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Abstract

Let G be a p-group of maximal class of order p”. It is shown that the order of the group of all
automorphisms of G centralizing the Frattini quotient takes the maximum value p2*~* if and only if G
is metabelian. A structure theorem is proved for the Sylow p-subgroup, Aut,(G), of the automorphism
group of G when G is metabelian. For p = 2, Auty(G) is the full automorphism group of G. For p =3,
we prove a structure theorem for the full automorphism group of G.
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1. Introduction

There have been a number of studies of the automorphism groups of p-groups
of maximal class (see for example, Baartmans and Woeppel [2], Juhdsz [8],
Malinowska [10], Caranti and Mattarei [4], Caranti and Scoppola [5]). These
concentrate mostly on small automorphism groups. In this paper we consider large
automorphism groups.

Let G be a p-group of maximal class of order p” and let ® = ®(G) be the Frattini
subgroup of G. It is well known [7, Satz IT1.3.17] that the order of Aut®(G), the group
of all automorphisms of G centralizing G/®, divides p>"~*. Moreover, the order of
Aut, (G), the Sylow p-subgroup of the automorphism group of G, divides p¥ 3. In
Section 4 we prove that |Aut®(G)|, the order of Aut®(G), is p**~* if and only if G is
metabelian (Theorem 4.3).

Juhdsz [8, Theorem 2.3] proved that if G is a p-group of maximal class then
Aut®(G) is a split extension of Inn(G), the inner automorphism group of G. In
Section 3 we prove that when G is metabelian, a complement of Inn(G) in Aut®(G) is
almost homocyclic of rank p — 1; that is, it is a direct product of exactly p — 1 cyclic
groups of order p” or p"*! for some nonnegative integer r (Theorem 3.3). Also we
give conditions on G for |Aut,(G)| = pH—3 (Corollary 3.8). In this case Aut,(G)
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is a split extension of Aut®(G) by a cyclic group of order p (Theorem 3.10). For
p = 2, the automorphism group is a 2-group. In Section 5 we give a simple proof
for the structure theorem in this case (Theorem 5.9). It is straightforward to see that
when p is odd, the (full) automorphism group Aut(G) of G is a split extension of
Aut, (G) by a subgroup of the direct product of two cyclic groups of order p — 1, see
[2, Section 1]. By using this result we prove a structure theorem for Aut(G) when
p = 3 (Theorem 5.8).

Throughout this paper the following notation is used. The terms of the lower and
the upper central series of G are denoted by y; (G) and ¢; (G), respectively. The centre
of G is denoted by Z = Z(G). The nilpotency class of a group G is denoted by cl(G).
If « is an automorphism of G and x is an element of G, we write x* for the image of
x under «. The inner automorphism induced by the element g is denoted by o,. For a
normal subgroup N of G, we let Aut" (G) denote the group of all automorphisms of
G centralizing G/N. Also C,, denotes the cyclic group of order n. All unexplained
notation is standard and follows that of [9].

2. Some basic results

In this section we give some basic results needed for the main results of the paper.

Let G be a p-group of maximal class and order p” (n > 4), where p is a prime.
Following [9], we define the 2-step centralizer K; in G to be the centralizer in G
of yi(G)/yi+2(G) for 2 <i <n —2 and define P; = P;(G) by Py=G, P = K>,
P; = y;(G) for 2 <i < n. The degree of commutativity / = [/(G) of G is defined to be
the maximum integer such that [P;, P;] < P;; ;4 forall i, j > 1 if P; is not Abelian
and /[ =n — 3 if P; is Abelian.

Take s € G — | J/=; Ki, 51 € Py — Py and 5; = [s5;_1, s] for 2<i<n—1. It is
easily seen that {s, s1} is a generating set for G and P;(G) = (sj, ..., sp—1) for
1<i<n-—1.

For the rest of the section we fix the above notation and assume that n > 4.

LEMMA 2.1 [9, Corollary 3.2.7]. Let G be a p-group of maximal class. The degree of
commutativity of G is positive if and only if the 2-step centralizers of G are all equal.

LEMMA 2.2 [7, Hilfssatz I1I. 14.13]. If G is a p-group of maximal class of order p"
ands ¢ K; for2 <i <n —2, then Cg(s) = (s) P,—1(G) and s? € P,_.

LEMMA 2.3. Let G be a p-group of maximal class of order p".

(1)  If G has positive degree of commutativity, then sfsiﬂ,_l € Piypfori> 1.
(ii) Ifn>p+1thensfspePp+1.

(iii) Ify € P, then (sy)P = sP.

(iv) If G is metabelian then G has positive degree of commutativity.

r (%)

(v)  If G is metabelian then s; s; | - - - Sitp—1 =1 for2<i <n— L.
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PROOF. Conclusions (i)—(iv) follow by [9, Propositions 3.3.8, 3.3.3, Lemma 3.3.7]

p
and [3, Corollary p. 59]. Conclusion (v) is obvious since (ss;)? = spsl.p sl.(j_)l
PPN si+p71‘ O

LEMMA 2.4 [3, Theorem 3.10]. If G is a metabelian p-group of maximal class of
order p" (n = p + 1), then [P1(G), P;i(G)] < Pu—p+i(G).
LEMMA 2.5. Let G be a metabelian p-group of maximal class of order p".

