SYSTEMS OF IDEALS

RICHARD M. COHN

Introduction. Some well-known theorems on the representation of an ideal
in a commutative ring as an intersection of ideals of a specified type remain
valid when attention is restricted to certain subclasses of the ideals of the ring.
For example, a homogeneous ideal in a graded Noetherian ring is the inter-
section of homogeneous primary ideals, and Seidenberg (16) has recently
proved a similar result for differential rings. Other examples are provided by
theorems on the representation of certain differential and difference ideals as
intersections of prime differential or difference ideals.

Kolchin (6) began the development of a general theory applicable to such
phenomena. In this paper, I continue the development of that theory.

In §§ 1 and 2, I have followed Kolchin’s definition and discussion of divisible
systems with minor modifications and additions. (The terminology is not that
of (6) but of his more recent and still unpublished notes on differential algebra.)
The strengthening of Theorem I to give information on minimal prime divisors
generalizes a similar result of Andreian (1) for differential algebra. Section 4
also draws on ideas due to Kolchin. In other sections, representation theorems
not considered by him are discussed. My own method (2) of defining divisible
conservative systems by means of “links” is also included since it is often
convenient, and since it suggests a classification of divisible conservative
systems. (See the conclusion of § 5.) The equivalence of the two methods is
proved using a result (Lemma XV below) due to Kolchin. Some of the ideas
go back to a paper by Seidenberg (15, p. 181).

In a later paper, I plan to give the applications of the theory to basis
theorems of difference-differential algebra which motivated my investigation.
Kolchin (in the notes referred to above) has applied the theory to give an
elegant account of the behaviour of polynomial and differential polynomial
ideals under ground field extension, as well as, (6), to basis theorems for
differential ideals.

Notation. Inclusion is denoted by &, proper inclusion by C. Throughout,
9 will denote a commutative ring and .% the set of ideals of A. Let 2 C.%
be closed under intersection, and let A € Z. Then for TC A, (T; %)
denotes the intersection of the members of & which contain . Hence,

Received August 4, 1967 and in revised form, July 9, 1968. Research for this paper was
supported in part by a grant from the Rutgers University Research Council, and in part by
National Science Foundation Grant GP-1992.

In this paper & is used to denote German I and 3 to denote German J. Editor.

783

https://doi.org/10.4153/CJM-1969-089-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-089-0

784 RICHARD M. COHN

(T:%) € 4 ;and, indeed (T;4") is the minimal ideal of Z” containing T. T is
called a set of 2 -generators of (T;4"). A finite set of Z -generators of an ideal
a € & is called an 2 -basis of a. & is called Noetherian if the ascending chain
condition holds in 2. & is additive if a € 2, b € 2 implies (a,b) € 2.

Let a € .%, and let T be a non-empty, multiplicatively closed subset of .
Then ag is the ideal consisting of all & € 9 such that there exists ¢t € T with
bt € a. If x € ¥, then a, denotes az with T the set of positive integral powers
of x.

1. Conservative systems. A subset 2 of .% will be called conservative if it
satisfies:

C-1: If % C &, the intersection of the members of % is in 2 ;

C-2: % C %, and % is totally ordered by inclusion, then the union of
the ideals of # is in 4;

C-3: A € 2. (This follows from C-1 if a common convention is adopted
when %/ is empty.)

Conservative systems are frequent, but the desired representation theorems
apply only to appropriate subsets of conservative systems. If 2" is conservative
and a € &, then a is called diwisible with respect to 2" if a € 2 and, for each
x € A, a:x € Z°. We denote by Z(Z") the set of ideals divisible with respect
to . & =2(%), then & is called a divisible conservative system.
Evidently, 2 (%) is conservativeand Z (D (%)) = (% ). Hence, (%)
is a divisible conservative system, and, indeed, the maximal such system
contained in £”. Observe also that if £ C A, a € (L), then a:T € D (Z).

If & is conservative, then a is called perfect with respect to Z ifa € Z(Z)
and a = va. We denote by (%) the set of perfect ideals of 2" If
X = P(X), then & is called a perfect conservative system. It is evident that
if & is conservative, then (%) is a perfect conservative system and is
the maximal such system contained in 4 .

If & is conservative, then a is called partially divisible with respect to 2" if
a € & and for each x € A, a, € 2". We denote by D (Z") the set of ideals
partially divisible with respect to . If 2 = P2 (Z"), then 4 is called
a partially divisible conservative system. 9 (%) is closed under finite inter-
section and satisfies C-2. If a € D(Z), x € U, then a, € PD (X );
since (a;)y = 0z, ¥ € A. If a is radical, a, = a:x. Hence, every radical ideal
of PD (X ) isin P(L).

If 4 is conservative, then a is called complete with respect to 2 if a € &~
and va € P(Z). We denote by € (Z") the set of complete ideals of %"
E (X)) is closed under finite intersection.

Remark. In all the preceding definitions except the last, the requirement
a € 4 is superfluous if 9 contains an identity.

Some of the facts already stated and other obvious relations are summarized
in the following lemma.
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LemMmA 1. If @ is a conservative system of ideals of 3, then D (2" ) and P (Z")
are conservative, D (X ) = D(D(X)), P(X) = P(P(X)); PD(X)

and € (Z") are closed under finite intersection;
P(E)CD(X)SPD(X) 2,
and P(X)C € (2) L.

Remark. It will be shown later that Z(2) € € (42" ). However, neither
inclusion holds in general between % (2°) and 2 (%); see Theorem I
and § 6, examples (5) and (7).

Lemma II. If a € (X)) and T C A is not empty and is multiplicatively
closed, then ag € D (X).

Proof. Let x € T. Then by Lemma I, a, € 2 (%), since it is the union of
the ascending chain a:x, a:x2, ..., whose members are in (%" ). Consider
the non-empty multiplicatively closed subsets 11 of T such that ay € Z(%).
The preceding remark shows the existence of such subsets. It follows easily
from Zorn's lemma that there is a maximal such subset T’. Let x € T, and
let T* denote the multiplicatively closed set generated by x and the members
of T'. Then ag« = (ag/), € (X ). Hence, x € T'; T = .

LemMAa 111, If the radical of every ideal of PD(X) is in X, then
PD(X) S C(XL).
Proof. Let a € (% ). By hypothesis, a € 2. If x € ¥, then
(Va):x = Vas.

Since a, € PP (%), it follows from the hypothesis that (+/a):x € 2.
Hence, v/a € (). Then by the definitions, va € (X ); a € € (X ).

LemMa IV. If % C 2 is a conservative system, then F (&) C F (X)),
where F is D, PD, P, or €.

The proof is obvious.

LemMa V. Let J be an index set and let %, 1 € I, be conservative systems
of ideals in . Let % = M es% 1. Then % is conservative, and
9(@) = mz‘ey@(@f), ﬁ(@) = mie.l‘@(g/i)y
@9(@) = mier@e@(@i)y and (g(@) = miey(g(@i)-

The proof is obvious.

2. Representation theorems. Let 2 C.% be a conservative system. We
can verify at once that every prime ideal, and hence every intersection of
prime ideals, of 2 is in £ (%), and that every primary ideal, and hence
every finite intersection of primary ideals, of 2" is in ZZ(%).

Theorem I, which is essentially due to Kolchin (see 6), shows conversely
that every ideal of (%) is an intersection of prime ideals of Z( Z"), thus
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generalizing a well-known observation of Krull (8, p. 9) that every radical
ideal is an intersection of prime ideals. Cases in which every ideal of 2 (%")
is an intersection of primary ideals of 22 (% ) will be investigated below.

THEOREM 1. Let & be a conservative system of ideals of a commutative ring 9.
If a € (X)), then v/a is an intersection of prime ideals of X . Indeed, every
prime ideal minimal among those conlaining a is in &, and \/« is the intersection
of these prime ideals. It follows that D (X ) € € (X)), and that an ideal b s
an intersection of prime ideals of X if and only if b € P(X),

Proof. Let T be a multiplicatively closed subset of A not intersecting a.
The set of ideals of & (%4") which contain a and do not intersect T contains
maximal elements by Lemma I. Let p be one of these. It will be shown that
p is prime.

Let b, c € U, bc € p, b & p. It will be shown first that there exists ¢t € T
such that ¢t € p. Since b € p:c, p C p:c. Also, pic € D(Z). Hence, by the
maximality of Y, there exists ¢t € p:c M . Then ¢t € p. Now let g, h € ¥,
gh €p, g ¢ p. A first application of the result just obtained yields {1 € 9,
ty € T. If & € p, a second application yields i € p, a contradiction. Hence
p is prime.

