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ABSTRACT 
Large s c a l e , o r " g l o b a l " s t a b i l i t y of f i n i t e r a d i u s , r a ­

zor t h i n d i s k of s e l f - g r a v i t a t i n g m a t t e r in p r e s e n c e of a ma­
s s i v e h a l o s u r r o u n d i n g t h e d i s k i s s t u d i e d a s an e i g e n - v a l u e 
problem. Ef fec t of t h e halo mass and s i z e on t h e a l lowed g l o ­
bal s p i r a l e igenmodes of t h e d i s k i s d i s c u s s e d . 

INTRODUCTION 

The d e n s i t y wave t h e o r y has been one of t h e most s u c c e s ­
s fu l a p p r o a c h to e x p l a i n t h e s t a b i l i t y and s p i r a l s t r u c t u r e 
of d i s k g a l a x i e s (Lin and Shu 1964; Lin, Yuan and Shu 1 9 6 9 ) . 
In t h e c o n v e n t i o n a l ' l o c a l ' t h e o r y , s p i r a l p e r t u r b a t i o n s of 

t h e form, C = ? exp{i(u)t + kr + mO)} a r e assumed t o e x i s t with 
t h e c o n d i t i o n of t i g h t winding, i . e . , | k | r >> 1; k being t h e 
wave number 2TT/X , and a d i s p e r s i o n r e l a t i o n D(k,u>) = 0 i s < 
o b t a i n e d . S p i r a l p a t t e r n s a r e termed a s " l e a d i n g " or " t r a i l ­
i n g " a c c o r d i n g a s k > 0 o r k < 0 . In t h e l o c a l a n a l y s i s there 
remained s e v e r a l d i f f i c u l t i e s , namely, ( i ) i t s v a l i d i t y fo r 
t i g h t s p i r a l s o n l y , whi le in n a t u r e most g a l a x i e s e x h i b i t r a ­
t h e r open s t r u c t u r e s ; ( i i ) e x i s t e n c e of many f r e e p a r a m e t e r s ; 
( i i i ) no d i s t i n c t i o n between t h e l e a d i n g and t r a i l i n g t y p e s 

of s p i r a l p a t t e r n s ; and ( i v ) r a d i a l p r o p a g a t i o n of t h e s p i r a l 
d e n s i t y waves (Toomre 1 9 6 9 ) . A d d i t i o n a l l y , s i n c e g r a v i t a t i o n a l 
f o r c e i s a l ong r a n g e one , a l o c a l a n a l y s i s i s not a d e q u a t e 
e s p e c i a l l y fo r p e r t u r b a t i o n s having wave leng ths comparable to 
t h e c h a r a c t e r i s t i c d i m e n s i o n s of t h e sys tem. Consequen t ly , a 
g l o b a l o r l a r g e s c a l e s t a b i l i t y a n a l y s i s of s e l f - g r a v i t a t i n g 
d i s k s w i th a p p r o p r i a t e boundary c o n d i t i o n s i s e s s e n t i a l . 
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GLOBAL STABILITY OF A SELF-GRAVITATING DISK - MATHEMATICAL 
FORMULATION 

In what f o l l o w s , we u s e a f l u i d dynamical d e s c r i p t i o n of 
model g a l a x y - in c y l i n d r i c a l c o o r d i n a t e s , being t h e n a t u r a l 
c o o r d i n a t e system fo r d e s c r i b i n g f l a t d i s k c o n f i g u r a t i o n s : 

^ + p _ ( r o u ) + L | _ ( a v ) = 0 ( i ) 
o 

9u_. ILE + Y_ <L!i _ Y. _ L iP_ + M. 
3t 3r r 30 r a 3r 3 r (2 ) 

3v , 3_y_ + Y.?_Y_ + ^y_= 1 3p , 1 3<1> 
3t 3r r 3© r " r a 30 r 30 (3 ) 

where a ( r , 0 , t ) , p ( r , 0 , t ) , u ( r , 0 , t ) , v ( r , 0 , t ) and ^ ( r , 0 , t ) 
a r e s u r f a c e d e n s i t y , the rmal p r e s s u r e , r a d i a l and az imu tha l 
v e l o c i t i e s , and net g r a v i t a t i o n a l p o t e n t i a l , r e s p e c t i v e l y . 
S e l f - g r a v i t a t i o n a l p o t e n t i a l ty due to s u r f a c e d e n s i t y d i s t r i ­
b u t i o n of m a t t e r , o, on t h e f l a t d i s k i s g iven by t h e P o i s -
son ' s e q u a t i o n : 

