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Abstract This article deals with kinetic Fokker—Planck equations with essentially bounded coefficients.
A weak Harnack inequality for nonnegative super-solutions is derived by considering their log-transform
and adapting an argument due to S. N. Kruzkov (1963). Such a result rests on a new weak Poincaré
inequality sharing similarities with the one introduced by W. Wang and L. Zhang in a series of
works about ultraparabolic equations (2009, 2011, 2017). This functional inequality is combined with
a classical covering argument recently adapted by L. Silvestre and the second author (2020) to kinetic
equations.
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1. Introduction

This paper is concerned with local properties of solutions of linear kinetic equations of
Fokker—Planck type in some cylindrical domain Q°

(O +v-Vo)f =V (AV,f)+B-V,f+ S (1)

assuming that the diffusion matrix A is uniformly elliptic and B and S are essentially
bounded: There exist A, A > 0 such that, for almost every (t,z,v) € Q°,

eigenvalues of A(t,x,v) = AT (t,x,v) lie in [\,A],
the vector field B satisfies: |B(t,z,v)| < A.

(2)

In particular, coefficients do not enjoy further regularity such as continuity, vanishing
mean oscillation etc. For this reason, coefficients are said to be rough.
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1.1. Main result

We classically reduce the local study to the case where Q° is at unit scale. For some
reasons we expose below, QY takes the form (—1,0] x Bg, x Bg, for some large constant
Ry only depending on dimension and the ellipticity constants A\;A in (2).

Before stating our main result, we give the definition of (weak) super-solutions in a
cylindrical open set ), that is to say an open set of the form I x B* x BV. A function
f: Q= R is a weak super-solution of (1) in Q if f € L*(I,L*(B* x B%))N L?(I x
B* HY(BY)) and (0; +v-V,)f € L*(I x B*, H~1(B")) and for all nonnegative ¢ € D(),

- f(@t—l—v-VI)godzz—/ AVUf~VU<,0dz+/ (B-Vyf +S)pdz.
Q° Q° Q°

Theorem 1.1 (weak Harnack inequality). Let Q° = (—1,0] x Bg, X Bgr, and A, B satisfy
(2) and S be essentially bounded in Q°. Let f be a nonnegative super-solution of (1) in
some cylindrical open set QD Q°. Then

( fp(z)dz> §C<inff+||5||L°°(Q+))
Q. Q+

where Q4 = (—w?,0] x Bys x B, and Q_ = (=1, — 1+ w?] x B,s x B,,; the positive
constants C, p, w and Ry only depend on the dimension and the ellipticity constants
AA.

Remark 1. Combined with the fact that nonnegative subsolutions are locally bounded
[33], the weak Harnack inequality implies the Harnack inequality proved in [13]; see
Theorem 1.3

Remark 2. The proof of Theorem 1.1 is constructive. As a consequence, it provides a
constructive proof of the Harnack inequality from [13].

Remark 3. The (weak) Harnack inequality implies Holder regularity of weak solutions.

Remark 4. Such a weak Harnack inequality can be generalized to the ultraparabolic
equations with rough coefficients considered for instance in [33, 40, 41, 42].

Remark 5. This estimate can be scaled and stated in arbitrary cylinders thanks to
Galilean and scaling invariances of the class of equations of the form (1). These invariances
are recalled at the end of the introduction.

Remark 6. Asin [13, 18], the radius w is small enough so that when ‘stacking cylinders’
over a small initial one contained in Q)_, the cylinder @4 is captured; see Lemma 4.3. As
far as Ry is concerned, it is large enough so that it is possible to apply the expansion of
positivity lemma (see Lemma 4.1) to every stacked cylinder.

Soon after this work was completed, another constructive proof of the Harnack
inequality was proposed by the second author and C. Mouhot in [14]. While in the present
article, we start from ideas developed by W. Wang and L. Zhang (see below for further
details) and go further than their Holder bound by deriving a weak Harnack inequality

https://doi.org/10.1017/51474748022000160 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000160

Log-Transform and the Weak Harnack Inequality for Kinetic Fokker-Planck Equations 2751

for super-solutions, the first author and C. Mouhot show that De Giorgi’s arguments
implemented in [13] can be made constructive. It is worth mentioning that they also
derive the weak Harnack inequality.

1.2. Historical background and motivations

The weak Harnack inequality from our main theorem and the techniques we develop to
establish it are deeply rooted in the large literature about elliptic and parabolic regularity,
both in divergence and nondivergence form.

De Giorgi’s theorem and Harnack inequality. E. De Giorgi proved that solutions of
elliptic equations in divergence form with rough coefficients are locally Holder continuous
[7, 8]. This regularity result for linear equations allowed him to solve Hilbert’s 19"
problem by proving the regularity of weak solutions of a nonlinear elliptic equation.
The case of parabolic equations was addressed by J. Nash in [32]. Then J. Moser [30,
31] showed that a Harnack inequality can be derived for nonnegative solutions of elliptic
and parabolic equations with rough coefficients by considering the logarithm of positive
solutions. The proof of E. De Giorgi applies not only to solutions of elliptic equations
but also to functions in what is now known as the elliptic De Giorgi class. Parabolic De
Giorgi classes were then introduced in particular in [24].

The log-transform. While the proof of the continuity of solutions for parabolic
equations by J. Nash [32] includes the study of the ‘entropy’ of the solution, related to its
logarithm, the proof of the Harnack inequality for parabolic equations by Moser [31] relies
in an essential way on the observation that the logarithm of the solution of a parabolic
equation in divergence form satisfies an equation with a dominating quadratic term in
the left-hand side. This observation is then combined with a lemma that is the parabolic
counterpart of a result by F. John and L. Nirenberg about functions with bounded mean
oscillation. Independently, S. N. Kruzkov reached Holder continuity thanks to a Poincaré
inequality due to Sobolev; see [21, 22) Eq. (1.18)]. But his method is not adapted to prove
the Harnack inequality. This point will be further discussed in Subsection 1.4 below.

Weak Harnack inequality. Moser [31] and then Trudinger [37, Theorem 1.2] proved
a weak Harnack inequality for parabolic equations. Lieberman [27] made the following
comment: ‘It should be noted [...] that Trudinger was the first to recognize the significance
of the weak Harnack inequality even though it was an easy consequence of previously
known results. |...]” He also mentioned that DiBenedetto and Trudinger [9] showed that
nonnegative functions in the elliptic De Giorgi class corresponding to super-solutions of
elliptic equations satisfy a weak Harnack inequality and G. L. Wang [38, 39] proved a
weak Harnack inequality for functions in the corresponding parabolic De Giorgi class.

Parabolic equations in nondivergence form. N. V. Krylov and M. V. Safonov [23]
derived a Harnack inequality for equations in nondivergence form. In order to do so, they
introduced a covering argument now known as the ink-spots theorem; see for instance
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[17]. Such a covering argument will be later used in the various studies of elliptic equations
in divergence form; see e.g., [38, 39] or [9].

Expansion of positivity. Ferretti and Safonov [11] established the interior Harnack
inequality for both elliptic equations in divergence and nondivergence form by establishing
what they called growth lemmas, allowing to control the behavior of solutions in terms
of the measure of their super-level sets.