Now let q be a prime ideal minimal among those containing a, and let
T = A — q. The result of the preceding paragraph yields a prime ideal of
(%) not intersecting T. This ideal can only be q. Hence, ¢ € Z(Z").
This proves the statement concerning minimal prime ideals. To complete the
proof one may appeal directly to the result of Krull of which Theorem I is a
generalization; namely, that every radical ideal is the intersection of the mini-
mal members of the set of prime ideals containing it. Alternatively, one may
proceed as in the proof of Krull's result (5, p. 13) applying the result of the
preceding paragraph to each set {x, %%, ...},x € A — va.

Lemma VI. Let 8 and t be subsets of A. Then (8; P (X)) N (t; P (X)) =
(8t; P(X)). Here 8t denotes the set of all products ab, a € 8, b € t.

Proof. Let q = (8; 2(Z)) N\ (; P(X")). Of course, (8t; P (X)) C q.
By Theorem I, (8t; 2(Z)) = MNiegds, where £ is a suitable index set and
the p; are prime ideals of 2. Let 2 € £. If 8 C p,, then (8; P(Z)) C b,
and hence q & p,. If 8 is not contained in p;, then t C p,; and therefore
q € p; by a similar argument. Hence, q C MN;esh: = (8t; PP (2)).

TueoreM I1. Let & be a conservative system of ideals of the commutativering 3.
Let () be Noetherian. Then every ideal of P ( Z") can be represented uniquely
as the srredundant intersection of finitely many prime ideals of X .

Proof. 1t is only necessary to prove that every ideal of (%) is the inter-
section of finitely many prime ideals of 4. Then well-known elementary
considerations independent of the fact that the prime ideals involved are in
& permit the determination of a subset of these ideals furnishing the unique
irredundant representation.

https://doi.org/10.4153/CJM-1969-089-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-089-0

SYSTEMS OF IDEALS 787

Suppose, to the contrary, that there are ideals in &?(%2") which are not
intersections of finitely many prime ideals of Z". Then the ascending chain
condition shows the existence of an ideal & maximal among those with this
property. Of course, a is not prime. Let fg € a,f ¢ a, g ¢ a. Lemma VI shows
that a 2 (o0, /; P(Z)) N (a,g; P(%Z)). Since the opposite inclusion is
obvious, this yields a = (a,f; Z(Z)) N (a,g; P(%Z)). However, by the
maximality of a, the ideals on the right-hand side of the last equation are each
intersections of finitely many prime ideals of £". Hence, we obtain the con-
tradiction that a itself is such an intersection.

TaeorEM II1. Let & be a conservative system in a commutative ring N and
let « € X be the intersection of finitely many primary ideals of Y.

A1) If a € PD(X) and b is an isolated ideal component of a, then there
exist finitely many x; € A such that b = Na,,. Hence, all the isolated ideal
components of a are in P (X ).

(2) If a € (L), then the isolated ideal components of a are in D (X ).

(3) Ifa € €(X), then the minimal associated prime ideals of a are in P (X ).

@) If a € D(Z) and p is an associated prime ideal of a, then there exists
y € U such that p = +/(a:y). Hence, all the associated prime ideals of a are in
P(X).

Proof. Let a = qi1/M\ ... q, be an irredundant representation of a as an
intersection of primary ideals. Let 9, = v/q;, ¢ =1, ..., r. Let a;, j =
1,...,r, denote the intersection of those q;such thatp; C p;. Then theisolated
ideal components of a are intersections of the aj;.

(1) Leta € PO (X ). Forx € U, az = (q)z N ...MN (q.) Since (q:), is
q;if x € p;, and (q,), 1s A if x € p;, we see that a, is the intersection of those
q; such that x ¢ p;. For each 7, 1 £ j = r, there exists x; such that x; ¢ p;,
however x; € p; for each p; not contained in p,. Then a; = a,; € LD (X).

(2) This follows from (1) and Lemma I.

(3) Let a € €(&Z). Then +a € P(Z), therefore va € PO(X).
However, the isolated ideal components of +/a include the minimal associ-
ated prime ideals of a. Hence, these are in 2 (% ). It has already been
noted that every prime ideal in & is in & ( 2"). Hence, the minimal associated
prime ideals of a are in Z (%).

(4) Let a € Z(%). For each j, 1 < j < r, there exists y; such that
Y5 € a5 9; € q, 1 =177 =r Thena:y; = q;:3; S p;; thus,

p; 2V (a:y;).

However, q; C q,:¥; = a:y; also. Therefore, p; = +/q; € +/(a:y;). Thus,
p; = v/ (a:y;). Since a:y; € D (), it follows from Theorem I that

CorOLLARY I. If a € P2 (X), and a is the irredundant intersection of finitely
many prime ideals p1, . . ., 9,, then the p, are in P (X).
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Proof. P( X)) C €(Z). Apply (3) of Theorem III.

CoRrOLLARY I1. If A 2s Noetherian, then the isolated ideal components of every

ideal of PO (X ) are in PD(X).
The proof is obvious from (1).

Although the case of homogeneous ideals might lead one to expect that not
only are the isolated ideal components partially divisible in the situation of (1)
of Theorem III, but that also the primary ideals themselves may be selected
to be partially divisible, this is not so in general. (Some circumstances under
which such a selection is possible will be examined later.)

Counterexample. Let Y be a Noetherian ring containing primary ideals
q: and g2 such that g; does not contain g but p; = /g1 D P2 = v/q2. Let 27
consist of all ideals of A contained in p,, and of ¥ itself. Then %  is a conserva-
tive system. Let a = g1/ qo. Then for x € ¥, a, is either a, q. or . Hence
a € PY(Z). However, in every representation of a as an irredundant
intersection of primary ideals, one of the components will have the associated
prime ideal p;, and therefore not be in %"

3. Comaximal representations. Throughout this section, ¥ is assumed to
have an identity element 1. If a and b are ideals of 2, then they are said to be
comaximal if 1 € (a, b). If, in particular, 9 is Noetherian, then every ideal
of A is the intersection of a uniquely determined finite set of pairwise co-
maximal ideals, no one of which is itself the intersection of two pairwise
comaximal ideals different from (1). Ritt (11, p. 14; 10, p. 687) has obtained
comparable theorems for differential and difference ideals. These results will
be generalized for the ideals of Z (%) and of € (2 ) NP (%), where
& is any conservative system of ideals in 9. A more direct generalization of
Ritt’s results will be given later for certain conservative systems.

The following results are well known (17, p. 177).

Lemma VII. If a, by, . . ., by are ideals of A and a is comaximal with each b;,
then a is comaximal with MN*_1b,.
LemMa VIII. If ai, ..., ay are pairwise comaximal, then
k k
N a; = H ;.
i=1 =1

Lemma VIII permits the replacement of intersections by products in the
theorems which follow.

The proof of the next result is a simplified version of a proof by Ritt
(10, p. 687) of a theorem about difference ideals.

LemMA IX. Let a be an ideal of A, b = ~/a. If b = Ni_1b,, where the b, are
pairwise comaximal, then the b, are radical ideals, and there exist uniquely
determined ideals ay, . . . , apin A such thata = N, by = Vani=1,..., k.
The a; are patrwise comaximal.
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Proof. We suppose that k = 2. The general case then follows easily by
induction using Lemma VII. By comaximality, there exist x € by, ¥ € b, such
that x +y = 1. Then xy € b, and there is a positive integer ¢ such that
(xy)* € a. In the binomial expansion of (x + ¥)??, let ¢ be the sum of those
terms of degree in x not less than ¢, and let d be the sum of the remaining
terms. Then ¢ € b1, d € by, c+d =1, cd € a. Let a; = (a,¢), az = (a,d).
Clearly, a; and as are comaximal.

It will be shown first that a = a; M as. It is sufficient to show that
a2DaMNax. Let g€aiMNa. Then g=u+v, u€a v € A Hence,
gd = ud + ved € a. Furthermore, g = v’ + v'd, v’ € a, v' € U, and therefore
gc € a. However, g = gd + gc; thus g € a.