V% = -4TTG 6 ( z ) a (4 ) 

In o r d e r t o c l o s e t h e system of e q u a t i o n s , we u s e an e q u a t i o n 
of s t a t e between p r e s s u r e and d e n s i t y : 

Y 
p = c o (5 ) 

Let u s c o n s i d e r t h e e q u i l i b r i u m s t a t e , i . e . , t i m e i n d e ­
penden t , ax i symmet r i c d i s k having s u r f a c e d e n s i t y Z ( r ) , a n d 
the rmal p r e s s u r e P ( r ) wi th no r a d i a l f lows , i . e . , U ( r ) = 0. 
The az imu tha l v e l o c i t y , V ( r ) = r f i 2 ; £2(r) being t h e a n g u l a r 
v e l o c i t y , i s t h e n o b t a i n e d from t h e r a d i a l component of t h e 
momentum c o n s e r v a t i o n e q u a t i o n ( 2 ) : 

vf_ _ 1_ dP dX 
~ r " " I dr dr (6 ) 

where f ( r ) i s t h e net g r a v i t a t i o n a l p o t e n t i a l a t a p o i n t r 
i n t h e p l a n e of t h e d i s k , and i s g i v e n by: 

* ( r ) = V d ( r , z = 0) + ¥ b ( r ) + V fa(r) (7 ) 

where V i s s e l f - c o n s i s t e n t g r a v i t a t i o n a l p o t e n t i a l of t h e 

d i s k , and f. .V. a r e t h e e x t e r n a l o r f i xed p o t e n t i a l c o n t r i b u ­

t i o n s of t h e c e n t r a l bulge and t h e halo components , respec t ive ly . 
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I t i s p o s s i b l e t o o b t a i n g r a v i t a t i o n a l p o t e n t i a l a s s o c i ­
a t e d wi th a g e n e r a l s u r f a c e d e n s i t y d i s t r i b u t i o n of t h e form 
(cf . C l u t t o n - B r o c k 1 9 7 2 ) : 

00 

a ( r , 0 , t ) = l o m ( r ) exp[ i ( (o t + m©)] ( 8 ) 
m=0 

Cor re spond ing g r a v i t a t i o n a l p o t e n t i a l i s t h e n 
00 

i | / ( r , e , t , z ) = £ * m ( r , z ) exp[ i (o) t + m©)] (9 ) 
m=0 

where 

4> ( r , z ) = 2TTG / " A ( x ) J ( x r ) e x p ( - x | z | )dx (10) 
in Q ni ni 

A (x ) be ing t h e Hankel t r a n s f o r m of a ( r ) , such t h a t 

V x > - f 0 m < r ) J m < * r ) r d r -

For a g e n e r a l i z e d d e n s i t y d i s t r i b u t i o n , expanded i n t e r m s of 
t h e B e s s e l ' s f u n c t i o n s : 

CO 

° m ( r ) = . f 0
a j m V X j n r > ; r i Rd 

( H a ) 

= 0 ; r > Rd 

one has 

3 ° Ajm iTY (X. R) 
J m v jm ' 

I ( k ' r ) K ( k ' r ) 
m 

m 

X / ™ ^ d k - ) ; r < . R 

4 - V k R ) K m ( k r ) 

= 2TTG I a , ( -=—= / - ^ % d k ' ) ; r > R 
j = 0 j m * 2 Y f X . R ) ° XZ + k'Z 
J mv jm jm 

( l i b ) 

where A. i s t h e j t h r o o t of J (XR) = 0 (Yabush i t a 1 9 6 9 ) . 

