J. Inst. Math. Jussieu (2016) 15(4), 711-769 711
doi:10.1017/51474748014000462 © Cambridge University Press 2015

WHITTAKER PERIODS, MOTIVIC PERIODS, AND SPECIAL
VALUES OF TENSOR PRODUCT L-FUNCTIONS

HARALD GROBNER! AND MICHAEL HARRIS?:3:4,5

L Fakultit fir Mathematik, Universitit Wien, Oskar—Morgenstern—Platz 1,

A-1090 Wien, Austria (harald.grobnerQunivie.ac.at)

2Univ Paris Diderot, Sorbonne Paris Cité, UMR 7586, Institut de Mathématiques

de Jussieu-Paris Rive Gauche, Case 247, 4 place Jussiew F-75005, Paris, France

3 Sorbonne Universités, UPMC Univ Paris 06, UMR 7586, IMJ-PRG,
F-75005 Paris, France

4CNRS, UMR7586, IMJ-PRG, F-75013 Paris, France

5 Department of Mathematics, Columbia University, New York, NY 10027, USA

(Received 28 August 2014; revised 27 December 2014; accepted 28 December 2014;
first published online 31 March 2015)
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1. Introduction

L-functions can be attached both to automorphic representations and to arithmetic
objects such as Galois representations or motives, and one implication of the Langlands
program is that L-functions of the second kind are examples of L-functions of the first
kind. Very few results of arithmetic interest can be proved about the second kind of
L-functions until they have been identified with automorphic L-functions. For example,
there is an extraordinarily deep web of conjectures relating the values at integer points
of arithmetic (motivic) L-functions to cohomological invariants of the corresponding
geometric (motivic) objects. In practically all the instances' where these conjectures
have been proved, automorphic methods have proved indispensable.

At the same time, there is a growing number of results on special values of automorphic
L-functions that make no direct reference to arithmetic. Instead, the special values are
written as algebraic multiples of complex invariants defined by means of representation
theory. Examples relevant to the present paper include [16, 34, 38, 39], where the complex
invariants are defined for representations of cohomological type by reference to the
uniqueness of Whittaker or Shalika models. This paper continues this series, proving
a version of the main results of [34, 38, 39] for the Rankin—Selberg L-function of a pair
(T, IT") of a cuspidal automorphic representation IT of GL, of cohomological type, and
a cuspidal or abelian automorphic representation IT" of GL,_1, also of cohomological
type, where the general linear groups are over an imaginary quadratic field K. Here, the
notion ‘abelian automorphic’ refers to a representation which is a tempered Eisenstein
representation induced from a Borel subgroup of GL,_1. In view of Raghuram’s recent
preprint [38], which we received after writing a first version of this paper, the inclusion
of such automorphic representations IT" is the new feature of this result.

Our cohomological result is stated below as Theorem 1.3. The main purpose of this
paper is to bring this purely automorphic result closer to the motivic expression for
the critical values of the Rankin—Selberg L-function L(s, IT x IT") embodied in Deligne’s
conjecture [8]. In what follows, we let ¢ denote complex conjugation of K. Assume for
the moment that both IT and IT" are cuspidal. In order to identify L(s, IT x IT") with a
motivic L-function, we make the following hypothesis (see Hypothesis 4.19 for details).

Hypotheses 1.1. Both IT and IT' can be obtained by base change from holomorphic
discrete series representations of unitary groups of arbitrary signature.

Up to twisting by an integral or half-integral power of the global character g+
ldet(g)|l, we may assume that IT and IT" have unitary central character (so the central
critical value of L(s, 1 x IT') is at s = %) Then Hypothesis 1.1 implies the polarization
condition N N

MY — ¢ and (IT1)Y — (IT)".
Conversely, it has been known for some time ([31]; see also [30]) that the polarization
condition implies that, for any Hermitian space W over K of dimension n, IT descends

IWhether or not the analytic formulas for special values of the Riemann zeta function and Dirichlet
L-series should be considered exceptions is beyond the scope of this introduction.
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to a stable L-packet {m}w of cuspidal automorphic representations of G = U(W), of
discrete series type at infinity, provided that it descends locally at all finite places; a
similar condition holds for IT". The signature in Hypothesis 1.1 is the invariant of W
at a fixed complex embedding of K. In particular, Hypothesis 1.1 is automatic for IT
(respectively, IT') if n is odd (respectively, even).