Gianazza and Vespri introduced in [12] suitable homogeneous parabolic De Giorgi
classes of order p and proved a Harnack inequality. They shed light on the fact that their
main technical point is an expansion of positivity in the following sense: If a solution lies
above £ in a ball B,(z) at time ¢, then it lies above pf in a ball By, (z) at time t+Cp? for
some universal constants p and C, that is to say constants only depending on dimension
and ellipticity constants. They mentioned that G. L. Wang also used some expansion of
positivity in [38].

More recently, R. Schwab and L. Silvestre [36] used such ideas in order to derive a weak
Harnack inequality for parabolic integro-differential equations with very irregular kernels.

Hypoellipticity. In the case where A is the identity matrix, equation (1) was first
studied by Kolmogorov [19]. He exhibited a regularizing effect, despite the fact that
diffusion only occurs in the velocity variable. This was the starting point of the
hypoellipticity theory developed by Hérmander [15] for equations with smooth variable
coefficients (unlike 4 and B in (1)).

Regularity theory for ultraparabolic equations. The elliptic regularity for degen-
erate Kolmogorov equations in divergence form with discontinuous coeflicients, including
(1) with B =0, started at the end of the 1990s with contributions including [5, 29, 34, 35].
As far as the rough coefficients case is concerned, A. Pascucci and S. Polidoro [33] proved
that weak (sub)solutions of (1) are locally bounded (from above). This result was later
extended in [6, 2]. Then W. Wang and L. Zhang [40, 41, 42] proved that solutions of (1)
are Holder continuous. Even if the authors do not state their result as an a priori estimate,
it is possible to derive from their proof the following result for a class of ultraparabolic
equations that contains equations of the form (1).

Theorem 1.2 (Holder regularity — [40, 41, 42]). There exist o € (0,1) only depending
on dimension, X and A such that all weak solution f of (1) in some cylindrical open set
QD Q1 =(—1,0] x By x By satisfies

[flca(@1,2) < CUfll2@u) + 1SN L=(q:))

with Q1/2 = (—1/4,0] X By /g X By 2; the constant C only depends on the dimension and
the ellipticity constants \,A.

More recently, M. Litsgard and K. Nystrom [28] established existence and uniqueness
results for the Cauchy Dirichlet problem for Kolmogorov—Fokker—Planck type equations
with rough coefficients.
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Linear kinetic equations with rough coefficients. Since the resolution of the 19"
Hilbert problem by E. de Giorgi [8], it is known that being able to deal with coefficients
that are merely bounded is of interest for studying nonlinear problems. There are several
models from the kinetic theory of gases related to equations of the form (1) with A, B and
S depending on the solution itself. The most famous and important example is probably
the Landau equation [25].

An alternative proof of the Holder continuity Theorem 1.2 was proposed by F. Golse, C.
Mouhot, A. F. Vasseur and the second author [13] and a Harnack inequality was obtained.

Theorem 1.3 (Harnack inequality — [13]). Let f be a nonnegative weak solution of (1)
in some cylindrical open set Q containing Q° := (—1,0] x Bg, X Br,. Then

supf<C (inff—l— ||S||L00(Q0)) ,
Q_ Q+

where Q4 = (—w?0] x Bys X B, and Q_ = (=1, — 1+ w?] x Bys X B,,; the positive
constants C, Ry and w only depend on the dimension and the ellipticity constants \/A.

On the one hand, this new proof is closer to the original argument used by De Giorgi. On
the other hand, the second step of the proof from [13] relies on a compactness argument
while the proof by W. Wang and L. Zhang is constructive. It is worth mentioning that
the second author and C. Mouhot [14] managed to make constructive the De Giorgi
argument. We will give further details below.

Such a Harnack inequality implies in particular the strong maximum principle [1] relying
on a geometric construction known as Harnack chains. The Holder regularity result of
[40] was extended by Y. Zhu [43] to general transport operators d; +b(v) -V, for some
nonlinear function b.

To finish, we mention that C. Mouhot and the second author [16] initiated the study of
a toy nonlinear model, and F. Anceschi and Y. Zhu continued it in [3]. Both studies rely
in an essential way on Holder continuity of weak solutions to the linear equation (1).

Hypoelliptic estimates. We previously mentioned that in the case where A and B
are C*°, the study of (1) falls into the realm of the hypoellipticity theory developed by
Hormander in [15]. Such a point of view over (1) is adopted in [4]. Let A be the identity
matrix for simplicity. We can write (1) by writing X2f + Xof +c¢ =0, where X; and X,
are the following vector fields: X; =V, Xo=(0;+v-V,) and c=B-V, f+ 5. Hormander
mentions that ‘the main point of [his] paper is the proof’ of [15, Estimate (3.4)]. In our
setting, it reads
1, < CUF Lz a1 +v-Va) fllz gr)

tz,v taHy

for some € > 0.

In order to derive local properties of solutions such as their Holder continuity by
elliptic regularity methods, it is necessary to be able to work with subsolutions of (1).
In this case, the source term S is supplemented with —pu, where p is an arbitrary
Radon measure. Such a source term cannot be treated directly by the previous estimate.

https://doi.org/10.1017/51474748022000160 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000160

2754 J. Guerand and C. Imbert

7

ons

(z,v)

Figure 1. Expansion of positivity.

Comparison principles are used in [13] to gain locally some integrability for nonnegative
subsolutions.

Kinetic equations with integral diffusions. We would like to conclude this review of
literature by mentioning the weak Harnack inequality derived in [18] for kinetic equations.
The proof also relies on De Giorgi type arguments that are combined with a covering
argument, referred to as an ink-spots theorem and inspired by the elliptic regularity for
equations in nondivergence form (see above). The interested reader is referred to the
introduction of [18] for further details.

1.3. Weak expansion of positivity

The proof of the main result of this article relies on proving that super-solutions of (1)
expand positivity along times (Lemma 4.1) and to combine it with the covering argument
from [18] mentioned in the previous paragraph. The derivation of the weak Harnack
inequality in the present article from the expansion of positivity follows very closely the
reasoning in [18].

In contrast with parabolic equations, it is not possible to apply the Poincaré inequality
in v for (¢t,z) fixed when studying solutions of linear Fokker—Planck equations such as
(1). Instead, if a subsolution vanishes enough, then a quantity replacing the average in
the usual Poincaré inequality is decreased in the future. See 6y M in the weak Poincaré
inequality in the next paragraph (Theorem 1.4).

We establish the expansion of positivity of super-solutions in the spirit of [11]. Given
a small cylinder @Qpos lying in the past of Q1 (see Figure 1), Lemma 4.1 states that,
if a super-solution f lies above 1 in ‘a good proportion’ of QQpes, then it lies above a
constant g > 0 in the whole cylinder (1. Roughly speaking, such a lemma transforms
an information in measure about positivity in the past into a pointwise positivity in the
future in a (much) larger cylinder.

We emphasize the fact that in the classical parabolic case, S. N. Kruzkov does not
need to prove such an expansion of positivity to get Holder continuity of solutions. But
he cannot reach the weak Harnack inequality. To get an Holder estimate, he uses an
appropriate Poincaré inequality that can be applied at any time ¢ > 0. Such an approach
is not applicable in the z-dependent case.
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Q ext

(z,0)

Figure 2. Geometric setting of the weak Poincaré inequality.