Now, l e t u s c o n s i d e r s t a b i l i t y of t h e d i s k a g a i n s t i n f i -

n i t e s i m a l l y small p e r t u r b a t i o n s , t ; ( r , e , t ) = £ (r )exp{ i (wt-hn©)}, 
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where C, u> = (a)r,w.),m and fi = -w /m are the ampl i tude , f r e ­
quency, wave-number and the p a t t e r n - v e l o c i t y of the pe r tu rba ­
t i on , r e s p e c t i v e l y . The per tu rba t ion grows or damps exponen­
t i a l l y , or remains o s c i l l a t o r y according as m^ < 0, > 0 or 
= 0. Radial p a r t s of t h e pe r tu rba t ions are expanded a s follows 
(cf. Ambastha and Verma, 1983) 

S(r) = JQ Ck Jm(V); $(r) = J^ C ^ r ) 

G(r) = i /2 J Q CAk J m + 1 (X k r ) + Bfc J ^ ^ r ) ] 

v ( r ) = 1/2 ^ [ A k J m + 1 ( X k r ) - Bfe ^ ( X ^ ) ] (12) 

These e x p a n s i o n s a r e s u b s t i t u t e d in e q u a t i o n s ( l ) - ( 4 ) a f t e r 
l i n e a r i z a t i o n ; t h e n m u l t i p l i e d by s u i t a b l e o r t h o g o n a l f u n c t ­
i o n s and i n t e g r a t e d ove r t h e p l a n e of t h e d i s k in t h e i n t e r ­
v a l 0 <_ r <_ 1 . As a r e s u l t , an i n f i n i t e s e t of a l g e b r a i c equ ­
a t i o n s i s d e r i v e d which cou ld more c o n v e n i e n t l y be exp res sed 
in t h e form of an e i g e n v a l u e problem for t h e p e r t u r b a t i o n s : 

MZ = wZ (13) 

where M i s a 3°° x 3°° m a t r i x , . non-symmetr ic i n g e n e r a l and Z 

i s a column m a t r i x c o n s t i t u t e d by t h e b a s i s v e c t o r s o ( r ) , u ( r ) , 
v ( r ) . In g e n e r a l , t h e e i g e n v a l u e problem e x p r e s s e d i n e q u a t ­
ion (13) cannot be so lved a n a l y t i c a l l y , hence , we have used a 
numer ica l method i n v o l v i n g e l e m e n t a r y s i m i l a r i t y t r a n s f o r m a ­
t i o n of a s u i t a b l y t r u n c a t e d m a t r i x M t o e v a l u a t e t h e e i g e n ­
v a l u e s w and t h e c o r r e s p o n d i n g e i g e n v e c t o r s Z. 