Under Hypothesis 1.1, the L-packet {7¥}w contains (at least) one member for which
7y, belongs to the holomorphic discrete series. Let the signature of W be (j, n — j), and
choose an arithmetically normalized vector ¢; in the chosen 7. Define PU(TD) to be
the square norm of ¢; for the (arithmetically normalized) Petersson inner product. The
PU (1) are the motivic invariants in terms of which we express the critical values of
L(s, T x IT).

More precisely, the arithmetic normalization is defined with reference to the coherent
cohomology of the Shimura variety attached to G, or rather to the similitude group
GU(W). It thus depends on a choice of extension of ¢; to a (holomorphic) modular form
on the similitude group. We ignore this irritating but crucial detail in the introduction;
it is addressed at length in Remark 4.33.

Here is our main theorem.

Theorem 1.2. Let TI and T1' be cuspidal automorphic representations of GL,(Ax) and
GL,—1(Ax) which are cohomological with respect to irreducible algebraic representations
E, and E,, respectively, where u (respectively, 1) is the corresponding highest weight
(i.e., an n-tuple (respectively, n — 1-tuple) of integers), assumed to satisfy the equivalent
conditions of Lemma 2.1 (i.e., Hypothesis 2.3 for m=0). We assume that T1 and T’
satisfy Hypothesis 1.1. Let Q(I1¢) and Q(H’f) be the fields of definition of the finite parts
[y and I, of T1 and I, respectively. Furthermore, we assume that the parameters of
IT and T1' are sufficiently reqular:

Wi —Hig1 =2 foralli and Aj—Xjp1 =2 forall j.

Then there are finite extensions E(IT)/Q(I1f) and E(H’)/Q(H/f) such that, for every

critical point so = %—i—m of L(s,TT1 x ") with m >0, there is a non-zero constant
u(m, oo, I), depending only on m, u, A (or equivalently m, I, I ), such that

-1 n—2
1 g . '
L <§ +m, Iy x H/f) ~EmMEM) um, Hag, TIL) | |1 Py (1m) kl |1 PO,
j= =

where ~xpmE@) means up to multiplication by an element in the composition of
number fields KE(IN)E(IT). Equivalently, for every critical point so =n—1+m of
L(s, R(M (1) @ M(IT))) withm > 0,

L(n—14+m, RIMI1) ® M(IT)))
n—1 n—2

~kemE) um, Moo, ) [T PV [T PO am).
j=1 k=1
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The fields Q(ITy) and Q(l’[’f) are number fields by [5, Theorem 3.13]. The role of the
finite extensions E(IT) and E(IT"), which can be taken to be cyclotomic fields, is explained
below.

The proof involves three main ingredients. The first is the extension mentioned above
of the results of Mahnkopf and Raghuram. In what follows, IT is cuspidal but IT’ is either
cuspidal or abelian automorphic. Since IT and 1" are cohomological, their finite parts
IT; and l'I/f have natural rational structures over the number fields Q(ITy) and Q(l’[’f),
respectively, defined by the rational structure on cohomology with coefficients in the local
systems attached to E, and Ej. But since they are tempered, they are both globally
generic, and therefore I1y and l'I’f have rational structures defined in terms of their
Whittaker models. The two rational structures are necessarily proportional, because the
representations are irreducible. The factors of proportionality, called Whittaker periods,
belong to C*. Details will be provided in subsequent sections. In what follows, p(IT) and
p(IT") are the Whittaker periods. Here is a statement.

Theorem 1.3. Let I1= BC@@)|-|™ be a cuspidal automorphic representation of
GL,(Ax), meZ, and let TI'=BC(n’) be a cuspidal or abelian automorphic
representation of GL,—1(Ax) obtained by base change from unitary groups as in §§ 2.4
and 2.5. In particular, I is cohomological with respect to E,, and I is cohomological with
respect to E,. We assume that the parameters u and A satisfy Hypothesis 2.3. Then for
every critical point so = %+m of L(s, TI x II") with m > 0, there is a non-zero constant
p(m, Moo, 11L) € C*, depending only on m, u, . (or equivalently m, loo, 1., ), such that
the following hold.