Such a weak propagation of positivity was already proved in [13] thanks to a lemma of
intermediate values in the spirit of De Giorgi’s original proof. While the proof of this key
lemma uses a compactness argument in [13], C. Mouhot and the first author [14] found a
constructive proof of it.

1.4. A weak Poincaré inequality

The proof of the expansion of positivity relies on a weak Poincaré inequality. It is
worth mentioning that Armstrong and Mourrat proved in [4] a Poincaré inequality.
Unfortunately, such a Poincaré inequality cannot be applied to subsolutions (see the
discussion on page 2753). The geometric setting of the next theorem is shown in Figure 2

Theorem 1.4 (Weak Poincaré inequality). Let n € (0,1). There exist R>1 and 6y € (0,1)
depending on dimension and n such that, if Qext = (—1—n2,0] x Bgg X Bag and Qqero =
(—=1—=n? —1] x B,s x B, (see Figure 2), then for any nonnegative function f € L*(Qext)
such that V,f € L*(Qext), (0s+v-Vy)f € L?((—=1—n?,0] x Bgg, H 1 (Bag)), f <M in
Qext and |{f =0} N Quero| = 1 Querol, satisfying

(at +’Uvz)f S H mn D/(Qext) with H S LixH;l(Qext)a

we have

1(F =600l z201) < CUV 2@+ 1H 22 i1 gu)
for some constant C > 0 only depending on dimension.

Remark 7. In the previous statement, L7 H;'(Qex) is a shorthand notation for
L2((—1—1’}2,O] X BgR7H_1(BQR)).

A somewhat similar inequality was introduced by W. Wang and L. Zhang for
subsolutions of ultraparabolic equations; see for instance [40, Lemmas 3.3 & 3.4] and
the corresponding lemmas in [41, 42]. The statements and proofs share similarities, and
we explain next in what they differ. The main difference between statements comes from
the fact that the information in measure in Theorem 1.4, the information in measure
Hf =0}NQuero| > %|Qzero\ comes ‘from the past’ since Qero is contained in {t < —1}
while the functional inequality is stated in @1 C {¢ > —1}. This is in contrast with [40,
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41, 42] and [21, 22]; indeed, in these works the information in measure is contained in
{—=1 <t <0} and the pointwise bound is derived in the same time interval. For this
reason, it is not possible to derive a (weak) Harnack inequality directly from these proofs
because no time lap is considered or no positivity is propagated in time. Moreover, we
adopt the functional framework from [4] and forget about the equation under study. The
main difference in proofs lies on the fact that we avoid using repeatedly the exact form
of the fundamental solution of the Kolmogorov equation, and we seek for arguments
closer to the classical theory of parabolic equations presented, for instance, in [24] or
[27]. In contrast with [40, 41, 42], the information obtained through the log-transform is
summarized in only one weak Poincaré inequality (while it is split it several lemmas in
[40, 41, 42]) and the geometric settings of the main lemmas are as simple as possible. For
instance, it is the same for the weak Harnack inequality and for the lemma of expansion
of positivity (Lemma 4.1). We also mostly use cylinders respecting the invariances of the
equation (see the defintion of @, (z) in the paragraph devoted to notation), except the
‘large’ cylinders where the equation is satisfied such as Qext in Theorem 1.4.

The Lie group structure. Equation (1) is not translation invariant in the velocity
variable because of the free transport term. But this (class of) equation(s) comes from
mathematical physics, and it enjoys the Galilean invariance: In a frame moving with
constant speed vy, the equation is the same. For z; = (t1,21,v1) and 29 = (t2,22,v2), we
define the following noncommutative group product

21029 = (t1 +to, 21 + T2 +t2v1,01 + v2).

In particular, for z = (t,x,v), the inverse element is =1 = (—t, — 2z +tv, — ).

Scaling and cylinders. Given a parameter r > 0, the class of equations (1) is invariant
under the scaling

fr(txv) = f(r2t,r3m,rv).

It is convenient to write S,.(z) = (r?t,r3z,rv) if 2 = (t,2,v). It is thus natural to consider the
following cylinders ‘centered’ at (0,0,0) of radius r > 0: Q,. = (—r2,0] x B,z X B, = S,.(Q1).
Moreover, in view of the Galilean invariance, it is then natural to consider cylinders
centered at zg € R'2 of radius 7 > 0 of the form: Q,(zg) := 2 0 Q, which is

Qr(20) := {z c Rt . zo_loz € Q,(())}
={=r® <t—1to <0, |z —xo— (t—to)vo| <7 Jv—wo| <7}.

Organization of the article. In Section 2, the definition of weak subsolutions, super-
solutions and solutions for (1) is recalled and two properties of the log-transform are given.
Section 3 is devoted to the proof of the weak Poincaré inequality. In Section 4, we explain
how to derive the lemma of expansion of positivity from the weak Poincaré inequality
and how to prove the weak Harnack inequality from expansion of positivity by using a
covering lemma called the ink-spots theorem. This last result is recalled in Appendix
A. In another appendix, see B, we recall how Holder regularity can be derived directly
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from the expansion of positivity of super-solutions. The proof of a technical lemma about
stacked cylinders is given in Appendix C.

Notation. The open ball of the Euclidian space centered at ¢ of radius R is denoted
by Bgr(c). The measure of a Lebesgue set A of the Euclidian space is denoted by |A].
The z variable refers to (¢,z,v) € R x R? x R4 =R24_ For 21,2 € R1*2%, 2, 0 25 denotes
their Lie group product and z; ! denotes the inverse of z, with respect to o. For r > 0,
S, denotes the scaling operator. A constant is said to be universal if it only depends on
dimension and the ellipticity constants A\,A appearing in (2). The notation a < b means
that a < Cb for some universal constant C' > 0.

For an open set 2, D(2) denotes the set of C*° functions compactly supported in
while D’(2) denotes the set of distributions in €.

2. Weak solutions and log-transform

2.1. Weak solutions

We start with the definition of weak (super- and sub-) solutions of (1).

Definition 2.1 (Weak solutions). Let Q = I x B* x BY be open. A function f: Q@ — R
is a weak super-solution (resp. weak subsolution) of (1) in Q if f € L>°(I,L*(B* x B*))N
L*(I x B®,HY(B")) and (0, +v-V,)f € L*>(I x B*,H-*(B")) and

—/f(at—H}'Vm)godz—l—/AVUf-vaadz—/(B-va+5)gadz20 (resp. <0)

for all nonnegative ¢ € D(Q). It is a weak solution of (1) in @ if it is both a weak
super-solution and a weak subsolution.

As explained in the introduction, the local boundedness of subsolutions has been known
since [33]. We give below the version contained in [13].

Proposition 2.1 (Local upper bound for subsolutions — [13]). Consider two cylinders
Qint = (tl,T] X Br$ X Brv and Qext = (t(),T] X BR;» X BRU withty >tg, 1o < Ry andry, < R,.
Assume that f is a subsolution of (1) in some cylindrical open set QD Qext. Then

sup f < O(|[ f+1122(Qexe) T 1511250 (Qene) )»

int

where C only depends on d,\A and (t1 —to, Ry — 7y, Ry —14).