GLOBAL STABILITY OF ONE COMPONENT DISKS 

S e l f - c o n s i s t e n t g l o b a l s t a b i l i t y a n a l y s i s has been e a r ­
l i e r c a r r i e d out by a number of workers fo r o n e - c o m p o n e n t . d i ­
f f e r e n t i a l l y r o t a t i n g , f i n i t e r a d i u s f l a t d i s k s mode l s ( f t i n t e r 
1963, 1965; Bardeen 1975; lye 1978; Aoki e t a l . 1979 ;Panna -
t o n i and Lau 1979; Ambastha and Varma 1 9 8 3 ) . In p r i n c i p l e , t h e 
e i g e n - v a l u e problem g iven by e q u a t i o n (13) a d m i t s an i n f i n i t e , 
d i s c r e t e s e t of e i g e n f r e q u e n c i e s compr i s ing o f bo th r e a l and 
complex -con juga te p a i r s . Large s c a l e smooth s p i r a l p a t t e r n s 
have been found a s s o c i a t e d wi th many of t h e complex eigenmodes, 
i . e . , s p i r a l s appea r a s s e l f - e x c i t e d , normal modes of o s c i l l a ­
t i o n s in t h e p l a n e of f l a t , d i f f e r e n t i a l l y r o t a t i n g d i s k s . 
S t a b i l i t y of b o t h " c o l d " a s wel l a s " h o t " s e l f - g r a v i t a t i n g 
d i s k s have been examined a g a i n s t ax i symmet r i c and nonaxisym-
m e t r i c p e r t u r b a t i o n s wi th no r e s t r i c t i o n imposed on r a d i a l 
wavelength X ( r ) . 
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In " c o l d " o r p r e s s u r e - l e s s d i s k mode l s , s p i r a l modes wi th 
r e l a t i v e l y s m a l l e r r a d i a l w a v e l e n g t h s a r e found t o have much 
l a r g e r g r o w t h - r a t e s a s compared t o t h e i r p a t t e r n f r e q u e n c i e s . 
In o t h e r words , t h e s e modes w i t h t i g h t s p i r a l arms a r e " e x p ­
l o s i v e l y " u n s t a b l e i n c o l d d i s k m o d e l s . As c e n t r a l c o n d e n s a ­
t i o n of t h e s u r f a c e d e n s i t y i s i n c r e a s e d , g r o w t h - r a t e s of 
" e x p l o s i v e " modes a r e found t o i n c r e a s e f u r t h e r . On t h e c o n ­
t r a r y , t h e s e " e x p l o s i v e " modes become l e s s v i o l e n t when t h e r ­
mal ene rgy o r " h o t n e s s " of t h e d i s k i s enhanced i n s t e a d of 
t h e c e n t r a l c o n d e n s a t i o n . A l so , i t i s found t h a t modes wi th 
t i g h t e r s p i r a l p a t t e r n s a r e s t a b i l i z e d f a s t e r t h a n t h e modes 
having r a t h e r open s p i r a l s t r u c t u r e s . However, l a r g e the rma l 
e n e r g i e s a r e r e q u i r e d i n o r d e r t o c o m p l e t e l y s u p p r e s s a l l 
" e x p l o s i v e " modes. I t i s a l s o n o t i c e d t h a t modes w i t h r e g u l a r 
t i g h t l y wrapped s p i r a l p a t t e r n s become i r r e g u l a r a s " h o t n e s s " 
of t h e d i s k i s i n c r e a s e d . On t h e o t h e r hand, modes having 
r a t h e r open " l e a d i n g " s p i r a l p a t t e r n s a r e g r a d u a l l y t u r n e d 
i n t o smooth t r a i l i n g p a t t e r n s above a c r i t i c a l v a l u e of t h e 
the rmal e n e r g y . Of c o u r s e , e v e n t u a l l y no u n s t a b l e modes s u r ­
v i v e d , i . e . , no s p i r a l s t r u c t u r e s i s a l l owed , when the rmal 
energy of t h e d i s k i s made s u f f i c i e n t l y l a r g e (Ambastha and 
Varma 1 9 8 3 ) . 