(1) For all critical values % +m € Crit(TT x IT") with m > 0 and every o € Aut(C),
L(§+m, Ty xIT}) _ L(+m, Ty x°TT})
p(M)p(M) pm, Moo, )G (@, ) ) pCTpC T pm, Moo, TG (@ory, )

1
L <§ +m, Iy x H/f) ~QHQAT)) p(I) p(T1") p(m, M, Héo)g(wn/ﬁo),
where ~QU Q) Means up to multiplication by an element in the composition of
number fields Q(Hf)@(l'[’f).

The proof of this result follows the methods of [34, 38, 39]: the branching formula
for the restriction of the representation E, to GL,_; shows that the Rankin—Selberg
integral for GL,, x GL,_| can be interpreted as a cohomological cup product precisely
for the critical values sg of the theorem. On the one hand, the cup product is rational on
rational cohomology classes; on the other hand, the Rankin—Selberg integral is, up to an
unspecified archimedean factor, a rational multiple of the Euler product on automorphic
forms that are rational with respect to the Whittaker rational structure. Comparing these
two rationality properties, we obtain the result; the constant p(m, [, I1,,) accounts for
the archimedean Rankin—Selberg integral.

The proof of Theorem 1.3 nevertheless involves two novelties. The first is specific to
the method of this paper, and consists in the observation that the method applied
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in the earlier work remains valid when I’ is abelian automorphic; the reason for this
choice will be made apparent below. The second novelty is of more general import. The
main contribution to the archimedean invariants p(m, 1, IT,,) is a Rankin—Selberg zeta
integral involving explicit cohomological vectors. For nearly 40 years, results of this type,
for GL, with n > 2, were presented subject to a local non-vanishing hypothesis, which in
our present situation comes down to the claim that the archimedean zeta integral does
not equal zero for the choice of vectors forced upon us by the method. In 2011, however,
Binyong Sun discovered an abstract representation-theoretic method that allowed him
to prove that such integrals never vanish. In his companion paper [44] he applies this
method to cohomological Rankin—Selberg zeta integrals for GL, (R) x GL,_;(R) and for
GL,(C) x GL,,—1(C). Without Sun’s breakthrough, the results of this paper would still
be conditioned on the non-vanishing hypothesis.

When IT" is the abelian automorphic representation attached to an (n — I)-tuple of
Hecke characters x;, the L-function L(s, IT x IT") factors as a product of n — 1 L-functions
of GL,, twisted by the x; . When IT’ is cohomological, these L-functions are of the
type whose special values were considered in [20] (completed by [21]). The second main
ingredient of the proof is the expression of these special values in terms of the PU)(IT)
introduced in 1.2, and in terms of period invariants attached to the x;. On the other
hand, an abelian automorphic IT" is an Eisenstein representation. Shahidi’s calculation
of Whittaker coefficients for Eisenstein series is the third main ingredient of the proof.
It allows us to identify the Whittaker period p(IT") with a motivic period attached to
the collection of x;. A similar identification was already exploited in [34], for Eisenstein
classes attached to other parabolic subgroups. In our case, the motivic expression for
p(IT") exactly cancels the terms in the expression calculated in [20], yielding an expression
(Theorem 6.7) for p(IT) solely in terms of Petersson norms of holomorphic forms on
Shimura varieties, multiplied by purely archimedean invariants that have not yet been
calculated explicitly.

Theorem 1.4. Let I1 be a cuspidal automorphic representation of GL,(Ax), which
can be obtained by base change from wunitary groups of all signatures (i.e., more
precisely, satisfies Hypothesis 4.19). Assume that T1 is cohomological with respect to
the irreducible, finite-dimensional, algebraic representation E, of highest weight ug =
(W1s ey ns — My -+ - s —1), and suppose that w; — i+ = 2 for all i, so that there is a
highest weight g = (A; AY) for G, and an integer m > 0 such that so = % +m is a critical
value of L(s, TIQI1") for any cuspidal automorphic representation I1' of GL,_1(Axk),
which is cohomological with respect to E,. Then there is a non-zero constant Z(Ilso),
which depends only on the local representation Ty and such that
n—1
p(I) ~kem Z(Meo) [ | PV (D),
Jj=1
The constant Z(I1s), like the expression u(m, 1, I1,) in Theorem 1.3, is well defined
up to a non-zero scalar in K. It should be mentioned that the latter theorem (or
equivalently Theorem 6.7) is conditional on a global non-vanishing hypothesis. Verifying
this hypothesis for the central critical value appears to be extremely difficult in general,
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but fortunately can always be satisfied provided that the infinitesimal character of IT is
sufficiently regular.

