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THE GENERALIZED ORTHOCOMPLETION AND
STRONGLY PROJECTABLE HULL OF
A LATTICE ORDERED GROUP

RICHARD N. BALL

The central result is the existence and uniqueness for an arbitrary
I-group G of two hulls, G and G¢, which in the representable case coincide
with the orthocompletion and strongly projectable hull of G. This is done
by introducing two notions of extension, written < and <, and proving
that each G has a maximal < extension G and a maximal <, extension
G». Two constructions of G and G* aregiven: an [-permutation construc-
tion leads to descriptive structural information, and a construction by
“‘consistent maps’’ leads to a strong universal mapping property.

The notion of a strongly projectable hull has a lengthy history. The
concept of an orthocompletion, together with the first proof of its exist-
ence and uniqueness, is due to Bernau [4]. Conrad summarized and
extended all these results in an important paper [10]. The chief novelty
of the present work is that the ideas apply to non-representable as well
as to representable /-groups. When specialized to the representable case,
the construction of Section 2 is related to the nice constructions of Bleier
in [6] and [7].

The notation, which is multiplicative even for the representable case,
is standard. G is understood to be an /-group whose complete Boolean
algebra of polars will be designated & or simply &. The symbols V,
A, L, 04, and 1, refer respectively to supremum, infimum, complemen-
tation, least element and greatest element in &°. The symbols V and A
also refer to supremum and infimum of elements of G; the reader must be
prepared to distinguish the two meanings from context.

1. Extensions. The crucial concept is the following. For l-groups G
and H define G < H to mean that G is an /-subgroup of H in which the
polars of G and H are in one-to-one correspondence by intersection, and
such that

V {(hg™)t g € G} = 1, forall h € H.

Similarly, for « a fixed infinite cardinal number, define G <, H to mean
that G is an l-subgroup of H in which the polars of G and H are in one-to-
one correspondence by intersection, and such that for every z € H there

Received August 16, 1980 and in revised form September 30, 1981.
621

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-042-5

622 RICHARD N. BALL

is some set X € G of cardinality less than « satisfying
V (kg g € X} = 1.

Clearly G <« H implies G < H;justasclearly,G £ G.

To say that the polars of G and H are in one-to-one correspondence is
to say that every nontrivial polar of H has nontrivial intersection with G
(Proposition 5.3, [1]), and the correspondence is actually a Boolean iso-
morphism. Therefore, in the first four sections we shall blur the distinc-
tion between the polars of G and those of H, using the same symbol &
for both sets.

LEMMA 1.1. If G < H then G is order dense in H.
Proof. Assume G < Hand 1 < h € H. Find g € G such that
Q = (hgV)t A Bt = 0,.
It must be possible to ind x with 1 <x € QM G;let
y=(@&Ag) V1ca

To show y = h consider an arbptrary prime P such that P < Py. Then
P < Pxand x € (hg~')* imply (hg~') € P or Ph = Pg. Thatis, Py <
Pg = Pk, and since P was arbitrary, y < h. To show y > 1 consider any
minimal prime 7" such that x ¢ 7. Then x € (hg~')L implies (hg™!) € T
or Th = Tg. Furthermore, x*+ & 7 and x+ C kit imply bt & T,
which implies & ¢ T by the minimality of 7". Therefore Ty = Tx A Tg >
T'and y > 1.

LEmMmA 1.2, Suppose G < H = K. Then G < Kif and only if G < H
and H £ K, and similarly for <.

Proof. Since the implication from left to right is clear, suppose G < H
< K. Clearly G is order dense in K and polars in G and K correspond.
Consider £ € K. Then for any fixed € H,

Vg (kg™)t = Vg (B hg ™)L D Vg (BB A (hg=1)L)
(Bh=1)+ A (Ve (hg)t) = (kh1)~.

14, it follows that

It

But because V {(kh—1)+| h € H}
V (kg g € G} = 1.
The argument for <. is similar and depends on the fact that «* = «.

LEMMA 1.3. Suppose € is a collection of I-groups totally ordered by
L (L) ThenC KV E (C <, JE)foranyCc F.

Proof. Suppose % is totally ordered by <. Then every C € ¥ is order
dense in \U ¥, from which it follows that the polar of C and \U % cor-
respond by intersection. Given a particular C € € and x € \U % we may
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assume x € D for some D € % such that C £ D. Because C £ D,
V¢ (xg™)L = 1, must hold in D. Because polars in D and \JU % cor-
respond, this must be true in \ % also. The argument for <  is analagous.

The next lemma is 5.12 of [1], proved here for completeness. |H| de-

notes the cardinality of H and G” denotes the collection of maps from
P to G.

LEMMA 1.4. G < H implies |H| < |G?|.

Proof. Well order G and let * be some object not in G. With each h € H
associate the map f,: & — G \U {«} defined by declaring the image of
P ¢ @ under f,, written Pfy, to be the first g € G such that P C (hg™1)L.
If no such g exists, then Pf, is defined to be . If 2 and k are different
members of H, then (hk~1)++ s 0, and hence one may find g € G such
that

(hk=)L A (hg)t = R 5 0,.

R C (hg™')* implies Rf, # *; assume Rf, = g. Then Rf, # g, for if
Rfy = g then R C (kg1)+, which yields hg™!, kg~! € RL or (hk™!) € R+,
contrary to R € (hk—1)+L, The point is that f, # f;.

The preceding lemmas, together with a straightforward Zorn's Lemma
argument, guarantee the existence of at least one maximal < extension
and at least one maximal <, extension for each /-group and each infinite
cardinal «.

THEOREM 1.4. For every I-group G there is at least one I-group H such that
G < H and H has no proper < extension. For every l-group G and every
infinite cardinal x there 1s at least one l-group H such that G <. H and
H has no proper < . extension.

2. Uniqueness of the maximal extensions. The purpose of this
section is the explicit construction of the maximal < and <, extensions
of a given I-group G. A second construction by /-permutation group tech-
niques will be outlined in Section 4. The present construction has several
advantages over the I-permutation construction. First, it avoids the
details of a particular Holland representation, which after all must be
irrelevant since the definition of the maximal extension is independent of
representation. Secondly, it is particularly simple when specialized to the
representable case, essentially coinciding with Bleir's constructions in
[6] and [7]. Finally, this is the appropriate construction for the universal
mapping properties of Section 5.

Aset C Pislargeif P C Q € Simplies P € Sandif V . = 1,. If
& C £ and k is a mapping from.? into G then Pk denotes the image of
P € % under k, and dom (k) denotes.’. A map k:.¥ — G is consistent
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if its domain.? is a large set of polars such that
(PE)(Qk)™' € (P AN Q)+ forallP, Q€Y.

Given a convex l-subgroup C and element g € G, C’ is the conjugate
¢ 1Cg. If ¥ € P and k: ¥ — G we shall write P* for PP* and ¥ for
{PHP € &).

LemMA 2.1. Let k: ¥ — G be a consistent map and suppose P C Q € &
Then

Pt = PPk — p@k

Proof. (Pk)(Qk)~' € P+ and so (Pk)(Qk)~' commutes with every
member of P. Therefore P** = P9,

Of particular interest are those consistent maps having the properties
isolated in Lemmas 2.2 and 2.4.

LEMMA 2.2. If k: S — G is a consistent map then S* is large if and only
if VI =1,

Proof. Suppose V &% = 1, and consider a polar P & Q% for some
Q € %. There is a unique polar R such that R% = P, and R € ¥
because R C Q € .. Therefore R* = R® = R9% = P, proving P ¢ ¥*
and proving ¥ large.

Given a consistent map k: . — G and prime T, define the T-support
of k to be

T-supp (k) = {Tx| 1" 2 P, someP ¢ .%}.

The point of the next lemma is that & can be interpreted as having a
consistent action on each member of T-supp (k).

LEMMA 2.3. Suppose k: ¥ — G is a consistent map, T a prime with
Tx € T-supp (k),and P, Q € F suchthat T* 2 P, T* 2 Q. Then Tx(Pk)
= Tx(Qk).

Proof. Since 1% is prime and fails to contain P or Q, 72 2 P A Q.
Therefore

(PR)(QR)™' € (P N Q)+ C 17,
so TPk = T*Qk.

The previous lemma makes reasonable the notation 7xk for Tx(Pk) in
case T is a prime such that 7% 2 P € dom (k) and % is a consistent map.

LEMMA 2.4. For a consistent map k: ¥ — G the following are equivalent:

@ IfP, Qe S andl = s = (PR)(Qk)"' V 1then P° AN Q =P A Q.

(b) There is no disjoint pair of nonzero polars P, Q € ¥ and element s
satisfyingl < s £ (Pk)(Qk)~' V land P* = (.
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(c) For every prime T, Ta < Tbin T-supp (k) implies Tak < Tbk.

Proof. (a) clearly implies (b). Suppose that (a) fails for P, Q € % and
element 1 < s £ (Pk)(Qk)~! V 1. Observe that (Pk)(Qk)~' € (P A Q)*
impliess € (P A Q)+. Therefore

Pt=(PANQVR =(PAQ VR,

where R = P A QF € . The only way P* A Q could fail to equal
PAQisifRRAQ #05.Let V=R A Q€ % andlet U be the unique
polar satisfying U* = V. Since U C R it follows that U € .%. Finally, let

u=s A [(Uk)(VE)~t Vv 1].

The argument will be completed by showing U® = U* for then U, V,
and u violate condition (b). This is done by showing su~! € U+, which
in turn is accomplished by showing T's = Tu for any prime 7" such that
T 2 U. For such a prime T it must be true that 7 < T, for otherwise
T =T U = V together with T2 Uimplies T 2 U A V = 04, a
contradiction. Since 1 £ s < (Pk)(Qk)~' V 1, we have Ts(Qk) < T(Pk).
But T'(Pk) = T(Uk) because (Pk)(Uk)~' ¢ U+ C T since T 2 U.
Likewise T's(Qk) = Ts(Vk) because (Qk)(VEk)! € V+ C T* since
7% 2 U* = V. Combining the last three conditions gives

T's(Vk) < T(Uk) or T <Ts < T(Uk)(VE)™.
Hence

Ts=T( AN [(UR)(VE) V1)) = Tu.

Now suppose k satisfies (a) and that 7" is a prime with cosets Ta < Tb
in T-supp (k). Without loss of generality assume a < b. If there is a single
polar P € ¥ such that 7%, T® 2 P then

Tak = Ta(Pk) < Th(Pk) = Tbk.

