Ergod. Th. & Dynam. Sys. (1986), 6, 45-56
Printed in Great Britain

On the C’-closing lemma for
flows on the torus T*

C. GUTIERREZ

Instituto de Matemdtica Pura e Aplicada, Estrada Dona Castorina, 110,
Jardim Boténico, Rio de Janeiro, RJ CEP 22.460, Brazil

(Received 11 December 1984 and revised 25 March 1985)

Abstract. Vector fields of X"(T?), 1=r=oc0, with non-trivial recurrent points are
classified in two types, one of which we call the constant type inspired by the
terminology of continued fractions. Let X € X"(T?) have finitely many singularities
and p € T? be a non-wandering point of X. With the exception of the case when X
is of constant type and, simultaneously, p is non-trivial recurrent, we prove that
there exists Y € X"(T?) arbitrarily close to X (in the C'-topology) having a periodic
trajectory through p.

1. Introduction

Perhaps the most important generic property so far discovered - as Palis and de
Melo say in [Pa—Me, p. 172] - is Pugh’s C'-general density theorem [Pg.2]. One
way of extending this result to classes of differentiability r =2, would be to give a
positive answer to the open problem, known as the C’-closing lemma, whose
statement is:

“Let M be a smooth compact manifold, r=2 be an integer, f Dift” (M) (resp.
X € X"(M)) and p be a non-wandering point of f (resp. of X). There is g € Diff’ (M)
(resp. Y € X"(M)) arbitrarily close to f (resp. to X) in the C'-topology so that p is a
periodic point of g (resp. of Y)”".

C. Pugh proved the C'-closing lemma [Pg.2] and put in doubt the validity of the
C?-closing lemma [Pg.1]. The only result known about the C’-closing lemma
problem, when r=2, is that it is true for diffeomorphisms of the circle. In this paper
we extend this result by proving a partial C’-closing lemma for flows on the torus.

We wish to mention some C’-closing lemma type results. One is the Peixoto’s
C’-connecting lemma which was used to characterize structurally stable vector fields
on two-manifolds [Pe]. Another is Mafé’s C'-ergodic closing lemma, which was
utilized to characterize structurally stable diffeomorphisms of two-manifolds [Ma].
Moreover, we have the Takens C'-connecting result which was used to prove generic
properties in conservative systems [ Ta]. Finally, the Pixton-Robinson C’-connecting
result for diffeomorphisms on the sphere S which is a positive answer in the
direction of the C'-closing lemma [Px].

Now we proceed to explain our result. Let r =1 be an integer, X € X'(T?), pe T*
and v, be the trajectory passing through the point p; we say that xe{p, v,} is
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non-wandering if there exist a sequence of points of the torus p,— p and a sequence
of real numbers ¢, o0 such that either X, (p,)—p or X_, ,(p.)— p, where X, (e R)
is the flow induced by X. If p, =p in this definition and moreover X,(p) # p, for
all teR—{0}, the non-wandering x € { p, y,} will be called non-trivial recurrent. Let
aeR and R,:R/Z->R/Z be the geometric rotation x> x+a (mod 1). Let {a;} be
the sequence of integers (with a;eN when i=1) forming the partial quotients of
a; i.e. 1
a=ayt
a,+

a,+

a,---
We say that R, is of constant type if sup {a;|i=0,1,2,...} <co.

As we shall state in theorem 4.1, when X € X" (T?), r = 1, has a non-trivial recurrent
trajectory v, there always exists a circle C transversal to X passing through y.
Moreover if T: C - C denotes the forward Poincaré map induced by X, there exists
a monotone continuous map h: C »>R/Z of degree one and a geometric rotation
R(C):R/Z->R/Z such that, for all xe Dom (T) (the domain of definition of T)
heT(x)= R(C)oh(x). We say that X, having a non-trivial recurrent trajectory, is
(resp. is not) of constant type when R(C) is (resp. is not). It will be proved that the
property that R(C) is (resp. is not) of constant type depends on the vector field X
only.

The main result of this paper is:

THEOREM A. Let X € ¥'(T?), 1= r=oo, have finitely many singularities and p € T*
be a non-wandering point of X. Suppose that if p is non-trivial recurrent, X is not of
constant type. Then, there exists Y € X"(T?) arbitrarily close to X (in the C'-topology)
having a periodic trajectory through p.

