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Extensions of semigroups have been studied from two points of view;
ideal extensions and Schreier extension. In this paper another type of
extension is considered for the class of inverse semigroups. The main result
(Theorem 2) is stated in the form of the classical treatment of Schreier
extensions (see e.g. [7]). The motivation for the definition of idempotent-
separating extension comes primarily from G. B. Preston’s concept of a
normal set of subsets of a semigroup [6]. The characterization of such exten-
sions is applied to give another description of bisimple inverse w-semigroups,
which were first described by N. R. Reilly [8]. The main tool used in the
proof of Theorem 2 is Preston’s characterization of congruences on an
inverse semigroup [5]. For the standard terminology used, the reader is
referred to [1].

1. Definitions and preliminaries

Let 4 and B be inverse semigroups. A pair (S, f) where S is an
inverse semigroup containing 4 as a subsemigroup and f is a homomorphism
of S onto B such that f(E(B)) = A (where for a semigroup T,
E(T) = {eeT : ¢® = ¢}) is said to be an extension of A by B.

If moreover f has the property that f(e¢) = f(g) implies e =g for
e,ge E(A) then (S,f) is said to be an idempotent-separating extension
of A by B.

Let 4 and B be inverse semigroups and let (S, f) be an idempotent
separating extension of 4 by B; by a transversal of B in S we mean a
mapping g from B into S such that

(i) f(g(d)) =bforallbe B.
(ii) g(e) is the unique idempotent in f-1(¢) for all ¢ € E(B).
(Sometimes {g(b) : e B} will be itself called a transversal of B in S.)

1 Some of the results in this paper are part of the author’s Ph. D. thesis written under
the supervision of Professor R. P. Hunter at the Pennsylvania State University, 1966.
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Note that a transversal always exists; however it is not usually a homo-
morphism.

2. The construction

Let A and B be inverse semigroups and let f be a homomorphism from
A onto E(B) such that fis one to one on E(A4). (The existence of such an f
implies that 4 is a semilattice of groups, see e.g. [5]). Suppose that with
each b € B there are associated mappings # and v of 4 into 4 denoted by
a — a® and a — b® respectively and with each pair (b, ¢) € BX B there is
associated an element 4° € f~1(¢c"2d~1bc); such that:

(p1) w» and v are endomorphisms of 4 and for allae 4;b,ce B
If a e f1(b~1b) then a° e f1(c1b~1bc) and
If @ € f2(b~1b) then c® e f1(cb—1bc1)

(p2) If a e f1(b1b) then (b°)* - b° = b° - a® for all c € B.
(p3) ab-b°="b°-(a®)° for all e Ad; ce B.
(p4) (Bc)? (8°)% = b%3c® for b, ¢, d € B.
(p5) () if @ € f1(bb-1) then a® " = a
(ii) if @ € f1(b571) then (8%)® = a
(iii) (6d1)®* = e where ee E(4) n f1(b71d)
(iv) if ®=beB,acA, ec E(A) n f1(b) then a®* = ea
(v) (8b2)*" = eg where ee E(4) n f-1(bb~2)
and ge E(4) n f(cc).
Let S* = {(b,a) : b e B, a e f-1(b-1b)} and define an operation o on S* by
(b, a) o (c, a’) = (bc, b°aa’).
Moreover, define a mapping f from S* to B by f(b, a) = b.

THEOREM 1. (S*, f) is an idempotent separating extension of A by B.
Moreover flA = [.

ProoF. (1) S* is closed under o:
If (b, a), (c, a’) € S* then

focaca’) = fioo)f(a)f(a')

= ¢ 1b71bc - ¢1b1bc - clc = (c~1b~1be)? = c1bbe

hence (b, a) - (c, a’) € S*.
(2) Associativity:
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[(b,a)0 (c,a’)]o (4, a") = (bc, b°a’a’) o (d, a”)
= (bc - d, (bc)? (b°a’a’)a’)
— (b~ cd, (be)? (09 (a?)a?a™) by (pl)
— (b-cd, b4 (@) @0)a”) Dy (p4)
= (b-cd, b*a*c%a’%a’) by (p3)
= (b, a) o (cd, c2a’%a’)
= (b,a) o [(c,a’) o (4, a")].
(3) S* is an inverse semigroup:
(i) S* is regular:
Let (b, a) € S*, then
(0, a) (b7, z) (b, @) = (b, B*"a¥ ) (B, @) = (b, (BOL)® (B° a*=w)%a).
Let 2 = (@)1 (5*")~1; then, since

aefL(b1b), a"" e [ (bb-1bb71) = F1(bbY)
and
b* e f1(bb1bbt) = F1(bb1)
. x € f1(bb1), thus (b7, ) € S* and for this element « we have

