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On the average value of 7(t) —li(¢)

Daniel R. Johnston

Abstract. We prove that the Riemann hypothesis is equivalent to the condition [;* (7(#) - 1i(¢)) dt <
0 for all x > 2. Here, 7(¢) is the prime-counting function and li(¢) is the logarithmic integral. This
makes explicit a claim of Pintz. Moreover, we prove an analogous result for the Chebyshev function
0(t) and discuss the extent to which one can make related claims unconditionally.

1 Introduction

Let 7z(x) denote the number of primes less than or equal to x and

* 1
lix) = [
i(x) o logt
In his celebrated 1859 article, Riemann [21] remarked on the apparent truth of the
inequality

7(x) <li(x),

for all x > 2. In 1903, Schmidt [25, p. 204] showed that such a result would imply
the Riemann hypothesis. However, in 1914, Littlewood [16] managed to prove that
7(x) —li(x) changes sign infinitely often. More precisely, he showed that for some
positive constant ¢, there are arbitrarily large values of x such that

2(x) —li(x) > SYX10810BI08Y iy < Cy/Xlogloglogx
logx log x

It is an open problem to determine the smallest value of x such that 7(x) > li(x).
Large computations have shown that 7(x) < li(x) for all x < 10" [6, Theorem 2] and
that the first sign change occurs before x = 1.4 x 10! [1, 24].

Although 7(x) <1i(x) is not true in general, one can ask whether, in a precise
sense, 71(x) < li(x) is true on average. Namely, several authors [12-14, 19, 26] assert
that the Riemann hypothesis implies

(L) fzx(n(t)—li(t))dt<0, x> X0,
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for some sufficiently large x,. Pintz [19] claims that (L1) is in fact equivalent to the
Riemann hypothesis and is likely to hold for all x > 2 under such assumptions. Using
explicit bounds on prime-counting functions, we are able to prove this claim.

Theorem 1.1 ~ The Riemann hypothesis is equivalent to the condition
(12) f ((t) ~li(t))dt <0, forallx > 2.
2

We also prove an analogous result for the Chebyshev function

0(x) = > logp.

p<x
Theorem 1.2 The Riemann hypothesis is equivalent to the condition

(1.3) f2 (0(t) - 1)dt <0, forallx >2.

It is natural to ask whether a modification of (1.2) or (1.3) is true unconditionally.
In this direction, we consider the weighted integrals

o) = [0 -10)f()de and L) = [0 - 0f () de
(1.4)

for some choice of function f(t). Given that one has to go quite far to find a value
of t such that' 7(t) - 1i(t) > 0, one should intuitively take f(t) to be positive and
decreasing as to give more weight to the negative bias for small values of t. In [19], Pintz
considers f(t) = exp(-log” t/y) for sufficiently large y. However, using an explicit
form of Mertens’ theorems, we show that I; (x, f) < 0 and I;(x, f) < 0 for the simpler
and asymptotically larger function f(t) = 1/t*. Analogous results also hold for the
prime-counting functions

3 |-

y(x)= Y logp and TI(x)=

pr<x pm<x

Theorem 1.3  Unconditionally, we have

JRECEC PPy CETI

t2 12
fodt<0, [xwdt<0,
2 12 2 t2

forall x > 2.

Note that since 7z(¢) < I1(t) and 6(t) < y(t), the apparent negative bias of II(¢) —
li(¢) and y(¢) — ¢ is less pronounced than that of 7(¢) —1i(#) or 8(t) — t. In fact,
[ TI(t) - 1i(t) dt and [ y(¢) - t dt change sign infinitely often (see Lemma 2.8).

IThe first value of ¢ with 6(t) —t > 0 s also expected to be around 10*'¢ (see [20]).
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Thus, unlike as in Theorem 1.3, Theorems 1.1 and 1.2 do not hold if 7(¢) and 6(t) are
replaced with IT(t) and y(t), respectively.