The proof of theorem A will show us that the result is valid for a large set of vector
fields on the torus.

We recall that the non-constant type real numbers of [0, 1] form a full Lebesgue
measure subset of it [Khi].

We wish to observe that theorem A extends word-for-word to vector fields on the
torus with a cross-cap. This can be done using [Gu.l, theorem 3.1] and [Gu.2,
proposition 2].

All possible examples of smooth vector fields on T° with non-trivial recurrence
(whether of constant type or not) can easily be constructed by using the existence
theorem of [Gu.1].

We wish to thank J. Palis for helpful conversations. The referee’s suggestions were
very helpful to us and have been incorporated into this work. The author acknowl-
edges hospitality and financial help from IHES during the preparation of this paper.

2. Preliminaries
We shall introduce some terminology and notation. Let M be a smooth compact
two-manifold, ¢:Rx M - M be a continuous flow on M and p be a point of M.

https://doi.org/10.1017/5014338570000328X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570000328X

C"-closing lemma for flows on T 47

The positive semi-trajectory (resp. negative semi-trajectory) of p is the set
v, ={e(1, p)/1€[0, )} (resp. v, ={(t, p)/t € (—0, 0]}). The trajectory y, U y, of
p will be denoted by v,. The point p is a regular point of ¢ if it is not a fixed point
of ¢. We say that xe{p, y,} is periodic if ¢(t, p)=p for some t=0. A point ge M
is an w-limit point (resp. a-limit point) of x €{p, v,}, if there is a sequence of real
numbers t, > o (resp. t, > —o0) such that ¢(; p)—>q.

Let N be a submanifold of M disjoint from the fixed points of ¢. We will say
that N is a flow box (of ¢) if there exists a rectangle A=[a, b]X[c,d]=R” and a
homeomorphism 6: A—> N such that, for all se[c, d], 0([a, b]x{s}) is an arc of
trajectory of ¢. Such a homeomorphism 8: A—> N will also be called a flow box. If p
is a regular point of ¢, there exists a neighbourhood of p which is a flow box (see
[B-S, theorem 2.9, p. 50] and [Wt]). A segment or a circle C is said to be transversal
to ¢ if for any xe C which is not an endpoint of it, there exists a flow box
0:]-1,1]%x[—1,1]> N such that 6(0,0)=x and 0({0}x[-1,1)=N~nC. Our
definition of transversality does not exclude points of tangency for C" flows.

Let C be a circle transversal to ¢. The forward Poincaré map T: C » C is the one
which takes x e C to the first intersection of y; —{x} with C. In most cases the
domain of definition of T, Dom (T), is an open subset of C properly contained
in it.

Let g € M. We say that x € {q, v,} is two-sided non-trivial recurrent if for any open
segment 2 passing through g, each semitrajectory starting at g meets both connected
components of X —{q} infinitely many times.

When X e X"(M), r=1, all the definitions of this work will be referred to the
flow induced by X. The set of positive integers will be denoted by N. T? will be the
two-dimensional torus provided with a smooth riemannian structure.

Given e €R, R,:R/Z - R/Z will denote the geometric rotation x > x + « (mod 1).

3. The continued fraction of a real number
The topics and the notation of this section are part of those of [Her, Chap. V]. The
proofs can be found in [Her, Chap. V], [La] and [Khi].

Let G:(0,1]>[0,1) and a: (0, ) >N be defined by

G(x) =i— [i] =% (mod 1)

a(x)= [l:l
x
Ifa cR—Qwehavethata —[a]€ (0, 1) and, forall neN, G"(a —[a]) # 0. Therefore
we may define
ap=[e]
and

a,=a(G" (a—[a]) ifn=1.

Thus, ap€Z and, for all neN, a,eN. We shall write symbolically the infinite
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expression

a=[ay a,,a,...,a,...]=a,+
a;+

1
a+---

The a, is called the nth partial quotient of «; any sequence {ay, a,,...,a,, ...},
where ay€ Z and a, €N, for all neN, is the sequence of partial quotients of a unique
aecR-Q.

If a« =[a,, ay,..., a,...] the nth principal convergent of « is the reduced fraction

&=[a0’ Ay, ..y an]:a0+l/(al+1/(a2+' : '+1/(an—1+1/an) ©t '))

n

Given x eR write ||x|| =Inf,.z |x+p|. ||x| defines a metric on T".

