k. ]

Denote the 5-adic order of n by m(n) and set 71(0) = +oo.

LEMMA 2.4 [18, Lemma 2.8]. Let g(k,n) be integers which satisfy the recurrence

relation (2.3). Suppose there exists an integer | and a constant y such that, for
I<k<l+4,

MJ 2.4)

n(g(k,n)) > { :

Then (2.4) holds for any k € Z.
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LEMMA 2.5. Recall that a;j, b;; are given in Lemma 2.3. For n,k € Z,

ool = w 7(bo ok, ) = _5n3_ kJ,
st 2 [T |t 2[5
o) = [FS2 ] w2 |2
ari(k,m) 2 _w; (b1 1(k,n)) = WJ

PROOF. For -4 <k <0, the inequalities in Lemma 2.5 can be verified by
using Groups I-IV in Lemma 2.2. Then the results follow from Lemma 2.4
immediately. ]

3. Proof of Theorem 1.1
We first need the following generating function.

PROPOSITION 3.1. We have

sl (qIO. q10)2
Z(N(l, 10,57 +4) — N(5,10,5n + 4))q" = # (3.1
pary (4: Do

PROOF. We deduce from [13, (1.14)] that
Z(N(O, 10,57 +4) + N(1,10,5n + 4) — N(4,10,5n + 4) — N(5, 10, 5n + 4))q"
n=0

249" )%
T @ De 32
Note that

N(0,5,n) = N(0,10,n) + N(5, 10, n)
and
N(1,5,n) = N(1,10,n) + N(4, 10, n),
which together with (1.3) give
N(0,10,57 +4) — N(4,10,5n +4) = N(1,10,51n + 4) — N(5,10,5n + 4). (3.3)

Equation (3.1) follows immediately from (3.2) and (3.3). O
Define
© (q"; ¢'0)2
Z e(n)q" = ————.
n=0 (C]’ q)oo
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Then Proposition 3.1 implies
N(1,10,5n 4+ 4) — N(5,10,5n + 4) = e(n). 3.4)
Let Ly := 1 and, for a > 1,

(@4 _
Loy := % e(5* 'n+ Aa-1q",
(¢*:9)% =

(@ Do "
= gL Z e(5%n + )"
’ ® n=0

Da -

LEMMA 3.2. Forall « > 0,
Logs1 = UO(Lyy), (3.5)

Logs2 = UM (Logsy). (3.6)

PROOF. For any a > 0,

@40 (@D o
UOY(L,,) = Us(q ) e(53%n + A, )qn)
« (@D (g% Z:(; ’

(@34 S o "
= . U5( E e(57n + L)q" )
. 2
(@* 4P oy

(@30 2 "
= L2370 N (5250 4+ 4) + Aag)q"
(@ 4% ;

(@ @)oo
’ ® =0

=Loge1-

Similarly,

(P (@) < 1
U(l‘o)(Lz 1) = US( ®© . e(52a+ll’l + /12c1+1)qn+ )
« @2 (g% D)% ;

(4 Do -
= 1Z.q10 5 US(ZE(SMHVL + Da+1)q" 3)
(4" 9")% o

(o8]

s © pn=0

(o)

(S . n
’ ®  pn=0

= Lygs2. |
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THEOREM 3.3. There exists discrete arrays c,d such that for a > 1,

L, = Z c(a, n)t" +p( Z d(a, n)t”),

n>dy n>0,
where
S5 = 1 ifaisodd,
¢ 710 otherwise.
Moreover,
a—_l + 5n—2J if ais odd,
n(c(a,n)) > o S0+ 1 3.7
-+ { J otherwise
2 3
and
% + {S:S—nJ if ais odd,
n(d(a,n)) > o 5143 . (3.8)
- { J otherwise.
2
PROOF. Let ¢(1,k) =0 for k> 1 and d(1,1) =5,d(1,k) =0 for k> 2. For a > 1,
define
ca,n) = Z[C(Qaf - LKkaolk,n) +d2a - 1, ka1 (k,n)],
k=1
dQa,n) = ) [ = 1,lbiotk,n) + da = 1, )by (k, m),
k=1
cQa+ 1) = Y [eQa, Bago(k,n) + d2a, Kao, (k, n)],
k=0
dQa + 1,n) = Z[C(Z(I, k)bo ok, n) + dQ2a, k)b 1 (k, n)].
k=0
From Lemma 2.2, Group I and (3.5),
1
Li = UOLy) = U°0(1) = o Y dct,mr'),
n=1
which gives n(c(1,n)) > [(5n — 2)/3] and n(d(1, n)) > |5n/3]. From (3.6),
1 1
Ly = UML) = UsM - L) = Y| d(LmUs(Mpt") = . d(1myU™D(#")
n=1 n=1
1
=Ydam( Y aumbtap Y bu b)) (by (2.2))