2.2. Log-transform of subsolutions

For technicals reasons, the positive part of the opposite of the logarithm is replaced with
a more regular function G that keeps the important features of max(0,—1n). The function
max(0,—1In) was first considered in [21, 22].

Lemma 2.1 (A convex function). There ezists G : (0,4-00) — [0,+00) nonincreasing and
C? such that
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G" > (G")? and G' <0 in (0, + c0),
G is supported in (0,1],
G(t)~—Int ast — 0T,

—G'(t) <1 forte(0,1].

Lemma 2.2 (Log-transform of solutions). Let € € (0,1] and f be a nonnegative weak
super-solution of (1) in a cylinder Qext = (to,T] X Br, X Br,. Then g = G(e+ f) satisfies

(O +v-V)g+ANVegl? < V- (AV4g) +B-Vyg+e S| in Qoxt,
i.e., it is a subsolution of the corresponding equation in Qext-

Proof. We first note that g € L= (Qext) since 0 < g < G(€). Moreover, V,g=G'(e+ )V, f
with |G’(e+ f)| < |G'(¢)|. In particular, g € L?((to,T] x Br,,H'(Bg,)). In order to obtain
the subequation, it is sufficient to consider the test-function G’(e+ f)¥ in the definition
of super-solution for f. O

The following observation is key in Moser’s reasoning since the square of the L2-norm
of V,g is controlled by the mass of ¢.

Lemma 2.3 (The mass of g). Let f be a nonnegative weak subsolution of (1) in a cylinder
Qext = (to,T] X Br,,, X Bm and Qint = (tl,T] X BRI X BRU with t1 > to, Ty < Rx and Ty < RU.

Th@n
i\ V.gl?<C T)+14+€e S| oo
2 . | Ug| > 9( ) € H ”L (Qext) | »

in ex

where C depends on dimension, \, A, Qint and Qexy -

Proof. Consider a smooth cut-off function ¥ valued in [0,1], supported in Qext and equal
to 1 in Qine, and use ¥2 as a test-function for the subequation satisfied by g, and get

)\/|va|2\1/2 g—Q/Ava-\IIVU\I'—I-/g(ﬁt—I—v-VI)\I/2+/(B~VU9+€_1|S|)\IJQ

A
SZ/WUQIQ\I/?JFC(H/

This yields the desired estimate. O

A —
g)+1/|va|2\112+Ce ISz (@evo)-

2.3. Kruzkov’s proof in the parabolic case

In this subsection, we discuss how Kruzkov proved in [21, 22] (see also [20]) Holder
continuity of solutions of parabolic equations corresponding to solutions u of (1) such
that the solution and the coefficients A,B and S are independent of the z variable. It
relies on the local boundedness of nonnegative subsolutions [20, Theorem 2.1] and a
Poincaré inequality due to Sobolev and Ilin.

A Poincaré inequality. We start with presenting the functional inequality [22, (1.8)]:
for any u € H'(B,) and N C B, such that |[N| > cor?,

Pl 5,y < e [r IV Ga )+l )
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for p € [2,2d/(d—2)] for d > 3 and p > 0 arbitrary for d =2 and ¢ = ¢(d,p). In particular,
if N={u=0} and p =2, this implies

lullz2(s,) < ClIVullL2(5,) (3)
for some C = C(d,r).

Decrease of the oscillation. Kruzkov proves a local Holder estimate [20, Theorem
3.1] by proving that the oscillation of a bounded solution decreases by a universal factor
strictly smaller than 1. We change here some constants in his proof, but we follow exactly
the same reasoning. See [20, p. 187-190].

Consider a nonnegative super-solution u = u(t,v) of (1), and assume that

fu> 130 (10 < Bi| > |Bil! (4)

We then prove that u > £y in (—62,0] x By. Such a result implies the decrease of
oscillation and in turn yields the Holder estimate.

A pointwise in time estimate. In order to get a lower bound on u in (—62,0] x By,
Kruzkov first proves that there exist w,/3,h > 0 such that, for a.e. t € (—w,0], we have

{z € Bg:u=>h}|=(1/4)|Bg|. ()

In words, the lower bound on the volume of {u > 1} is made pointwise in time. It is
necessary to apply the Poincaré inequality (3) after freezing the time variable.

To get such a result, Kruzkov first considers u(t) = [{u(¢) > 1} N By| and remarks that
(4) implies that there exists w small and 7 € (—1, —w] so that u is defined a.e. in By and

w(r) > 1{2_:” |B1|. In particular, considering w = G(u+ h)

/B w(rw)dv < G(h)|{u(r) < 1} N By

o (1- ) 1

w

IN

wlin Q

< 7 G(h)|Bg|

the last inequality holding true if 3 is chosen so that 2(1 —w)3% = 3/2.
He then uses the evolution of the mass of w with time. Let us assume B=0 and S =0
for simplicity. Using Lemma 2.2, we can get that, for a.e. t € (7,0],

/Bﬁw(t,v)dv</ w(r,v)dv+C.

Bg

'In [20], the radius of the cylinder is r > 0.
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Since for u(t,v) < h, we also have w(t,v) > G(2h), we can write, for a.e. t € (—w,0],

G(2h)|{u(t)§h}ﬁBg|§/ w(t,v)dv

Bg

w(r,v)dv+C
8

G(h)|Bs| +C.

IN
S

<

[SSER )

This implies (5) by choosing h small enough.

The decrease of oscillation. With (5) at hand, Kruzkov then considers g = G((u+
€)/h) and combines 7) local boundedness of nonnegative subsolutions with i) the Poincaré
inequality (3) and #i4) the rough estimate of the mass of g given by Lemma 2.3 to get for
# small enough,

sup ¢g?<C / g*dtdv  (local boundedness of subsolutions)
(—92,0]><Bg (—w,O]XBg

<C / gdtdv+1 (Lemma 2.3)
(70.),0]><B[g

< CG(e/h).

This implies that G((u+¢€)/h) < Cy/G(e/h) in Qp, and since G(t) ~ —Int as t — 0", we
get the desired lower bound on v in Qg by choosing € small enough.

<C / |V,g|?dtdv (Poincaré inequality)
(—UJ7 0] X Bﬂ

3. A weak Poincaré inequality

In order to prove Theorem 1.4, we first derive a local Poincaré inequality (Lemma 3.1)
with an error function A due to the localization. This function h satisfies
{EKh = fLxV, in (a,b)x R,

6
h =0, in {a} x R?%, ©)

where L = (0 +v-V,)— A, is the Kolmogorov operator and ¥ is a cut-off function
equal to 1 in Q1. We will estimate h in Lemma 3.2 below.