Finally, we show that one cannot do much better than Theorem 1.3 without further
knowledge of the location of the zeros of {(s).

Theorem 1.4  Let w = sup{PR(s) : {(s) =0}. If1/2<w<land c <1+ w <2, then
fx Mdt:g*'(l)’ /-x Mdt:g*'(l)’
2 ¢ 2 ¢

ﬁx Mdtz(h(l), fzx %dt:(h(l).

tC

Here, as per usual, the notation g(x) = Q, (1) means that there exist arbitrarily
large values of x such that g(x) > 0.

Remark 1.5  Despite the restrictions in Theorem 1.4, it is conceivable that one may
be able to use a slightly (asymptotically) larger weight than f(t) =1/t* in Theorem
1.3. For instance, f(t) = log t/t*. Such a result would most likely require the use of an
explicit zero-free region, e.g., [18, Theorem 1] or [8, Theorem 5]. We do not pursue
this here.

2 Useful lemmas
In this section, we list a series of useful lemmas. Most of the following results are

explicit bounds on prime-counting functions which follow directly from existing
results in the literature.

Lemma 2.1 6, Theorem 2]  Forall 2 < x <10", n(x) - li(x) < 0 and 6(x) - x < 0.

Lemma 2.2 [22, Equations (3.5), (3.6), (3.15), and (3.16)]  We have
1.3x

(2.1) X n(x) < , x>17,
log x log x
(2.2) x—i<6(x)<x+&, x > 41
logx log x
Lemma 2.3 We have
(2.3) I(x) - 1.9x"2 < 7(x) < I(x) - x/*/log x, x 217,
(2.4) y(x) - 1.5x72 < 0(x) < y(x) - 0.98x"/2, x > 121.
Proof LetM = HEZJ Then,
M1 M 1.3
O(x) =" — (™) < n(x) + —n(x"?) < 7w(x) + ——x"? < 7w(x) + 1.9x/
m 2 log2
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by Lemma 2.2. On the other hand,

&1 1/m 1 1/2 x'?
M(x) =) En(x ) > m(x) + Eﬂ(x ) > m(x) + ogx”

m=1

as required. The inequalities in (2.4) then follow from equations (3.36) and (3.37) in
[22]. [ |

Lemma 2.4 For all x > 1, we have

li(x) <

2x
log X log2 X ’

Proof For x > 1,865, the result follows from [2, Lemma 5.9]. For smaller values of
x, the result follows via simple computations. ]

Lemma 2.5 We have
3,000
~30,000 < [ (n(£) - 1i(£)) df < 29,000,
2
3,000
~140,000 < [ (6(t) - t) dt < —130,000,
2

3,000
~2,900 < f (y(t) - t) dt < —2,800.
2

Proof  Follows by directly computing each integral on Mathematica. [ ]

Lemma 2.6  Assuming the Riemann hypothesis, | [;* (y(t) - t) dt| < 0.08x*/2 for all

x > 3,000.

Proof By [12, Theorem 27],

2 xp+1 1—2r

Wl(x)::[Z W(t)dtzy—%:P(P_‘_l) 7(0)4_7( - Z:27’(21’—1)

where the sum is taken over all nontrivial zeros p = § + iy of the Riemann zeta
function. First, we note that

2

» plp+1)

xp+1

1
< xMte < 0.04621x°/2,
> y(y+1)

because ¥, 1/y* = 0.046209..... [3, Corollary 1]. Next, ({/{)(0) =log 27 [7, Section
3.8] and ({'/{)(-1) =1.985... as computed on Mathematica. Finally,

1—2r oo

0= ZZr(Zr—l) Ezﬁ: 2(x2-1)
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2
Thus, noting that £- = fzx tdt +2,

x log(27) 2+1.986 1
_ 3/2 g
‘fz (w(t)-t) dt‘ <x (0.04621 teap YT on Tt 2 1))

<0.08x%2,

for all x > 3,000. [ ]