Putting together Theorems 1.3 and 1.4 with the results of [20], we easily obtain the
main theorem, with the constant u(m, Mo, [15,) = p(m, Muo, 1) - Z(To) - Z(I1). The
individual terms in the product depend on normalizations of archimedean Whittaker
models, as do the Whittaker periods p(IT) and p(IT") themselves, but the product is
independent of normalizations, up to K*. Following the announcement of these results,
Jie Lin has identified u(m, I, I15,) as the explicit power of 2mi predicted by the
automorphic version of Deligne’s conjecture described in § 4.2; see Theorem 6.11 for
a precise statement.

In the absence of the regularity hypothesis of 1.2, we can prove a rather different kind of
result, using Zhang’s recent proof of a version of Neal Harris’s Ichino—Ikeda conjecture for
unitary groups [19]. Suppose that IT and IT" satisfy the hypotheses of [51]; in particular,
IT and IT" are both supercuspidal at some prime of K split over Q. Then the conclusion
of Theorem 1.3 holds, with p(IT) and p(IT’) replaced by the values at s = 1 of the adjoint
L-functions of & and 7’ respectively, and with slightly different archimedean factors (See
Corollary 6.25).

Theorem 1.5. Let T1 and T1' be cuspidal automorphic representations of GL,(Ax) and
GL,,—1(Ax) which are cohomological with respect to E, and E), respectively, assumed to
satisfy the equivalent conditions of Lemma 2.1. We assume that T1 = BC(x) and T1' =
BC(n') are obtained by base change from definite unitary groups and that the irreducible
unitary cuspidal automorphic representations w and 7’ satisfy the hypotheses of [51]
(more precisely, Hypothesis 6.12). Then, for every critical point sy = %+m of L(s, T x
IT') with m > 0, there are, a non-zero complex constant a(m, Mo, I15), depending only
on the archimedean components of T1 and I1', and an integer a(n) only depending on n,
such that

1
L (5 +m, Iy x H/f> ~KQmQ@’) a(m, I, HQO)Q(SIC,f)a(n)L(l, wy, Ad)L(1, 7}, Ad),

where ~ )@y means up to multiplication by an element in the composition of number
fields KQ(m)Q(r"). Equivalently, for every critical point so =n —1+m of L(s, R(IM(I1) ®
M(11))) with m > 0,

Lin—1+m, RIM(IT) ® M(IT")))
~kQm e aim, Moo, TG (e, )™ LA, 7p, Ad)L(1, 7y, Ad).

While Deligne’s conjecture provides an expression of the critical values in terms of
Deligne periods, which are defined in terms of motives, and whose status is therefore at
least partially hypothetical, the Petersson norms are invariants of authentically arithmetic
objects. The purpose of § 4 is to provide plausible reasons to identify Deligne’s periods
in our situation with the expressions derived using [20]. It should be noted that [20]
was written with applications to self-dual cohomological automorphic representations in
mind, although many of the results are valid more generally. For this reason, the standing
self-duality hypothesis of [20] is sometimes invoked tacitly, simplifying some statements
but making it difficult for the reader (including the author of [20], at more than 15 years’
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distance) to determine which statements need to be modified to treat the general case.
We have therefore attempted in § 4, and especially in 4.4, to provide complete statements
with precise parameters. The authors hope that definitive statements, over general CM
fields (i.e., totally imaginary quadratic extensions of totally real fields), will be available
in the near future.

For the convenience of the reader, we wrote 1.2 from the automorphic point of view as
well as from the motivic point of view. It is shown in Optimistic Comparison 4.32 that
the period that appears in Theorem 1.2, namely

n—1 n—2

[TPY@@]] PO,

j=l1 k=1
is at least formally consistent with Deligne’s conjecture, provided that the Hodge types
of the motives attached to IT and IT’ satisfy the relations derived from Lemma 2.1.
The article [23] computes Deligne periods for general Rankin—Selberg products and
obtains different products of the same basic invariants P (IT) and P® (IT') (under the
identifications of Optimistic Comparison 4.32). The final section explains how one might
hope to express the critical values of general Rankin—Selberg products, using normalized
Rankin—Selberg integrals of Eisenstein cohomology classes.