Lemma 3.1 (A local estimate). Let Qext = (a,0] X Br, X Br, be a cylinder such that
Q1 C Qext, and let U: R24T1 5 [0,1] be C, supported in Qexy and ¥ =1 in Q,. Then for
any function f € L*(Qoxs) such that Vo f € L*(Qext) and (Oy+v-V)f < H in D'(Qext)
with H € L?((a,0] x Bg,,H Y(Bgr,)), we have

1(f =h)+llz2@u) £ CUIVofll22(Quee) + 1H | L2((0,0)x B, , H-1(B R, ) ):

where h satisfies the Cauchy problem (6) and C = c(a)(1+ ||Vy¥|eo) for some constant
c(a) only depending on |al.
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Proof. Since H € L?((a,0] x Br,,H *(Bg,)), there exists Ho,H; € L?(Qext) such that
H= VU ~H1 +H0 and such that ||H0||L2(Qext) + ||H1||L2(Qext) S 2HH||L2((11,0]XBRw,H_l(BR,U))
(see for instance [10]). The function g = fU satisfies

Lxg <V Hy+Ho+ f(0: +v-V,)¥ — A, ¥] in D'((a,0) x R*?)
with Ay = (H, — V,f)¥ and Hy = HoW — H,V, ¥ —V,¥-V,f. We thus get
Li(g—h) < H in D'((a,0) x R??)
with H =V, - H, + Hy. We then multiply by (g —h)4 to get the natural energy estimate
for all T,7" € (a,0) and € > 0,
T/
/(gfh)f_(T,a:,v)dxvar/ /|Vv(g7h)+|2dtdxdv
0or i
<2 [ [ 1= 8- Vilg - )i+ Bolg— h)-|ddod

1 .
<SIVu(9 =R+ 1172 (0,01 xr2a) + 211 H1 [ F2 (0,0 xR20)

1 -
+2€[[(g = D)+ 1172 (0,0 x2a) + ZHHOH%P((@O]XRM)‘

Remark that we can deal with the two terms of the left-hand side separately so that we
can consider the two parameters T and T". Writing ||-||z2 for ||| p2((a,0/xr24), We get
after integrating in T from a to 0, and choosing T =0

~ a .~
I(g—h)+l72 < —2¢all(g—h)+ |72 —allHi72 — ;HHOH%Z-
Then remark that the function (g —h)4 equals (f —h)4 in @ and that

I H1 L2 (0,0 xk20) < IH1ll12(Qur) + Vo FllL2(@ure)s
[ Hollz2((a,0xm2) < [ HollL2(Qere) T Vo ¥lloo (1H1 1 2(Qure) + IV o fll L2(Qert))-
We get the desired inequality by combining the three previous inequalities and choosing

e=—(4a) L. O

In view of Lemma 3.1, in order to prove Theorem 1.4, it is sufficient to prove that, if
the function f satisfies

1
‘{f = O}QQzero| > Z|Qzero|7

then the function h given by the Cauchy problem (6) is bounded from above by 6y M for
some universal parameter 6y € (0,1).

Lemma 3.2 (Control of the localization term). Let n € (0,1]. There exist a (large)
constant R>1 and a (small) constant 0y € (0,1) both depending on the dimension and 1,
and a O cut-off function W : R2+1 — [0,1], supported in Qexs = (—1—n2,0] x Bgg X Bag
and equal to 1 in Qq, such that, for all nonnegative bounded function f : Qext — R
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satisfying

1
|{f = O}QQzero‘ > Z‘QzeroL (7)

the solution h of the following initial value problem
{,cKh = fLxT in (—1—n20) x R
h=0 in {—1—-n%} x R4
satisfies h < 0o || f | Lo (Quwe) i Q1-
Remark 8. This lemma is related to [40, Lemma 3.4] and [41, Lemma 3.3].

Remark 9. The conclusion of the lemma and its proof are essentially unchanged under
the weaker assumption |{f =0} N Quero| > @0|Quero| for some ag € (0,1).

Remark 10. Theorem 1.4 will be used in the proof of Lemma 4.1 about the expansion
of positivity of super-solutions. The parameter 7 will be then chosen after choosing 6.

The proof of Lemma 3.2 requires the following test-function whose construction is
elementary.

Lemma 3.3 (Cut-off function). Given n € (0,1] and T € (0,n?), there exists a smooth
function ¥y : [—1—n20] x RY x R? — [0,1], supported in [—1—n%0] x Bg x B, equal to 1
in (—1,0] x By X By, such that (0;+v-V;)U1 >0 everywhere and (0s+v-V,)¥1 > 1 in
(—1—’[727 —1—T] XBl XBl.

Proof. Consider ¥, (t,z,v) = ¢1(t)p2(z —tv)ps(v) with

e asmooth function ¢; : [-1—n2,0] = [0,1] equal to 1 in [—1,0] with ¢;(—=1—n?) =0,
¢} >0in [-1-72%0] and ¢y =1 in [-1—n2%, —1-TJ;

e asmooth function ¢, : R? — [0,1] supported in B, and equal to 1 in Bs;

e a smooth function 3 : R? — [0,1] supported in By and equal to 1 in Bj.

It is then easy to check that the conclusion of the lemma holds true. O

We can now turn to the proof of Lemma 3.2.

Proof of Lemma 3.2. If f =0 in Qcyxs, then A = 0. We thus can assume from now on
that f is not identically 0. We next reduce to the case || f||z~(q,,,) =1 by considering

FIIF I Lo Qo) -
We introduce a time lap T between the top of the cylinder @Q,c;, and the bottom of

the cylinder @1; see Figure 3.
Fix T =n?/8. Since |Qgero N {t = =1 =T} = §|Qero|, then

1
|{f:0}szcrom{t§_1_T}‘2§‘QZCM|’ (8)
Let R > 1 to be chosen later. We consider the cut-off function
U(t,z,v) =V, (t,x/R,v/R).
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Qext

t=—1-T

WZGI‘O

Figure 3. Reducing to the case with a time lap.

Remark that ¥ is supported in Qext and equal to 1 in (—1,0] x Bg x Bgr. Moreover,
,CK\I/(t,CL',U) = (at +v- vx)qjl(tvx/Rav/R) - R72Av\1j1(tﬂx/va/R)v

where in the last equation v-V, means the scalar product of the value of third variable
in ¥ (here it is %) with the gradient in the second variable. We then have

1-7

Lr(h—0)=—(1— F) (0 +v- V)T (t,x/Ruv/R)+ —2 AU, (t,z/Rv/R),

R2
and we can write

h—VU=—Pp+Eg

(Pgr for positive and Eg for error) with Pr and Er solutions of the following Cauchy
problems in (—1—720) x R2:

LxPr=(1-[)(0+v-V;)¥1(t,x/Rv/R),

1—
EKER = R—QJCAU\Ill(t,x/R,v/R),
and Pr = Er =0 at time t = —1 —n2.
We claim that there exist constants C' > 0 and dyp > 0 depending on the dimension and
7 (in particular independent of R) such that

Er<CR™? and Pr>d, inQ;. (9)

As far as the estimate of Ep is concerned, it is enough to remark that £Lx Er < CoR™2 for
some constant Cy = ||A, U1 || only depending on d,A\,A,n (in particular not depending
on R). The maximum principle then yields the result for some universal constant C. As
far as Pg is concerned, we remark that

LxPr>1z in (—1-72%0] xR*,

where Z = {f =0} NQero N{t < —1—T}. We use here the fact that (0 +v-V,)¥; >1in
(=1—-n?% —1-T)xR%. Let P be such that Lxg P =1z in (—1—7%0] x R? and P =0 at
the initial time —1 —n?. The maximum principle implies that Pgr > P in the time interval
(—1—n2,0] and in particular in Q.