Lemma 2.7 (Cf. [12, pp. 103-104])  Let Q(x) = I1(x) - li(x), R(x) = w(x) — x, and
Ri(x) = [, R(t) dt. Then,

(2.5) Q(x) = R(x) + Ll(i) + / ( Rl(tz) + ZRI(? )dt+ C,
logx  xlog“x J3.000\t2log”t t2log’t
where
C = Q(3,000) - R(3.000)  Ri(3000) 455 <o

log(3,000)  3,00010g?(3,000)

Proof  Using integration by parts,

. . X * dt 3,000
li(x) —1i(3,000) = —— + f - ,
logx  J3,000 log®t log(3,000)

so that by partial summation,

I(x) - I1(3,000) = li(x) - 1i(3,000) +

R(x)  R(3,000) +fx R(D) o

logx log(3,000) 000 tlog” t
Hence,
R *  R(t R(3,000
Q(x) = R&¥) +f @) 41+ q(3,000) - RE00)
logx  J3,000 tlog t log(3,000)
A further application of integration by parts then gives the desired result. ]

Lemma 2.8 Let c € R and define

My (x) = fzx@dt and yyo(x) = fsz(ct)dt'

t
Ifw=sup{R(s):{(s) =0} and c <1+ w < 2, then forall § > 0,

* Ti(t fw—c— Tt w—c—
nl,c(x)—f2 fc) - 0. (x99 and wl,c(x)—f2 = QL (x ),

Proof = We begin with the integral expression [12, Equation (18), p. 18]

log{(s) =s [00 l;lcgfl) dx, R(s)>1L

https://doi.org/10.4153/50008439522000212 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000212

190 D. R. Johnston

Using integration by parts,
oo H [
f (x)dx:f dll . (x)
1 xs+1 1 xs+1—c

- [Hl’c(x)] +(s+1- c)/ ch(x)
xs+1—c . s+2 c

I1 C(x)

=(s+1- c)f 15+2 -

noting that since IT(x) = O(x),

I X c—1-R(s x —c —R(s
b)) 0 (x [T ) = 0 = o),
Hence,
(2.6) logl(s) =s(s+1-¢) f Hlsiz(xc dx, R(s)>1L

Using an analogous argument with the integral expression [12, Equation (17), p. 18]

O T
) 1 x5+1d’ R(s) >1

one obtains

_¢) Y1,e(x)
(2.7) o) =s(s+1- c)/ e dx, R(s)>1

Equipped with (2.6) and (2.7), one can then follow a standard argument
(e.g., [4, p. 80], [12, pp. 90-91]) mutatis mutandis to obtain the desired result. [ |

3 Proofs of Theorems 1.1 and 1.2

We begin with the case where the Riemann hypothesis is false. By Lemma 2.8 with
¢ = 0, there are arbitrarily large values of x such that [;" II(¢) - li(t) dt > Kx" for
some positive constants K > 0 and > 3/2. For such values of x, we then have by
Lemma 2.3 that

fzx(n(t)—li(t))dt: f217(ﬂ(t)—li(t))dt+/l-7x (n(£) - 1i(t)) dt
- fw 1982 dt + fw (T1(£) - 1i(£)) dt + O(1)
= Kx" + 0(x*?).
Thus, there are arbitrarily large values of x such that
fzx (n(t) ~Ti(£))dt >0,

as required. The same reasoning holds for the integral over 6(t) — ¢ using the corre-
sponding bounds for 6(t) in Lemmas 2.3 and 2.8.
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Now, suppose the Riemann hypothesis is true. To show (1.2) and (1.3), it suffices to
consider x > 10" in light of Lemma 2.1. We begin with the integral over 0(t) - t. By
Lemmas 2.3, 2.5, and 2.6, we have