Now suppose there is no single P € % such that 7%, 7° 2 P. Then there
are polars P and Q in.% such that 7® 2 Pand T° 2 Q. Let

s =z A ((Pk)(Qk)~' V 1).
Since Ta(Pk) = Tb(Qk), it follows that
T*(Pk)(Qk)' =z T*(a'b),
hence
T%s = T%(a~'b) and 7% = 1"

But 7* 2 P implies T° = T% 2 P*, which together with 7° 2 Q implies
T° 2 P A Q. By (a) applied tos, P* A Q = P A Q. But this contradicts
the case hypothesis that no single polar P exists such that 7%, T° 2 P.
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Suppose condition (b) fails for disjoint P, U € % and element s
satisfying
1 <5< (PR)(Qk)™* V1 and P* A Q # 0g4.
Let T be any prime such that 7° 2 P* A Q. Then 7" 2 Pand 7% 2 Q
imply T, T € T-supp (k). Furthermore T" < Ts, for if not then T =

T 2 Q together with 7' 2 P implies T2 P A Q = 0,, a contradiction.
Therefore Tk = T(Pk) and T'sk = Ts(Qk). Since

T < Ts < T[(Pk)(QR)™' V 1],
we have

Tk = T'(Pk) = Ts(Qk) = Tsk,
which violates condition (c).

We shall use the symbol K for the set of consistent maps having the
properties isolated in Lemmas 2.2 and 2.4. To reiterate, these properties
for a consistent map k: & — G are the following:

(1) v.£*% = 1.

@) IfP,QceSandl £s =< (Pk)(Qk)"' V 1thenP* A Q=P A Q.

Let us say that consistent maps k and m are equivalent, written & ~ m,

provided there is a large set . C dom (k) M dom (m) such that
(Pk)(Pm)~t € PLforall P €7 .

LEMMA 2.5. ~ 1is an equivalence relation on K.

Proof. Suppose . and # are large sets. Because any Boolean algebra
2 is infinitely distributive,

ly=1, Al = (VL) AN (VA
=VI{SAR|SESL, R R} = VI{IT €S N\R},

proving ¥ M X large. Therefore if & ~ m ~ n by virtue of large sets
& C dom (k) N\ dom (m) and # C dom (m) M dom (n) such that
(Sk)(Sm)~t € Stforall S €. ¥ and (Rm)(Rn)~' € R-forall R € &,
then

(Tk)(Tn)=' = (Tk)(Tm)~*(Tm)(Tn)~*t € T+

for all T in the large set . M . This proves that ~, which is clearly
reflexive and symmetric, is also transitive.

LeEmMMA 2.6. Consistent maps k and m are equivalent if and only if
(PRk)(Pm)~ € PLforall P € dom (k) M dom (m).

Proof. Suppose S is a large subset of dom (&) M dom (m) such that
(Qk)(Qm)~' € QL forall Q € 9, and suppose P € dom (k) N dom (m).
For each Q €. such that Q C P itis true that (Pk)(Qk)~!, (Pm)(Qm)~!
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€ @4, and hence that
(Pk)(Pm)~" = (Pk)(Qk)~*(QFk) (Qm)~*(Qm) (Pm)~* € Q*.
But V.9 = 1, implies V {Q € 7 |Q C P} = P, so that
(Pk)(Pm)~' € AN{QHQ €T ,Q C P} = PL

LEMMA 2.7. If k and m are equivalent consistent maps then k has property
(1) o7 (2) of and only if m has the same property.

Proof. Let dom (k) = % and dom (m) = Z. Suppose V .¥* = 1, and
consider an arbitrary nonzero polar Q. Then there must be some P € %
such that 05 = P* C Q. Let R € ¥ M A satisfy 0, = R € P. Now
k ~ m implies (Rk) (Rm)~! € R+, so

RmszzRPkgPPng.

This proves V #™ = 1,.
Now suppose k enjoys property (2) but m does not. Consider disjoint
P, Q € A and element s such that

1=s= (Pm)(Qm)"'V1 and P*= (.
Let
u=s A [(Pk)(Qk)~' V 1].

To show that P* = P* we need only show su~! € P+, which can be done
by showing Tu = T's for any prime T such that T 2 P. For such a prime
T it is true that T < T, for otherwise I = T° 2 P* = ( together with
T2 Pimplies T 2 P A Q = 04, a contradiction. Therefore

T'<Ts £T[(Pm)(Qm)t Vv 1] implies Ts(Qm) < T'(Pm).

But T'(Pm) = T(Pk) because (Qm)(Qk)~' € Q+ C T*° since 1" P P.
Likewise T's(Qm) = Ts(Qk) because (Qm)(Qk)~' € Q+ C T* since
T 2 P = Q. Combining the last three conditions gives

s(Qk) = T(Pk) or Ts=T[s A [(Pk)(Qk)~'V 1]] = Tu.
We have thus shown P* = P* But since
1<us (PR)(QR) VI,

property (2) applied to k is contradicted by P* = P* = (. Therefore m
must also enjoy property (2).

To rephrase the preceding lemma, any consistent map equivalent to a
member of K is itself a member of K.

LEMMA 2.8. Suppose k: . — G is a consistent map. Then there is a unique
set B such that S € R C P and such that R is maximal with respect to
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the existence of a consistent map m: A — G extending k. k is equivalent to
every such m, and k € K if and only if each m € K.

Proof. Let Z be the union of . with the set of all polars Q not in.¥
for which there is some g € G such that g(Pk)~! € PLforall P € % such
that P C Q. Define Qm = g. To show m consistent consider Q, R € #
and suppose Qm = g, Rm = h. For each P € ¥ such that P C Q A R,

(Qm)(Rm)~! = gh™! = g(Pk)~'(Pk)h! ¢ PL
Since V.% = 1,
VIPESLIPC QAR =QAR
Therefore
(Om)(Rm)=1 € AN |{PLP € ¥ P CQAR)]
=(VIPeL|PCQARD=(QAR™

A is maximal, since it clearly contains the domain of every consistent
extension of k. k and m are equivalent since they agree on.%.

We shall refer to the set Z of Lemma 2.8 as the maximal domain of k.
This concept has particular importance in Sections 2, 3, and 4.

For each k € K let [k] = {m € K|k ~ m}, the equivalence class of &,
and let G be {[k]] € K}. The task of the rest of this section is to endow
G with group and lattice operations in such a way as to make it the maxi-
mal < extension of G. Before doing so, however, it is profitable to list
several more technical lemmas.

LEMMA 2.9. Suppose g € Gand P € P. Denote g™ = g V 1and g~ =
¢ A Lbyaandb, respectively. Then

Pr=[PAg VI[P ALV [P AL
Proof. Since V {gt, att, b} = 1,,

P=[PAglVIPAaaL]VIPA D

and
Pé =P NgH AP A @t V[P A D

But [P A gt]? = [P A g!] because g commutes with all members of g+,
[P A att]? = [P A att]

because bg~! = a~! commutes with all members of 51+,

CoRroLLARY 2.10. Suppose P and Q are disjoint polars and g is an element
of an l-group G, and suppose g+ and g~ are denoted a and b. If P* N\ Q =
P> A Q =0gpthen P' A Q = 0.
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LemMMA 2.11. Suppose & € K and P and Q are disjoint members of
dom (k). Then P* and QF are disjoint.
Proof. By Property (2) applied twice,
PN Q=P AQ =0,

where a = (Pk)(Qk)~' V 1and b = (Pk)(Qk)~! A 1. By Corollary 2.10,
PEN QF = 04.

LeEMMA 2.12. Suppose k € K and P, Q € dom (k). Then
(P AQF=PAQ~

Proof. P = (P AN Q) V (P A Q) implies PP* = (P N Q)P* Vv
(P A Q+)P% which by Lemma 2.1 can be written

P¥ = (P AQFV (PAQH~
Similarly,
Q=FAQFV @A PH

Since P and Q A P+ are disjoint members of dom (%), Lemma 2.11 implies
P¥and (Q A PL)* are disjoint. Similarly, Q¥ and (P A Q4)* are disjoint.
Therefore

PENQF= (P A Q).
LEmMA 2.13. Suppose k,m € K and let
& = {R € dom (k)| R* € dom (m)}.
Then s is large.

Proof. If PC R€ % then P € dom (k) and P* = P®* C R¥ € dom (m),
showing P € ¥. Now fix Q € dom (k) and let (Qk)~! = g. Sincedom (m)?
is large,

V{R C Q| R € dom (m)’} = Q.

But {R € Q| R € dom (m)?} C.%, which proves V .¥ 2 Q for all
Q € dom (k). That is,

VY D Vdom (k) = 1,.

PropoOSITION 2.14. Suppose k, m € K and ¥ is as in Lemma 2.13.
Define f: & — G by Rf = (Rk)(R*m) forall R € . Thenf € K.

Proof. To verify the consistency of f consider P, Q € % and let x =
(QFk) (PR)~'. Note that x € (P A Q)* since P, Q € dom (k). Similarly

y = (P'm)(Q*'m)~* € (P* A Q)™
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Therefore
z = (Pk)y(Pk)~' € (P N Q)%

Butx € (P A Q)L implies P A Q = P* A Q% whence
PAQCPAQ and (PAQ)EC (P A QL

Therefore (Pf)(Qf)~! =z~ € (P A Q)*.

To verify property (1) we must prove V ./ = 1. Consider 0,
V € 2. Because dom (m)™ is large there is some Q € dom (m) with
0, # Q™ C V. Because dom (k)* is large there is some P € dom (k) with
0y # P* C Q. By definition P € ¥, and P’ = (P*)* where x = P*m.
But P* C Q implies (P¥)* = (P*)?", hence P/ C V. This shows V ./ =
1.

To verify property (2) suppose 1a < Tb in T-supp (f) for some prime
T". More explicitly, suppose 7% 2 P and 7% 22 Q for P, Q € .¥. Then
Ta < Tb in T-supp (k) since P, Q € dom (k), and because k satisfies (2)
it follows that Ta(Pk) < Th(Qk). Now

70 2 PE ¢ dom (m) and T°@0 2 Q* € dom (m),
hence
T'a(Pk)(P*m) < Tb(Qk)(Q*m)
because m satisfies (2). That is, Taf < Tbf.
For k, m € K we shall denote the function f of Proposition 2.14 by km.

LEMMA 2.15. Given k, m € K, define [k] [m] = [km]. This multiplication
is well defined and associative.

Proof. Suppose j ~ k and m ~ n in K. Let # denote the intersection
of the domains of the products km and jn. Then for P € &, P! = P*
because (Pj)(Pk)~! € PL. Therefore

a = (P*m)(Pin)~' € (P¥)+ = (PL)Fk,
say « = y** where y ¢ P+. Then
(Pkm) (Pjn)=" € (P¥)a(Pj)~" = y(Pk)(Pj)~" € P+,

which proves km ~ jn.