In the following, « denotes an irrational number, {p,/q.} is the sequence
of principal convergents of «, {a,} is the sequence of partial quotients of «,
q/,,\a = g,a — P, and, for 8 e R, I, + 6 is the compact sub-interval of R with endpoints
6 and q/,,?r + 0. The simplified notation I, +0= I, will be used.

(3.1) ProrosiTiON. If |q|>0 is an integer such that |q| < q,.,, then |qa| =] q.a]|.
Conversely, qo=1, q,=a, and, if n=1, q,., is the smallest positive integer such that
g1l < llgnee .
(3.2) ProposITION. p, and q, satisfy the following relations

Pn=0nPn1tPna forn=2, Po=do, P1=aea;t1

90 = uGn1H G fornz=2,  qo=1, q=a,
(3.3) ProposITION. If n 21, |q,a — p.| = ||gmall, and, if n=3:

Gn—2all = anllgu-ra]| + || guex |

o, <[ L2l
" Ll ga-rel]

(3.4) ProPOSITION. Let 8 €R. For all n=2 we have that:

(a) The intervals modulo 1 {R;,(I,+ 6)}¢<j=,, Where j is an integer, are pairwise
disjoint excepting for the fact that

(I +6) " {Rq o (1, + 0)} = {G,a + 0);

(b) the real numbers 6, q/,,\a + 0 and 2/q,,\a + 6 (forming the set of endpoints of I, + 0

and R, .(I,+ 0)) are ordered in the real line as follows:
0.<(~1)"(Ga) + 0 < (=1)"(3go) + 6 <(~1)"(§, )+ 6.

and

The proof of the following lemma is contained in [SI]. See [Her, 8.4 of Chap. V].

(3.5) LEMMA. For all neN, n=2, the elements of {A,-,,,|ie {0,1,2,...,{a,/2]}} are
pairwise disjoint sets, where

(2i+1)q,, q,
Ai,n = U Rja(In) = U Rja+2iq/,,>(1n)'
Jj=2iq, j=0
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(3.6) ProPOSITION. Let {i,} be a strictly increasing sequence of odd natural numbers.
Suppose that lim,, a;, .., = . Given a finite subset {x,, x,, . .., X,,} of R/Z, there exists
noeN such that if i, = n, then for some 6 € (0, g, _»a|), Uf;"o R, +4(1,) is disjoint
from {x;, X5, ..., X}

Proof. We take noeN so that, for all iy = ny, a, ., >2(m+1). It follows from lemma
3.5 that the elements of{Aj,,-k|j =1,2,..., m+ 1} are pairwise disjoint sets. Therefore,
forsomeoe{l,2,...,. m+1}, A, , = Uf;“o R, +o(1;,) is disjoint from {x,, x5, ..., X,n}
and so it satisfies the conditions of this proposition. U

4. Flows of non-constant type
In this section we shall define the flows of non-constant type. To give this definition
we shall need theorem 4.1 and proposition 4.2.

The following result is contained in [ Gu.1, structure theorem and (E3) of existence
theorem].

(4.1) STRUCTURE THEOREM. Let ¢:R x T?-> T? be a continuous flow on the torus T°
having non-trivial recurrent trajectories. Then there exists a compact g-invariant subset
Q of T? such that any non-trivial recurrent trajectory of ¢ is dense in Q). Moreover,
the set €(Q)), of the oriented circles which meet ) and are transversal to ¢, is not
empty and the following are satisfied:

(a) Given Ce €(Q), there exists a unique non-periodic geometric rotation
R(C):R/Z 5 such that if R/Z is provided with the usual positive orientation and
T:C ~ C denotes the forward Poincaré map induced by ¢, there is an orientation
preserving monotone continuous map h:C->R/Z of degree one semi-conjuga-
ting T with R(C) (i.e. for all xe Dom (T), hoT(x)= R(C)°h(x)). Moreover, if
h,, h,: C>R/Z are maps as the map h above then, for some geometric rotation
R,:R/Z-R/Z, h=R,oh,.