We now claim that P > §g in Q; for some constant dg > 0 depending on the dimension
and 7. Indeed, one can use the fundamental solution I' of the Kolmogorov equation and
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Qwhi

Figure 4. Geometric setting of the expansion of positivity lemma. It is the same as the one of the weak
Poincaré inequality, except that Qext and Qzero are replaced with Qi and Qpos. Here, Qpos denotes a
set ‘in the past’ where {f > 1} occupies half of it.

write
P(t50) = [ T OL6) ¢ 2 GmlQuane] = o

with m = min T". The claim (9) is now proved.
Ql XQzerom{tS_l_T}

Inequalities from (9) imply that
h < 1—(50+CR_2 in Q.

This yields the desired result with 6y = 1—dp/2 for R large enough. Note in particular
that R only depends on C' and §y and consequently depends on the dimension and n. [

4. The weak Harnack inequality

Before proving the weak Harnack inequality stated in Theorem 1.1, we investigate how
equation (1) expands positivity of super-solutions.

Lemma 4.1 (Expansion of positivity). Let 6 € (0,1] and Qpos = (—1—60% —1] x Bgs x By,
and let R be the constant given by Lemma 3.2 which depends on 6, d, A\, A. There exist
n0,4o € (0,1), only depending on 6, d, X\, A, such that for Qup; := (—1—02,0] x Bor X Bsg
and any nonnegative super-solution f of (1) in some cylindrical open set @ D Quni and
1] oo (Qum) < Mo and such that [{f > 1} NQpos| > %|ons| we have f > lg in Q1.

Remark 11. The parameter 6 will be chosen in such a way that the stacked cylinder
Qpos " is contained in Q(see the definition of stacked cylinders in Appendix A). The
cylinder Qo5 can be thought of as the union of m copies of Qpos stacked above (in
time) of Qpos. Such cylinders are used in the covering argument used in the proof of the
weak Harnack inequality, and the parameter m € N only depends on dimension.

Proof of Lemma 4.1. We consider g = G(f +¢€). We remark that g < G(e) since f is
nonnegative and G is nonincreasing. We also remark that |G’ (f +¢)| < |G’(¢€)| < e~ ! since
f >0; see Lemma 2.1.
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Qwhi C?ext
h S(I—H) (Ql)

S(I—H) (Qzero)
7

o =

Figure 5. Intermediate cylinders in the proof of the expansion of positivity. The great parts are obtained
after a scaling with a parameter 1+ close to 1. This is necessary in order to keep f vanishing in a ‘good
ratio’ of S(1+L) (Qzero).

We know from Lemma 2.2 that ¢ is a nonnegative subsolution of (1) with S replaced
with SG'(f+¢). In particular, (9;+v-V,)g < H with H =V, - (AV,g)+ B-V,g+¢*|S|.
Recall that, for a set Q C R, S,)(Q) = {(r*t,r3z,rv) for z = (t,z,v) € Q}. We

4

1
5) 1+2 §) and ¢+ > 0 two parameters depending on 6 to be chosen later

introduce 7 € (0, (
in the proof.

We are going to apply successively: the L? — L™ estimate from Q; to a slightly larger
cylinder Qq4, for an accurate choice of ¢; the (scaled) weak Poincaré inequality in the
big cylinder Qext = S(1+1)(Qext) With Qext = (—1—12,0] x Bsg x B2g. Then we estimate
the L2-norm of V,g by the square root of its mass in a cylinder larger than Qey¢, namely
S144)2(Qext) C Quwni- This is illustrated in Figure 5.

The remainder of the proof is split into several steps. We explain in STEP 1 how
to choose ¢ to ensure that cylinders are properly ordered and 7 so that we retain
enough information from the assumption [{f > 1} N Qpos| > %|ons|. We then apply the
aforementioned successive estimates in STEP 2 before deriving the lower bound on f in
STEP 3.

STEP 1. Choose ¢ small enough so that Qeyxt C Qext - S(1+L)2(Qext) C Qwni- We only
need to check the last inclusion. We choose ¢ > 0 small enough 50 that (1+¢)*(1+

n?) < 1+60% 2(1+:)? <3 and 8(1+:)% < 9. Since n € (O (2 )4“’“ 0), to satisfy the
first inequality it is enough to satisfy (14 ¢)* (1—|— (g) 7 92) < 1+62 So we pick

5T1+1(1+92) 14 1/6 1/2
/= min () ENOASREIC

52d+1 +42d+1 02
Recall that Qero = (=1 —n? —1] X B,z x B,. In particular, S(1+L (Quero) = (—(1+

V2(1+1?), = (1+¢)?] X B(14.)2y2 X B(14.),- We next pick n € (0, (3 )4‘”2 0) big enough so
that

1
|QPOS\S(1+L) (Qzero)| < ZlS(lJrL) (Qzero)|-

It is then enough to satisfy 6 < (5/4)T1+2(1 +)n, so we pick n = (4/5)ﬁ(1 +¢)716. In
particular, the previous volume condition implies that

1
|{g = O}mS(1+L)(QZQI‘O)| > |{f > 1}mS(I+L)(QZEI‘O)| > Z|S(1+L)(Qzero)|-
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STEP 2. With such an information at hand, we know that there exists 8y € (0,1), only
depending on 7 and thus only depending on 6, such that

Sqlgllp(g —00G(€)+ S 19— 00G(€))+ 2 (@us) + 10 from Proposition 2.1
S vag”L?(cht) + (no/€) +no from Theorem 1.4
N (/Q 9+1+770/6)2+(770/e)+n0 from Lemma 2.3
whi
S(G(€)+2)%+2 for mp <e<1
SVG(e) for € such that G(e) > 2.

Remark that it has been necessary to scale g before applying Theorem 1.4. This generates
a constant depending on ¢. This is emphasized by writing <,. But ¢ only depends on
dimension, A\, A and 6.

STEP 3. The previous computation yields

gSC\/G(6)+90G(6) in Q4

for some 0y € (0,1) depending on universal constants and . Since G(e) — +o0o (we can
pick € and 7y small enough only depending on the universal constants and 6), we thus
have

GUra=g< 20 ma.

Now recall that G(t) ~ —Int as t — 0+ and —G'(t) < 1 for t € (0,5]. The previous
inequality thus implies that, as e — 0+,

246

In(f+¢) > Ine.

This yields the result with ¢y, = 5 _e>0. O

Before iterating the lemma of expansion of positivity, we state and prove a straightfor-
ward consequence of it that will be used when applying the ink-spots theorem.

Lemma 4.2. Let m >3 be an integer and R be given by Lemma /.1 for @ =m~'/2. There
exists a constant M > 1 only depending on m, d, \, A such that for all nonnegative super-
solution f (1) with S =0 in some cylindrical open set Q D (—1,m] X Bypms/2 X Bygpmi/2,
such that

1
{f>MnQ:| > 5\@1\7
then f>1 in Q7" = (0,m] X By,12 X By.