Let m™ € b;. Then m™y € b. Hence my € b & b;. Since my = m — mx,
and x € b, it follows that m € b;. Thus, b; is a radical ideal. To show that
b; = +/a; it suffices, since a; € b; by construction, to show, given n € by,
that # € v/a;. Now nd = n — nc € b C +/a;. Since ¢ € a3, this implies that
n € '\/01.

To prove uniqueness, let a = a,’ M ay, b1 = Vva/, by = Vao'. Let g € a/.
With ¢ and d as above, we have d” € a,, for some positive integer p. Then
gd? = g(1 — ¢)? € a € a;. Expanding the second factor and using ¢ € a;, we
find that g € a;. Henceay’ C a;. Nowleth € a;. Thenhd = 2(1 —¢) € a C ay.
Then 2(1 — ¢*) € a)/, n =1,2,... . For n large, ¢* € a. Hence % € a;.
It follows that a; = a;’.

Lemma X. Let & be a conservative system in the commutative ring A with
identity. Let a be an ideal of A and suppose that a« = N'i_ia;, where the a; are
pairwise comaximal ideals of A. Then if ¢« € PD(X), each a; € PD(X).
Ifa € (%), eacha, € D(X).

Proof. By Lemma VII it suffices to consider & = 2. Let a € 2 (X).
Let x € a1, ¥ € az be such that x + v = 1. Since a, = (1), N (a2), = (a2),,
we see that

(@), € PI(X).

If g € (as),, then for some positive integer 7, gx” € a.. Putting x =1 — y,
expanding, and using y € as, we find thatg € a;. Henceay = (a:), € P2 (Z).
Similarly, a; € P (X).

The proof for a € Z(% ) may be given similarly or by recalling that
D(X) is conservative and

D(X)2PD(D (X)) 29D (X)) = D(X).

THEOREM IV. Let & be a conservative system in the commutative ring N with
identity. Let « € PD(Z), and let b denote v/a. If b = N'i_1b,, where the b,
are radical, pairwise comaximal ideals, then there exist umiquely determined
ideals ay, . .., a; such that @ = Ni_ay by = Vay, i=1,...,k The a; are
pairwise comaximal. Eacha; € PD (X ). Ifa € D (X ), theneacha; € D(X).
Ifa € €(X), then each a; € €(X).
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Proof. The existence, uniqueness, and comaximality of the a; follow from
Lemma IX. Each a; € 9 (Z) and, if a € D(Z'), each a; € Z(Z") by
Lemma X. If a € € (), then b € Z(Z), so that Lemma X shows that
each b; € 2(Z) and, hence, since the b; are radical, each b; € Z( Z).
Then each a; € € (XZ).

Suppose that (%) is Noetherian. Then if b € # (%), b # (1), there
is a uniquely determined set by, . . ., b of ideals of (%) distinct from (1)
such that:

(a) The b, are pairwise comaximal;

(8) None of the b; is the intersection of two pairwise comaximal ideals

distinct from (1);

(’Y) b= ﬂ'§=1bi.

The b; are uniquely determined except for order.

To find the b;, apply Theorem II to express b as the irredundant intersection
of prime ideals py, ..., p, of Z(Z). Two of these prime ideals, p; and bp;,
will be called equivalent if there exists a chain p;; = 94y ..., Py = b; of these
ideals such that no two adjacent members of the chain are comaximal. Each
b, is the intersection of the members of an equivalence class. Then () follows
easily from Lemma VII and (y) is obvious. To prove (8) suppose, say, that
by = b N b, where b’ and b’/ are comaximal ideals distinct from (1). Then
Vb and /b’ are comaximal ideals distinct from (1) and b; = /b6 M /6"
By Lemma X, 4/b’ and /b are in Z(%"). Then v/’ and /b are irre-
dundant intersections of prime ideals of (%), say of qi,...,q, and
1, ..., L; respectively. Since the q; and t; satisfy no inclusion relations
and their intersection is by, they constitute one of the equivalence classes into
which py, ..., », have been divided. But then there must be a chain in which
some q; is adjacent to some t;, which is impossible since each q; is comaximal
with each r;.

To show the uniqueness of & and the b;, suppose that a set by*, ..., b,* of
ideals of Z(4") distinct from (1) with the properties corresponding to
(@), (B), and (v) is given. Representing the 0;* as irredundant intersections of
prime ideals, one finds that these prime ideals have intersection b, and that
no prime ideal obtained from a b;* contains a prime ideal obtained from a
b* ¢ 5 j, since that would contradict comaximality. Hence, these prime
ideals are the ideals py, . . ., p, of the preceding paragraph. It remains only to
show that each b* is an intersection of all the ideals of one of the equivalence
classes previously defined. Let b,*, say, be the irredundant intersection of the
prime ideals ¢y, . . . , ¢;,. Then the ¢, all belong to the same equivalence class %
of the p;. For, if not, then on defining equivalence classes among the ¢; them-
selves, there would be at least two such classes. It would follow that b;* is an
intersection, in contradiction to (8). % can contain no ideals other than the
¢;. Otherwise, there would be a chain leading from one of the ¢; to a p; which
is not one of the c;. Let ¢, be the last of the ¢; in this chain and p, the next ideal
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of the chain. Then b, contains some 06,*, # 1. Since ¢, and p, are not comaxi-
mal, b;* C ¢, and b,* C p, are not comaximal, contradicting (a).

Combining these remarks with Theorem IV we obtain a decomposition of
a class of ideals into pairwise comaximal ideals.

THEOREM V. Let X be a conservative system in the commutative ring A with
identity, and let P (X") satisfy the ascending chain condition. If

a € PA(X)NLC(Z), a=(),

then there is a uniquely determined setay, . . . , ayof ideals of PO (X ) N\ € (X)
distinct from (1) and such that:
(a) The a; are pairwise comaximal;
(b) None of the a; is the intersection of two pairwise comaximal ideals distinct
from (1);
(c)a= m];=1ai~
Ifa € (X)), then each a, € D(X).

Proof. Let b = +/a. Then b € (%) so that there exist ideals by, . . ., b;
in () satistying (@), (8), and (v), and distinct from (1). Applying
Theorem 1V, one obtains ideals ay, . . ., a; of P (ZX) N\ € (Z") satisfying
(@) and (¢c). Ifa € (%), eacha; € 9(X).

Suppose that a; = a;’ M ay’’, where a,’ and a,” are comaximal and distinct
from (1). Let b, = +/a/, 5" = v/ai”’. Then b; = b,/ M by”’, and this contra-
dicts (8). Hence, (b) is satisfied.

To prove uniqueness, suppose that a set a/*, ...,a,* of ideals of
PD(X)N € (Z) and distinct from (1) with properties corresponding to
(@), (b), and (c) is given. Let b* = va*, i =1,...,m. Thenb = Nb*.

The b* are in (%) and pairwise comaximal. No b;* is the intersection of
two comaximal ideals distinct from (1). If it were, Theorem IV would show
that a;* is also such an intersection, contradicting the hypothesis. By the
uniqueness of sets of ideals satisfying (a), (8), and (y), the b.;* coincide with
the b; except for order. By Theorem IV, the a;* coincide with the a; except
for order.

Definition. Let 9 be a commutative ring, % a set of ideals of 9 closed under
intersection and with 9 € %. Ideals a and b of U are said to be comaximal

in? if A = (a, 0;%).

In the terminology originally introduced by Ritt for the conservative
system % of difference ideals, comaximal ideals are said to be strongly
separated, while ideals comaximal in & (%) are said to be separated. From
the standpoint of studying manifolds of solutions related to a conservative
system &, the concept of comaximality in (%) is more relevant than that
of comaximality (or comaximality in £); cf. 3, p. 116.

LemMA XI. Let U be a commutative ring a, by, . . ., by ideals of U, and & a
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conservative system of ideals of . If a and b; are comaximal in P(Z)
i=1,...,k then a and b = N'_1b; are comaximal in P (X ).

Proof. It is sufficient to consider & = 2. Using Lemma VI, one finds that

A= (0,05 2(Z)) N (b P(Z)) S (0,01 N\ b; P(X)).

TueoreM VI. Let & be a conservative system in the commutative ring U, and
let P(X) be Noetherian. If b € P (X ), b = N, then there is a uniquely
determined set by, . . ., b, of ideals of P (X") distinct from A such that:

(a) The b; are pairwise comaximal in P (X );

(b) Nome of the b, is the intersection of two ideals of € (Z") pairwise co-
maximal in P (X)) and distinct from U;

() b= m’;lbi-

Proof. The proof is like that of the statements preceding Theorem V with
comaximality in (%) replacing comaximality in the definition of the
equivalence classes. Note that (b) is weaker than the precise analogue of (8)
due to the absence of an analogue of Lemma X.