[Zx(e(t)—t) dt - /za’ooo(e(t)—t)dt+f3:00(9(t)—t)dt

< ~130,000 — 0.9812 dr + f (w(t) - t)dt
00

3,000 3,0

1.96 3,000
< ~130,000 — T(;ﬁ‘/2 - (3,000)*/?) +0.08x>/2 - f (w(t) - t)dt
2

< -19,000 — 0.57x*/* < 0,

as required.
The integral over 77(t) — li(¢) requires more work. First, we apply Lemmas 2.3, 2.5,
and 2.7 to obtain

fzx(ﬂ(t)—li(t))dt<'/23’000(71(0—li(t))dt+fl:oo(n(t)—li(t))dt

x /2 x
< ~29,000 - Ty f (TI(¢) ~ 1i(¥)) dt
3,000 log t 3,000

x {2 x (R(t)  Ry(t
< —29,000 — ——dt + f R, Lz)
3,000 log ¢ 3,000 \ logt  tlog”t

G1) *f; ( Ri(u)  2Ri(u) du))dt’

2 3
000 \u?2log”u  u’log’ u

using the notation from Lemma 2.7. Now, by integration by parts and Lemmas 2.5
and 2.6,

/396 (R(t)+ Ry(t) )dt_ Ri(x)  Ri(3,000) *f: 2R1(t)dt

000 \logt  tlog’t) logx  log(3,000) 000 tlog” t
32 A
(3.2) <0.08X— +370+0.16 _dt.
log x 3,000 log” ¢

Next,
/t Ri(w)  2Ri) Vg, co08 [ L 2w
3000 \u2log’u  u?log’ u T Jao00 \ul2log’u ul?log’u
¢ 3
<0.08 / — 2 du.
3,000 yl/2 log u

Since u"/*/log” u is increasing for u > 3,000, we then have

t 1/4 t 1/2
3 t 1 t

0.08 f o du<0.24— f —du <0.96 .

3,000 u!/2log? u log” t J3,000 u3/4 log” t
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Thus,
t 1/2

(3.3) / ( Ri(w) | 2Ri(w) )duSO.%tz.
3

000 \u2log’u  u2log’ u log” ¢t

Substituting (3.2) and (3.3) into (3.1) then gives

(3.4)

x x 1/2 3/2 x 1/2
f ((t) ~1i(t)) dt < —28,630 - 40085 112 d
2

S—dt.
3,000 log ¢ log x 3,000 log” ¢

Now, using integration by parts,
(3.5)
x {2 2 %32 2(3,000)0%%2 2 px 2 2 x3?
[ —dt=— - = + = [ p
3,000 log ¢ 3logx  31og(3,000) 3 Js

5 > - 14,000.
,000 log” ¢ 3logx

Moreover,

x 1/2 1/4 x
—dt <112 / £ dt < 0.9>
3,000 log t log x J3,000

3/2

(3.6) 112 —.
log” x

Applying (3.5) and (3.6), we have that (3.4) reduces to

3/2 3/2

X

fz " () —Ti(£)) dt < ~14,000 — 0.58:

X

+09—
ogx log” x

<0,

as required.

4 Proof of Theorem 1.3

First, we note that, via a simple computation, all four integrals in question are negative
for 2 < x < 200. Thus, we may assume throughout that x > 200.

First, we deal with the integrals involving 7(¢) and I1(¢). By an explicit form of
Mertens’ theorem [22, Equation (3.20)], we have

(4.1) > 1. loglogx + B +

2 bl
p<x 1

og”x
where B = 0.2614 . . .. Now, by partial summation and Lemma 2.2,
1 *m(t 1 * (¢t
(4.2) Z,:erf @dt>—+[ Mdt.
P x 2t logx J2 2

Moreover, by integration by parts and Lemma 2.4,

* 1 li li * i
loglogx:f dt = i(x) _liCe) +f 1Ezt)dt

tlogt X e

! 2 —h(e)+fx@dt—fe@dt.
e 2t 2 t2

< + 5
logx log x

(4.3)
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Substituting (4.2) and (4.3) into (4.1) gives