. ! -1 . . !
(1) sip :Si(—}-(;—l)tx’ where x € Piy(p_1y41 for i>2; so if sf #1 then
13

sV € Pit(p—1yr — Pit(p—yi+1-
t
(i) P/ < Piyp—iyfori=2.

PROOF.
(i)  We use induction on ¢t and Lemma 2.3(i).
(i1)) This follows from (i). O

LEMMA 2.6. Let G be a metabelian p-group of maximal class of order p" and m be
a positive integer.

@ [s1,s"] = sé”s3(2) . -sm"le.

(i) [s", si]=[si, s11" fori = 2.

(i) [s;", s]1=1[si, s]" fori > 2.

(iv) |s2| > |s3] =+ > |sp_1] and so exp(P;) = |s;| fori > 2.

V) (sis)™ ="' Isi, 511 [si, s3] -« - [si, s7' ™1 for i = 2.

LEMMA 2.7. Let G be a metabelian p-group of maximal class of order p". Then

p((n*i)/(l)*l))7 p—1|n—i,

|si| = ple=D/(p=DIF1 =y 1k — i,

fori > 2.

PROOF. It is enough to prove that |s,_;p—1)—;| = p”rl foralli>0and all 1 <j
< p — 1. We use induction on i. It is easy to show that |s,_j|=pforl1 < j<p—1,

by Lemma 2.3(i). Now the result follows from Lemmas 2.3(i), 2.6(iv) and 2.5. O

LEMMA 2.8. Let G be a metabelian p-group of maximal class of order p". Then
o

s”.’_)(r_l) € Piyoyi(p—1ywhent >0,r >2andi > 3.

PROOF. Suppose that r = p”m, where (m, p)=1 and w >0. So (‘;’) =p'~Vk,
p[

where (k, p) = 1. Therefore sr(i:)(ril) € Pri—(r—1)+(—w) (p—1) by Lemma 2.5(1). We

have the equality p¥ > w(p —1) for w>0 and p>3. Hence, (i — 1) (r — 1)

>wi@—1D(p—1). Moreover, w(p—1)(GE—-1)>2w(p—-1D>w(p—-1)+2

when w > 0,and (i — 1) (r — 1) > 2 when w = 0, completing the proof. O
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LEMMA 2.9. Let G be a metabelian p-group ofmaximal class of order p".

(i) Suppose that i>2 and 1 <k<p—2. If s’ H_lul -~-sf:l£u", where
(uj,p)zlandmjzt—lforlfjfk,thensi =1.
) (i) N {Sig1, .-, Sitk)=1fori >2and1 <k <p—2.

i) Pr= (5i) X (5i41) X -+ X (5i4p2) fori = 2.

(iv) Suppose that n —r=(p—Dk+j for0<j<p -2, r>2. If j#1, then
|Zsr| = Isy| and | Zs,| = |s¢|/p if j = 1.

V) P/Z=(Zs;) x - X (Zsjgp-2) fori=>2.

PROOF. (i) We first note that if m] >t for all j, 1 < j <k, then by Lemma 2.5(i)

m;

sipﬂu € Piyi(p—1)+1 and so s —1 Now suppose that j (1 <j <k) is the
least positive integer such that mj=t—1, so my,mp,...,mj_1>1. We

pmlu_
f=1.

claim that s; +j

m;

Suppose that this is false; then by Lemma 2.5(i)

pluj
Sitj e Pivjva—1 (p—1) — Pitjra—1) (p—D+1- On the other hand, we see that
sf_tl.r”’ € Piyjra-1(p-n+1 for 1<r<k, r#j. Since j<p-—2, we have

13
sl.p € Piyj1@—1) (p—1)+1, which is impossible. Therefore, by the above note, the proof

is established.

(i1) We use induction on k. By Lemma 2.7, [sjyj|>|sil/p for 1<
<p-—2. For k=1, we suppose that slpt € (si) N {si+1). We may write sft

=s; +1", where (u, p) _1 By considering the order of both sides we conclude

that m >t — 1 so that sl. =1 by (i). Now suppose that i > 2 and the equality
holds for all positive integers less than k. If (s;) N (sit1, ..., Sitk) # 1 then we

. ml nlk . .
may write sip =5/ 5P ™, where (uj, p)=1 for 1 <j<k. Again by

considering the order of both sides and using the induction hypothesis we deduce that
|sp | = max {|s,-+1|/pm1, R |s,-+k|/pm’<}. Hence mj >t —1 for 1 <j <k and
therefore the proof is completed by applying (i).

(iii)) On setting H; =(s;, ..., Siyp—2) we see that H; < P;; also by (ii),
H; = (sij) x - -+ x (sixp—2). Now by Lemma 2.7 we deduce that |H;| = p"™" and
hence H; = P;, as required.

(iv) This is proved by Lemma 2.5().

(v) We may proceed as in (iii) above. O

COROLLARY 2.10. P; is an almost homocyclic p-group of rank p — 1 fori > 2.
PROOF. This follows from Lemma 2.9(iii) and the fact that | P;| = p" . Also we note
that elementary Abelian groups of order p, p2, ..., pP~! are almost homocyclic of

rank p — 1 with r = 0, by our definition in the introduction and for each n, d there is
exactly one almost homocyclic group of order p" and rank d. O
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LEMMA 2.11. Let G be a group and x, y be elements of G. If [[x, y], x '] =1 then
[x, yI=1[y, x"]

LEMMA 2.12. Let G be a metabelian p-group of maximal class of order p". If

n>2p—3, p>3andmis a positive integer, then:

(i) [[s2, s1], sil =z € [Pp—1, Pl and [[s;, s1], s1]1 =1 for i > 3, moreover z =1 if
n>2p—2;

(i)  [Lsi, s11™, s1=[si+1, 511" fori > 2;

(i) (s5152)" = 51" 5" 52, 1)) 2 (3);

@iv) [s7", s]1=1s7"[s2, 51127 (3);

V) [si,s1]? =1fori >2.