4. Extension-contraction maps. Throughout this section we consider, in
addition to the ring %, a second ring ¥ and the set .7 of ideals of B.

Mapse: ¥ — J ,and ¢: I — & will be called a pair of extension-contraction
maps from ¥ to B if they satisfy:

EC-1: ¢c(Niests) = Niegcty t: €T,

EC-2: c(Uisesty) = Uiegpcts, t: €77, if the t; are totally ordered by

inclusion;

EC-3: e(Uieg8:) = Uicgeds, 8; €.%, if the 8; are totally ordered by
inclusion.

EC-4: cec = c¢; ece = e.

EC-5: ¢B = .

Remark. It follows from EC-2 and EC-3 that ¢ and e are inclusion-preserving.

If e, ¢ is a pair of extension-contraction maps from 9 to B, then ¢: A — B
will be said to agree with e and c if it satisfies:

(A): ctia = c(t:pa), t €T ,a € Y.

Remark. One can generalize the preceding definitions to the case of maps
e: ¥ -7 and ¢ 9" — ¥, where ¥’ C.% and ' C .9 are con-
servative (or, where needed, divisible conservative) systems.

The following lemmas remain valid for sub-systems of .’ and.7"".

Remark. Wherever the lemmas below call for the existence of ¢, one could
replace this requirement by the following condition: For each a € ¥, ¢ € T,
there exists & € B such that ct:a = ¢(t:0). The statement (c) of Lemma XIII
must of course be modified accordingly.

Remark. Given ¢ satisfying EC-1, EC-2, and EC-5, there exists at least
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one map e:. — .7, such that EC-3 and EC-4 hold. One may define ¢ by
eb = N {a €T ;ca 2b}. EC-3 and EC-4 do not in general determine e
uniquely.

If €Y, then eZ will denote {e8:8 € Z}; %, % C .7, is defined
similarly.

LemMma XII. Let e, ¢ be a pair of extension-contraction maps from U to B.

(@) If % C I s conservative and ec? C %/, then <% is conservative.

(b) If % is as in (a), and there exists ¢: A — B, agreeing with e, c, then
D(H ) D c(DH)); and if % is divisible, <% is divisible.

Proof. (a) Let 81, 82 € ¢%/; 81 C 8,. There exist t;, t, € % such that 8; = cf;,
1=1,2. Let t/ =e8;, =ect;, ¢ =1,2. Since e is inclusion-preserving,
ty Cty. By EC4, 8, = ct/, ¢ = 1, 2; and the t/ € % by hypothesis. Hence,
an ascending chain in ¢% is found by applying ¢ to an ascending chain in %',
It now follows by EC-2 that ¢%# satisfies C-2; and ¢# satisfies C-1 by EC-1,
C-3 by EC-5.

(b) The existence of ¢ yields at once D (¥ ) D (DX ). i ¥ = DX ),
this yields ¢% = 2 (%).

LemMaA XIII. Let e, ¢ be a pair of extension-contraction maps from U to B,
and let ec be the identity map.

(@) If ¥ €. 1is conservative and ceZ C X, then eZ is conservative.

(b) If & is as in (a), and there exists ¢: A — B, agreeing with e, c, then
D(EX) Ce(D(X)).

(c) Let &, ¢ be as above, and suppose that Z 1is divisible. If for each t € T,
b € B there exists a € A such that t:b = t:¢a, then eZ is divisible.

Proof. (a) The proof that eZ  satisfies C-2 is “‘dual” to the proof of C-2 in
Lemma XII. Let t;, 7 € #, be ideals of eZ, and let t = N ;cst;. Defining
8; =cty, 1€ S, we find that 8, € Z, t1 =e€8;, 1€ F. Let 8 = N, 8s
Then 8 € &, and from the hypothesis and EC-1 we find that

t = et = e(ﬂ cti) = ¢8.

i€s

Hence, eZ satisfies C-1, and C-& results from ecB = B.

(b) Lett € Z(e%"). Define § = ct, so that 8 € Z,t = es. We must prove
that 8 € 2(Z). Let a € . 'IIhen 8:a = ct:a = c(t:¢a). Since t:¢a € eZ,
there exists b € £ with t:¢a = eb. Hence 8:a = cev € Z.

(c) Let t € eZ, b € B. Define 8 = ct, so that 8 € Z = Z(Z). Choose
a €A such that t:b = t:ga. Then c¢(t:0) = c(t:¢a) = 8:a € &. Then
t:b = ec(t:b) € eZ.

As an example, let ¢: A — P be a homomorphism; and define ¢, ¢ in the
expected way, thatis, 8, 8 € ., is the ideal generated by ¢8in Band ct, t €7,
is the complete pre-image of t. T{len e, ¢ isa pair of extension-contraction maps
from % to B, and ¢ agrees with e and ¢. (These are the maps studied in (17,
p. 218).) It follows from Lemma‘XII that if # C 7 is such that e C %/,
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then ¢% is conservative if % is conservative and divisible if % is divisible.
In two important cases, ec is the identity so that ec? C % must be satisfied:
namely, if ¢ is an epimorphism, or if B is the quotient ring of A with respect
to a multiplicatively closed system and ¢ is the canonical map. Suppose, now,
that ¢ is an epimorphism and £ C .% an additive, conservative system with
ker ¢ € Z. Then ceZ C %, and for t € 9, b € B, there exists a € ¥ such
that ¢a = b, and hence t:b = t:¢a. It follows from Lemma XIII that eZ~
is an (additive) conservative system satisfying 9 (e2 ) C e(Z (%)), and
that e% is divisible if 2 is divisible.

5. Links. Several important conservative systems are defined by means of
closure under certain operators. The following definitions generalize this
notion.

Definition. Let A be a commutative ring. A link A in U consists of an index
set £ and mappings \;, ¢ € £, uof Ainto A. The \; are called the antecedents,
u the consequent of A. We write A = {\,, 1 € F; u}.

Definitton. An ideal a in the commutative ring ¥ is said to admst the link
A1 € F;u}if for x € A the relations A\ € a, ¢ € F, imply ux € a.

The set of ideals of ¥ admitting links A;, j € JZ, satisfy C-1 and C-3. To
assure C-2, a further restriction is necessary.

Definition. A link {\,, ¢ € F;u} in the ring ¥ is called finitary if for each
x € U the set of disctinct Ny, ¢ € F, is finite. If £ is finite, then A is called
finite.

Remark. A (finitary) link A may also be described by a collection of (finite)
subsets ©; C U and elements x; € A. Then an ideal a admits A if and only if
for each 7, &; C a implies x; € a.

The proof of the following result is straightforward.

LemMA XIV. Let U be a commutative ring, / an index set,

Aj={Npi€ Ingd,  jEL,
a set of finitary links in N, and X the set of ideals of U admitting the A;. Then
X is conservative. If a € &, then a € D () if and only if for each j € 7,
x € N,y € U, therelations x\;;y € 0,1 € I, implyxuy € a;anda € PO (X))
if and only if for each 7 € £, x € U, y € U, the relations x\yy € a, 1 € I,
imply that there is a positive integer v such that x'uy € a.
Remark. The conditions given in the lemma for a € (%2 ) may be regarded

as the requirement that g admit a certain set of links; but the conditions for
a € PY(X) are not of this form.

Let Z be the system of ideals admitting the links A;. Let I C A. It is
possible to describe in a more or less constructive fashion how (IM; %) is
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generated from IR. The notation will be as in Lemma XIV. For % C ¥,
define 9M* to consist precisely of those elements whose presence in any ideal
containing N is required if the ideal admits the A;. That is, if for some
JEL, x €U, the \yjx € N, 1 € F,, then upx € N*. Now let My = (M),
Mg = (M, M*),2=1,2,... . Then it is easily verified that

(W 2) = UM,

Since D ( Z) is also determined by a system of links, as shown in the remark
above, there is a description similar to the foregoing for (M; Z(Z")). Since
P (X)) consists of the radical ideals of 2 (%) one may also find such a
description for (M; P (%)) using the links for (%) but redefining
M= VD), Mugr = VD, M), 2 =1,2,... . It will be seen in the next
section that the links determining D (Z) or (%) may sometimes be
replaced by simpler ones than those resulting from Lemma XIV. With these
replacements one obtains, for example, the standard descriptions of the
generation of perfect differential and of perfect difference ideals from
generators.