The Whittaker period invariants p(IT) are defined by comparing two rational structures
on I17, one coming from the global realization of I1y in the cohomology of the locally
symmetric space S, attached to GL,, and the other from the Whittaker model. It is well
known, however, that IT; occurs in a range of cohomological degrees b, <i < ¢,, and
each one gives rise to one (or more) period invariants. Our p(IT) is attached to the lowest
cohomological degree by ; the proof of Theorem 1.3 is based on the numerical coincidence
that b, +b,_1 — 1 equals the dimension of S,_;. In [45], Urban showed that, when n = 2,
the Whittaker period attached to IT in the top cohomological degree c; is related to a
non-critical special value of one of the two Asai L-functions attached to I1. It can be
deduced from the arguments of [51] and the work of Jacquet, Rallis, and Flicker cited
there that the phenomenon Urban discovered remains valid for general n; this is the
subject of our forthcoming article with Lapid [14].

2. Unitary groups and base change

2.1. Some standing assumptions and notation

2.1.1. Number fields. Let /Q denote an imaginary quadratic extension of Q. We
write S(K) for the set of places of IC, and S for the set of places of Q. The ring of adeles
over K (respectively, over Q) is denoted Ay (respectively, A). The ring of integers of
is denoted O, and we let Dx be the different of £/Q, i.e., ’D,_CI ={x ek :Trix0) C
7}, where Tric g is the trace map from K to Q. The normalized absolute value of Ax
is denoted | -|. We extend the Hecke character ex : Q*\A* — C*, associated to the
extension IC/Q via class field theory, to a Hecke character n : ICX\A;E — C*. It is easy
to see that n is unitary and 17.(z) = z'z7" for a certain t = t(y) € %~|—Z.

For convenience, we will also fix, once and for all, a non-trivial, continuous, additive
character ¥ : K\Ax — C*. To this end, let g be the additive character of Q\A, as

in Tate’s thesis, namely, ¥g(x) = e2TIAX) with the A = Zpgoo Ap, where Ago(x) = —x
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for x e Rand A,(xp), xp € Qp, is the finite, negative tail of x,’s p-adic expansion. That
is, if x, = ZJ?v ajp’, then Ap,(x)) = ijlv ajp’. If we write Y = VR ®QpYq,, then
Yr(x) = e 27 and Y@, is trivial on Z, and non-trivial on p_lZp.

Now, we define ¥ :=ygoTri/g. If ¥ = ®uw¥w, then the local characters are
determined analogously. In particular, if D = ]_[p ©'?, the product running over all

prime ideals g C O, then the conductor of the local character v, is gy *, i.e., Yy is
trivial on gy, © and non-trivial on p;r‘ﬁl. We let S(¥) = {p | D}

2.1.2. Hermitian spaces and unitary groups. We let V be an n-dimensional
Hermitian space over KC, relative to the non-trivial element in Gal(XC/Q). Depending

on the parity of n, we define o
. {1 if n is even

n if n is odd.

Hence, Yoo(z) = 2°27¢, where c =0, if niseven and c =t € %—i—Z, if n is odd.

We let V/ C V be a subspace of codimension 1, on which the restriction of the Hermitian
form is non-degenerate so that V = V'@ V', At infinity, we want V (and V') to be
definite.

We let H :=U(V) and H' := U(V’) be the corresponding unitary groups over Q. In
particular, H(R) = U (n), the compact unitary group of rank n, and similarly H'(R) =
Umn-—1).

Furthermore, we let G :=GL,/K and G’ :=GL,_1/K. We also define real Lie
groups K := GU(V)(R) (respectively, K’ := GU(V')(R)), which we view inside G(C)
(respectively, G'(C)) by their natural embedding.

The Lie algebra of a real Lie group is denoted by the same (but gothic) lower-case
letter.