Proof. Let § =m™2 so that Q7 C (0,672] x By-s x Bg—1. We apply Lemma 4.1 to %
with @, and Q7' taking the role of QQpos and @1 thanks to a rescaling argument. This
yields that f > ¢oM in (0,072] x By-s x Bg-1. We then pick M = 1/£y, and we conclude
the proof. O
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_w g
to -+ TNf—

Q-

(z,v)

Figure 6. Stacking cylinders above an initial one contained in QQ—. We see that the stacked cylinder
obtained after N+ 1 iterations by doubling the radius leaks out of the domain. This is the reason why
Q[N +1] is chosen in a way that it is contained in the domain and its ‘predecessor’ is contained in Q[N].
Notice that the cylinders Q[k] are in fact slanted since they are not centered at the origin. We also
mention that Q[N + 1] is choosen centered if the time to + Ty is too close to the final time 0.

When deriving the weak Harnack inequality, we will need to estimate how the
lower bound deteriorates with time. Indeed, such information is needed in the ink-
spots theorem: Since cylinders can ‘leak’ out of the set F, a corresponding error has
to be estimated; see the term CmrZ in Theorem A.l. The geometric setting is the
one from Theorem 1.1. In particular, recall that Qy = (—w?,0] x Bys x B, and Q_ =
(=1, — 1+ w?] x Bs x By, where w is small and universal. It has to be small enough so
that, when spreading positivity from a cylinder Q,.(zo) from the past, i.e., included in Q_,
the union of the stacked cylinders where positivity is expanded captures (. Then the
radius Ry in the statement of weak Harnack inequality is chosen so that the expansion of
positivity lemma can be applied as long as new cylinders are stacked over previous ones.
These two facts are stated precisely in the following lemma.

In order to avoid the situation where the last stacked cylinder (see Q[N +1] in the next
lemma) leaks out of the domain where the equation is satisfied, we choose it in a way
that we can use the information obtained in the previous cylinder Q[N]: the ‘predecessor’
of Q[N +1] is contained in Q[N] (see Figure 6).

Lemma 4.3 (Stacking cylinders). Let w < 1072. Given any nonempty cylinder Q,(zy) C
Q_, let Ty, = Z§:1(2jT)2 and N > 1 such that Ty < —tg < Tns1. Let

Q[k] = QZkr(zk) fOT‘ k= 13"'7N7
Q[N+1] :QRN+1 (ZN+1)7
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where zj, = 290 (T},0,0) and, letting R = |to+Tx|2 and p=(4w)3, Ry4+1 =max(R,p) and

ZN © (R27070) Zf R > Ps
z =
M (0,0,0) if R < p.

These cylinders satisfy

N+1
Qi CQIN+1),  |J QK C(-1,0]xByx By, Q[N] D Q[N],
k=1

where Q[N is the ‘predecessor” of Q[N +1]: Q[N] = Qry,, /2(2n+10 (—R341,0,0)).

The proof of this lemma is posponed until Appendix C.
With such a technical lemma at hand, expansion of positivity for large times follows
easily.

Lemma 4.4 (Expansion of positivity for large times). Let Ry /5 given by Lemma 4.1 with
0 =1/2. There exist a universal constant pg > 0 such that, if f is a nonnegative weak super-
solution of (1) with S =0 in some cylindrical open set 2D Q = (—1,0] x Bisr, ;o X B6r, s
such that

{2 43N Qu(a0)] 2 51Qn(20)
for some A >0 and for some cylinder Q. (z0) C Q_, then f > A(r?/4)P° in Q. .

Proof. We first apply Lemma 4.1 with 6 =1/2 to f/A (after rescaling Q,(zo) into Qpos)
and get f/A > {y in Q[1]. We then apply it to f/(Aly) and get f > Af% in Q[2]. By
induction, we get f > AlE in Q[k] for k=1,...,N.

We then apply Lemma 4.1 one more time and get f > AT in Q[N +1] and in
particular f > AKéV'H in Q.. Since Ty < 1, we have 4Vr2 < 1. Choosing py > 0 such that
lo = (1/4)P0 we get f > A((1/4)N+1)Po > A(r2 /4)Po. O

We finally turn to the proof of the main result of this paper, Theorem 1.1.

Proof of Theorem 1.1. We start the proof with general comments about the geometric
setting. The proof is going to use a covering argument through the application of the ink-
spots theorem. To apply this result, we will consider an arbitrary cylinder () contained
in @Q_. The parameter w used in the definition of @_ and @, is chosen small enough
(w <1072) so that the cylinder @, is ‘captured’ when stacking cylinders (Lemma 4.3)
and propagating positivity (Lemma 4.4). We also pick the parameter Ry in the definition
of the cylinder Q° large enough so that the stacked cylinders do not leak out of Q°; we
impose Ro > 18Ry, where Ry, is given by Lemma 4.1 for 6 = 1/2. We also impose
Ro >9R,,—1/2m>/%w?, where R,,_1/2 is given by Lemma 4.1 with § = m~/2 in order to
be in position to apply Lemma 4.2 to cylinders contained in ~, hence of radius smaller
than w.
We first classically reduce to the case

inff<1 and S=0.
Q+
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Considering f(t,z,v) = f(t,z,v)+||S||zt, f is a super-solution of the same equation with
no source term (S =0), and the weak Harnack inequality for f implies the one for f
So from now we assume S = 0. Considering next f = f/(nfg, f+1) reduces to the case
iIlfQJr f S 1.

We then aim at proving that |, o JI* (2) dz is bounded from above by a universal constant
for some universal exponent p. This amounts to prove that, for all k£ € N,

{f>M"NQ_| < Cyni(1—j)k

for some universal parameters i € (0,1), M > 1 and Cy ;. > 0 to be determined later.
We can see that this property would be enough by transposing it to the continuous case
(k real and above 1) and by application of the layer cake formula to fQ, fP(2)dz.

We are going to apply Theorem A.1 with p=1/2. We pick m € N such that mTH(l —
¢/2) <1—c¢/4. Then the constant M > 1 is given by Lemma 4.2.

We prove the result by induction. For k = 1, we simply choose i <1/2 and Ci, 1,;. such
that |Q_| < %C’w.h_i_. Now assume that the claim holds true for £ > 1, and let us prove it
for £+ 1. We thus consider

E={f>M""nQ_ and F={f>M"nQ,.

These two sets are bounded and measurable and such that £ C FN@_. We consider a
cylinder @ = Q. (t,z,v) C Q_ such that |QNE| > 1|Q|, that is to say

1> ME 0@l > 10l

We first prove that r is small, i.e., we determine a universal rq which depends on k
such that r < 7. Lemma 4.4 (after translation in time) implies that f > M**+1(72/4)Po
in Q. In particular, 1 > infg, f > M*+1(r2/4)Po, so r2P0 < 4Po N ~(k+1) We thus choose

We next prove that Q™ C F, i.e.,
Q™ c {f > M"y}.

In order to do so, we apply Lemma 4.2 to f/MP* after rescaling @ in Q1 where we assume
w < (2m+3)~1/2 to be able to rescale.
By Theorem A.1, we conclude thanks to the induction assumption that

{f>M1YNQ_| < (1—c/4) <C’w.h_i_(1 — )k +Cmrg>
k _ k41
<(1—c/4) (cw.h.i_(l— WF 4 M5 )
Then pick ji small enough so that M ~1/P0 < (1—p) and < ¢, and get

<Cwni(1—c/4) (1 + C‘;}Li.CmM_Plo> (1— Q)"
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Now pick Cy ;. large enough (depending on ¢, C, m and M*I/”O), and get
< Cyni(1—c/4)(1—p)*
< Cyni(1—@)"
The proof is now complete. O

The full Harnack inequality is a direct consequence of the local boundedness of
subsolutions and the weak Harnack inequality.