Lemma XV (Kolchin). Let & be a conservative system of ideals in the ring ¥,
and let M S A. If x € (WM; X ), then there exists a finite subset M & IN such
that x € W E).

Proof. The conclusion is immediate if I is finite. We proceed by induction
on the cardinality of 9% and assume henceforth that 9t is infinite. Then
M = UM, where the I, are totally ordered by inclusion and each M, is
of cardinality less than that of M. Now It C U (M;; Z7), and

Hence, (0 2°) € UM; Z). Then for some ¢, x € (M;; Z), and by the
induction hypothesis, x € (9; Z ) for some finite N < M,.

TuEOREM VII. Let & be a conservative system of ideals in the commutative
ring N. There exists a set = of finite links sn N such that the set of 1deals admsitting
the links of 2 is X

Proof. Let {x1,...,%,; x} € 9. Using maps whose range is a single element
one may express, by means of a finite link, the condition xy,...,%, € a
implies x € a. Let = be the set of such links for all subsets {x, ..., x,; x},
n=12 ..., of A such that x € ({x1,...,%,};Z"). Clearly, every ideal
of 4" admits the links of 3. Conversely, let a admit these links. If x € (a; %),
then by Lemma XV there exists a finite set ¢ C a such that x € (N; Z).
Hence, there is a link in ¥ which requires x € a. Thena = (0; %) € Z.

A link will be called s¢mple if its only antecedent is the identity map.

Remark. A link (\;u) with but one antecedent is equivalent to a set of
simple links. For one can construct maps »;, ¢ € £, of ¥ into U such that the
vx yield the distinct values of uN—x for any x € U for which u\—1x exists, and
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are 0 for all other « € Y. The »; furnish the consequents of a set of simple
links equivalent to (\; ).

It is not possible to obtain all conservative systems by means of sets of
simple links.

Counterexample. Let I be a unique factorization domain but not a principal
ideal domain. Let £ be the set of principal ideals of . Then £  is conservative
(indeed, divisible). Let u be the consequent of a simple link A such that 2~
admits A. For x € %A, (x) € £ and, hence, ux € (x). It follows that
every ideal of ¥ admits A so that £ cannot be the set of ideals admitting a
set of simple links. If 9 contains a radical ideal which is not principal, Z(Z")
is not determined by any system of simple links. %  is the set of ideals a admit-
ting the links which express the requirement that for each a,b € %, a,b € a
implies d(a, b) € a, where d(a, b) denotes the greatest common divisor of
a and b.

6. Examples. Throughout this section and hereafter, n denotes the identity
map of A onto .

(1) Homogeneous ideals. Let U be a graded commutative ring. If x € U,
we write x = > % x®, where x(? is the homogeneous component of x of
degree ¢, and all but a finite number of the x(” are 0. If x 5 0, we also write
x = Y7 1%, where the x, are the non-zero homogeneous components of x
arranged in order of increasing degree. Let h;,72 = 0, £ 1, & 2, ..., be the
map defined by kux = x(9. Let m be the map defined by mx = x; for all
x # 0, m(0) = 0.

The set ## of homogeneous ideals of 9 is a conservative system. J# consists
of all ideals admitting the link (y;m). Alternatively, S consists of all ideals
admitting the links (9; 2;),7 = 0, =1, £2,... .

It will be shown that & = PD (). Let a €, xy € a, x = Y 1-1%;,
¥ = > -1y Then x1y;1 = m(xy) € a. Suppose that it has been shown that
xwyi?, ..o, xy0 € a,1 £ 7 < r. Let 2 be the homogeneous component of xy
which is of the same degree as x;41y1. Then 2 — x;41y1 is either 0 or a sum of
terms x,y, with ¢ £ j. Hence (2 — x;41y1)y1? € a. Since 2z € a, x,;01y:1t! € a.
Hence, by induction, x,y:" € a,2 = 1,...,r. Then xy," € a.

Let z € 9. It must be shown that a, € 5. Thatis, ifv € a,, say v = Y10y,
and vz" € q, then it must be shown that each v; € a,. This amounts to showing
that for some positive integer k each v,2* € a. If 2 = 0, this is trivial. If 2z has
but one homogeneous component, it is true with & = &, since the v,2" are then
the homogeneous components of vz". We proceed by induction on the number
of homogeneous components of z. Since 2, = (3")1, it follows from the result
of the preceding paragraph that there is a positive integer  such that vz;* € a.
Then also each v,2;* € a. Let w = 2 — 2;. Then vw*" € q, since when w*" is
expanded in powers of z and 2; each term has either z,’ or 2" as a factor. Then
v € a,. Since w has fewer homogeneous components than z, it follows from the
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induction hypothesis that there is a positive integer n such that each v, w" € a.
Then each viz"t* € q, completing the proof.

It follows from the preceding result that & () consists precisely of the
radical homogeneous ideals. Since the radical of a homogeneous ideal is
homogeneous, we also have J = % (J). It is not true in general that
H = D (). An inductive argument from the criterion of Lemma XIV for
membership in & () shows that an ideal a of U is in D () if and only if,
given vw € @,v = Y ;19;, W = Y i—1W;, then each vw; € a. Let A be the
polynomial ring f[x, v, u, v], & a field. Use the usual grading. Let

a = (x%u, yv, x* + u?y).

Then a € S, Since (x? + y)(u? -+ v) € a, u%y ¢ a, the preceding criterion
shows that a ¢ Z ().

Theorems I and II yield the standard results on the representation of a
radical homogeneous ideal as an intersection of homogeneous prime ideals.
As has already been indicated, Theorem III is inadequate to give the standard
representation of a homogeneous ideal in terms of homogeneous primary ideals.
This is provided by Theorem IX below.

(2) Extensions. Let I possess an identity element 1, and let B be a unitary
over-ring. Let p be a prime ideal of ¥, and consider the set % consisting of
those ideals of ¥ whose intersection with ¥ is b, and of ¥ itself. Then & is
a conservative system. Let q be a radical ideal of /. Is g the intersection of
prime ideals of ¥ whose intersection with 9 is p? That is, is q € (¥ )?
This will be so if q:x € % for all x € B. We find at once the well-known
criterion: st € q, s € U, t € B implies either s € port € q.

(8) Muliiplicatively closed sets. Let 8‘ be a multiplicatively closed subset
of %. An ideal a € & is called a 3-ideal if xy € a,x € &, implies y € a. Let
% denote the set of 3-ideals. The implications defining £” may be regarded
as a set of links, and we see at once that 4" is conservative and £ = Z(%").
Hence, every radical 3-ideal is an intersection of prime §-ideals. The definition
and this result were stated by Robinson (13, p. 432).

(4) M-rings. A set m;, ¢ € F, of maps of ¥ into ¥ is said to have a multi-
plication theorem if there exist elements ¢, € ¥, 7,7, # € &, such that for

x,y €N 1€ L,
mi(xy) = Z cim(max) (my),
J.kES

where only a finite number of the ¢,;; are different from 0 for given ¢.

An M-ring is a commutative ring together with a set m,, ¢ € £, of linear
maps with a multiplication theorem. An ideal of the ring admitting the links
(n;my),1 € F,iscalled an M-ideal. The theory of M-rings has been developed
by Kreimer (7).
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If 9 is a graded ring in which the homogeneous components of negative
degree are 0, then ¥ is an M-ring with the set of maps M = k41 =0,1,...,
as defined in (1) above, and the M-ideals of I are the homogeneous ideals.
Other important examples of M-rings will now be considered.

(5) Derivations. Let D = {d,, 1 € F} be a set of derivations of ¥ into .
Then A and D constitute a differential ring, and the ideals of I admitting the
links (n;d;),1 € F, are called differential ideals. Let & denote the set of
differential ideals. Then & = P (Z"). For if a € 4, xy € a, and d is one
of the d;, then x%dy = xd(xy) — xydx € a. It follows from a remark following
the definition of partially divisible that & ( Z") consists of all radical differen-
tial ideals. Then every radical differential ideal is an intersection of prime
differential ideals. If % contains the rationals, then ¥ is a Ritt algebra
(5, p. 12). It is easily shown that if A is a Ritt algebra, then the radical of a
differential ideal is a differential ideal, so that 2" = % ( Z2"). On the other hand,
let % be the polynomial ring £[x], where & is a field of positive characteristic p,
and let D consist of the derivation d of ®[x] over & such that dx = 1. Then
a= (x?) € 4, but va = (x) ¢ Z. Hence, in this case,

C(Z)CPIX)=Z.