MULTI-COMPONENT SPIRAL GALAXY MODELS 

I t i s wel l known t h a t d i s k g a l a x i e s a r e complex a s t r o n o ­
mical o b j e c t s c o n s i s t i n g of s e v e r a l components w i th widely 
v a r y i n g p r o p e r t i e s , such a s , ( i ) a f l a t r o t a t i n g d i s k compr­
i s i n g of g a s , d u s t , p o p u l a t i o n I and I I s t a r s ; ( i i ) c e n t r a l 
s p h e r o i d a l bu lge which i s made up m a i n l y of p o p u l a t i o n I I 
o b j e c t s ; and ( i i i ) a l a r g e " i n v i s i b l e " halo s u r r o u n d i n g t h e 
d i s k and t h e b u l g e . Al though t h e v i s i b l e s p i r a l s t r u c t u r e s 
of a g a l a x y a r e c h a r a c t e r i s t i c f e a t u r e d i s p l a y e d by t h e g a s ­
eous and young s t e l l a r p o p u l a t i o n of t h e f l a t d i s k component, 
t h e i r p h y s i c a l a p p e a r a n c e seems t o be governed by t h e s i z e 
and m a s s i v e n e s s of t h e c e n t r a l b u l g e , which d o e s not e x h i b i t 
s p i r a l f e a t u r e s i t s e l f (Freeman 1 9 7 0 ) . Apart from i g n o r i n g 
t h e major components of r e a l g a l a c t i c sys t ems , v i z . , c e n t r a l 
s p h e r o i d a l " b u l g e " and a " h a l o " around t h e d i s k , t h e one com­
ponent d i s k g a l a x y models s u f f e r from t h e p r e s e n c e of e x p l o s ­
i v e l y u n s t a b l e modes, and r e q u i r e c o n s i d e r a b l y l a r g e the rma l 
e n e r g i e s in o r d e r t o s u p p r e s s t h e s e v i o l e n t i n s t a b i l i t i e s . l t 
has been e a r l i e r found by numer ica l s i m u l a t i o n s t h a t i n c l u ­
s ion of a l a r g e halo enve lop ing t h e d i s k s u p p r e s s e s e x p l o s i v e 
modes (Hohl 1976; Berman, Brownrigg and Hbckney 1 9 7 8 ) . In 
v iew of t h i s , we have made a s tudy on t h e l a r g e s c a l e s t a b i ­
l i t y and s t r u c t u r e of f i n i t e d i s k i n c l u d i n g v a r i o u s a s p e c t s 
of g a l a c t i c c o m p o s i t i o n . Ambastha and Varma (1982) have e a r ­
l i e r s t u d i e d s t a b i l i t y and s p i r a l s t r u c t u r e s of a f l a t s e l f -
g r a v i t a t i n g d i s k under t h e i n f l u e n c e of an e x t e r n a l g r a v i t a ­
t i o n a l f o r c e e x e r t e d by a f i x e d c e n t r a l bulge component.They 
have examined p r o p e r t i e s of t h e g l o b a l eigenmodes for v a r i o u s 
r a t i o s of t h e d i s k - t o - b u l g e mass and r a d i u s . 
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A massive halo, surrounding both the galactic disk and 
the central bulge may also have a major influence on the dy­
namics and structures of the flat disk component. Presence 
of a massive halo around our own Galaxy, the Milky Way, is 
evidenced from the nearly flat rotational curve at large gal-
acto-centric distances (Rubin, Ford and Thonard 1978; Bosma 
1978; Krumm and Salpeter 1979). It has been inferred that the 
halo component of a galaxy could be around ten to twenty t i ­
mes as massive as the disk (Ebk 1981). 

In order to examine the influence of the halo component 
on the dynamics and structure of the disk component, we con­
sider a razor thin disk with radius R(j of self-gravitating 
matter (gas, dust and population I objects) having a surface 
density distribution a,(r) : 

° d ( r ) = v W ) : r^Rd 
(14) 

= 0 ; r > Rd 

where oQ is a constant and Rd is radius of the disk. Further, 
we consider a spherical halo surrounding the disk having a 
volume density given by: 

p h ( r ) = p o [ 1 + ( r /Rh)2] - 1 ; r i R h 

= 0 ; r > Rh (15) 

where p is the central density and R, is the core-radius of *o h 
the halo. The corresponding gravitational potential due to 

the "fixed" halo mass is : 

«h(r) = -2irGpj. R^ ln{l + (r/Rh)2} + 2 (Rh/t )tan_1 (r/Rh)-2] (16) 

We define here 6h = Mh(Rd)/(Md+ Mh) or 6 = ?*d/Mh and n = Rh/ 
Rd which determine ratios of masses and sizes of the disk 
and the halo. 

Our main interest here is to understand influence of a 
halo on the large scale stability of the self-gravitating 
disk, hence for simplification we assume a 'cold' or pressu-
reless disk. Effect of thermal pressure on the global modes 
has been investigated earlier (Ambastha and Varma 1983,Aoki 
et a l . 1979). By carrying out a normal mode analysis describ­
ed earlier, we find that a number of unstable modes are al lo­
wed as in previous investigations. Unstable eigenmodes of the 
disk in presence of fixed halo potential for various values 
of 6 keeping n constant are shown in Figure (1). One finds 
that some of the eigenmodes are s t i l l "explosive", as in one-
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Figure 1: Growth-rates wj a re p lo t t ed against frequency u r 
for t h e uns tab le eigenmodes of the d i sk as t h e 
d i sk - to -ha lo mass r a t i o , 6 i s decreased. The c o r e -
r a d i u s of t h e halo, i s kept the same. 

component "cold" d i s k s , when the halo i s not s u f f i c i e n t l y 
massive as compared to the d i sk . Ibwever, when the halo mass 
i s increased to around 4-5 times the d isk mass, almost no un­
s tab le modes a re allowed, i . e . , no l a r g e scale or "global" 
spira l p a t t e r n s a re permiss ib le . 