Proof of Theorem 1.3. Combine Proposition 2.1 and Theorem 1.1, and rescale to reach
the result. See, for example, [26] for more details. O

Appendix A. the ink-spots theorem

In order to state the ink-spots theorem, we need to define stacked cylinders. Given @ =
Q,(t,z,v) and m € N, Q™ denotes the cylinder {(t,z,v):0 < t—tg < mr |z —z¢— (t—
to)vo| < (m+2)r3,|v —vg| < r}. We recall that Q_ = (—1, — 1 +w?] X B,s x B, for some
constant w € (0,1).

Theorem A.1 (Ink-spots — [18]). Let E and F be two bounded measurable sets of R x R??
with E C FNQ_. We assume that there exist two constants p,ro € (0,1) and an integer m €
N such that, for any cylinder Q C Q_ of the form Q,(zo) such that |QNE| > (1—pw)|Q),
we have Q™ C F and r < ro. Then

1
B1< " an(1FnQ- |+ o).

where ¢ € (0,1) and C' >0 only depend on dimension d.

Remark 12. This corresponds to [18, Corollary 10.1] with Q_ instead of @1, i.e., the
ink-spots theorem with leakage, with s = 1. Indeed, the statement in [18] is more general
since the cylinders are of the form zgo @, with @, = (—7r2%,0] X B,1+2s x B, for some
s € (0,1]. In the statement above, we only deal with s = 1.

Appendix B. local Holder estimate

The Holder estimate from Theorem 1.2 is classically obtained by proving that the
oscillation of the solution decays by a universal factor when zooming in. Such an
improvement of oscillation is obtained from Lemma 4.1 with 6 = 1.

Of course, it is not necessary to prove this lemma in order to prove the Harnack
inequality since the Holder estimate can be derived from it. Even though, we provide
a proof to emphasize that it can be easily derived from Lemma 4.1.

Lemma B.1 (Decrease of oscillation). Let R >0 be such that Qz D (—2,0] x Bor, X B3g,
with Ry universal given by Lemma /.1 with 6 = 1. There exist (small) universal constants
10,00 > 0 such that, for any solution f of (1) in some cylindrical open set Q D Qp such
that 0 < f <2 in Qg and |[S]|L~(q,) < Mo, 0sc, f <2—1{.

https://doi.org/10.1017/51474748022000160 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000160

Log-Transform and the Weak Harnack Inequality for Kinetic Fokker-Planck Equations 2771

Proof. Remark that either [{f <1}N (=2, —1] x By x By| < 1[(=2, —1] x By x By| or
{f <1}N(=2,—1] x By x By| > 1|(—=2, — 1] x By x By|. In the former case, Lemma 4.1
implies that f > ¢y in @)1 while, in the latter, we simply consider f =2—f, apply Lemma
4.1 to this new function and get f < 2—/{y in Q1. In both cases, we get the desired
reduction of oscillation: oscqg, f <2—4. O

Deriving Theorem 1.2 from Lemma B.1 is completely standard, but we provide details
for the sake of completeness and for the reader’s convenience.

Proof of Theorem 1.2. Let f be a solution of (1) in @;. By scaling, we can reduce to
the case || fl|z2(0,) <1 and ||S||ze () <o, where 1 is given by Lemma B.1. We deduce
from Proposition 2.1 that f is bounded in Q1.

In order to prove that f is Holder continuous in @)y /s, it is sufficient to prove that, for
all 2o € Q12 and r € (0,1/(9R1)),

08€Q, (z0) ] < C,r®

for some universal constants « € (0,1) and C,.
We reduce to the case zp = 0 by using the invariance of the equation by the
transformation z — zp oz, and we simply prove

oscq, , f<C(1 — &)k
for some C and o = £p/2 € (0,1) universal. By scaling, this amounts to prove that, if
oscq, f <2, then oscg, f <2(1—4dp). By considering f =1+ Hf”LOQ(QR)'i'l.{SHLoc(QR)/770’ we

can assume that 0 < f <2 and |S| <np in Q. Remark that the L> bound of S is reduced
when zooming in. We now apply Lemma B.1 and conclude. O

Appendix C. stacking cylinders

Proof of Lemma 4.3. We first check that the sequence of cylinders is well defined for
w < 1/4/5, say. Since r < w, we have to+T) < —1+w? +4r2 <0, and we know that there
exists N > 1 such that Ty < —to < Tny1-

We check next that Q4+ C Q[N +1]. If R < p, we simply remark that w < p to conclude.
In the other case, when R > p, we have to prove that Qw(z]f,frl) C Qg- In this case, we
have ZR,}H = (0,29 — tovo,v0) "t = (0, — ¢ + tove, — vg) and for z € Q,

z;,i_loz: (t, —xo +tovo + = —tvg,v —vg) € Qr

if w? < R? and w3 +w+w?+w3 < R? and 2w < R. This is true for 4w < R3, that is to say
p<R.

Let us now check that for all k € {1,...,N+1}, Q[k] C (—=1,0] X By x Ba.

As far as Q[N +1] is concerned, we use the fact that R = |to+Tx|2 <1and p= (4w)3 <1
to get Ryy1 < 1. Moreover, zyy1 € Q1, and thus, Q[N +1] C (—1,0] X By X Bs.

We remark Ty < —to < 1 implies that (2V7)% < %Jer <1 and in particular 2Vr < 1.
If z = (tg,zx,vr) € QK] for k < N, then there exists (¢,z,v) € Q1 such that z = zpo
(Tk,0,0) o ((2F7)%t,(2%r)32,2%rv). This implies that x = zg + Trvo + (287)%tvg + (2F7)3z
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and v;, = v + 2Frv, and since zp € Q_,
lzg| <w® +2w+1<2and |vp| Sw+1<2.

In particular, Q[k] C (—1,0] X By X Ba.
We are left with proving that Q[N] C Q[N].
If R > p, then the conclusion follows from the fact that R/2 < 2N (since T 41 > 0).
Let us deal with the case R < p. In view of the definitions of these cylinders, this is
equivalent to

Qp/2(2) C Qan,. with Z = (=Tx,0,0) 025 " o (—p%,0,0).

In order to prove this inclusion, we first estimate 2V from below. Since to+ T 1 > 0
and —tp > 1—w?, we have (4/3)(4¥ 1 —1)7r2 > 1 —w? and in particular 4Vr? > (1/4)(3/4—
7/4w?) > 1/8. We conclude that

2Nr >1/(2V2). (10)

With such a lower bound at hand, we now compute z = (R? — p?, — 2o + (to + p*)vo, — v0)
and get for z € Q, 2,

Zoz=(R%—p®+t,—xo+ (to+ p*)vo + 2z — tv,v —vg) € Q2p-

Indeed, —2p% < R?2 —p? +t <0 and | —x + (to + p*)vo + 2 — tvg| < w3 + 3w+ (p/2)3 < 2p°
and |v —vp| < 2p. It is thus sufficient to pick w such that p < 1/(2v/2) to get the desired
inclusion. This is true for w < 1072, O
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