(6) Higher dertvations. Let Dy = n, D4, ..., D, be additive maps of ¥ into 2
such that D;(xy) = i o@x)(Dwpy);x, vy € A, i =0,1,...,m. Then the
D, constitute a higher derivation of rank m of 9 into A. A higher derivation of
infinite rank is defined similarly. An ideal of U is said to admit the higher
derivation if it admits all the links (g, D).

Let a set of higher derivations (not necessarily all of the same rank) be
given in . Let & denote the set of ideals of ¥ admitting all these higher
derivations. Then £ is conservative, and an inductive proof with steps
resembling the proof in (5) shows that & = 2 (Z). Hence, (%)
consists of all the radical ideals of 2, and every radical ideal of £ is an
intersection of prime ideals of £". It has been shown by Hamara (4) that if
the higher derivations are of infinite rank, then 2 = € (%).

(7) Difference rings. Let T = {t;,1 € F#} be a set of homomorphisms of I
into . Let / C #. Let 4 consist of those ideals admitting the links
(n;t:),1 € F, and let % consist of those ideals of 2 which also admit the
links (¢;;1),7 € / We call the pair ¥, T a difference ring. The ideals of 2 are
called difference ideals, and the ideals of % are said to be reflexive in the
t;, 7 € / If/ = S, then the ideals of % are called reflexive difference ideals.
(The ideals of £, but not necessarily those of %, constitute a set of M-ideals.)

Remark. From the present, more general approach, a slight conflict with
earlier terminology is natural. Ritt (10) (see also (3)) used the term perfect
difference ideals to designate (%) with # = #, and the term complete
difference ideals to designate € ( Z").
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Let S = / The following criterion is due essentially to Ritt and
Raudenbush (12): 4 radical ideal o € % is in P %) if and only if for each
b1 € I, xtx € a smplies x € a.

Proof. Leta € (% ),t ¢ T. Then xix € aimplies (tx)? € a by Lemma XIV.
Since a is radical and reflexive, x € a. Now suppose that a satisfies the stated
condition. We must show that xy € a implies xty € a, and that xty € a
implies xy € a. Let xy € a. Let u = xty. Then utu = ht(xy), where h = xi2y,
Hence utu € a, u € a. On the other hand, let xty € a. By the preceding case,
txty = t(xy) € a. Since a is reflexive, xy € a. From the preceding condition
we obtain, at once, the following criterion: 4 difference ideal a is in P (%)
(with I = /) if and only if for each t € T, x € U, the presence in a of a
product (x)¥o(tx)*r ... (t"x)*» for some mom-negative integers m, kg, ..., ky,
wmplies x € a. This criterion reduces to the usual one for a difference ideal to
be perfect in the special cases heretofore studied, and Theorem II yields the
previously known decomposition theorem.

Ritt has shown that in certain difference rings, in particular in polynomial
difference rings over a field, % (%) does not satisfy C-1; see (10, p. 689;
3, p. 106). For such rings, one has at once that 2 D € (2) D 9(X).
Since a polynomial difference ring contains an ideal a such thata € £, a = (1),
and (a; @ (2)) = (1), not all ideals of & are even intersections of ideals
of € (&) in this case. It is easy to see that one may substitute % for & in
all the above. Since the radical of an ideal of % isin %, PD (% ) C € (¥ ).
The following example shows that this inclusion may be proper. (Contrast
with the differential case.)

Let 9 be the ordinary polynomial difference ring 8{y, 2z},  a field. T consists
of a single isomorphism ¢, and we denote "x by %,,. Let % be the set of reflexive
difference ideals of ®. Let a be the ideal of % generated by the monomials
(yz,)?and y24,4,7=0,1,... . Thena € #. Let

b= (91,...), ¢c=(32,...).

Then v/a = bMN¢, and b and ¢ are prime ideals of /. Hence a € € (¥).
Since y'z; ¢ a,7 = 0,1,...,a § LD ¥ ).

(8) D-rings. Let T = {t;, i € F#} be a set of homomorphisms of ¥ into I,
D = {d;i € I}, a set of derivations of ¥ into ¥, and let ., C #. This
structure will be called a D-ring if:

(a) # and J’ are finite,

(b) the #; are isomorphisms,

(c) the d; and ¢{; commute among themselves and with each other.

The set 2 of D-ideals of U consists of those ideals which are differential
ideals for the derivations d; and difference ideals for the isomorphisms ¢;
reflexive in the ;7 € Z. D-rings form a natural setting for the abstract
study of difference-differential equations, and with some further specializations
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have formed the subject matter of most work in difference and differential
algebra. Conditions (a) and (c) are used to obtain theorems showing & ( %")
to be Noetherian in important cases. It is probable that (c) could be replaced
by weaker conditions on the commutators, but this has not been explored.
Such conditions would certainly be appropriate for some analytic problems.
It has been usual to assume (b), but this is unimportant, at least if £ =

It will now be shown that analytic situations make it natural to study
subsets of 4" admitting additional links. One of several possible examples
will be given. None has been studied in any depth.

Let § be the field of functions meromorphic in a strip of the complex plane
parallel to the real axis. Let d denote the derivative in the analytic sense and ¢
the isomorphism defined by #f(z) = f(z+ 1). Then df(z) = 0 implies
if(z) = f(2). We extend § to a difference-differential polynomial ring
A = F{y} in the usual way (cf. 3, p. 64 or 11, p. 2) and continue to use d and ¢
to denote the derivation and the isomorphism of ¥, respectively. We wish
to consider manifolds of the D-ideals of 2. It is natural to restrict attention
to manifolds whose solutions lie in rings for which an implication like the
preceding one is valid. Certainly, meromorphic solutions will lie in such rings.
Let p be a prime D-ideal of A. Then the desired implication will hold in the ring
A/p if and only if p admits the link (d;¢ — 7). It will hold in the quotient
field of A/p if and only if for each x,9 € U, xdy — ydx € p implies
xty — yix € p. These requirements can easily be expressed by a set of links.

(9) Restricted manifolds. In studying manifolds of polynomials over a field &
one may wish to restrict attention to solutions lying in a given subset of a
certain extension of §. For example, if § is the rational field, one may wish to
consider only integral or only real solutions. Since each solution is determined to
within equivalence by a homomorphism of the polynomial ring onto an integral
domain, and hence by the prime ideal which is the kernel of the homomorphism,
the restriction is described by giving certain subsets of the set of prime ideals
of the polynomial ring. One may also wish to impose the condition that the
ideals of the manifolds studied belong to a certain conservative system. We
are thus led to the following generalization.

Let ¥ be a ring, 2~ a conservative system of ideals in ¥ such that #(2")
is Noetherian, £ a set of prime ideals of % such that A € 2. Let % consist
of those ideals which are intersections of ideals of 2, and let & consist of U
and the members of % N P (Z). Then & is a Noetherian perfect conserva-
tive system. Every ideal of 2 can be expressed uniquely as the irredundant
intersection of finitely many prime ideals of & ; however, these prime ideals
need not be in 2. If b € Z, we define the (restricted) manifold M () of b to
be the set of ideals of 2 containing b. If M is a manifold (that is, if M = M (b)
for some b ¢ Z), then the ideal (M) of M is the intersection of the ideals
constituting M. (Note that M (b) may neither be included in nor include the
set of ideals appearing in the irredundant representation of b as an intersection
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of prime ideals.) It follows at once from the definitions that if b € &, then
b = S[M(b)]. If M is a manifold, say M = M (b), then b = F(M), therefore,
M = M[Z(M)].

Let by,...,0, €%, andlet b =06 N ... N5, Then

M@®) = M) U...UMC(,).