(b) If the flow ¢ has n fixed points and T and h are as in (a) above, then there
exists {x,, X5, ..., Xn} € R/Z, with m < n, such that

Y R/Z~{x,, %3, ...,%Xn}) < Dom(T).
The following proposition is an immediate consequence of lemma 4.7 below.

(4.2) ProrosITION. Let ¢ and €(Q) be as in the structure theorem. The property that
R(C) is (resp. is not) of constant type, where C € €({}), does not depend on the
particular C.

This proposition implies that the following definition is intrinsic.

(4.3) Definition. Let ¢ and 4({)) be as in the structure theorem. We say that ¢ is
a constant (resp. non-constant) type flow if for some C € €({), R(C) is of constant
(resp. non-constant) type.

Now we proceed to prove some results which will be needed in the proof of lemma
47.

(4.4) COROLLARY. Assume the conditions and notation of the structure theorem. Given
C € €(Q), the subset of C of two-sided non-trivial recurrent points is dense in Q~ C.
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Proof. Let h: C+—>R/Z, T: C+> C and R(C):R/Z > R/Z be as in (a) of the structure
theorem. Let A,=R/Z and for ie Z—{0} let A;={xeR/Z|h '(x) is contained in
Dom (T")}. As, for all i € Z— {0}, Dom ( T") is an open subset of C, by (a) of theorem
4.1 we have that A, is an open subset of R/Z.

Using the property that C n{} contains a non-trivial recurrent point, say p, we
shall prove that every A, is dense in R/Z. In fact given x,€R/Z, by the structure
theorem, there exists a subsequence {x,},~, of the R(C)-orbit of h(p) such that
lim, x, = x, and h™'(x,) contains exactly one element p, of y, » Dom (T?). Denote
by J, the connected component of Dom (T') containing p,. Since J, is open and
P is non-trivial recurrent, the set y,nJ, is an infinite set. Also h is injective in
¥, N J,. Therefore h(J,) is an interval of R/Z. Because R/Z — U is at most denumer-
able, where A = {xcR/Z|h '(x) is a one point set}, there exists g, € A~ h(J,) very
close to x,=h(p,). As h™'(q,) is unitary, h"'(q,) € J, = Dom (T’), ie. q,€ A.
Certainly lim, g, = x, which implies that A, is dense. Therefore, 8 =% ([ icz Ai)
is a residual subset of R/Z. Under these circumstances, using the structure theorem
we may easily check that: Any ye h™'(B) is a two-sided non-trivial recurrent
point whose positive (resp. negative) T-orbit is dense in C n (). This proves the
corollary. 0

The proof of the following lemma can be found in [Gu.2, lemma 2].

(4.5) LEMMA. Let 3 be an open interval containing a non-trivial recurrent point p of
a continuous flow ¢:Rx T>> T2 If 3 is transversal to ¢, there exists a circle C
transversal to ¢ and such that C X contains an open interval passing through p.
(4.6) Definition. Consider T* provided with an orientation and with a smooth
riemannian metric { , ). Given X € X" (T?), 1= r<oo, we define X" X" (T") by the
following two conditions:

(a) (X, X)=(X*, X"); and

(b) when pe T? is a regular point of X, the ordered pair (X(p), X*(p)) is an
orthogonal positive basis of T,(T”) (according to the given orientation of T2).

Let :RXx T?- T be a continuous flow on T2 and I be an oriented open segment
transversal to ¢. We say that X is ¢-positive (resp. ¢-negative) if - for increasing
time - the flow ¢ crosses X as in figure 4.1 (resp. figure 4.2), where a positive basis

is that of figure 4.3.
—
€
¢ @
- =
i €

FIGURE 4.1 FIGURE 4.2 FIGURE 4.3. Positive basis {e,, e,}.

113%

Let C be an oriented circle transversal to ¢; we say that C is ¢-positive if any
sub-interval of it (with the induced orientation) is ¢-positive.
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(4.7) LEMMA. Assume the conditions and notation of the structure theorem (4.1).
Given C, C € €(f)), there exist m, n €N such that, forallieN, a,,, = d., where {a,}
and {a,} denote the sequence of partial quotients of the rotation numbers, a and &,
of R(C) and R((), respectively. Moreover we have that m —n is an even integer if
and only if both C and C are simultaneously either ¢-positive or ¢-negative.