It remains to show ([k] [m]) [n] = [k] ([m] [n]); in fact, the stronger
formula (km)n = k(mn) holds for all k, m, n € K. Both sides of the last
equation work out to be the function with value abc at Q, where a = Qk,
b = Qm, and ¢ = Q"n, and where Q is a polar such that Q € dom (%),
Q* € dom (m), and Q*® € dom (n).

Define i: % — G to be the map which takes each P € & to 1 € G.
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Clearly 7 € K and ik = ki = kfor all B € K. Thus G has an identity [],
which we shall denote 1.

LEMMA 2.16. Given k € K define h: dom (k)* — G by (P*)h = (Pk)™!
for all P € dom (k). Thenh € K, and hk ~ kh ~ 1.

Proof. To verify the consistency of & consider P*¥, Q* € dom (k)*. Then

(P*h) (Q*h)=* = (Pk)~'(Qk) = [(Qk)(Pk)~]% € (P N Q)1
= (PAQLt= (P AQYN=(P*NQ)

Property (1) holds for % since

dom (k)" = (dom (k)¥)" = dom (k).
To verify property (2) consider Ta < Tb in T-dom (h); say T° 2 P*
and T 2 Q*for P, Q € dom (k). If x = a(Pk)~'and y = b(Qk)! then
T2 Pand TV 2 Q, so that Tx, Ty € T-dom (k). Now Tx = Ty implies
by Lemma 2.3 that Ta = Tx(Pk) = Ty(Qk) = Tb,and Ty < Tx implies
by property (2) applied to k that 76 = Tyk < Txk = Ta. The only
remaining possibility is that Takh = Ta(Pk)™ = Tx < Ty = Tb(Qk)™!
= Tbh. Finally, it is immediate from the definitions that dom (k%) and

dom (hk) are dom (k) and dom (k)*, respectively, and that Pkh and Qhk
are both 1 for polars P and Q in the appropriate domains.

Let us denote the map & of Lemma 2.16 by k~1. This is, of course, a
slight abuse of the notion of inverse, since £~! is not an inverse of & in K,
but [k~1] is an inverse of [k] in G. The reader should observe that the
inverse operation is well defined in the sense that k& ~ m implies k~! ~
m~L.

Having made G a group, it remains to impose a compatible lattice
structure. This can be done in the simplest way.

ProrpositioN 2.17. Given k, m € K define f: dom (k) M dom (m) — G
by Pf = Pk N Pm.Thenf € K.

Proof. To verify the consistency of f consider P, Q € dom (f). Then
(Pf)(Qf)! can be written as either

la A (Pk)(Qm)~'] V [(Pm)(Qk)™* A D]
or as
[a V (Pm)(Qk)7'] A [(Pk)(Qm)~* V b],
where ¢ = (Pk)(Qk)~' and b = (Pm)(Qm)~. Thus
aANb=(PNHEONT=a VD,
and since a, b € (P A Q)+, it follows that
(PHEQNT € (P N Q)™
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To verify that f has property (2) consider Ta < Tb in T-supp (f).
Since Ta and Tb must also be in T-supp (k) and T-supp (m) we have
Tak < Tbk and Tam < Tbm. 1t follows at once that

Taf = Tak V Tam < Tbk vV Tbm = Tbf.

To verify V dom (f)’ = 1, consider an arbitrary polar V' # 0.
Because dom (k) is large, there is a polar P € dom (k) such that 0, =
P* C V. Because dom (m) is large, there is a polar Q € dom (m) such
that 0, = Q™ C P* Without loss of generality we may assume P,
Q € dom (f) and Q™ = P* If P & [(Pm)(Pk)~ V 1]** then there is
some R € dom (f) such that

0p # R C [(Pm)(Pk)~' V 1N P, and
R’ = REmVEE — RPmVPE — RPk C PPk C |,
in which case we are done. Therefore assume that
P C [(Pm)(Pk)~* Vv 1]+
and by a similar argument that
Q S [(QR)(Qm)~" Vv 1]+
Now P and Q may not coincide, for then
P C [(Pm)(PR)™ V 114 = [(Qm) (Qk)™* V 1]+
< [(QR)(Qm)~' V 11+ 2 Q,

a contradiction. Let us suppose Q A PL # 0g; the argument for P A
QL = 0, is analagous. Let 7" be any prime such that 7 2 Q A Pt and
let x = (Qm)(Pk)~'. Then 7% 2 P, meaning that 7 and Tx are different
members of 7-dom (f). If 7" < Tx then

T(Qk) = Tk < Txk = Tx(Pk) = T(Qm).

This is a contradiction because 7 2 Q € [(Qk)(Qm)~' V 1]+ implies
T'(Qk) > T(Qm). On the other hand Tx < T implies

17 < I*s~!' and

T*(Pm) = T"m < I"x~'m = 1"~ (Qm) = 1*(Pk).
But this is also a contradiction because

"2 P C [(Pm)(Pk)~* VvV 11+ implies T*(Pm) > T*(Pk).
One has no recourse but to concede that V dom (f)’ = 1,.

Denote the map f of Proposition 2.17 by k V m; the function & A m is
defined dually. It is routine to verify that ~ respects V and A in the
sense that e ~ 2 and m ~m’' imply e V m ~k V m' andk A m ~
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k" A m'. Therefore we can define [k] V [m] = [k V m]and [k] A [m] =
[k A m].
THEOREM 2.18. G s a lattice ordered group.
Proof. Six identities and their duals must be verified:
xVax=x,xVy=yVx,&Vy)Vz=xV (y V 2),
xA (xVy =xx(yVsz)=xyVxz, and (xV y)z =12x2V yz.

Each of the first five follows directly from the fact that the same law holds
in G. To prove the sixth, consider k&, m,n € K andleth = kn V km € K.
Let

& = {P € dom (k) N\dom (m)| P C [(Pk)(Pm)~* V 1][*+ or
P C [(PE)(Pm)~' V 1]+,
Since each P € dom (k) M dom (m) can be written
(P A [(PE)(Pm)=t V 11H) vV (P A [(PR)(Pm)~' V 1]1),
it follows that.? is large. Let f: ¥ — G be defined by
Pf =Pk if P C[(Pk)(Pm)~*V 1]* and
Pf=Pm if P C [(Pk)(Pm)~'V 1]~
Then f ~ &k VV m; we shall show fr ~ k. For that purpose let
R = (P cSF| PP ¢ dom (n)},

also a large set. The claim is that (Pfn)(Ph)~! € PLforall P € #. To
establish this claim it is enough to prove T'(Pfn) = T (Ph) for all primes
T such that T 2 P. Two cases arise; the first is when

P C [(PE)(Pm)~' v 1]++.

If T is any prime such that 7 2 P then T'(Pk) = T(Pm). Since T7* 2
P* ¢ dom (n) and TP 2 P™ € dom (n), T(Pk) and T(Pm) are in
T-supp (n). Therefore

T(Pk)(Ptn) = T(Pk)n 2 T(Pm)n = T(Pm)(P™n),
meaning

T(Ph) = T[(Pk)(P*n) V (Pm)(P™n)] = T(Pk)(P*n)

= T(Pf)(P'n) = T(Pfn).

The second case arises when P C [(Pk)(Pm)~' V 1]+ If T is any prime

such that T 2 P then T(Pm) = T(Pk). By an argument directly anala-
gous to the first case we obtain 7(Ph) = T(Pfn).
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THEOREM 2.19. With each ¢ € G associate the equivalence class of the map

ky: P — G defined by Pk, = gfor all P ¢ P. Then, under this association,
G <G

Proof. A little reflection reveals the map ¢ — [k,] to be an l-homo-
morphism. To see that this map is one-to-one consider g # kin G and let

P = (gh\)4L € dom (k,) N dom (k).

Since (Pk,)(Pk;)~! = gh~' ¢ P+, [k,] # [ks]. Therefore G is an I-sub-
group of G, and we shall henceforth use the symbols [k,] and g inter-
changeably for elements of G.

To prove G order dense in G consider 1 < x = [k] € G. By replacing &
with & V k; if necessary, we may assume k: dom (k) — G*. Sincex # 1,
there is some polar P € dom (k) such that Pkt M P 5 0,, since other-
wise k is equivalent to k;. Without loss of generality P € PktL. Find
¢ € Gsuchthatl < g < Pkandg € P.Thenk, ANk =k, 501 < g < «x.

Finally consider an arbitrary x = [k] € G, let P € dom (k) satisfy
P # 04,and let Pk = ¢ € G. Weclaim P © (xg~)*. To see this, consider
1<pEP,let

(kp A Kk, ) V by = b,

and let
S ={Q€dom (k)] QST P or QC P,

a large set. For Q € . such that Q C P it is true that
(Qky) (Qk1)™' = p € P S Q*

and therefore (Qh) (Qk:)~ € Qt. For Q € % such that Q C P it is true
that

Qkk, ™' = (Qk) (Q"k,)~" = (Qk) (Pk)~"(Pk)(g7") = (Qk) (PR)™' € Q4

implying (Qh)(Qk;)~! € QL. We have proved b ~ kyor p A xg7! = 1,
meaning P C (xy~!)+. But since

V dom (k) = 1, inG,

V {PL| P € dom (k)} =1, inG,
hence

A {P+ P € dom (kB)} =0, inG
and therefore

Atxg )t g e GI =0, inG.

THEOREM 2.20. Suppose G is a fixed l-group. Then for any l-group H,
G < H if and only if there is some l-monomorphism 6: H — G over G.

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-042-5

LATTICE ORDERED GROUPS 635

Proof. Suppose G < H, and fix b € H. Define
%y = {P apolar of G| hg~' € P+ for some g € G}.
S » is large because A {(hg~!)1t| g € G} = 0, in H implies
VA{hg ™)t N Glge Gl =1, inG.

Define k,: ., — G to be any function such that h(Pk,)~! € PL for all
P € %, and define k8 = [k;]. 0 is well defined, for if m: ¥, — G is a
second function satisfying h(Pm)~! € P+ for all P € %, then

(Pm) (Pky)~' = (Pm)h—"h(Pky)~' € PL forall P € &,

and so k, ~ m.
We claim %k, € K. To verify the consistency of K, simply observe that
for P, Q € %),

(Pky) (Qkn)™" = ((Pka)h™") (h(Qkn)™") € PLV Q+ = (P A Q)

Property (1) holds because ., large implies {P1L| P € ¥,}"* large, and
it can easily be shown that { (PtL)* N\ G| P € ¥,} is ¥, conjugated by
ky. To verify property (2) consider Ta < Tb in T-supp (k,). More
explicitly, suppose 7% 2 P € ¥yand T° 2 Q € ¥,. Let R be any prime
of H such that RM G = T The crucial point is that Re < Rb and there-
fore Rah < Rbh. But R* 2 PLL implies h(Pk,)~! € PL C R* and so
Rep = R*(Pk,) or Rah = Ra(Pk,). Likewise Rbh = Rb(Qk;,). Combining
these conditions gives

Ra(Pkn) < Rb(QFx),
which implies
Tah = Ta(Pky) < Tb(Qky) = Tbh.