Figure 2 shows the uns tab le eigenmodes for a fixed d i sk -
to-ha lo mass r a t i o , 6 = 0.25, but increas ing va lues of c o r e -
rad ius of the halo component. One f inds here tha t for a halo 
around 4 t imes more massive than the d i sk , no explosive modes 
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allowed even when the core r ad ius of halo i s ze ro . Moreover, 
a s the co re - r ad ius of the halo i s increased, many of the un ­
s table modes got s tab l ized and eventual ly only a s ingle un­
s table mode survived for n > 1. 
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' igure 2: Growth-rates u> against frequency u for uns tab le 
eigenmodes of the d i sk a s the r a t i o of the c o r e -
r ad ius of the halo to the r ad ius of the d isk i s 
increased. The halo mass i s four t imes the d i sk 
mass. 

Figure 3 shows e igen-pa t t e rns associa ted with some un-i 
s t ab le modes for 6 = 0.9 and r\ = 0.5 and 1.0. In the f i r s t 
case, the re i s an i r r egu la r sp i ra l s t ruc tu re with rapid va r i ­
a t ion in amplitude along the s p i r a l . However, smooth sp i ra l 
s t ruc tu re i s obtained when the halo core - rad ius i s equal to 
or g rea te r than the d i sk r a d i u s (see a lso Figure 4 ) . 
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( - 1.28, - 0.82 ) ( - 0.89, - 054 ) 

n = 05 6^ = 0.9 n «= 1.0 ^ = 0.9 

f igure 3 : E i g e n - p a t t e r n s a s s o c i a t e d w i t h b i - symmet r i c (m = 
s u r f a c e d e n s i t y p e r t u r b a t i o n s fo r s e l e c t e d e igen-
modes . The halo mass i s n i n e t i m e s t h e d i s k mask 
n = 0 .5 and 1 . 0 . 

2 ) 

( - 1.17, - 0.12 ) 

n = 50 Sn = 0.95 

' . ^ u r e 4: E i g e n - p a t t e r n s a s s o c i a t e d wi th b i - symmet r i c (m=2) 
s u r f a c e d e n s i t y p e r t u r b a t i o n f o r t h e u n s t a b l e mode 
a t n = 50 and fi = 0 . 9 5 . 
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CONCLUSION 

E a r l i e r s t u d i e s h a v e shown t h a t u n r e a s o n a b l y l a r g e t h e r ­
ma l p r e s s u r e s , s u c h t h a t t h e t h e r m a l e n e r g y o f t h e d i s k i s 
c o m p a r a b l e t o i t s r o t a t i o n a l e n e r g y , a r e r e q u i r e d i n o r d e r t o 
s t a b l i z e t h e d i s k a g a i n s t a l l u n s t a b l e g l o b a l m o d e s ( O s t r i k e r 
and P e e b l e s 1 9 7 3 , Ambas tha and Varma 1 9 8 3 ) . F u r t h e r , i t i s 
r a t h e r d i f f i c u l t t o c o n s t r u c t k i n e m a t i c a l l y s t a b l e d i s k m o d e l s 
w i t h a r e a s o n a b l e p r e s s u r e d i s t r i b u t i o n when t h e r e i s no h a l o 
p r e s e n t . G l o b a l m o d e s o f o s c i l l a t i o n s t e n d t o g r o w e x p l o s i v e l y 
i n a m o d e l d i s k g a l a x i e s i n a f e w r o t a t i o n a l p e r i o d s u n l e s s 
t h e r e e x i s t s a m a s s i v e h a l o . On t h e o t h e r h a n d , i t i s f o u n d 
h e r e t h a t v e r y l a r g e and m a s s i v e h a l o t e n d s t o p r o h i b i t s p i ­
r a l s t r u c t u r e s i n t h e d i s k . I t i s a l s o f o u n d t h a t w h i l e c o l d 
d i s k s w i t h o u t h a l o m o s t l y a l l o w e d " l e a d i n g " s p i r a l p a t t e r n s , 
s m o o t h " t r a i l i n g " p a t t e r n s a r e a l l o w e d when t h e r e i s a h a l o 
a r o u n d t h e c o l d d i s k . 
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