2.1.3. Finite-dimensional representations of real groups. Let Ellim (respec-
tively, E;\mt)) be an irreducible, finite-dimensional, algebraic representation of H(R)
(respectively, H'(R)) on a complex vector space. Having fixed a maximal Q-split torus
in H(C) ZGL,(C) (respectively, H'(C) = GL,_1(C)) and an ordering on the set of
its dominant algebraic characters, we may think of Ellj”t (respectively, EY™)) as being
given by its highest weight u (respectively, A). We may arrange that pu = (u1, ..., un),

where @y =+ > Uy, u; €Z for all 1 <i <n, and similarly A = (A, ..., Ay,—1) with
M= Z2h, i €Zforalll <i<n—1.
Furthermore, we write E/lim ® ElliUt (respectively, Eijm QEW 3 for

the irreducible, finite-dimensional, algebraic representation of the real Lie group G(C)
(respectively, G'(C)) of highest weight (i, u¥) (respectively, (A, 2Y)). (Here, the check
v denotes taking the contragredient representation.) It is isomorphic to its complex
conjugate contragredient.

Lemma 2.1 (See, e.g., [11, Theorem 8.1.1]). With the above notation, the following
assertions are equivalent.

(1) w12 A1 Z2p2 = A2 > 2 —A = Uy
(2) Hompcy(ES™® E{™, C) # 0.
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If any of these two conditions is satisfied, then also HomG/(C)((E:im(X)Ezgt)®(Eimt®
EYM,C) £0.

2.2. Base change

We let 7w (respectively, ') be an irreducible, unitary cuspidal automorphic representation
of H(A) (respectively, H'(A)). We shall always assume that m (respectively, n’) is
cohomological with respect to Eﬁ”t (respectively, EY™)). Since H(R) and H'(R) are both
compact and connected, this simply means that 7o, = E;Ut and 7, = EWM. We let S(r)
(respectively, S(rr")) be the set of all finite places of Q, where 7 (respectively, 7’) ramifies,
together with the infinite place of Q. The following is essentially a theorem of Labesse.

Theorem 2.2 (Base change). There exist irreducible automorphic representations Il of
G(Ax) and TU of G'(Ax), which are of the form

MM 8B, aead T'=0,8.--BI1,

where TI; (respectively, l'I/]) 18 a square-integrable automorphic representation of
GLy; (Axc) (respectively, GLy;(Ax)), for all j, such that the following hold.

o For all p ¢ S(m), the representation I1, := ®y)pIly is the local base change of ).

e The archimedean component Iy of I1 is cohomological with respect to Eﬂ”t@oE;Ot,
i, H*(g, K, Moo ® (EL™ @ EN) # 0.

And analogously, the following hold.

e For all p ¢ S("), the representation I1), := ®y|,I1,, is the local base change of 7,

e The archimedean component Tl of TI' is cohomological with respect to E{™® E;f\?t,

ie., H¥ g, K', T,  ® (E{™ @ EYM) # 0.
If all the isobaric summands T1; (respectively, l'[/]) are cuspidal, then Tl
(respectively, T1., ) is the local base change of oo (respectively, wl, ).

Proof. This is essentially due to Labesse; see [31, Corollary 5.3], as well as [30]. Strictly
speaking, the proof given in the aforementioned reference only works for totally real
number fields F different from Q. However, there is no doubt that the theorem holds in
the above form. See [31, Remarque 5.2] and also [30]. O

2.3. Descent to unitary groups and base change

When BC () is cuspidal, it is expected, and has been proved in a great many cases (see for
example [31]) that 7w occurs with multiplicity I in the discrete spectrum of H. Moreover,
if H is any inner form of H, then IT descends to an L-packet {7"} of discrete (cuspidal)
automorphic representations of H” whose archimedean components lie in the discrete
series; again it is expected that each member of the packet occurs with multiplicity 1.
Suppose that H’(R) = U(r, s), the unitary group of signature (r,s). Then any 7” on
H" whose base change is BC(xr), and whose archimedean component is a holomorphic
(discrete series) representation, will be denoted 7, 5. Thus, m = m, ¢ or mp,. It does
not matter whether H is positive or negative definite; but when rs > 0, the difference
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between 7, ; and 7, needs to be respected, because they define holomorphic automorphic
forms on non-isomorphic Shimura varieties (attached to the similitude groups containing
H"). The normalizations relevant to these Shimura varieties can be found in [20].

To 7, we associate a period invariant P®)(BC (7)) € C*, as in [23, § 4.2]. Roughly
speaking, P (BC (1)) is the square of the Petersson norm of an arithmetically normalized
holomorphic automorphic form in 7, 5. Precise definitions are in [20]; see also § 4.4 below,
especially Hypothesis 4.19, as well as Remark 6.9.