To show that 6 preserves the lattice operations consider f, b € H,
Pec¥, N, and let Pk, = r, Pk, = t. By expanding (f V k) (r V #)~!
in two ways one sees that it is bounded below by fr~! A k! and above
by fr=1 V ht~. Since fr=1, ht' € PL, it follows that

VBV ePL
But since r V ¢t = Pk; wherej = f V h, this shows.¥; €., N %, and
k]' ~ kf Vv k)u SO

19V K = (f V h)e.
A dual argument settles the issue of A.

To show that 8 preserves group operations consider f, h € H, P € &,
such that P" € %, where r = Pk,and t = P’k,. Since fr~! € Pt and
ht_l E (Pr)_L’

fh(rt)=" = (fr—)r(ht=")r € PL.
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Therefore P € #;, where j = fh, and since Pk; can be taken to be 7
and since rt = PRk, it follows that k; ~ k&, and 6 preserves products.
To show that for h € H, (h§)~! = (h1)8, let P be any polar of .¥,,
let # be ¥, conjugated by k,, and let Pk, = r. Then hr=' € P+ implies
h=r € (PL)" = (P7)L. This shows that # C ¥, where j = h~!, and
that k; ~ k,~1. Therefore

(W)~ = [kal™* = [Ry'] = [ks] = (B71)0.

THEOREM 2.21. Every maximal < extension of G is isomorphic to G
over G.

Proof. If H is a maximal < extension of G then there is an /-mono-
morphism 6: H — G over G. 8 is onto, since otherwise H would have a
proper X extension.

For each cardinal number « define G* to be those (k] € G such that the
maximal domain of & contains a subset.% of cardinality less than « such
that V. = 1,. For example, G* consists of those (k] € G such that the
ideal of & generated by the maximal domain of % is all of 2. G* is well
defined because equivalent consistent maps have the same maximal
domain.

LEMMA 2.22. Gx £ G.

Proof. Suppose [k], [m] € G*;say # C dom (k) and.¥ C dom (m) are
sets of cardinality less than « such that V ¢ = V # = 1,. Consider
the sets

{P N (PR)QPR) PR QcSLY,
{PY|P €AY, and {P A Q|P € XA,Q € .F}.
These sets have supremum 1, and have cardinality less than «. Since

they are contained in dom (km), dom (k') and dom (& V m), respec-
tively, it follows that [k] [m], [k]7!, [k] V [m] € G~

LeEMMA 2.23. G £« G~

Proof. Fix g € G and let k,: # — G have the meaning of Theorem 2.19.
Then {1,} is a maximal disjoint subset of the maximal domain of k, of
cardinality 1. This shows G £ G* Now fix h = [k] € G*; suppose # C
dom (k) is a set of cardinality less than « such that V # = 1,. Let X =
{PRk| P € #}. Observe that for any P € dom (&), h(Pk)~! € P+ or
P C (h(PEk)~')L. Therefore

V {(hkx ) x € X} D VH =1,
This shows G <, G~
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THEOREM 2.24. Suppose G is a fixed l-group. Then for any I-group H,
G <« H if and only if there is an I-monomorphism 8: H — G* over G.

Proof. Observe that if G < H then G < H, from which by Theorem
2.20 we get an /-monomorphism §: H — G. An inspection of the proof of
this theorem reveals that § actually maps H into G*.

THEOREM 2.25. Every maximal < . extension is l-isomorphic to G* over G.

3. Maximal extensions in relation to the orthocompletion, polar
completion, and strongly projectable hull. If G is representable then
every consistent map is in K, and the group and lattice operations are
componentwise in the following sense. For k, m € K the domain of km
is simply dom (k) M dom (m), and Pkm = (Pk)(Pm) for all polars
P € dom (km). Likewise dom (k') = dom (k). and Pk! = (Pk)™!
for all P € dom (k~!). The lattice operations, of course, are generally
componentwise in this sense. A consequence of componentwise operations
is that G and G generate the same variety of I-groups when G is represent-
able. Some notation is necessary to prove this. For each g € G let g be

a constant symbol. W(vy, Vo, . .., V,) is a word with constants from G if it
is an expression built up from the variable symbols vy, ve, ..., v, and
constant symbols 8, 82, ..., 8., 8: € G, using the group and lattice

operations. An equation with constants from G is a formula of the form
\V/Xh.--,on(Xl,xm.,-,Xn) = 1y
where W is a word with constants from G.

PRrROPOSITION 3.1. If G is a representable I-group then an equation ¢ with
constants from G holds in G if and only if it holds in G.

Proof. Suppose W(vy, Vs, . . ., V,) is a word with constants from G such
that the corresponding equation ¢ holds in G. Let x; . . . x, be members of
G and suppose x; = [k;] and that the intersection of the domains of the
k/sis.”. Then because all operations are componentwise, W (xy, X3, . . . X,)
= [h], where dom (h) = %, and Pk = W(Px,, Px,, ... Px,) for all
P € .%. But because ¢ holds in G, Ph = 1 forall P € ¥ and [k] = 1.
Thatis, ¢ holdsin G.

CoOROLLARY 3.2. If G is representable then G and G genmerate the same
variety.

An interesting open question is whether G and G generate the same
variety. The simple proof for the representable case given above will not
work in general because the group operations are not componentwise.

ProrositioN 3.3. Every polar of G s a cardinal summand if and only if
G 1s representable and has no proper < ., extensions.
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Proof. Suppose that G is representable, G = G, 1 < g € G, and P is
a polar of G. Let

S ={QcPIQC P or QC P,

alarge set. Define k:. - Gby Qk = xif Q C Pand Qk = 1if Q € P+,
Clearly 2 € K,and h = [k] € G = G. Just as clearly, h € P and gh~! €
PL, showing G to be the cardinal sum of P with P+,

Now suppose that every polar of G is a cardinal summand. Then every
polar is plainly normal, hence G is representable. Consider x = [k] € G
and let Z be a finite subset of dom (k) such that V # = 1. Without loss
of generality we may assume Z to consist of pairwise disjoint polars. For
each P € % there exists by projectability an element g, € P such that
xg,~! € PL. Because & is finite, the product of all the g,’s is an element
y of G. But it is easily verified that ¥ ~ k,, where k, has the meaning of
Theorem 2.19. Therefore x = y € G.

An I-group whose every polar is a cardinal summand is termed strongly
projectable in the literature. Given a representable I-group G, a second
l-group H is called a strongly projectable hull of G if G is order dense in H,
if H is strongly projectable, and if G £ K < H implies K is not strongly
projectable. A proof that every representable I-group has a strongly pro-

jectable hull which is unique up to l-isomorphism over G may be found
in [10].

ProrosiTION 3.4. Any strongly projectable hull of a representable I-group
G s l-isomorphic to G* over G.

Proof. By Proposition 3.1 every < extension of a representable /-group
G is representable. Hence G* is a strongly projectable hull of G.

Is there a projectability condition which makes sense for every l-group
G, which reduces to strong projectability in the representable case, and
which is equivalent to G = G*? A candidate for such a condition is the
subject of Proposition 3.5. The normalizer of a polar P is {x| P* = P},
known to be an Il-subgroup of G. The convex normalizer of P, written

CN (P), is the largest convex I-subgroup of G contained in the normalizer
of P.

PROPOSITION 3.5. If G = G* then each polar P is a cardinal summand of
its convex normalizer.

Proof. Suppose P € & and 1 < g € CN (p). Let
S =QePIQCP or QC P,

a large set, and define k: .¥ — G by declaring Qk = g for Q C P and
Qk = 1for Q € PL. kis clearly consistent, and in fact is in K. To verify
property (1) it is only necessary to observe that .¥* = . To verify
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property (2) consider Q, R € ¥ and1 < s £ (Qk)(Rk)~! V 1. The only
nontrivial case occurs when Q € Pand R C PL, in whichcasel < s £ g.
Because g € CN (P),Q* = Qand Q* AR=Q A R =0, Thus k € K,
and x = [k] € G* = G. But it can easily be shown thatx € Pand gx~' €
P+, thus confirming P to be a cardinal summand of CN (P).

It should be pointed out that the convex normalizer of any polar in a
representable I-group G is G itself, so that the condition of Proposition 3.5
reduces to strong projectability in that case. The interesting and import-
ant open question is whether the converse of Proposition 3.5 is true.

If G = G* it is not necessarily true that each polar is a cardinal sum-
mand of its normalizer. For example, take G to be 4 (R), the order pre-
serving permutations of the real numbers R, and let P be the polar
consisting of those permutations whose support is contained in U
{(2n, 2n + 1)| n an integer}, where (27, 2n + 1) is the open interval be-
tween 2z and 2n + 1. Let g € G be defined by (r)g = r + 2forall » € R.
Then P’ = P, yet g cannot be gotten as a product of permutations, one
from P and one from PL. This is in spite of the fact that G = G*.

G has all the projectability properties set out above, and in addition
has strong convergence completeness properties. The next several propo-
sitions refer to Section 5 of [1].

PROPOSITION 3.6. G is complete with respect to the polar Cauchy structure.

Proof. As was mentioned in the proof of Proposition 5.13 in [1], G < G
and therefore G < G%, where G? and G? are the polar Cauchy completion
and iterated polar Cauchy completion of G, respectively. It follows that
Gy = G.

It is possible to characterize G? inside G. Given G, let L consist of those
elements [k] € G such that the maximal domain of % contains a large ideal.

This notion is well defined, for equivalent members of K have the same
maximal domain.

ProrosiTiON 3.7. G? 1s l-isomorphic to L over G.

Proof. Givenx € L find 2 € K and ideal & of polars such that x = [&],
& C dom (k),and V & = 1,. For each polar P € &, let
F(P) = {g € G| (Pk)g™* € P+}.

Let % be the filter on G generated by the sets F(P) for P € &. It is
straightforward to verify that & is a polar Cauchy filter. Define x8 to be
the Cauchy equivalence class of % . The verification that 8 is a well
defined /-isomorphism from L onto G? over G is routine.

Is there an I-group G such that (G?)? # G”? This question was first
posed in [1] and remains unresolved. Though the question at first glance
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seems to have nothing to do with G, Proposition 3.7 makes it clear that
it really concerns l-subgroups of G and ought to be easier to settle in
this light.

PROPOSITION 3.8. For any I-group G, G and G? are l-isomorphic over G if
and only if the maximal domain of each k € K contains a large ideal.

Proof. If the maximal domajn of every k € K contains a large ideal then
L = G and the previous proposition provides an l-isomorphism from G
onto G?. If G? and G are I-isomorphic over G then L and G are l-isomorphic
over G. Therefore L has no proper < extensions and hence L = G.