Proof. When pe M and q € ¢(7, p), for some 7> 0, the arc of trajectory connecting
p with g will be denoted by pg.

By corollary 4.4, there is a two-sided non-trivial recurrent point p € Q n C. Denote
by T:C+— C (resp. T: C— C) the forward Poincaré map induced by ¢, and by 3,
(resp. $.), with neN—{0}, the open sub-interval of C (resp. C) with endpoints
T~ "(p) and T"(p) (resp. T~"(p) and T"(p)) and containing p. Let {q,.} (resp. {q.})
be the sequence of the denominators of the principal convergents of a (resp. &).
It follows from proposition 3.1 that:

(1.1) If neN—{1,2}, then pT90p) NS, ={p, T™(p)}.

(1.2) If meN is large enough and X, mp/T"'\(’p) ={p}, then m is equal to some
G-

We observe that:

(2) If C and C are homotopic and the homotopy carries the orientation of one
to the given orientation of the other, then R(C) = R(C).

Let g be the first point where y, meets C and B be a closed flow box whose interior
contains pg. We may use an homotopy - with support in B - to transform Cina
new circle still denoted by C but now satisfying:

(3) €~ C contains an open interval X which contains p.

It follows from (2) that, without losing generality, we may proceed with the proof
of this lemma under the assumption (3). So, by (1.1) and (1.2), we conclude that:

(4) There exist n, meN such that, for all ieN,

Th+i(p)= T""-“(p) and X, . =3
L/eQIj(Z,) (resp. %Ij(E,)) be the cardinal number of the set p/T?‘p)r\E, (resp.
p Tj(p)r\i,), where j, leN. By (4), proposition 3.3 and because R(C) and R(C)
are uniquely ergodic we may use the Birkhoff’s ergodic theorem [Wa] to conclude
that if n, m are as in (4), for all ieN

h(z, ._)] [ Ay, (S ,3)]
i = n+i—2 = l Gn+iti Qn+i
[h(zqu»n 1) l}n Qn+.+,(2‘1n+i4)

[1 ﬂm+;+|( ﬂ +i —Z)] _
m Gmaie
J

Gm+i®

Eimrid
‘Im+|+1 Gm+i—1
Using (4) and (b) of proposition 3.4, we may easily conclude that m —n is even if
and only if the orientations of =, induced by those of C and C, are the same. The
lemma is proved. O

5. The main result

(5.1) Proof of theorem A. As in Pugh’s proof of the C'-closing lemma, it is enough
to prove that
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(1) Given any neighbourhoods » of X in ¥"(T?) and V of p in T? there exists
Y €+ which has a closed orbit meeting V.
In fact, let X € X*(T? be such that )?(p) = X(p). Given a neighbourhood « of X
in X(T?) we may find a neighbourhood »< e« of X and an & >0 so small that
given any (Y, t)covXx{—¢, &), ()2%)* Ye€w and V= {Xso)zf(p)|s, te(—¢ )} is a
flow box of X and a neighbourhood of p. Hence assuming that (1) is true, we may
take Yeo having a closed orbit passing through the point X Lo(p)=4 (with
to€ (—¢, £)). Therefore ()2 W) Y € w is the desired vector field to prove this theorem
because it has a closed orbit passing through the point p.

We shall continue with the proof assuming that p is not periodic (and so it is not
a singularity of X'). Now, we shall prove this theorem when:

(2) p is regular and it is not non-trivial recurrent.
In this case vy, connects (one or) two singularities of X [S-T, theorem 6.2). Moreover
there exists an open annulus U and a point g€ U whose a- or w-limit set contains
7, [Ne, proposition 2.5]. See figure 5.1. In this case, it is very easy to produce a

FIGURE 5.1

periodic orbit which meets any neighbourhood of p by arbitrarily small C"-perturba-
tions of X. Using (1), this theorem is proved under the assumption (2).

A
=V

FIGURE 5.2
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Therefore it follows from corollary 4.4 that, to prove (1) under the assumptions of
theorem A, we may assume that

(3) The point p is two-sided non-trivial recurrent and X is not of constant type.