n=1 k>[(n—4)/5] k>[(n—4)/5]
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[ le aa. bk mle+o{ Y | Z a. bk |}

n>0 = k=1 n>0

2, )" + p( S, n)t”).

n>0 n=0

From Lemma 2.5,

n(c(2,n)) = m(d(1,1)) + n(a1(1,n)) > 1 + {Sn + IJ,

(d(2,m)) = 7(d(1, 1)) + 2(by, (1, m) = 1+ f” + 3J,

Thus, the result holds for L, when @ = 1,2. We proceed by induction. Suppose that
the result holds for L,,. Then, applying (2.2) and (3.5),

Loge1 = U (L) = Us(K - Laa)
= Z cQa, n)Us(Kt") + Z dQa, n)Us(Kpt")

n>0 n>0

- Z cQa, U ) + Z dQa, n)UOD ")

n>0 n>0
=Y cCam( Y aombit e Y bootnkrt))
n=0 k=[(n+1)/5] k=[(n+1)/5]
£y dCan( Y aamitap( Y boatnbt))
n>0 k=[(n+1/517 k=[(n+1)/5]
= 3 [ DeCakasotem + dea. ok m) |
n>1 = k=0
+o{ | Doteakibootn + da, bboak |}
n>1 "~ k=0
= Y e@a+ 1+ p( Y dea+1, n)t”).
n>1 n>1

Moreover, using Lemma 2.5, (3.7) and (3.8), we find that

m(cQa + 1,n)) > r]£1>iél{7r(c(2a, k)) + m(ao ok, n)), n(d2a, k)) + n(ap 1 (k, n))}

Sn-2
Za+{ J
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and

n(d2a + 1,n) = r}{li(l)l{fr(C(Za, k) + ne(boo(k, n)), n(d(2a, k)) + n(bo,1(k, n))}
>
.- {SnJ
a+|—=|
- 3
Next, we consider L;,.,. Using (2.2) and (3.6),

Loasz = UM (Logar) = Us(M - Lygr1)
= ) cQa+ LmUs(Mt") + > dQ2a + 1, mUs(Mpt")

n>1 nx1

= Z cQa + 1, )UMO () + Z dQa + 1, ))UMD )
n>1 n>1

(o) (]

=) cQa+ 1,n)( D am b+ p( > b, k)tk))

n>1 k=[(n—4)/51 k=[(n-4)/5]

+ Zd(za’ + l,n)( i a1 (n, k) +p( i by (n, k)tk))

n>1 k=[(n—4)/5] k=[(n-4)/5]

= Z [i(c(Za + LKarok,n) + dQa + 1,k)ay 1 (k, n))]t"

n>0 = k=1

ol Y [i(c@a + 101Gk m) +d@a + 1, Kby G|}

n>0 k=1

= Z cQa+2,n)t" +p( Z dQa + 2, n)t”).

n>0 n=0

Then again by Lemma 2.5, (3.7) and (3.8),
m(cQa + 2,n)) > I]£1>i{1{7r(c(2cy + 1,k)) + n(a ok, n)), n(dQCa + 1,k)) + n(ay,1(k, n))}

Sn+1
Za/+1+{ J

and

n(dQRa +2,n)) > r]I€1>iP{7r(c(2a + 1, k) + n(b1ok, n)), n(dCa + 1, k)) + n(b1,1(k, n))}

Sn+3
Za+1+{ J

Thus, the result holds for Ly,,. This proves Theorem 3.3 by induction. O
COROLLARY 3.4. Fora > 1,
e(5%n + 1,) = 0 (mod 5L@*+D/2]),

PROOF. The result follows immediately from Lemma 3.2 and Theorem 3.3. ]
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Note that (3.4) together with Corollary 3.4 implies (1.5). Thus, the proof of
Theorem 1.1 is complete.
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