An element b € Gisbasicif b > 1 and b+ is prime. G has a basis if each
1 < g € G exceeds a basic elemert. It is known that G has a basis if and
only if £ is atomic.

PrOPOSITION 3.9. If G has a basis then G = G”.

Proof. The ideal & generated by the atoms of & is the unique minimal
large ideal of . Since every large set must contain &, G = G by the
previous proposition.

Each Cauchy completion studied to date has had a relation complete-
ness with respect to the adjoining of suprema of subsets of a particular
sort {2]. The polar completion G? is complete with respect to containing
suprema for sets of the following kind. A subset Z C G* is type % if

ANZzt Vv DM z2€ ZY = ANMEPZV D)z Z) =0,

(See Propositions 5.15-5.23 and Section 3 of [1]). Observe thatevery pair-
wise disjoint subset of G+ is type #. G is sup % -complete if every type %
subset of G has a supremum in G. G is laterally complete if every pairwise
disjoint subset of G* has a supremum in G. The example following
Corollary 5.23 of [1] shows that lateral completeness is a strictly weaker
property than sup % -completeness.

PrROPOSITION 3.10. G is sup % -complete and therefore laterally complete.

An l-group which is both laterally complete and strongly projectable
is termed orthocomplete in the literature ([4], [10]).

PRroOPOSITION 3.11. G is orthocomplete if and only if G is representable and
has no proper < extension.

Proof. Suppose G is representable and G = G. By Proposition 3.3 G is
strongly projectable, and by Proposition 3.10 G is laterally complete.
Now suppose G to be orthocomplete and therefore representable, and
consider 1 £ x = [k] € G. Assume without loss of generality that Pk = 1
for all P € dom (k). Obtain by Zorn’s Lemma a set # < dom (k) maxi-
mal (in the containment order) with respect to consisting of pairwise
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disjoint polars. Note V # = 1,. For each P € # find by projectability
an element g, € P such that xg,~' € PL. The set {g,| P € X} is pairwise
disjoint and has a supremum y in G. But it is clear that # ~ k,, where k&,
has the meaning of Theorem 2.19. Therefore x = [k,] = y € G.

H is an orthocompletion of the representable /-group G if H is ortho-
complete, if G is order dense in H, and if G £ K < H implies K is not
orthocomplete. Bernau proves in [4] that every representable [-group has
an orthocompletion which is unique up to /-isomorphism over G.

ProrosiTioN 3.12. Any orthocompletion of a representable l-group G 1is
l-isomorphic to G over G.

Proof. By Proposition 3.1 every < extension of a representable /-group
G is representable. Hence G is the orthocompletion of G.

Conrad proves in [10] that the orthocompletion of a representable
l-group G is the lateral completion of its strongly projectable hull. The
most likely analog of this result for an arbitrary I-group G is unresolved;
namely, whether (G*)? = G. In light of Proposition 3.8 the question is
this: if G = G*, must every £ € K have a maximal domain containing a
large ideal?

If G is a representable l-group with a basis then G can be described
quite precisely. Let A be a maximal set of pairwise disjoint basic elements
and for each ¢ € 4 let 7, be the natural -homomorphism from G onto the
totally ordered group G/at. Let

G- []G/a*

a€A

be the resulting product /-monomorphism.

ProposiTiON 3.13. Suppose G is a representable I-group with a basis and
that A is a maximal pairwise disjoint set of basic elements. Then the natural
l-monomorphism m: G — [Jaca G/at has a unique extension # from G

onto HaEA G/at.

Proof. Consider f = [k] € Gand a € A. Because atL is an atom of &
it must be in dom (k); therefore define f# to be the element of 11G/at
whose value at index a is (a11k)w,. It is easy to see that # is well defined
and, by virtue of the componentwise nature of all operations, is an /-

homomorphism which extends w. To show # one-one observe that if
f1 # f2in G then f, = [k,] where

(attky) (atiksy)~' ¢ al for somea € A.

But this directly implies that f;# and f.# disagree at index a. To show #
onto consider an arbitrary 1 < z € HaEA G/at. Foreacha € 4 fix1 <
g(a) € Gsuch that (a)z = g(a)m,. Now att is a cardinal summand of the
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strongly projectable l-group G, so for each a € A there is a unique
1 £ h(a) € Gsuch that

h(a) € att and h(a)(g(a))™ € atin G.

Furthermore, the different % (a)’s are disjoint because the different a’s are.
The lateral completeness of G assures the existence of Voc4 k(a) = tin G,
and clearly {7+ = z.

It remains to show the uniqueness of #. For that purpose consider an
I-monomorphism 8: G — 11 G/at extending =, an arbitrary f = [k] € G,
and a € A. Let attk = ¢ € G. We claim |[fg™'| A a = 1 in G. For if

m = (b, V k™) A ke,

where k, and k, have the meaning of Theorem 2.19, then a*im = 1 by

construction and for all b € 4 such thatd # aitistrue thatl < btim <

a, hence b+im € bL. This proves that m ~ 7 and therefore that |fg~!| A
= 1in G. By applying 8 to this equality we obtain

[(f8) (gm)~Y| A ar = 1in 11G/a+,

which implies that the elements f§ and gr of 11 G/a+ have the same value
at index a. But f# and gr agree at index a, hence f# and f9 agree at a.
Since a@ was an arbitrary index, f# = f.

The following theorem is closely related to Theorems 3.2 and 3.4 of [9].
> wcs Tw denotes

’{f € H T.| (@)f = 1 for all but finitely many a} .
acd

G is said to be a large [-subgroup of H if G = H such that every nontrivial
convex l-subgroup of H has nontrivial intersection with G. In particular,
if G is order dense in H then G is a large I-subgroup of H,

THEOREM 3.14. For an l-group G the following are equivalent.

(a) G1srepresentable and has a basis.

(b) G is a product of totally ordered groups.

(c) Gisrepresentable and completely distributive.

(d) G« isrepresentable and completely distributive.

(e) G is a large l-subgroup of an l-group which 1is completely distributive
and strongly projectable.

(f) Gis a large l-subgroup of a product of totally ordered groups.

(g) There is a collection {To|a € A} of totally ordered groups and an
[-monomorphism o such that

> Ta<Go <[] Tw

x€A a€A
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Proof. We have proven the implications from (a) to (b) to (c) to (d) to
(e). To show that (e) implies (a) suppose that G is a large I-subgroup of
the completely distributive strongly projectable /-group H. Then G is
representable because H is, and the polars of G and H correspond by
intersection. Therefore we need only show that H has a basis. For that
purpose consider arbitrary 1 < b € H and find an order closed prime Q
of H which does not contain k. There must be some f € H such that
h>f=hAgqgforallg € Q. Letb = hf~' > 1 and observe thatb < h
since f = 1. We claim that b is basic and prove it by showing b4+ to be an
atom of &. Consider disjoint polars Py, P, C b1+, and by the strong pro-
jectability of H find elements ki, hs, and k3 in H such that hy € Py,
hs € Py, by € Pyt M Pyt, and h = hihohs. Because ky and ks, are disjoint,
at least one must lie in the prime Q, say h; € Q. By assumption b > f =
h AN h1 = hl, hence

1<b = hf_l § h«hl_l = hzha € PlJ‘.

But then P; € b4+ C Pt implies P; = 0,, proving b++ to be an atom.

Thus far we have proven the equivalence of conditions (a) through (e).
To show that (a) implies (g) let ¢ be the = of Proposition 3.13. Since (g)
implies (f) and (f) implies (e), the proof is complete.

COROLLARY 3.15. For a strongly projectable l-group G the following are
equivalent.
(a) G1s completely distributive.
(b) G has a basts.
(c) There is a collection {T.|a € A} of totally ordered groups and an
l-monomorphism o such that
S T.=Go =[] T

acA a€A

If G s orthocomplete then these conditions are equivalent to G being a product
of totally ordered groups.

4. An /-permutation construction of G. Suppose G is an l-subgroup
of 4(S), the I-group of order preserving permutations of the chain S.
Holland’s Representation Theorem [12] assures that this supposition in-
volves no loss of generality. The purpose of this section is to represent G
as the l-group of all order preserving ‘‘near permutations’’ of S. Light is
thereby shed on the /-permutation structure of G; moreover, the reader
familiar with /-permutation techniques may find this construction more
intuitive than that of Section 2. We shall assume familiarity with the basic
concepts; notation and terminology undefined herein may be found in [11].

It is important to realize that G need not act transitively on S. Never-
theless the usual proof of the Holland Representation Theorem allows
us to assume that S has convex G orbits. That is, if s; < s2 < s3in G and
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if there is some g € G taking s, to s3 then there is some x € G taking s,
to sq.
With each g € G is associated its support

S(g) = {s € S| (9)g # s},

with each convex /-subgroup Q is associated its support
S =V {S@l1 <ge 0}

and with each . C & is associated its support
S(&) = U LS(P)| P €. ¥}

Given any map f: S — S let

FL(f) = {P € P| there is some g € G such that (s)f = s(g)
for all s € S(P)}.

For each f: S — S choose k(f) to be a particular map from .#(f) to G
such that

(s)f = (s)Pk(f) foralls € S(P) and all P € L (f).

LEMMA 4.1. For any function f: S — S, the following are equivalent.
(@) L(f) is large.

(b) k(f) s consistent.

(c) S(L(f)) meets S(g) foralll < g € G.

Proof. Suppose ¥ (f) is large and consider P, Q € L (f),s € S(P A Q)
= S(P) N S(Q). Then

($)PE(f) = (s)f = (s)Qk(f).
Therefore (Pk(f)) (Qk(f))~* € (P A Q)+. That is, k(f) is consistent. The

remaining implications are obvious.

Suppose f and h are maps from .S into S with . (f) and ¥ (k) large.
fand h are equivalent, written f X h, provided

s(f) = (s)h forall s € S(¥ () N L (h)).

LemMA 4.2. Suppose f and h are maps from S into S with & (f) and & (h)
large. Then f = hif and only if k(f) ~ k(h).

Proof. f =~ h if and only if
()Pk(f) = (s)f = (s)h = (s)Pk(h)
forall s € S(P) and all P € L (f) N (k). That s, if and only if
(Pk(f)) (Pk(h))~" € P+
forall P € L (f) NF(R), or k(f) ~ k(h).
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Lemma 4.2 shows that & is an equivalence relation on
{f: S - S| .L(f) large};

we shall write the equivalence class of f as (f). Of most interest are those
functions f: S — S which enjoy the following two properties.
(3) L (f) is large, and S(Z (f))f = S(F") for some large.9 C Z. Here

S Nf = {G)fls € S ()}
(4) L(f) is large, and s; < 55 in S(¥(f)) implies (s1)f < (s2)f-

LemMMA 4.3. A map f: S — S has property (3) if and only if k(f) has
property (1), and f has property (4) if and only if k(f) has property (2).