2.4. The cuspidal automorphic representation IT

Recall the automorphic representation BC () from Theorem 2.2. We make the additional
assumption that it is cuspidal, and take an arbitrary, but henceforth fixed, integer m € Z.
We define

M:=BC@]|-|"

suppressing its dependence on m. By assumption, IT is cuspidal automorphic, and hence IT
is automatically globally ¥ ~!-generic. We denote by W(I1 ) the corresponding Whittaker
model of Iy, again suppressing the dependence on the fixed additive character Vs
By Theorem 2.2, Ty is cohomological with respect to the finite-dimensional algebraic
representation

Ey = (E"-det™ ™M@ (EN -det™™ = EJY @ EJT
of G(C) of highest weight ug := (u —m, u¥ —m); hence, we have

My = Indg((g[ Z1+m- £14+m - ®Z€n+m 6,,+m]

where B = T'N is the standard Borel subgroup of G, and

n+1
2

In analogy to the case of unitary groups, we let S(IT) be the set of finite places of I,
where TT ramifies, together with the infinite place of K.

bj = —Mn—j+1+

2.5. The abelian automorphic representation IT’
Now recall the automorphic representations BC(r’) from Theorem 2.2. We set IT' :=

BC(n'), and make the following additional assumption. We suppose that IT" = IT| B
--HII, is abelian (and therefore not square integrable), i.e

H/J.:BC(X]')~]/ I<j<n—1,

where BC(x ) is the base change of an algebraic Hecke character x; : U(1)(Q)\U (1)(A) —
C*. More explicitly, BC(x;)(g) = x,(g/g) for all g € AIXO where g denotes conjugation
relative to the non-trivial element in Gal(/Q). At the archimedean place of Q
(respectively, K) we obtain Xj,oo(eie) =e'*i% ¢ € U(1), (respectively, BC(xj)oo(2) =
Zhiz7hi| z € CX) for k; € Z. Therefore,

G'(C)r_ki+c=—ki—c ky— 1+c_—k,,1 c
M, = Ind§ 2 @ @tz ),
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where B’ = T'N’ is the standard Borel subgroup of G’ and so, since I is cohomological
with respect to the finite-dimensional algebraic representation

E, = E"®EX"
of G'(C) of highest weight Ag := (A, AY), necessarily,
no.
kj= —An_j+§—] —c.

Hence, we can further see that k; > kp > -+ > k,—1. In particular, this implies, using
Shahidi [42, Proposition 7.1.3, Theorem 3.5.12 and Remark 3.5.14] that IT" is globally
Y-generic, i.e., the y-Whittaker coefficient of IT" defines a non-vanishing intertwining
I — Indg/,ii;[w] (unnormalized induction). As for II, we denote by W(I'I/f) the
corresponding Whittaker model of H’f-, and let S(IT") be the set of finite places of K,
where TT' ramifies, together with the infinite place of K.

We will make the following assumption, valid throughout the paper.

Hypotheses 2.3. The highest weights 1 and A satisfy

miEM2 A, ZpuoEm> —A, 5= 2= —A1 2= [y M.

Lemma 2.1 then guarantees that Homg/(c)(E, ® Ex, C) # 0, which will be important
from § 3.6 on.

2.6. An action of Aut(C)

For a moment, let k > 1 be any integer, and let E be an irreducible, finite-dimensional,
algebraic representation of GL; /K. As a representation of the real Lie group GLt(C), E
factors as E = E, ® E;, for a fixed embedding ¢ : I — C. For a given o € Aut(C), we
define the GL; (C)-representation

°FE := Eyo, ® Egar.

Hence, °E is identical to E, if 0 ot =1, and it is the representation °E = E;® E,
otherwise, i.e., if o ot = 1. Furthermore, for a representation of GL;(C), which is induced
from the Borel subgroup By = Ty Ny of GLg, Ax = Indgll:("(c(()c) [0 @ - Qwi], we let

7Aoo 1= Indy 1701 ® - ® “ay].
Note that, if Ay is cohomological with respect to E, then ? Ay is cohomological with
respect to °E.