(, a) (b1, z) (b, @) = (b, (Bb~1)2(8* a7 (@)1 ) N)%a) = (b, a)

by (pl and p5).
Similarly, (671, 2)(b, a) (b7, ) = (b7, z).
(ii) The idempotents of S* commute:
Let (b, a) € E(S*) then (b, a)? = (b2 b%a®a) = (b,a) thus 2 =10 and
bba’a = (bb~')*a’a = ¢ - eaa = a® where ee E(4) nf~(b) hence a? = a.
Therefore E(S*) = {(b, a) : b* = b and a? = a € f~1(b)}. Now, let (b, a) and
(c, a’) € E(S*) then
(b, a)(c, a’) = (bc, b°aca’)
and
(c,a’) (b, @) = (cb, cta’ta).
Now, bc=cb since b,ce E(B) and b°a®a’ = b°a’aa’ = b°a’a since
a,a’ € E(A) and (p5iv) also, c’a’®a = ctaa’a = c*a’a = b°a’a by (p5v).
(4) (S, /) is an extension of 4 by B:
Clearly f is a homomorphism of S onto B. Let A* = {(bb~%, a)} C S*. Then,

(851, a) o (cc, a’) = (bb~1cct, (Bb—1) " ac " a’) = (bb~tcct, eggaa’)
by (p5(v) and (iv)) where e e E(4) n f1(bb™1) and
geE(A) n f(cc™) = (bb~lec™?, aa’)
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since @ € f1(bb~1) and a’ € f1(cc1) and since A4 is a semilattice of groups
the idempotents are in the center of 4 (see e.g. [17).

Thus A x A*; clearly f'(E(B)) =~ A. Moreover, if ¢e E(B) then
(¢, a) € A* implies that f(a) = ¢ thus f((e, 4)) = ¢ = f(a) and fl4d = f.
Proving the theorem.

3. The structure theorem

THEOREM 2. Let A and B be inverse semigroups and (S, f) an idempotent
separating extension of A by B. Then with each b e B there are associated
mappings a — a® and a — b* of A into A and with each pair (b,c) e BXB
there is associated an element b° € f~1(c2b~1bc) C A; satisfying (pl)— (p5)
such that if S* is as in section 2, then S ~ S*.

Proor. Fix a transversal g of B in S and denote g(b) by s,. Now,
s,S, € [1(bc) = s,,N, (by Theorem 1 of [5]) say s,s, =s,,b° where
b e N, = f1(e). Clearly &° is uniquely defined (up to choice of the trans-
versal) since s,,a@ = s,,4’ implies that s;.'s,,a = sp,-5,,@" and since s;is,,
is the right unit of s,, and e is the right unit of s,, we have a = a’. Now,
let zxes,N,, yes,N,, say, 2 =s,a; y=s,a" and let & = s,s;! then
aheN,N,CN,, =N,, and ak = h(ah) = ha. Hence

. ’r ___ r __ r o__ ’r ¢ '
xy = s,as,a’ = s,ahs,a’ = s has,a’ = s,s,a°a’ = s, b°a’a’.

Now, 8° = s;0s, s, thus, b° € f1(c15-1bc).

(pl) Let
a,,ayed;a, eN,, s,s;' =g
Then,
s,,s;lal eN,N,CN,, = Noy;
thus
S5 @y = $,8; 415,55 -
Hence,

b 1 — o1 —1
(a,a5)" = syla,ays, = 315,514,455,

= 55715,5714,5, 5,7 A58, = 5,7 4,5,57" 435, = 4,45,

Similarly for 52.
Clearly if a € f~1(b—1b) then a® e f1(c~1b~1bc), ¢* € f1(cb~1bc2).
(p2) If @ € {2(b1b) then for all ¢ € B;

ve. pe — -1 B — 1o gol o lg gele o — o1
(ba) b = Sbe basbc b = Sve So@Sp Spe b = Spe Sp Sy SpSe = Sy Sp a5,
= (855, * (6°)7Y) spas, = b°s;ts, s,as, = bs;las, = boac.