Proof. The first assertion is a result of the fact that S(P)g = S(P?) for
any polar P and g € G. Therefore

S Nf = S H*FD).

Now suppose f: .S — S has property (4), that P and Q are disjoint non-
zero polars of ¥ (f) with P = Q for some r satisfying

1 =7 = (PE(f)(Qk()™ VL

Choose s; € S(P) and let s, = (s1)r € S(Q). Now s; # s2 because
P A Q = 04, so assume s; < 53, the other case being proved similarly.
Then

(s)f = (s2)Qk(f) = (s0)r(Qk(f)) = (s1) (PE(f)) (Qk(f))(Qk(f))
= (s)Pk(f) = (s1)f,

contradicting property (4). Now suppose s1 < sz where s; € S(P) and
s2 € S(Q) for P, Q € F(f). Suppose in addition that s; < s < (s1)f,
the other cases being argued similarly. Since (s1)f = (s1)Pk(f), the con-
vexity of G-orbits guarantees that (s;)x = s, for some 1 < x € G. Let

T = {g € G| (s1)g = s},
a prime convex l-subgroup of G. Now 1" 2 P and
T = {g € G| (s2)g = 52} 20,
so T < Tx in T-supp (k(f)). By property (2) applied to &(f),
TPE(f) = Tk(f) < Txk(f) = TxQk(f).
But since
(s0)f = (s)PR(f) and  (so)f = (s2)Qk(f) = (s1)xQk(f),
it follows that (s1)f < (s2)f.
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It follows from Lemma 2.7, 4.2, and 4.3 that one member of an equiv-
alent pair of functions has property (3) or property (4) only when the
other member has the same property. Let M designate the set of all
functions having both these properties, and let M/ =~ be {{f)|f € M}.
G will be regarded as a subset of M/ = by the convention that g € G is
interpreted as (g). Then Lemma 4.3 asserts that f € M if and only if
k(f) € K.

LeEMMA 4.4. If f, b € M then fh € M and k(fh) ~ k(f)k(h). Moreover,
ff and h =~ K imply fh = f'}'.

Proof. Let
Z =P L P L},
alargeset. For P € # and s € S(P),
()fh = ((s)Pk(f)) (P*Pk(h)).
This shows at once that P € % (fk) and that k(fh) ~ k(f)k(k). Now f,
h € M implies k(f), k(h) € K, which implies
k(f)k(h) € K and k(fh) € K,
whence fh € M. The last assertion follows by a straightforward argument.

LEMMA 4.5. Suppose f € M and let h: S — S be any function such that fh
is the identity on S((f)). Then h € M and k(h) ~ k(f)~%. If f and f’
are equivalent members of M and if h and I’ correspond in the aforementioned
sense to them, then h and b’ are equivalent.

Proof. For any P € ¥ (f) and any s € S(P*") = S(P)f there is a
unique ¥ € S(P) such that (r)f = s.Since s = (r)f = (r)Pk(f),
($)h = (r)fh =7 = (s)(Pk(f))~"

This demonstrates that ¥ (f)* C ¥ (k) and that k(h) ~ k(f)~! € K.
Therefore b € M. The last assertion follows from straightforward argu-
ments.

LEMMA 4.6. If [, h € Mthenf V h € Mand k(f V h) ~ k(f)}V k(h).
Iff~f and h =W thenf VvV h = f VvV I.And dually for N.

Proof. For P € £ (f) NS (h) and s € S(P),
SV h) = ()f V (s)h = (s)PR(f) V (s)Pk(h)
= (s)(Pk(f) V Pk(h)).

This shows at once that P € #(f V k) and that 2(f V k) ~ k(f) V k(h).
Therefore f Vv h € M. The equivalence assertion follows from straight-
forward arguments.
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LemMA 4.7. The map 6 given by (f)0 = [k(f)] is a well defined l-isomor-
phism from M/ = onto G over G.

Proof. Forg € G, (g) = & and k(g) ~ k,, where k, has the meaning
of Theorem 2.19. This shows that 8 is the identity on G. To show 8 onto
consider [k] € G. Let s, be a fixed element of S, and define f: S — S by
declaring (s)f = (s)Pk for each P € dom (k) and each s € S(P), and
(s)f = so otherwise. The fact that % is consistent assures that the defini-
tion of (s)f is independent of the choice of P. Since S(f) 2 dom (k) and
k(f) ~k,wegetf € Mand ()0 = [k].

Because of Lemma 4.7 we shall suppress the notation M/ =, using G
instead. Now suppose G = A4 (S) such that the G-orbits of S are convex.
Let L = {x € G| x = (f)for some f € M such that S(¥(f)) and S(¥ (f))f
are both dense in the order topology on S}. It is left as an exercise for the
reader to show that L is an l-subgroup of G. In the next theorem, S stands
for the chain obtained by completing .S by Dedekind cuts.

THEOREM 4.8. Suppose G < A(S) such that the G-orbits of S are convex.
Then there is a unique l-monomorphism 0: L — A (S) over G.

Proof. Consider (f) € L, where S(¥(f)) and S(#(f))f are dense in the
order topology on S. Define f S — S as follows. For » € Slet (r)f be the
supremum in .S of

{Oflse S s=r)

The density of S(¥(f)) and of S(¥ (f))f implies f € A(S). The map 6
defined by (f)9 = f is easily seen to be a well defined l-monomorphism.
Now suppose y: G — A(S) is an arbitrary I-monomorphism extending 6.
Consider x = (f) € G, P € £(f), s € S(P), and let g = Pk(f). Then
xg~' € PLimplies (xy)g~! € PyL. Therefore

() () = ()g = ()f = (5)f = (5)(x0).

Since xy and x6 agree on the dense set .#(f), they are identical order
preserving permutations of S.

COROLLARY 4.9. Suppose G = A (S) such that the G-orbits of S are convex
and such that S() is dense in the order topology on S whenever S s large.
Then there is a unique l-monomorphism 0: G — A (S).

COROLLARY 4.10. Suppose S = S and A(S) is doubly transitive. Then
AE) = A(S).

The following corollary implicitly refers to McCleary's Classification
Theorem ([14], [15], [11]).

COROLLARY 4.11. Suppose G < A(S) s transitive and o-primitive. If G
is l-isomorphic to an l-subgroup of the real numbers then G = G. If G has
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period p € A(S) then there is a unique l-monomorphism
0: G — {x € A(S)| xp = px}

over G. If G is doubly transitive with an element of bounded support, then
there is a unique l-monomorphism 0: G — A (S) over G.

Proof. Either construction makes it clear that G = G for any totally
ordered group G. If G has period p then it is easy to show that S(¥) is
dense in the order topology on S whenever & is large. Therefore there is
a unique /-monomorphism 8: G — A(S). We must show that for each
(fy € G, (f) = fcommutes with p. The crucial observation is that for
any polar P, S(P) is periodic in the sense that s € S(P) implies (s)p" €
S(P) for all n. This is because (s)g > s for ¢ € P implies (s)gp™ = (s)p"q
> (s)p". Therefore

Ot = () (PR())p = ()p(PR(f)) = (s)pf.

Therefore fp = pf. Finally, if G is doubly transitive with an element of
bounded support, it is clear that S(.%”) is dense in the order topology on .S
whenever . is large.

The only transitive o-primitive l-permutation groups not covered in
Corollary 4.11 are the pathologically o-2-transitive ones. The point of
the next proposition is that an l-monomorphism 8: G — A(S) cannot be
obtained by the simple continuity argument of Theorem 4.8. Does any
such 6 exist in the pathologically o-2-transitive case? Is it unique?

ProprosITION 4.12. A4 transitive o-primitive l-permutation group G =
A(S) has the property that S() is dense in the order topology on S for all
large S if and only if G is not pathologically o-2-transitive.

Proof. Suppose G is doubly transitive with no element of bounded
support. For any interval I = {s € S|a < s £ b} we shall show the
existence of a large.¥ C & such that I N\ S(¥) = 0. Let.¥, = 0. Now
suppose.%, has been defined for all « < 8 such that

S(UL)NT = 6.
If Vv (UZ) =1, let

If not, there is some element 1 < x € G such that \U.%¥, C x+t. By n-fold
transitivity, we may obtain y such that 1 < y £ x and y++ N T = @.
Define

S =yt U (U SL%).

Because G has no element of bounded support, there must be some ordinal
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v for which V.¥, = 1,. The required large set.¥ is
{P| P C Q, some Q € .%,}.

We turn now to the smaller l-group G*. In many instances G* can be
uniquely embedded in 4 (S), not just in 4 (5). The crucial observation is
the following.

LEMMA 4.13. Suppose M is a minimal prime and X is a finite set of
principal polars such that N R = 1,. Then there is at least one P € R
such that M 2 P.

Proof. Suppose # = {x,+1|1 £ 1 £ n}, where x; > 1 for all 4. Let
x=x1Vx2V...Vx,

It is well known that a prime P is minimal if and only if foreach 1 < p €
P there is some ¢ ¢ P such that p A ¢ = 1. Since x++ = V # = 1,
x ¢ M and x; ¢ M for at least one 7.

THEOREM 4.14. Suppose G = A(S) such that the G-orbits of S are convex
and such that for each s € S the stabilizer subgroup G, = {g € G| (s)g = s} s
minimal among the prime convex l-subgroups of G. Suppose in addition that
every polar of G is principal. Then there 1s a unique l-monomorphism
6: G* — A(S) over G.

Proof. We claim that G < L in this case. If x € G* then x = (f) for
f € M such that ¥ (f) contains a finite set # such that V # = 1,. For
any s € S there is by the previous lemma some P ¢ # with G, 2 P.
That is, s € S(P) € S(Z(f)), or S(Z(f)) = S. Since ¥ (f)*” contains
the finite set Z*, a similar argument shows S(¥ (f))f = S. Therefore
x € L, and the map 6 of Theorem 4.8 carries x tof € A(S).

Theorem 4.14 can be sharpened a bit. The elements of (G*)# actually
respect the convex G congruences on S.

LEMMA 4.15. Suppose G < A(S) and f € A(S) such that there is a finite
X C G with the property that for every s € S, (s)f = (s)x for some x € X.
Then f respects every convex G congruence on S.

Proof. Let € be a convex G congruence on S and consider s; < sz in S
such that ;% s.. Let

A = 5% = {s € S|sEs1}, B= (s1)f¢, and
V={Ye€X|Ay = B,s(f) = s(g) forsomes € A4}.