Conversely, let My, ..., M, be manifolds. Let b = (M) N ... N\ FAL,).
Since M; = M[J(M,;)],2=1,...,r, it follows from the preceding remark
that M () = M, U ...\U M,. Hence, a union of finitely many manifolds is
a manifold. It is easy to see that the intersection of manifolds is a manifold
provided £ C %

A manifold M is called trreducible if it is not the union of two proper sub-
manifolds. A manifold M is irreducible if and only if & () is prime. For
suppose, first, that M is reducible, say M = M, \U M,, where M, # M,
My % M. Then (M) = (M) N F(M,). Since M; = M[F(M,)] and
M = M[J(M)], we see that J(M;) = JF(M). Similarly, (M) = J(M).
Choose x € J(M1),x ¢ J(M),andy € J(M3),y € J(M). Thenxy € J(M).
Hence, (M) is not prime. Next, suppose that (M) is not prime. Then
b=S8(M) =b;N...Nb, the b, € Z, b, b, > 1; and

M =M(@®) =M@0)\U...UM(®,).

We cannot have M(b) = M(b;) for any %, since this would imply that
b= JM®OB)] = IM(b;)] = b;. Hence, M is reducible.

IfM=M\J...UM, where the M, are irreducible manifolds no one of
which is contained in any other, then the M ; are called a set of rreducible com-
ponents of M. Now, starting with an arbitrary manifold M, we may write (M)
as an irredundant intersection of prime ideals by, . . ., b, of &. It follows that
M (by), ..., M(,) are a set of irreducible components of M. They are unique,
since if M = M, U ...UM/, where the M, are irreducible manifolds no
one of which is contained in any other, then 3 (M) = J(M:) N ... N\ F(M),
and it follows at once from earlier remarks that the ideals & (M) are prime
ideals no one of which is contained in any other. Hence, they coincide when
suitably ordered with by, ..., b,. It follows that the M/, and the M, coincide
when suitably ordered. Every manifold is the irredundant union of a uniquely
determined finite set of irreducible components.

(10) Bi-ideals. We introduce a second commutative ring 8 with a conserva-
tive system & of ideals. Let ¢ be a homomorphism from ¥ into 8. We call a pair
[a,bl,a € P(X),6 € P ), a & b, a bi-ideal of (U, VB, ¥, Z, % . Let U
denote the set of these bi-ideals. Robinson (13) introduced bi-ideals in order
to give an abstract algebraic treatment of the initial value problem for
differential equations.

Let @ = [a, b] € %. Then « is prime if a and b are prime, proper if b #= B.
Let a; = [a; b;], 7 € £, be members of %. The greatest lower bound v of the
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a; is defined to be [N e 0, Nieybi]. We write v = M cyei. Of course, v € Y.
If b is an ideal of B, then b* will denote the set of ¢ € U such that yc € b.
Then 0* is an ideal, and if b is prime, b* is prime.

Let « = [a,b] € %, and let a;,5 € J,06,,7 € Z, be the minimal prime
ideals containing a and b, respectively. Then 6,* D a,j € /; so that we may
define 2(j),j € f, such that #(j) € £ and ;) C b,* By Theorem I, the
[a:, b,] and [a,, B] are in #. They are prime, and their intersection is a.
Hence, every bi-ideal is the greatest lower bound of a set of prime bi-ideals.
A proper bi-ideal is not necessarily the greatest lower bound of a set of proper
prime bi-ideals (13, p. 444). However, we see at once from the decomposition
just obtained that if « is proper and @ = [a, b] is the greatest lower bound of
the set of all proper prime bi-ideals containing «, then b = 5. We call @ the
closure of a.

A bi-ideal [a, b] is regular if, given x € ¥ such that ¢(x;Z(27)) C b,
then x € a. One sees at once that there is at most one regular bi-ideal with
the second member b.

To obtain a satisfactory theory of regular bi-ideals we impose the following
regularity conditions on (¥, B, ¢, 2, %):

R-1: 9 (0; (%)) € (0; P ¥ ));

R-2: Let b € (@) and let a,;,1 € F, be members of (%) such that
for each 7, ya; C b. Then ¢(Ues0:; P (X)) C .

Let b € P(#). Let &' denote the set of all ¢ € 2 such that ya C b.
Then 2 is not empty by R-1. It follows from R-2 that the union b’ of the
members of Z ' isin Z”. Then [, b] is a bi-ideal. If

x €Y and Y, P(Z)) C b,

then (x; Z2(Z°)) € &, and therefore x € b’. Hence, [0, b] is regular. We call
b’ the expansion of b.

Remark. Robinson’s definition (13) of regularity for the case that £ (Z")
consists of those perfect differential ideals which are also 3-ideals, & a multi-
plicatively closed set, agrees with ours provided that (13, conditions 6.1 and
6.2) and the assumptions made throughout that paper hold; and R-1, R-2 are
then valid. These facts follow from (13, 6.3 and 6.4). If Z?( %) consists of
perfect differential ideals (i.e. & = % — 0), they are obvious.

If 0 C % is prime, then so is the expansion b’ of b.

Proof. Let xy € b'. Letu = (x; (%)), v = (y; (%)). By Lemma VI,
uNy = (xy; (%)) C . Hence yuNyv C b. Since b is prime, either
yu € b or yv C b. The regularity of [0/, b] implies either x € b’ or y € 0.

It is evident that the greatest lower bound of a set of regular bi-ideals is
regular. Letb € % and let b, i ¢ £, be the minimal prime ideals containing b.
Let b, be the expansion of b;, 2 € #. Then the b/ are prime. If b’ = N ,c,b/,
then [0/, b] is regular. Hence, every regular bi-ideal is the greatest lower bound
of a set of regular prime bi-ideals.
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7. Primary representations. Let Z be a conservative system of ideals in [
such that Z2 (%) C € (Z), and let (4,f) be a simple link admitted by
every ideal of X. Let a € £ be the intersection of primary ideals qy, . . ., G,
of . Then a € D (X), as was pointed out in the first paragraph of § 2,
so that if xy € a, there exists an integer » such that x"fy € a. However, it
also follows easily from the fact that the q; are in € (%) that there exists
an integer s such that x(fy)® € a. Hence, we have a new necessary condition
for an ideal of £ to be an intersection of primary ideals of Z". Under rather
special circumstances, this condition becomes sufficient.

Turorem VIII. Let & be a conservative system in the commutative ring
such that:

(1) & consists of those ideals of N admitting a set M of simple links with
consequents my, 1 € S. Let M denote the set consisting of all products of the m;
and of the identity,;

(2) & is additive, and X = PG (L) = € (X );

(8) For each x € U, the ideal generated by the elements mx, m ¢ M, is (x; Z)
and has a finite basts;

(4) If x € A, m € M, then for any positive integer h, mx" is a linear combina-
tion with coefficients in U of products of the form (mPVx) ... (m™x), where the
mD are in M;

(BG)Ifa € &, xy € a,1i € I, there exists an integer v such that x(my)" € a.
(This implies that if m € A, then x(my)® € q, for a suitable s.)

Then if a € & is an intersection of finitely many primary ideals of A, a is an
intersection of finitely many primary ideals in & .

Remark. If the m; are linear, the first parts of (2) and (3) follow from the
other conditions. Even in this case, (4) is more general than the requirement
that ¥ be an M-ring.

Proof. Let P < A. If P is not empty, the ideal generated by the elements
ms,m € M, s € B,is (P;Z ). To prove this, let T denote the set of subsets
Q of P such that the ideal generated by the elements mt, m ¢ M, t € Q, is
(£; X). 2 contains the one-element subsets of P by (3). By C-2 and Zorn’s
lemma, = contains a maximal subset $*. Lets € B. Leta = (5;2") + (B*; Z2).
Then a € &4, since 4 is additive. However, by (3), a is the ideal generated
by the mt, m € M, t € P*, and the ms, m € M. Hence s € P*, P* = P.

Let a € 4, and suppose that a = q;: M\ ... /N q,, where the q; are primary
ideals. Let q;*,¢7 = 1, ..., n, denote the set of elements x of A such that for
each m € M, mx € q. If x € q;*, then mx € q;* for each m € _#. Hence,
(q:*) = (q.%; %) by the result just proved. (Here, (q;*) denotes, as usual,
the ideal generated by ¢;*.) Evidently, (q;*) € q;. These statements imply
that if x € (q*), m € #, then mx € g, Hence, q* = (¢,%),i=1,...,n.
Evidently, a C q*,2=1,...,%n Hence a = q¢* N ... N q* It remains
only to prove that the q;* are primary.
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Let xy € q.*, x ¢ q* Let m € 4. Let r be such that x(my)” € q.;*. Then
% € (@) my € Z. There exists m’ € A such that m'x ¢ q,. Since

m/x € (qi*)mvr

a; does not contain (q;*),,. Then certainly ¢, does not contain (q;)n,. Since
q; is primary, this implies that my € +/q;. Hence, there exists for each
m € M a positive integer s such that (my)*® € q,. Since the ideal generated
by the my, m € #, has a finite basis by (3), there exists a positive integer ¢
such thatif m®, ..., m® € M, then II - 1mPy € q,. It follows from (4) that
my' € q, m € M. Hence y* € q;*.