PROOF. (i) This follows from Lemma 2.4.

(i1) We use induction on m, the Witt identity, Lemma 2.11 and (i).

(ii1)—(iv) We use induction on m, (i) and Lemma 2.6(ii).

(v) We have [s;,s1]€ Py_py; by Lemma 2.4 and exp(P,—,4i)lp by
Lemma 2.5(i1). O

LEMMA 2.13. We have ) j_, k(ﬁ) = m('b':ill) - (’Zizl) for all positive integers u
and m.

LEMMA 2.14. Let G be a metabelian p-group of maximal class of order p". If

P P
n>2p—3and p >3, then (ss)P = spsl(l) sy 51, sp—1l.

PROOF. By using induction on m, Lemmas 2.13 and 2.12 we see that

(ss1)™ —smsl( T T TS I PO LY M L
where b; = Z:l-l_lk(l.fl) for i >2. Now we take m = p and observe that

[sp, s1]=1by Lemma2.4. We have b; = (p — 1)(’1.’) — (z+1) by Lemma 2.13, so p|b;
wheni < p—1land b, | = p(p — 1) — 1. Therefore [s;, s11Pi =1fori < p — land
[sp—1, 511071 = [s1, sp—1] by Lemma 2.12(v). Also if p =3, then by Lemma 2.12(i),
z=1since n > 4; and if p > 3, then p|b3. Hence, 703 = 1 since z € Z(G). a

In what follows we give a presentation for a metabelian p-group G of maximal
class of order p" (n >2p — 3). Suppose that k is the largest positive integer such
that [Py, P2]= Py, so k>n— p+2 by Lemma 2.4. Therefore we may write

[s1, s2] =lesZil . ~sZ”_‘1", where a; #0 and 0 <a; < p. Also, by Lemma 2.2,

sP=s" (0 <w < p), and, by Lemma 2.3(v), sp z(er)l

O (")

- Siyp—1 = 1fori > 2. Now

by Lemmas 2.14 and 2.4 we see that s,
proved the following theorem.

n 1 O<z < p). So we have
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THEOREM 2.15. Let G be a metabelian p-group of maximal class of order p", p >3
andn >2p — 3. Then

~ ap a an—k
G=(s,s1,...,Su1 |8 =I[si-1, 5] [sn—1, s1=1, [s1, 2l = s 5.3, - - 8,7
(") (,,) p. (%)
[si, SJ]—I Sp_sn 19 : Sﬁ 105 siil"'si-i—p—l:l)a

where2 <i<j<n—1,a1#0,0<aj,...,ap—x<p,0<z<pand0<w < p.

3. Aut’(G) and Aut,(G)

In this section we prove a structure theorem for Aut’ (G) (i >2) and Aut,(G)
when G is a metabelian p-group of maximal class of order p”. We note that if
n <3 and G is not cyclic then Aut®(G) = Inn(G) and Aut,(G) = Aut®(G) x C,.
Moreover, when G is cyclic then Aut,(G) = Aut®(G)=C p- Therefore, in the rest of
this section we assume that n > 4.

THEOREM 3.1 [6, Theorem 3.2]. Let G = (a, b) be a two-generated metabelian
group. Then the following are equivalent:

(i) forallu, v € G' there is an automorphism of G that maps a to au and b to bv;
(1) G is nilpotent.

By the above theorem we see that if G is a noncyclic metabelian p-group of
maximal class of order p”, then for any elements x, y € G’ there is an automorphism
that maps s to sx and s to s1y, so |Aut®(G)| = p?"~*. Now we define «;, 2 <i
<n—1,bys% =s and s‘lx" = s515;. Clearly, [o;, aj] = 1. Also a; = oy has order p.

LEMMA 3.2. Let G be a metabelian p-group of maximal class of order p". Then
lai| = |si| for i = 3.
PROOF. We ob that off g smsl) L (m) ) f

e observe that (s1)% =sys; 521 LS 1) T Smi—(m—1) TOT every
positive integer m. On setting m = |s;| = p’, we see that t > ((n — i)/(p — 1))

by Lemma 2.7, so o"=1 by Lemma 2.8. Also oz 751 for pk < |sil;
G N (S T

otherwise s; s5,"7 -+ 5,." (.-
k

by Lemma 2.5(i) and sr(l )(r 1 € Piyk(p—1)+2 for 2 <r <m by Lemma 2.8, which

is impossible. O

However, Sl-p € Pi+k(p—1) — Pi+k(p—1)+1

THEOREM 3.3. Let G be a metabelian p-group of maximal class of order p". We set

Ai={aj,...,ap1)and I; ={oglg € P} for2 <i<n-—1.
(i)  Aut®(G) =Inn(G) x A3, where A3 is an almost homocyclic p-group of
rank p — 1.

() Aut’i(G)=1; x Aj for2<i<n-—1.
(i) A; = I; = P; is an almost homocyclic p-group of rank p — 1, having order p"™'
fori>3and Ay 22 P, whenn > p + 1.
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PROOF. (i) By [8, Theorems 2.3, 4.3], Aut®(G) = Inn(G) x Az and A3 = P3, s0 A3
is almost homocyclic by Corollary 2.10.