Find » € S such that (s2)y < (r)f € B forall y € Y. Such an r must
always exist because {(s2)y| ¥ € Y} is a finite subset of B, a nonempty
convex subchain of .S without first or last element. Observe that 7 > s,
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for if x is an element of X such that (#)f = (r)x then in factx € ¥, hence
(nf = Ny > (s2)y.
Then s, < s» < 7 implies
(s0)f < (s2)f < (1),
which by the convexity of B proves (s2)f € B.
Given G £ 4(S) let
G" = {f € A(S)| f respects each convex G congruence on .S}

(see Section 4 of [3], pp 247 and 278 of [11]).
PROPOSITION 4.16. The map 0 of Theorem 4.14 carries G* into G.

Proof. Given x € G* there is some f € M such that x = (f) and . (f)
contains a finite set #Z with V # = 1,. The proof of Theorem 4.14 shows

S () = S#) = S.

Hence X = {Pk(f)| P € &} has the property that for every s € .S there
issome x € X with (s)f = (s)x. Since f = x6, the previous lemma provides
the result.

By dropping the requirement in Theorem 4.14 that stabilizer subgroups
G, be minimal prime, we lose the uniqueness of the map 6.

THEOREM 4.17. Suppose G < A(S) such that the G-orbits of S are convex.
If every polar of G is principal then there is at least one l-monomorphism
9: G© — G° over G.

Proof. Let J € S be such that there is exactly one point of J in each G
orbit of S. For each j € J let M; be minimal among those prime convex
l-subgroups contained in G; = {g € G| (j)g = j}. Let R be

{(M]er)lx E GVJ E J}v

ordered by declaring (M, j) = (My,¢) whenj < 7 or when j = ¢ and
Mux = My. Define n: R — .S by

(M, j)n = (j)x forall (Mux,j) € R.

n is well defined, order preserving, and onto. Define y: G — A(R) by
declaring

(Mg, j)(g¥) = (Mg, j) forall (Mx,j) € R and g€ G,
an /-monomorphism such that

((r)n)g = ((r)gy))n forallr € R and g € G.
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Moreover, the G orbit of (M, 7) in R is

which is convex in R. By Propositions 4.14 and 4.16 there is a unique
I-monomorphism §: G — (Gy)° extending ¢. Finally, define §: G —
A(S) by

(s) (@) = ((r) (xd))n

where x € G, s € S, and 7 is some element of R such that (r)»n = s. This
action is well defined, since each member of Gy < (Gy)° respects the
convex Gy congruence % on R defined by », %7, if (r1))n = (r:)n. That
6 actually carries G¢ into G is clear upon recollecting that the convex G
congruences on .S are in one-to-one correspondence with the convex Gy
congruences on R which are coarser than % .

COROLLARY 4.18. For every G < A(S) such that the G-orbits of S are
convex, (G°)° = G°.

Proof. G° is laterally complete, hence every polar of G° is principal.

Theorems 4.14 and 4.17 have direct application to representable
l-groups.

THEOREM 4.19. Suppose G is representable with every polar principal and
that H 1s the strongly projectable hull of G. Then every l-monomorphism
mapping G onto a subdirect cardinal product 11 T, of totally ordered groups
has at least one extending l-monomorphism 6: H — 11 T,. For each o let
0u: G — T, be the projection map and let M, be its kernel. If each M, is
minimal among the prime convex l-subgroups of G then 8 is unique.

We close this section with characterizations of G and G* in the represent-
able case. These characterizations do not depend on any of the structural
analyses of the present section but only on the construction of Section 2
and the componentwise nature of the operations. Parts of these results
are slight modifications of those in [6] and [7].

Suppose G is a subdirect product of totally ordered groups; say G =
Ha“ T.. For h € Il T, let h, € T, designate the value of & on co-
ordinate a. For each polar P of G define its support S(P) to be

{a € 4] (@)g 1 for some g € P}.
For ¥ C & define
S(¥) = U (S(P)| P € &)

Let U be the collection of all & € II T, for which there is some large
& C £ such that for each P € & there is some g € G with (a)h = (a)g
for all « € S(P). Let V be the collection of those b € U for which the
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defining set.¥ contains a finite subset % such that V # = 1,. Finally,
let IV be the collection of all & € U for which there is some large ¥ C &
such that (a)kh = 1 for all @« € S(¥). Then it is routine to verify that U
and V are l-subgroups of II 7, and that N is an l-ideal of U.

THEOREM 4.20. G is l-isomorphic to U/N over G and G is l-isomorphic
to V/(N N V) over G. If each M, = {g € G| (a)g = 1} is minimal prime
then NNV = 1 and G* is l-isomorphic to V.

5. Universal mapping properties. This section investigates natural
classes of I-homomorphisms 6: G — H which can be uniquely extended to
I-homomorphisms 6: G — H or at least §: G* — H*. The Boolean algebras
of polars of G and H need no longer correspond, and we use symbols
and Py, respectively, to designate them whenever the context fails to
make this distinction clear. The induced map of an I-homomorphism
9: G — H is the map from Z; into Zy which takes each P € % to
PotL ¢ Py.

LemMA 5.1. The induced map of any l-homomorphism 0: G — H takes
0, of G to 0, of H and preserves N's. Therefore P19 & PoL for all P € P ;.

Proof. Consider P, Q € ZP¢. Then P A Q C P, Q implies
(P A Q)+t C Po+L A Q611
If the opposite inclusion failed there would be
1 <he€ PO+ AN Qo A (P A Q)

Then h € P6++ implies the existence of 1 < p € P such that1 < h A p4.
And h A p6 € Q8-+ implies the existence of 1 < g € Q such that

1<hApoAG=x.

Butl < x = handx = (p A q)0 € (P A Q)6 contradicts
hc (P A QoL

To verify the last assertion consider P € & and observe
0, = (0,)0++ = (P A PLYgtL = Po+t A PLott,

Therefore P19 C Pot.

LEMMA 5.2. For an I-homomorphism 6: G— H the following are equivalent.
(a) For every finite ¥ C P such that NV . = 1g in G, it is true that

VA{POLL P € ¥} = 145 in H.

(b) Foreach P € Pq, PLot = PoLL,
(¢) Theinduced map is a Boolean homomorphism.
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Proof. To verify that (a) implies (b) take.¥ = {P, P1}. Then V ¥ =
1, in G implies P61+ v PLgLL in H. By the previous lemma the latter
pair is disjoint, therefore complementary. (b) implies (c) is an immediate
consequence of the fact that any map between Boolean algebras which
preserves A's, complements, greatest element (take . = {1,} C Pg)
and least element is a Boolean homomorphism. (c) implies (a) is obvious.

An [-homomorphism which enjoys the property isolated in Lemma 5.2
will be termed Boolean. Several comments about Boolean I-homomor-
phisms are in order. First, a necessary but not sufficient condition for an
[-homomorphism 6: G — H with kernel M to be Boolean is that
(P € P4l P C M} is an ideal. Second, the composition and product of
Boolean I-homomorphisms are themselves Boolean. Finally, if H is
totally ordered and every polar of G is principal then an /-homomorphism
6: G — H is Boolean if and only if its kernel is minimal prime.

ProposITION 5.3. Every representable I-group G in which every polar is
principal has a Boolean I-monomorphism 6: G — 11 T, onto a subdirect
product of totally ordered groups with a unique extension to a Boolean
l-monomorphism 6: Go — 11 T,.

Proof. See Theorem 4.19.

ProposITION 5.4. 4 representable I-group G 1is strongly projectable if and
only if every l-epimorphism on G is Boolean.

Proof. Suppose G is representable, G = G* and N is an l-ideal of G. Let
9: G — G/N be the natural /-homomorphism. For any P € £ and
l1<x€GxANPC Nandx A PL C Nimply x € N because the sets
x A Pandx A P+ contain the projections of x on the cardinal summands
P and P+. Thus a positive object in G cannot be disjoint from both P6
and P16. Therefore P§++ = PLfL Now suppose G is representable but
not strongly projectable. Then there is some P ¢ & and 1 < x € G such
that x does not lie in the convex l-subgroup N generated by P and P-L.
Let 8: G — G/N be the natural -homomorphism. Since 1 < x6 € P+ A
PLgl we cannot have P§L+ = Plgl,

In [1] an /-homomorphism 6: G — H is called p-continuous if
AN{POLL P € F} =0, inH
for all filters # C P4 such that A # = 0, in G.

LeEMMA 5.5. For an l-homomorphism 6: G — H ithe following are equiv-
alent.
(a) Forevery ¥ C P suchthat V¥ = 1,in G, it is true that

V{P§H P e =1, inH.

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-042-5

654 RICHARD N. BALL

(b) The map induced by 0 1s a complete Boolean homomorphism.
(c) 61s Boolean and p-continuous.

Proof. To verify that (a) implies (b) consider.¥ C &, with V.¥ = Q.
Let Z be ¥ U {Q+}. Then V # = 1, in G implies

(VP8P e &#Y)) v QYo+t =1, inH.

Since each P+ is disjoint from QL6+L = (QfL, v (PLL) and Q8L are
complementary. That is,

V (POHL) = QoLL = (Vv P)otL,

The preservation of infima in % is proved simply by passage to the
complement. That (b) implies (c) is obvious. To prove that (c) implies
(a) consider. € P, with V. =1, Let

F = {PLY P C V. for ¥ a finite subset of .¥}.

Then & is a filter on # for which A # = 0, in G. Therefore
A {P6LL P € F| =0, inH.

Therefore
A{POL P €S =0, or VIPOLLPCS} =1, inH.

An /-homorphism which enjoys the property isolated in Lemma 5.5
will be termed completely Boolean. The composition and product of
completely Boolean I-homomorphisms are again completely Boolean.
Completely Boolean l-homomorphisms from G into a totally ordered
group are quite rare. In fact, 6 is such an /-homomorphism if and only if
the kernel of 8 is b+ for some basic b € G.

An [-homomorphism 0: G — H preserves type % suprema (preserves
disjoint suprema) if for every type % (pairwise disjoint) subset D C G
such that V D = gin G itis true that

V {df|d € D} = g8 in H.

By applying Proposition 3.1 of [1] to type %/ (pairwise disjoint) sets, one
is led to the conclusion that an /-epimorphism preserves type % (disjoint)
suprema if and only if the supremum of any type % (pairwise disjoint)
subset of the kernel is itself in the kernel.

LEMMA 5.6. Suppose X s a subset and g an element of G such that g = X.
Then X is type % and NV X = vy if and only if

Vi)t x € X} = 1,.