(4.4)

fxﬂ(t)_h(t)dt< 2.5 +B—h(e)—feMdt< 3 _0.62<0,
2 2

t2 10g2 X e 12 lOg2 X

as desired. For the integral involving I1(¢), we then note that by Lemma 2.3,

fx n(t) _h(t)dt: f200 n(t) _h(t)dt+ * q(t) _li(t)dt

2 2 200 12
x — 1/2 _
. 059+ f I1(t) — 1.9¢ 11(t)
200 12
3.8 3.8 * TI(t) - li(¢)
=-0.59 + + f ———=dt
( VE /200 ) 2 t2
200 T1(¢) — li
[0,
2 12
* 11 .
> [ Mdt 0.56 + ﬁ
2 12 Vx
Substituting this into (4.4) then gives
* TI(t) - li(¢ 3.8 3
f Mdt ~0.06 - = + —— <0
2 12 NZ log” x
We argue similarly for the integrals involving 6(#) and y(¢). In particular, we have
[22, Equation (3.23)]
1 1
> &P <logx+E+ —,
p<x p logx
where E = —-1.332. ... Then, by Lemma 2.2,
X X
Zlogpze(x)+/‘ e(t)dt>1— 1 +f 9(t)dt
e P x 2 12 logx J2 2
and
lo (x)—/xldt—fxidtJrloZ
B L oe g
Therefore,
x L.
(4.5) f 6(1) - dt<E—1+log2+—5< -1.63 + <0,
2 12 log x logx

as required. The corresponding result for y(t) then follows similar to before by
applying Lemma 2.3 to (4.5). In particular, we have that

q/t)— 3 2
dt <-0.83 - — 0.
f < \/3_c+logx<
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5 Proof of Theorem 1.4

The result for the integrals involving I1(¢) and y(¢) follows immediately from Lemma
2.8. For the integral involving 77(t), we first note that by Lemma 2.8, for any choice of
0 > 0, there exist arbitrarily large values of x such that

f H(t)t_ h(t) di > le+w—c—6’
) c

for some positive constant K > 0. For such values of x, we then have by Lemma 2.3

that
x —1i 17 I X .
f m(t) - li(t) dt:f n(t) - li(t) dt+/ n(t) - li(t) dt
2 t¢ 2 t€ 17 t€
>—fx1.9t1/“ dt+fxwdt+o(1)
17 17 te
(5.0) > - f 1.98727¢ 4t + Kx'"9770 4+ O(1).
17

The integral in (5.1) satisfies

. O(x3*¢), ¢<3/2,
f 19127 dt = { O(logx), c¢=3/2,
17
0(1), 3/2<c<1+w.

Thus, if we take any choice of § < w —1/2 when ¢ < 3/2,and § <1+ w — c when 3/2 <
¢ <1+ w, we have

]x n(t) _li(t)dt 20
2 t€

for arbitrarily large values of x as required. The same reasoning holds for the integral
over (0(t) — t)/t¢ using the corresponding bounds for 6(¢) in Lemmas 2.3 and 2.8.

6 Discussion and further work

The general idea in this paper was to consider averaged versions of arithmetic func-
tions in order to gain insight into biases occurring in number theory. The functions
n(t) —1i(¢) and 6(¢) — ¢, in particular, exhibit an apparent negative bias, and our
results reflect this.

There are many other biases occurring in number theory, and it would be interest-
ing to consider averaged versions of these. For example, we have:

(a) The bias in Mertens’ theorems [5, 15].
(b) The Chebyshev bias for primes in arithmetic progressions [10, 23].
(c) The bias of A(n) and related functions [11, 17].

One could also attempt to extend our results to more general number fields. In this
direction, it is worth noting that Garcia and Lee [9] recently proved explicit versions of
Mertens theorems for number fields. Using Garcia and Lee’s results could thus allow
one to generalize Theorem 1.3, whose proof followed directly from an explicit version
of Mertens’ theorems in the standard setting.
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