(p3) Similar to the above.
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(P4) Sp* ScSq = Sp * S,aC% = $5.040%%¢%. Now $,8,° 553 =5,,0°5; =s5,,.,4’
where a’ = (5,,.4)715,,0°ss. But, s,,4(bc)® = 5,5, thus, $;,,5 = 5,5, (bc)¢]1
or (S,0a)~1 = (bc)?szs; . Hence, a’ = (bc)® - s77 - Syt * Spe * b° 54 and since
Spa Sy, 15 a left unit for 8%, @’ = (bc)?(b°)% proving (p4).

(p5) (i) Let a € f~2(bb~1) then a®" = spti1as,1 = a (by (ii) of defini-
tion of transversal).

(i) (5%) = s;lb%s, = syls,as;ts, = a € f~1(bb71).

(iii) (B0~1)® = Syi1, Spe-15 = Sy SpSpp-1 = Sp°S, since sy,1 € E(4) and
A is a semilattice of groups thus (66~1)* € E(4) n f72(b71b).

(iv) Let 2 = b, then

a® = sylas, = syls,a = s,a
where s, € E(4) n f~1(b).
(V) (bb—l)“_l = s;bl—lcc‘lsbb‘lscc—l = Spp-1S66-15pp-15¢g-1 = Spp-1540-1-

Now, let « be the mapping from S to S* defined by «(x) = (b, a) if f(z) = b
and s;'z = a. Clearly « is well-defined and one to one; given (b, a) e S*,
let # = s,a then «(z) = (b, @) thus « is onto. That « is a homomorphism
comes from the discussion at the beginning of the proof. Thus S ~ S*
proving the theorem.

4. Application to bisimple w-semigroups

In [4], W. D. Munn and N. R. Reilly have shown that in any bisimple
w-semigroup S, 5# is a congruence and S/s# ~ B where B is the bicyclic
semigroup and J# is Green’s equivalence. Let G be a group and « an endo-
morphism of G and let Y be the chain of non-negative integers with multi-
plication m - # = min (m, ») for all m,n €Y, then Y is a semilattice. Let
A = A(G,Y, o) be the semigroup constructed as follows:

Take A to be the union of &, disjoint copies of G, indexed by elements
of Y. If m < » in the semilattice ordering of Y define ¢,, ,, a mapping from
G, to G, by g4,, , = ga"™ where we are considering « as a homomorphism
from G, to G, for all 2 and 7 € Y and of is the identity mapping on G, for all
ieY.

Now suppose m << n << kform,n, ke, thenif geG,,

g¢m,n¢n,k - (gan—m)ak—n = gak—»m = g¢m,k
thus ¢,, .. x = ¢n . Now define an operation on 4 by
goh = (gbn1)(hd, ) where geG,, ke, and k = max (m, n).

By [1], Theorem 4.11, A is an inverse semigroup which is a union of groups.
Let B be the bicyclic semigroup, i.e.
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B={(mn):mmneY}
with multiplication defined by
(8, 1) - (m,n) = (k+m—21-m, 14-n—1-m)

where + is the addition of integers and - is the multiplication of the semi-
lattice Y.

Let (S, f) be an idempotent separating extension of 4 = AG, Y, a)
by B.

LemMa 1. (Munn [3]; Lallement [2]): If p ds an idempotent-separating
congruence on a regular semigroup S, then p = H.

LEMMA 2. Let S be a regular semigroup and | an idempotent-separating
homomorphism of S onto B, then (f(z), f(y)) € # if and only +f (x,y) e H
forallx,yeS.

ProoF. Cleartly if (z, y) € # then (f(x), f(y)) € 5. Suppose then, that
(f(®), f(y)) €e#; thus there is a be B such that f(z) = f(y)-b, say
b = f(u); then f(x) = f(yu) and by Lemma 1, (, y») € #; in particular
(x, yu) € Z thus there is a v such that # = yuv, hence z € ¥S. Similarly,
yexS and (z,y) e £. A dual argument yields (z, y) e Z.

COROLLARY 1. Under the hypothesis of Lemma 2, (f(z), [(y)) €2 if
and only if (x,y) € D.

Proor. We saw that if (f(z), f(y)) € # then (z, y) € # and similarly
if (f{(2),}(y)) €& then (z,y) e £. Let (f(z), f(y)) €2 and let b= f(u)
be such that (f(x), b) € Z and (b, {(y)) € £. Thus (z, #) € Z and (4, y) € Z;
hence (z, y) € 2.

Since B is a bisimple w-semigroup with each #-class consisting of a
swingle element, we have

COROLLARY 2. An idempotent-separating extension (S, f) of AG,Y, )
by B is a bisimple w-semigroup and the congruence induced by f on S is
precisely .
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