Proof. Suppose Vy (yx~1)1 = 1,. Consider an arbitrary z < y. Then
there must be some x € X such that (yz71)t = P £ 0,. Let1 < p € P
satisfy p < yz71, and find a value T of p. Then p ¢ T implies yx—! €
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p+ € T, hence Tz < Ty = Tx. This proves z % x, so that V X = .
To verify that X is type %/, fix x € X and observe that for any 5 € X,

ye~l zZ 2zt V1,
hence
e L S A ™' vV DYz e X} = (Xet V1)L
Therefore
AfXx 'V 1)L x € X} = 0s.
A similar argument, using the fact that
1, = (Vx (27 ) 4 = Vi (1),
yields
AEX V1) x e X} =0,

Now suppose X is type % and V X = y. Choose a particular x € X
such that

(Xx~t Vv 1)L = P =0,

We claim yx=! € P+, For if not then there is some p € P such that
1 <p yxtorx £ p~ly <y Weshall prove X £ p~ly < y. Consider
z € X and arbitrary prime 7. If p € T then

Tz = Ty = Tp~y.
If p ¢ T then
Pl = Xx'vVv1HCT,

hence z2x7' vV 1 € T or Tz £ Tx, implying Tz = Tp~'y. In both cases

Tz = Tp~'y, hencez < p~y, proving X < p~'y < y. But this contradicts
V X = y and proves yx~! € PLor P C (yx~')L. Therefore

V{(Xet vV D) x e X} =1,
implies
Vi (ye—)t = 1,.

ProposiTION 5.7. Every completely Boolean l-epimorphism 6: G — H
preserves type %/ suprema.

Proof. Let N be the kernel of 8 and let X be a type % subset of N+ with
supremum %y. Let

& = {x)Hx € X}
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Observe thatforx € Xand 1 < p € (yx~1)4,

pAYSPx ANy =(p Ay =ux,
implying

yA (yx )L C N forallx € X.
Since 6 is completely Boolean,

Ve )t v € XY =1, in H.
It follows that ¥ = 1, 0ory € N.

COROLLARY 5.8. Every completely Boolean I-epimorphism preserves dis-
joint suprema.

To demonstrate the failure of the converse of Proposition 5.7, let G be
U X R, the lexicographic extension of some non-totally ordered /-group
U by the real numbers R, and let §: G — R be the /-epimorphism with
kernel U X 0. U is actually order closed and therefore 6 preserves all
suprema that exist in G. Yet 6 is not even Boolean.

LeMMA 5.9. Suppose 6: G — H is a completely Boolean I-homomorphism
with kernel N. Then there is a polar Q ¢ P such that for all P € P,
P C Nifandonlyif P C Q.

Proof. Suppose not. Let
Q= VI{PePs PN}
and consider 1 < x € Q — N. Let
S ={PecPe PN or P=Q.
Observe that V . = 1, in G, yet
1 <xf € (V {PoLL P et

because x A P C N for all P € . This contradicts the complete
Booleanness of 6.

ProprosiTION 5.10. Suppose G = G*. Then an l-epimorphism 0 on G with
kernel N is completely Boolean if and only if it has the following two prop-
erties.

(a) 8 preserves type % suprema.

(b) There is a polar Q € P such that for all P € P, P < N if and
onlyif P S Q.

Proof. Assume 6 has properties (a) and (b), and consider some large set
F CPgyandsomel < x € Gsuch thatx A P C Nforall P € .¥. We
must show x € N. The polar Q, maximal with respect to being contained
in NV, is normal and therefore a cardinal summand of G, as can be verified
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by reference to the proof of Proposition 3.3. Therefore x = yz for unique

y € Q, 2z € Q. We claim y to be the supremum of a type % subset of N,
which by Lemma 5.6 follows from showing

V{m )t m e N} = 1,

So consider an arbitrary 0, # V € Q* and find P € % such that
04 # P C V. There must be some 1 < p € P such that p £ y, since
otherwise P A x C N implies P C N, in contradiction to P C QL. Let

n=pAyEeEN
and let
a=p APt =pytVI1eEP
Observe that yn=!' = 1 V yp~!, which is disjoint from a. This shows
()L AV # 0g,
and therefore that
V iyn ™)t n € N} = 1,.
Condition (a) now implies y € N, hence x € N.

ProrosiTioN 5.11. Suppose G is strongly projectable. Then an l-epimor-
phism on G is completely Boolean if and only 1if it preserves disjoint suprema.

Proof. Suppose 0 preserves disjoint suprema and has kernel N. Let.¥ be
any large subset of ;. By a Zorn’s Lemma argument find a pairwise
disjoint subset #Z C % such that V # = 1,. Suppose now that1 < x €
G such thatx A P C N for all P € #. In particular, N must contain
the projection of x on each P € Z. But these projections constitute a
pairwise disjoint set with supremum x, hence x € N.

Here is an example which shows the only way that a completely
Boolean /-homomorphism : G — H can fail to be extendable to some

6: G —» H. Let
H = {[m m]‘ m,n pintegersl
n p ’ b [1
where

my m1' mqe Mo
[”1 PlJ + ["2 PZ]
is defined to be

[fm +my, my + m]
ny + ne P14 po
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when m, is even and

[ml + my my + m2]
P11+ ne  ny 4 po

when m, is odd. H is a group with zero 0 = [g g] and negatives

m m —-m —m . m m
_ - > B,
[n P] [—n —P] . Order H by declaring [n P] = 0 when
ever m > 0 or whenever m = 0 and both#n = Oand p = 0. H is an [-
group under these conventions. Let

G—{[n p]EHMnevenI
and let §: G — H be the identity map. Then G is an order dense I-subgroup

of H, so that 6 is completely Boolean. Since G is abelian, G* is the group
of 2 X 2 integral matrices under addition with [;n Z] = 0 whenever

both of the following conditions are true: either m > 0 or m = 0 and
p 2 0, and either » > Qor n = 0 and ¢ = 0. It can also be verified that
H = H. Therefore no extension of § to G or even G* over G is possible.

An l-homomorphism 6: G — H is (completely) tame if it is (completely)
Boolean and if forevery 1 £ x € G,s € H, and nonzero P € %y such that
1 <5 < x there issome g € G and R € %y such that 0, = R C P,
1 < ¢ < x,and R* = R, The reader may wish to satisfy himself that this
condition is violated in the previous example, that every (completely)
Boolean /-epimorphism is (completely) tame, and that the identity map
from G into (G) G¢ is (completely) tame.

THEOREM 5.12. Every (completely) tame l-homomorphism 6: G — H has
a unique extending l-homomorphism 6: Go — He (§: G — H). § is (com-
pletely) Boolean.

Proof. Suppose 6: G — H is completely tame and consider x € G. Then
x = [k] for some consistent map k. Let

R ={Q € Pyl Q C PoLL P € dom (k)},
a large set because 8 is completely Boolean. Define m: # — H by de-
claring OQm = Pkf, where Q C P61l and P € dom (k). To see that m is
well defined and consistent, consider Qi, Q. € #, say Q; & P#++ for
P, € dom (k). Then

(Qum) (Qem)™ = ((P1k) (P2k)™1)0 € (P1 A P2)t0

C (P1 A Py)tott = (Piott A Poft)E C (Q1 A Qo)1

If read with P; = P,, the foregoing argument shows m to be well defined;

read with arbitrary P; and P, it shows m consistent. The task at hand is
to show that m has properties (1) and (2) of Section 2.
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To show #™ large consider 0, = V € Py. Since dom (k) is large and
6 is completely Boolean, there is some P € dom (k) such that

(PEYILL AV 5 0.

But (P¥)g+L = (P9LL)™ ¢ A#™ To verify that m has property (2) con-
sider disjoint nonzero polars Q1, Q: € # and element s such that

1252 (@m)(@m)~ V1 and Q) = Qs

Let Py, Py € dom (k) be such that Q; € P 61+ Now P+t A Q2 = 0,
for otherwise, by replacing Q. with P,01L A (-, we would have

le = Pkf = sz,

forcing s = 1 and Q; = Q., a contradiction. By replacing P, with
P, A P+ if necessary, we may assume P; A P, = 0. By the tameness
condition applied to

1 25 = [(Pik)(Paok)' Vv 116,

there is some g € G and R € Py such that
0p #RC 0,1 £g= (Pik)(P2k)' V1, and
R = R C Q..

By condition (2) applied to &, P1* A P, = 0, whence
(P16+4)9% A (Pytt) = 0, and
R A Qs = R* A Q2 =0y,

a contradiction.

The l-homomorphism 6: G — H is defined by declaring x6 = [m].
Observe that § takes G* into H* and that the argument in this case uses
only the tameness of 8. We leave to the reader the verification that 4 is a
well defined J-homomorphism.

Suppose ¢: G — H is an I-homomorphism which agrees with 8 on G.
Consider x = [k] € G and let x¢ = [m’']. Then for any P € dom (&),
x(Pk)~' € PL, which implies

xy(PkO)~ € P19 C (PoLL)L,

This means P811 is contained in the maximal domain of ', and that m’
is equivalent to the m of the previous paragraphs. Succinctly put, § = ¢.

COROLLARY 5.13. Every (completely) Boolean l-homomorphism 6 between
representable l-groups G and H has a unique extending l-homomorphism

6: G» — He (G — H).
b 4s (completely) Boolean.
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Is the /-homomorphism § of Theorem 5.12 tame? The question is un-
resolved, though we might expect a negative answer on the basis of
permutation sketches. By restricting the class of maps still further,
however, it is possible to obtain the most symmetrical version of the
universal mapping property. An [-homomorphism 6: G — H is (complete-
ly) docile if it is (completely) Boolean and if forevery 1 < x € G,s € H,
and nonzero P € Py such that 1 £ 5 < xf there is some g € G and
R € Pysuchthat0, # RC P, 1 < g < x,and s(gf)~! € RL. Observe
that every (completely) Boolean /-epimorphism is (completely) docile,
and that the identity map from G to (G) G is (completely) docile.

THEOREM 5.14. Every (completely) docile I-homomorphism 6: G — H has
a unique extending l-homomorphism 6: G* — He (G — H).  is (completely)
docile.

Proof. It remains to show 8 completely docile when 8 is. Consider
1 <x € G,y € H, and nonzero Q ¢ %y such that 1 < y < xf. Suppose
x = [k] for some consistent map k. Since

V {PeLL P € dom (k)} = 1, in H,

choose P € dom (k) such that P6++ M Q = 0,. Since H < H one can
also choose R € %y and h € H such that

0p # R C POLL N Q and yh=' € RL

P

By replacing & by b A Pk6 if necessary, we may also assume h < Pkf.
The docility of 8 now assures the existence of ¢ € G and S € Py such that
0p #S C R, 1< g = Pk,yand h(gf)~ € St. Letu = g A x € G. It
remains only to show y(uf)~' € Si. But

y (@)= = (yh=") (h(g8)~") ((g0) (ud)").
Since yh—' € R+ C S+, h(gf)~' € St and (PLL)L C SL, it remains only
to show gu—! € PL. But

1=gut=1V g ' <1V Pkx! € PL

implying gu—! € PL.
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