(ii)) We have |[;| :p”_i for 2<i<n—1 and, by Theorem 3.1, |Aut? (G)|
=p*"Dfor2<i<n—1. Also A,_| <--- < A3 < A, implies that |A;| > p"~.
Therefore by (i), |A;| = p"”' and ; N A; =1 for 3<i <n—1. So it remains to
prove that I N A> = 1. Otherwise there exists an element g € P; — Z(G) such that
0g € Az and so [s, g] =1. Hence by Lemma 2.2, g = s’z for some 0 <i < p and
some z € Z(G). Thus [s1, g] = [s1, st = 5553(2) . I(Jr)l, by Lemma 2.6(i). It follows
that [s1, g] € P> — P3. Since g € P; and G has positive degree of commutativity, we
find that [s1, g] € P3, which is a contradiction. Therefore, I, N Ay = 1.

(iii) We have |A;| = p"~* by (ii). By [8, Theorem 4.3], A; = P; for i > 3 and so,
by Corollary 2.10, A; is almost homocyclic. Now we prove that I; = P; for i > 3.
To see this we note that I; = P;_1/Z. Also P,_;/Z = P; by Lemma 2.9(v), (iv) and
Corollary 2.10 we have I; = P; = A; for i > 3. Finally, Ay = (@p) A3 and oy = 0.
Therefore A, = (a2) x Aj since oy has order p. So forn > p + 1 the minimal number
of generators of P, and A; are different. |

LEMMA 3.4. With the notation and assumption of Theorem 3.3, the following

inequalities hold for all positive integers m.

i) los,arl=o05, for2<k<n—landl<t<n-1

(i) [Ak, 1= Lqgx—1for2 <k, t<n-—1.

(ii1) [Us{"’ oyl =0y, where y=s;"x and x € Py for k>2. Furthermore,
[aSm, arl = loy;, a]™ fori, k > 2.

>iv) [GY, of "] = oy, where y —Sz+] (xand x € Piyjfori > 1and j > 2.

v If lj>2 (pmj_)=1, mj_1#0 and [om,lm, ,Ol,']=1, then

1 j .
jn—(—1). v |
i) Ifi,j=2 mj#0, (p,mj)=1 and [a,” "1 21”22---01;."/,0&71]:1, then
Jzn—(l—l)
PROOF.

(i)  This is clear by o3, = o

(i) This is obvious by (i).

(ii1) We have [asrln, o] = O (s 5)m* The proof is completed by Lemma 2.6(v).

(iv) We use induction on m and (i).

(v) By (iii), (i) and the fact that G’ is Abelian, S;ﬂ zslﬂ |- € Z(G) for j >3,

soi+j—2>n—1.1If j =2 thens; xslflslﬂrz - € Z(G), where x € P;
therefore i > n — 1, completing the proof

(vi) We use (iv) and then proceed as in (v). O

THEOREM 3.5. With the notation and assumption of Theorem 3.3, the following
results hold:

(i) yj(Aut’(G)) = Ii—1yj41 fori, j = 2;

(i) cl(Aut’?(G)=n—2;

https://doi.org/10.1017/5S0004972708000257 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000257

268 S. Fouladi and R. Orfi [8]
(i) ifi>3andn=(G—1l)c+r (0<r <i —2), then

P, _ -1, 0<r<li,
cl(Aut' (G)) = N d<r<i_2:
(iv) Aut’i(G) is Abelian ifand only ifi > (n + 1)/2);
) ZAuth (G)) = Auth--0(G) for2 <i < ((n + 1)/2);
i) ¢j(Authi(G)) = Auth-a-0i(G)  for 2<i<(n+1)/2) and 1<j
<((n—10)/G—1)).

PROOF.

(i) We see that [; =(oy,_,,...,05,,) and [[;, 05 ] <41 for i >2. Then
Lemma 3.4(ii) implies that [A;, I;] = I;—1. Also by Theorem 3.3(ii), we deduce
that yg(AutPi (G)) = I(i—1)+1. Now by using induction on j and Lemma 3.4(ii)
the result is proved.

(i) We have y; (Aut”2(G)) = Ij11 by (i). The result is immediate since [,_1 # 1
and I, = 1.

(iii) This is evident from (i).

(iv) This is easily proved by considering (iii) and (i).

(v) Itis obvious that Aut’~-1(G) < Z(Aut”i(G)) by Theorem 3.3(ii) and 3.4(ii).
If ao, € Z(Authi(G)) for a€A; and ge Py, then we may write
g :sT_jIl . -s;lnffl, where j >i, mj_; #0 and (m;_;, p)=1. Also since
|Ar: App1l=p for 2<r <n—2, we may write « =0, - o "', where
r>i, my#0 and (m,, p)=1. Consequently [aog, a;] =1 so [a;, og] =1.
Hence, j > n — (i — 1) by Lemma 3.4(v). Therefore, o, € Z(Aut® (G)), which
implies that [, o5, _,] = 1. This shows that r > n — (i — 1) by Lemma 3.4(vi),
completing the proof.