We investigate two special cases, the first of which is well known, and the
second of which has recently been treated by Seidenberg (16).

CorOLLARY . Let U be a graded commutative ring. If a homogeneous ideal o
of A is the intersection of finitely many primary ideals, then a is the intersection
of finitely many homogeneous primary ideals.

Proof. Let 5 denote the conservative system consisting of the homogeneous
ideals of ¥, and define m and the %; as in example (1). 5 is an additive,
conservative system, and it has already been shown that

H = PD(H) = C(H).
All the conditions except (5) are then readily verified, with
M= {hyi=0,=%1,...}.

To verify (5), let a € 5, xy € a, and let ¥y = Y i1y, in the notation of
example (1). It is easy to see that (5) will follow if we can find a positive
integer ¢ such that xy,* € a,2 = 1, ..., s. Suppose that there exists a positive
integer 7 such that xy,” € a,42 = 1,...,k% where 1 £k <s. For £ = 1, the
existence of such an integer was shown in the course of proving that
H=PYD(H). Now x(y — y1 — ... — )™ € a, as one sees by expanding
the left-hand side. However, m(y —y1 — ... — )™ = (321)™. Now
applying again the result cited for the case £ = 1, we find that there exists a
positive integer 7’ such that x(yx4+1)” € a. Thus, the desired result follows by
induction.

CoroLLARY II (Seidenberg). Let A be a commutative ring with derivations
d;, 1 € F. If Ais Noetherian and a Ritt algebra, then every differential ideal of U
is an intersection of finitely many differential primary ideals.

Proof. All the requirements of the theorem except (5) are readily verified
for the set & of differential ideals using the discussion of example (5). It only
remains to show that if a is a differential ideal, xy € a, and d one of the d;,
then there exists an integer r such that y(dx)" € a.

Since only the derivation & will concern us henceforth, we introduce the
set % of differential ideals closed under d, and note that a € & CT %. We
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also introduce a differential polynomial ring ¥ in two indeterminates u, v
over the field R isomorphic to the rational field which is contained in ¥ by
hypothesis. In both 9 and B, derivatives will be indicated by subscripts, for
example y; for d%y. Let Z be the set of differential ideals of 3.

Let & be the set of all differential polynomials of ¥ which yield members
of ((xy);% ) on substituting # = x, v = y. Evidently, & is an ideal, & € &,
and ((w); Z) € &.

Since A is Noetherian, there exists a non-negative integer k such that
;%)= (y,91,...,9:). Since ¥ = PD (¥ ), there exists a positive
integer 7 such that x7y; € ((xy);%),i=0,1,...,%k Then actually
xy; € ((xy);%),i=0,1,....Itfollowsthatu™s; € §,4=0,1,....

From the work of Levi (see 9, p. 562), it follows easily that

w'v — ku'v, € ((w); 2), Ec R

(Note that #"v, is the only “a-term’ of signature (r, 1) and weight , and
that ;v is a *‘B-term’’ of this weight and signature.) Applying the result of
the preceding paragraph we find that u;’v € &§. Hence x,"y € a.

Remark. If Y is a unique factorization domain and £ the admissible system
consisting of principal ideals of ¥, then also every ideal of £  is an intersection
of primary ideals of £, but this case is not covered by Theorem VIII if " = .¥.

8. Comaximal representations in 1/-rings. Theorems IV and V furnish
comaximal representations for certain ideals of 2 (Z"), where £ is a con-
servative system. Ritt obtained such representations for € (%), where %2~
is the set of difference ideals; and since we have seen that € (Z) D P2 (Z)
is possible in this case, these theorems are not a generalization of Ritt’s
results. The following theorem generalizes Ritt's theorems on comaximal
representations in either differential or difference rings. The notation follows
example (4).

Definition. An M-ring is of finite type if each ¢ € F is contained in a finite
subsetf('i) of £ such that for each j € /(i) the ¢ are 0 if either & ¢ _Z (1)
orm ¢ f(i).

TueoreM IX. Let A be an M-ring of finite type with identity e. Let & be the
set of M-ideals of A. If a € € (X)) and b = /a is the intersection of pairwise
comaximal ideals by, . .., b,, then there exist unique pairwise comaximal ideals
Ay, ..., 0,0 C(ZX ) suchthata = a1 N ... Na,andb; = Vay,i=1,...,r.

Proof. By Lemma IX there exist unique pairwise comaximal ideals
ai, ...,a, such that a =a:MN...MNa, and b; = va,2=1,...,r. From
Lemma X and the fact that the b; are radical, each b; € Z(%). It remains
only to prove that each a; € &. By Lemma VII it suffices to consider only
the case » = 2.

There exists x € a;, ¥y € az such that x 4y = e. Since x € by, m,x € by,
i € F. Hence, for each ¢ € J there exists a positive integer s = s(z) such

https://doi.org/10.4153/CJM-1969-089-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-089-0

806 RICHARD M. COHN

that (mx)® € a;. It follows that if f is a finite subset of £, there exists a
positive integer ¢ = t(/) such that every product of the form Ht,-zlmi].x,
i; € F,isin ay.

Since xfF — &l =%y € a,k=1,2,..., it follows that x — «* € q,
E=1,2.... Thenmx — mx* € a,i1€ F,k=1,2,....Forgiveni € S
letf be the finite subset of £ to which 7 is assigned in the definition of M-ring
of finite type. Define ¢ = ¢(,# ) as above. Then mx — mx' € a C a;; how-
ever, mx' can be expanded by the multiplication theorem to a sum of terms
which are in a; by the choice of ¢£. Hence, mx € a.

Let «# € a;. Then uy € a. Let 2 € #. Then the multiplication theorem
yields m;(uy) = > ¢y (mu) (myy), where the sum is over those j and % in a
finite subset of . For each k, myy = me — myx, and mx € a;. Hence
> cup(myu) (me) € a;. However, the multiplication theorem shows that the
sum on the left is me;(ue) = mu. Hence, ma € a; for all u € a5, 1 € .

TurorREM X. Let U be an M-ring of finite type with identity, and let 2 be
the set of M-ideals of N. Let PP (X)) be Noetherian. If a € € (X ), a #= U,
then there is a uniquely determined set ai, . .., a; of ideals of € (Z) distinct
from N such that:

(a) The a; are patrwise comaximal;

(b) None of the a; is the intersection of two patrwise comaximal ideals distinct

Srom A;

(c)a= ﬂ'§=1ai.

If a € PDX), then each a; € PO(X). If a € (X)), then each

Proof. The proof of (a), (b), (c), and uniqueness is similar to the proof of
Theorem V. The final statements follow from Theorem V.

9. Concluding remarks. A set £ of radical ideals of a commutative ring A
will be said to have the Krull property if 2 consists precisely of those ideals
which are intersections of prime ideals of . If £ has the Krull property,
and if also & contains the minimal prime divisors of each ideal of %", then
Z will be said to have the strong Krull property. Evidently, C-1 and divisi-
bility are necessary conditions for Z  to have the Krull property. Theorem I
shows that C-1, C-2, and divisibility are sufficient for the strong Krull property.
However, neither of these sets of conditions is both necessary and sufficient
for either the Krull property or the strong Krull property, and further elucida-
tion of the situation is needed.

Example (1). Let A be a ring containing an infinite ascending sequence of
distinct prime ideals, and let & consist of the ideals of such a sequence.
Then & has the strong Krull property, but does not satisfy C-2.

Example (2). Let A be the ring of continuous real-valued functions on a
closed interval I; and let J be a closed proper sub-interval of 7. Let a be the
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ideal of functions of ¥ which vanish on J, and let & be the set of all ideals
a:T, T C Y. Then £ is divisible and satisfies C-1. For any &, a:T consists of
those functions vanishing at every point of J — J’, where J’ is the set of points
in J which are zeros of every member of . Since J — J’ cannot consist of
a single point, a:T is not a proper prime ideal. Hence, £ does not have the
Krull property.
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