Fix an orientation of T° and take a C' open interval 2, X-positive, passing through
p. See figure 5.2.
It follows from lemma 4.5 that we may assume that X is contained in a C' circle
C transversal to X. Take in C the orientation induced by that of 2. Let T:C-> C
be the forward Poincaré map induced by ¢. Using lemma 4.7 and the fact that X
is not of constant type we may assume that the orientation of T? has been chosen
so that

(4) If h and R(C) are maps as in (a) of the structure theorem and a is the
rotation number of R(C), then there exists a subsequence {a, } of the sequence {a;}
of partial quotients of a such that every suffix i, is an odd number and lim, a; +, = .
Let » be a neighbourhood of X in X"(T?). Suppose that I has been taken to be
tangent to 7y, at p and so that, for some £ > 0:

(5) There exists a continuous strictly increasing map o:[0, €) - C, with o(0) =p,
and such that, for all we€(0,¢), X+uX"'ecw» and the segments o((0, #)) and
a((u, €)), with the orientation induced by that of C, are (X +uX")-positive and
(X + uX*)-negative, respectively. See figure 5.3.

X+uX*
o)
a(0)

FIGURE 5.3

Since p is a two-sided non-trivial recurrent point h(o[0, £)) contains an open
interval I. By corollary 4.4 we may take a two-sided non-trivial recurrent point
qe h ' (I)na(0, £). By the structure theorem we may assume that h(q)=0 and
that there exists a finite subset {x,, x,, ..., x,,} ©R such that

6) "' (R/Z—{x,, X3, ...,x,})=Dom (T).
It follows from this, (4), and propositions 3.4 and 3.6, that there exist neN odd
and 6 €R such that

(7) Ry([0, g,a]) and Ry([g,.a,2q,a]) are contained in h(o(0, £)). Moreover
(Ufno Ria+6([0, goa]) is disjoint from {x;, x,, ..., Xn}.
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Under these conditions, (b) of proposition 3.4, implies that if p,eh™'(9),
p2€ h™'(g,a+86) and p;e h™'(2g,a + 8), then

(®) a7 (p)<a ' (p)<a7'(py). L
Let us introduce the following notation: if x, y€ o ([0, €)), xy will denote the
sub-interval of o ([0, £)) with the induced orientation. If ze T2 and w = X,(z), for
some t€(0,00), zw will be the oriented arc of trajectory of X starting at z and
ending at w. By (7) and (8) we may assume that:

(9) T*(py)=p,, T*(p,)=p; and that T*(p, p,) = p, ps.
The set B =|_J {X T%(X)|x € p, p} can be thought as a flow box with two of its corner
points glued together at the point p,. See figures 5.4 and 5.5.

D _
P2
-
pP3
FIGURE 5.4
Py P
7/
/
e
/
L
7/
/7
7
7/
7
/
Ve
P2 143
FIGURE 5.5

We shall see that there exists wo€ (0, 0~ '(p,)) such that X + uoX ™" exhibit a closed
orbit through the point p,.

Given u € (0, 0~ '(p,)) denote by A, < int (B) the oriented open arc of trajectory
of X +pX* starting at p, and ending at the point x(u) of the boundary of B. The
following properties are satisfied:

(10.1) For all we (0,07 '(p,)), p2p: is an (X +uX*)-positive segment and p, p;
and p, p, are (X + uX")-negative segments.

(10.2) For all w€[0, 0 '(ps)], psp2 is an (X + uX™*)-positive segment.

(10.3) For all we (o '(ps), o7 (p,)), p;o(w) is an (X + uX*)-negative segment
and o(u)p, is an (X + uX*)-positive segment.

It follows from these properties that A, is well defined, that x(u) is a monotone
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strictly increasing continuous function of w€ (0,07 '(p,)) and that for some

o€ (0, 071 (p,)), x(so) = p,. Theorem A is proved, (see figure 5.6). O
pre ey
? x(u)
e
A d o(u)
D2 / / D3

FIGURE 5.6

6. Final remarks
Let k€N and U, be the set of geometric rotations R, such that lim sup a; = k, where
{a;} is the sequence of partial quotients of a.

Under the conditions of theorem A, its proof can easily be improved so that:

(6.1) The result is valid for vector fields of constant type R, € U, which have at
most k singularities.

(6.2) If X € X“(T?) (i.e. X is analytic) there exist sequences {t,} and {v,} of real
numbers such that lim (1,) =0=1im (v,) and (X3 ), (X + t,X ") has a periodic trajec-
tory passing through p.
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