(vi) By (v) and Theorem 3.3(iii), | Z (Aut’ (G))| = p2"_2 for any metabelian p-group
G of maximal class and order p" with i < ((n + 1)/2). In what follows we
prove, by induction on j, that ¢; (Aut” (G)) = AutP—i-0i (G). Suppose that the
equality holds for all positive integers less than j. We set H = P,__1) (j—1)
and observe that

¢ (Aut™(G))/¢j—1 (Aut™ (G)) = Z(Aut" (G) /Aut™ (G)).

Also AutP"(G)/AutH(G) — AutP"/H(G/H). Since G/H is a metabelian
p-group of maximal class and P;(G/H)= P;(G)/H, we find that
|Z(Aut?/H(G/H))| = p¥~2. Then |Aut’/#(G/H)| = |Aut’ (G)/Aut? (G)|.
Hence |£; (Aut? (G))| = p?=DJ and AutP-i-vi (G) < ¢;(Aut?(G)), complet-
ing the proof. O

In the rest of this section, we find a necessary and sufficient condition on G for
|Aut, (G) : Aut®(G)| = p. We also give a structure theorem for Aut,(G).
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THEOREM 3.6. Suppose that G is a metabelian p-group of maximal class of order
p", where p>3 and n>2p — 3. Define the map y by s¥ =ssj, si’ =51 and
siy = [sl.y_l, sV]. Then y extends to an automorphism of G if and only if sP = (ss1)P
and [Py, Pp_1]=1.

PROOF. This is obvious when (p, n) = (3, 4) so for the rest of the proof suppose that
(p, n) # (3, 4). We first note that if n > 2p — 2, then s) = s;[s;, s11 " ![s;—1, 5112
R=<i<p-1, s},f =Splsp—1, 511772 and s}/ =sj for j > p+1, by Lemmas 2.12
and 2.4. Now suppose that y is an automorphism. According to Lemma 2.3(ii),
we have sfsp € Ppy1 so that [s,_1,s1]=1 since (sfsp)y =sfsp. Therefore,
[P, P,—1]=1. On the other hand, s”=s," | by Theorem 2.15 and hence
(sP)” = (s,’_,)7, which implies that s” = (ss1)”. Now suppose that s” = (ss1)” and
[P1, P,—1]=1. By using induction on i we may see that [Py, P,_;] < P,_-1)
(1 <i <p—2). So by considering the presentation of G given in Theorem 2.15,
k>n — p + 3 or equivalently k > p + 1. Finally, we see that y is an automorphism
of G by Lemma 2.12(i), (v). Now if n=2p — 3, then clearly p>5 and so
siy =si[si, 511" Usi—1, s11° "2z, where z = [[s2, s1], s1] and i € {3, 4}. The value of
y on s; for i # 3, 4 is the same as above. Hence, by the same argument we may
conclude the result. O

THEOREM 3.7. Let G be a metabelian p-group of maximal class of order p". Then
|[Aut,(G) : Aut®(G)| = p if and only if there exists an automorphism of G that maps
s to ss1 and sy to si.

PROOF. If there exists an automorphism of G that maps s to ss; and s; to sy,
then |Aut,(G) : Aut®(G)| = p. Assume that |Aut,(G): Aut®(G)| = p, so there
exists an automorphism « such that o ¢ Aut®(G). We have « € Autf;l(G) since
Aut(G)/Aut” (G) < Aut(G/Py). Hence we may write s% = ssix and s* =s{ Ty,
where 0 <i, j <p and x,y € ®(G). We choose u and w in ®(G) such that
u® =x and w* =y. Then by Theorem 3.1 the map B defined by s# =su~!, s‘lg
=s;w™! is an automorphism of G lying in Aut®(G). On setting § := B, we have
8 € Aut,(G) — Aut®(G) and s = ssi, s‘f = s{H. Now by considering the order of s
and sf, we see that 1 < j + 1 < p which implies that (s)‘S’H = ss1, (51)‘3’)7l = s1X1,
where t #0 and (¢, p) =1, since sr—1 ¢ Aut®(G) and x| € ®(G). Now by the
same argument as above we obtain an automorphism 7 such that s* = ss{, 57 = s
and 7 € Aut,(G) — Aut®(G). So (s)™" =ss1 and (s1)7" = s1, where m is a positive
integer satisfying rm = 1 (mod |s1]). O

COROLLARY 3.8. Let G be a metabelian p-group of maximal class of order
p", where p>3 and n>2p —3. Then |Aut,(G) :Aut®(G)| = p if and only if
[P, Pp—1]l=1and s? = (ss1)”.
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LEMMA 3.9. Let G be a metabelian p-group of maximal class of order p", where
p >3 andn > 2p — 3. If there exists an automorphism y that maps s to ss| and s1 to
s1, then y? € Inn(G) and y ¢ Inn(G).

PROOF. We have [Py, P,_1]=1 by Theorem 3.6 so z=[[s2,s1],s1]
P 14 r

=1, by Lemma 2.12(1). On setting g= sl(Z)s2(3) . s[(,’i)l,

— O 51O O oy . .

=s5,""[s2, 511827837 - - - 5,7, where m = (2) since G’ is Abelian, and by

Lemmas 2.12(iv) and 2.6(iii). Also [s2, sl]('g) =1 by Lemma 2.12(v). According

p P
to Lemma 2.14 and Theorem 3.6, sl(l) .- -sl(,”) =1 and hence [s, g] = s{’. Moreover,

[g,s1]=1 by Lemmas 2.6(ii), 2.12(v) and Theorem 3.6. Therefore, y? = o, and
obviously y is not an inner automorphism. O

we have [g, s]

THEOREM 3.10. Let G be a metabelian p-group of maximal class of order p", where
p>3andn>2p —3. If|Aut,(G) : Aut®(G)| = p then Aut,(G) = Aut®(G) x C,,.

PROOF. By Theorem 3.7, y is an automorphism; and by Lemma 3.9, y? € Inn(G).
Now following the proof of [8, Proposition 4.1], G can be embedded in a p-group
H of maximal class of order p’”rl and P;(H)= P;_1(G) for 3 <i <n. We now
choose r € H such that t ¢ P;(H) U G. But H has positive degree of commutativity
by [9, Theorem 3.3.5] and so we deduce that t” € P,(H), by Lemmas 2.1 and 2.2. Let
a be the restriction of o; to G; then « has order p since Z(G) = P,(H). We have
o ¢ Aut®(G), for otherwise [G, t] < ®(G) = P»(G) = P3(H). However, H = (G, 1)
would imply that [H, t] < P3(H) or equivalently ¢t € P,(H), which is impossible.
Therefore Aut, (G) = Aut®(G) % («), which yields the proof. O

REMARK. Let G be a p-group of maximal class having order p”. In [8, Theorem 4.2]
Juhdsz proves that if G can be embedded in a p-group of maximal class, then
|[Aut,(G) : Aut®(G)| = p. We note that the converse of this result is also true when G
is metabelian with n > 2p — 3. Consider the map y defined by s¥ = ss1 and s%/ =s].
Then y is an automorphism with y? € Inn(G) by Theorem 3.7 and Lemma 3.9. Now
since y satisfies the conditions of [8, Proposition 4.1], G can be embedded in a p-
group of maximal class. Notice that our Corollary 3.8 gives another necessary and
sufficient condition on G for |Aut,(G) : Aut®(G)| = p. Juhdsz also proves that if
G/Py41(G) cannot be embedded in a p-group of maximal class and G has positive
degree of commutativity, then Aut,(G) = Aut®(G). In particular, if G is metabelian,
then |Aut,(G)| = p*"~*. Finally, we note that the above embedding conditions given
by Juhdsz do not cover the whole class of p-groups of maximal class. The following
example provides an infinite class of metabelian p-groups of maximal class which do
not satisfy these conditions.
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EXAMPLE. Suppose that

G=(s,81,..., 8118 =[si—1, 5], [su—1, s1 =1, [s1, 2] =1, [57, ;] =1
P P p
sP =1, sl(l) .- -SI(,”) =Sp_1, sfsi(fr)l ceSigp—1 = 1),

where 2<i<j<n—1,n>2p—3and p>3. Then G is a p-group of maximal
class and order p", which cannot be embedded in a p-group of maximal class.
However, G/ P,41(G) can be embedded in a p-group of maximal class.

To prove this, we see that any element g of G may be written as g = s’si1 S s;'fll ,
where O <r,ry, ..., rp—1 < p. Also y;(G) = (si, . .., Sn—1), 2 <i <n — 1, implies
that cI(G) =n — 1 and |G| = p". By Corollary 3.8, |Aut,(G) :Autq)(G)l # p since
sP # (ss1)P. Therefore, by [8, Theorem 4.2], G cannot be embedded in a p-group of
maximal class. Now by adding the relations s, 1 = - - - = 5,1 = 1 to those of G, we

P p
find a presentation for G/ P,41(G) in which the relation sl(l) S s;(,” ) =1 holds. On
setting H = G/ P,4+1(G), we see that the map y defined by s¥ = ss5; and sf =s is an
automorphism of H fixing s;, 2 <i < p. By considering the presentation of H, it is
y4 p
easily seen that y” = o,, where g = s12) e sl(,”_)l.
can be embedded in a p-group of maximal class.

Hence, by [8, Proposition 4.1], H

4. The order of Aut®(G)

In this section we prove that for a noncyclic p-group G of maximal class of order
", |Aut®(G)| = p?*~* if and only if G is metabelian. This is evident for the case
where p = 2. Therefore, for the rest of the section we assume that p is an odd prime
and n > 4.

We first give some elementary lemmas.

LEMMA 4.1. Let G be a p-group of maximal class and order p". If
[P2(G), Py(G)] < Z(G), then [s; ', s]1 = s [si41. i1 (i = 2).

PROOF. This is immediate by [s;s;", s1= 1. O

LEMMA 4.2. Let G be a p-group of maximal class and order p", [Pr+1, Pry1] =1
and sy, sy4+1] = z € Z(G) for some r > 2. Then:

A [sr,sil=1fori>r+2;

Q) [Srr1.sr—1]=[sr—1. 57,15

(1) [[sr—1, sr], s1=1[s, [sr, 5111

. . ak Ak+1 ap—1

(V) i Isr—1, s )= s o8, for  k=r 42 then  [sy—1, sp41]
— Mk an—-2 _—1
= Sk41 Sp—1% -

PROOF.

(i) Weuse induction on i (i > r + 2) and the Witt identity.
(i1)) This follows from Lemma 2.11.
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(iii) This is easily seen from Lemma 2.11 and the fact that [s;, s,—1] € Pr41.

Sr—1 Sr—1
(iv) We have [s,— 1,sr+1]Sr+1—sr+r1 =[s, ;1 =[s%1, 5" ] =[s[s, s,-1],

—1 .
selsey sr—111= s, selsey sp—111=[s, selsr, 5,111 by (i) and the fact
— -1
that [s,, 5,11 € Prya. S0 [sy—1, sr41ls; )y =15, sy, s,—11 [s, 5,1 . Now

by (iii), [sy—1, sr+11=[[sr—1, s/1, s1z~" since [sy, 5,411 = z, which completes
the proof. O

THEOREM 4.3. Let G be a p-group of maximal class of order p", where n is a positive
integer. Then |Aut®(G)| = p?*~* if and only if G is metabelian.

PROOF. If G is metabelian, then by Theorem 3.1, |Aut®(G)| = p**~*. Now suppose
that |Aut®(G)| = p?"~*. By induction on |G| we prove that G is metabelian. If
|G| = p* then [P>(G), P»(G)] < P4(G) =1 and obviously G is metabelian. Suppose
that |G| > p> and the theorem is true for each p-group of order less than |G|. We have
|Aut? (G)| = p2 by [1, Theorem 1] and the fact that G has no nontrivial Abelian direct
factor. Also we have

Aut®(G)/Aut? (G) — Aut® @9 (G 7).

It follows that |Aut®(C/?)(G/Z)| = p*»~D~4. Now the group G/Z is metabelian by
the induction hypothesis, so [P2(G), P.(G)] < Z(G). By the way of contradiction
suppose that P,(G) is not Abelian. Let r be the largest positive integer such
that [P-(G), P.(G)] # 1, so [Pr+1(G), Pr+1(G)] = 1. We may write [s;, Sy+1] =2
€ Z(G) and so, by Lemma 4.2(i), z # 1. Now the map « defined by s* =s and
st =s1s;1 is an automorphism of G since |Aut®(G)| = p—4. By Lemma 4.1
and using induction on i, we deduce that s = sisl.jrll [sit1, si] (i > 2). Therefore,
§¢ =58 Jrllz and s,‘j =skskj:1 (k=>r+1). Also [P-(G), P,_1(G)] < P»-(G) when
2r <n — 1, since G/Z has positive degree of commutativity. However, 2r <n — 1
always holds, for otherwise [Pr(G), Pr+1(G)] < P2,4+1(G) =1 would imply that
[sr, s,+1]1 =1, a contradiction. Hence, [P.(G), P,_1(G)] < P,4+2(G). Therefore,

we may write [s,_1, S,] _sstZ"Jrll Z" 11 when (k>r +2). Now since « is
an automorphism of G, we have [s7_, s7]= (s{)% ---(sy_)%-!. Moreover,

f‘ 1o 57 1= [sr+1, sr—1] [sr—1, sr]z by Lemma 4.2(i) and (ii). Also

_ -1 -1
(S;f)ak Tt (S,?_l)a” P=1[sr—1, s/ 1[sr—15 sr4+112) 7 = [sr—1, 8¢] [Sr415 sr—1127 7,

by Lemma 4.2(iv), from which we conclude that z> = 1, which is impossible. O

5. A structure theorem for Aut(G) when p =2, 3

Let G be a 3-group of maximal class of order 3". As in Section 3, it is an easy matter
to find Aut(G) when n < 3. Therefore, for the rest of this section we assume that n > 4.
When n = 4, G is metabelian; and for n > 5, G has degree of commutativity n — 4 by
[3, Theorem 3.13] and so is metabelian.
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We deduce the following theorem from Blackburn’s observation [3, p. 88] which
gives us a presentation for G.

THEOREM 5.1. If G is a 3-group of maximal class of order 3", then

G;(Sa sly"'vs}’l—l |Si=[si—]7s]s [Sl’l—las]=17 [S17s2]:S’7_1
3 b 3.3 3.3
5T =8, _1, 8578583 =5,_1, 8757 18it2 = 1),

where a, b, c € {0, 1,2} and 2 <i <n — 1. For n > 4 there exist three groups which
possess no Abelian maximal subgroup, given by c=0,a=1and b=0,1,2. Ifn is
even and n > 4, there exist four groups with an abelian maximal subgroup, given by
a=b=0,c=1,20ra=c=0,b=0, 1. Ifn is odd and n > 4 then there exist three
groups with an Abelian maximal subgroup, given by a=b=0, c=1ora=c=0,

b=0, 1.
By Theorem 3.3 and Corollary 2.10 we obtain the following corollary.

COROLLARY 5.2. If G is a 3-group of maximal of order 3", then Aut®(G)
=1Inn(G) X A, where A is an Abelian subgroup of Aut(G). Moreover, A = Czm
x C3m whenn =2m 43 (m > 1) and A = C3m x Cymt1 when n =2m +4 (m > 0).

COROLLARY 5.3. Let G be a 3-group of maximal class of order 3". Then |Aut3(G) :
Aut®(G)| =3 if and only if P is Abelian and (ss1)> =s3; in this case Aut3(G)
= Aut®(G) x Cs.

PROOF. This follows from Corollary 3.8 and Theorem 3.10. O

Now our aim is to find a structure theorem for Auty(G), the Sylow 2-subgroup of
Aut(G). Since P1(G) and P>(G) are characteristic subgroups of G, G/ P, and P/ P
are invariant under Auty(G). So by Maschke’s theorem there exists s € G — P; such
that G/ P, = P1/ P, & (P», s)/ P and (P,, s)/ P> is invariant under Auty(G). In the
rest of this section s will be as above. Therefore, if & € Autz(G) then s¥ =sx and
st =sfy, where x, y e P, and i, j € {1, —1}.

The next lemma follows at once from Theorem 5.1.

LEMMA 5.4. Let G be a 3-group of maximal class of order 3". By considering
the presentation of G we define the maps Bj, j € {1, 2, 3}, by sPr = S, s{gl = sl_l,
sh =51 slﬂ2 =5, s =51 s{% = sfl. Then:
()  Bi is an automorphism of G if and only if Py is Abelian and s> = 1;
(i) B is an automorphism of G if and only if either n is odd and s3s3s3 = 1, or n is
1°2

even, Py is Abelian and s® = 1;

(iii) B3 is an automorphism of G if n is even.

LEMMA 5.5. Let G be a p-group of maximal class of order p™ having positive degree
of commutativity. If Py is not Abelian then neither is any maximal subgroup of G.
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PROOF. We have n > 4 by Theorem 5.1. By way of contradiction, let M be an
Abelian maximal subgroup of G. Then M = (®(G), y), where ye G — P;. So
Ce(y) = (y)P,—1 and y? € P,_1 by Lemmas 2.2 and 2.1. However, ®(G) < Cg(y)
implies that |Cs (y)| > p>, which is impossible. O

Now by the fact that Aut(G) = Aut3(G) X H, where H < Cy x C;, we prove the
following theorem.

THEOREM 5.6. Let G be a 3-group of maximal class of order 3".

(1) If Py is not Abelian, then Auty(G) = C».

(i) If Py is Abelian and (ss1)> = s>, then Autr(G) = Cr x Cy when |s| =3 and
Autr (G) = Cr when |s| =9.

@iii) If Py is Abelian and (ss1)° #* $3, then Auta(G) = Cy x Cy when n is even and
Autr(G) = Cy when n is odd.

PROOF. (i) According to Theorem 5.1 and Lemmas 5.4 and 5.5, Autx(G) = (B,) if n
is odd and Auty(G) = (B3) if n is even.

(i) By Lemma 5.4, we have Auty(G) = (B1) X (B2) when |s| =3. Now if |s| =9,
by Lemma 5.4, we have Autz(G) = (f2) or Auta(G) = (B3) depending on the parity
of n.

(iii) By considering Theorem 5.1, we see that b = 0 and so Auty(G) = (1) X (B2)
by Lemma 5.4, when n is even. Now if n is odd, by Theorem 5.1 and Lemma 5.4, we
have Auty(G) = (By). O

LEMMA 5.7. Let G be a 3-group of maximal class of order 3". Then every element
out of Py has order 3 or 9. Furthermore, when Pi is Abelian, all elements out of P

have the same order if and only if (ss1)> = s°.

PROOF. According to Lemma 2.2, every element out of Py has order 3 or 9. We have
(ss1)? = s3s35353 when Py is Abelian. If (ss51)? = s> then ¢ = 0 by Theorem 5.1. Also

any element out of P has the form stsil e s:l"_’i, where 0 <t <3 and 0 <t; < 3.

Therefore by [3, Equation 40] (s’ si‘ o, ~s:l"ji)3 =53, completing the proof. Now
suppose that all elements out of P have the same order. If ¢ =0 then (ss1)> =53,
and if ¢ # 0 then b = 0 or equivalently s> = 1 by Theorem 5.1. Hence (ss1)° =1,

as desired. O

THEOREM 5.8. Let G be a 3-group of maximal class of order 3". If G has no Abelian
maximal subgroup, then Aut(G) = Aut®(G) x Co. If G has an Abelian maximal
subgroup, then Py is Abelian and every element out of Py has order 3 or 9.

(1) Ifall elements out of Py have order 3 then

Aut(G) = (Aut®(G) x C3) x (C2 x C2),
and if all elements out of Py have order 9 then

Aut(G) = (Aut®(G) % C3) x C,.
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(i) Suppose that elements out of P do not have the same order. If n is even then
Aut(G) = Aut®(G) x (Cy x C»), and if n is odd then

Aut(G) = Aut®(G) x C,.

PROOF. This is a straightforward consequence of the lemmas above. O

Now if G is a 2-group of maximal class, we may deduce some parts of the
following theorem from the result of Section 3; however, there is also a simple proof
as shown below.

THEOREM 5.9. Let G be a 2-group of maximal class of order 2" (n >3). If G is
the dihedral group of order 2" or the quaternion group of order 2", then Aut®(G)

=Inn(G) X Cyn-3 and Aut(G) = Aut®(G) x C». If G is the semi-dihedral group of
order 2", then Aut(G) = Aut®(G) = Inn(G) x Con-3.
PROOF. We know that

1

14

=y =(xy)?=1),

oy |2 T =y y ay =2 kY =)

n—1 —1 2n72
+ )

Don

Qon
SDyn = (x, y | x2

(e, y | X%

12

and
=y =1y xy=x

If G is Dan or Qon, then there are automorphisms «, 8, y and § defined by x® = x~1,

Y=y, xP =x,yf =x2y,x¥ =x3, y¥ = yand x® =x~!, y9 = x~ly. It is then easy

to check that Inn(G) = (&, B), |y| =2""3, § ¢ Aut®(G) and |§| =2. If G = SDo,

there are automorphisms &, B and y defined by x® = x 142"y —y B —x,
yP = x’2+2n72y and x” = x>, y¥ =y. Hence Inn(G) = («, B) and |y| =2""3 and
the rest is clear. O
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