If Ay (respectively, Ay, we S(K)s) is an irreducible representation of GLi(Aj)
(respectively, GLi(Cy)), then we denote by “A s (respectively, A,,) the representation
defined by Waldspurger in [46, I.1]. Analogously, if 8 is an irreducible representation of
H(R) or H'(R), we let 85 := 80, since there is only the identity embedding of Q into C.
For representations & ¢ (respectively, 8,, p € S¢) of H(Ay) or H'(Ay) (respectively, H(Q,)
or H'(Q)), we use again the definition of Waldspurger, [46, I.1].

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

Whittaker periods, motivic periods, and special values of tensor product L-functions 723

If § is any of the above representations, we let &(§) := {0 € Aut(C)|?§ = 4}, and define
the rationality field of § to be

[Q®) =z eClo@ =z Vo € 6G)).]

See again Waldspurger, [46, I.1]. We say that a representation § is defined over a field F
if there is an F-subspace 8y of the representation space of § which is invariant under the
group action and such that the natural map o ®  C — § is an isomorphism.

Proposition 2.4. For all o € Aut(C), there is an isomorphism

o/ ~ mn—lo o -
=@ BCO)” (vI- 177 ) 11

In other words, ° T1' is again the isobaric automorphic sum of Hecke characters. Similarly,
%I is again a cuspidal automorphic representation.

Proof. The first assertlon rebults from a straightforward calculation, using the fact that,
since BC(X]) and y| - || = are both algebraic Hecke characters, so are °BC(x;) and
()/|| || ) The last assertion on IT can be shown as follows. By [5, Theorem 3.13],

there is a cuspidal automorphic representation E of G (Ax), cohomological with respect to
°E, and such that E; =°Il;. As a cohomological cuspidal automorphic representation
has an essentially tempered archimedean component, it follows from the classification of
cohomological representations of G(C) that necessarily Eq = 7 [oo- O

Proposition 2.5. The finite part Ty of I = BC(m)||l-|™ (respectively, 1'[’ of ' =

BC(nt")) is defined over its rationality field Q(ITy) (respectively, Q(IT )), whzch s an
extension of Q(E,) (respectively, of Q(Ey)). This structure is unique up to homotheties.
Both rationality fields are number fields. As a representation of GL;(K) C GL;(C), an
irreducible, finite-dimensional, algebraic representation E of GLy(C) is defined over Q(E).

Proof. The fields Q(ITf) and Q(H’f) extend Q(E ), respectively Q(E}), because of Strong
Multiplicity One for isobaric automorphic representations. Here, we use Proposition 2.4.
Moreover, as a consequence of [5, Theorem 3.13], Q(ITy) is a number field. (For a detailed
proof, one may also have a look at [15, Theorem 8.1].) By Proposition 2.4,

n—=2j

ﬂ S <BC(X/)1 vel -1, 7 ) c &),

j=1

n2/

so Q) < [T12 Q(BC(X,)fyfu I, ) As all BC(x;) and y|-|"Z" are algebraic

n=2j
Hecke characters, H?;l Q(BC(Xj)fyfll . ”f2 ) is a number field, whence so is Q(H ).
The rest follows now from Clozel [5, Proposition 3.1 and p. 122]. O

Remark 2.6. The representation H’f is induced from the Hecke character g :=IT) ® --- ®
IT,. of the (Levi quotient 7'(A ) of the) Borel subgroup B’(A r), and can thus be identified
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with a space of functions on G'(Ay):

f=1{0:G Ay —>Clol'sh=pWb) 8501 ¢, e B'(Ay), g € G'(Ap).

Here, 8p' is the modulus character of B'(A ). Define yr(x) =yx)- ||x||% if n is odd, and
yT(x) =1 if n is even. For any n, (l'I/j)+ = BC(x;)-y™" is an algebraic Hecke character,

1

defined over the number field Q((I‘I’j)“‘). On the other hand, the jth component of 8-82,

equals BC(x;)- vl - ||%, which is (l'I/j)'Ir multiplied by an integral power of the norm
1

character. Thus -85, takes values in a number field, say Q(8, y ). It follows that the

subspace

QB ¥ )]
={¢:G'Ap) = QB.y") 160'g) = W) -85 ") -9(g).b' € B'(Af), g € G'(Ay)}

is a G'(A y)-invariant Q(B, y)-rational structure on IT’,, and it is clear that the action
of Aut(C) on l'I/f can be read directly in terms of the actions on the values of functions.

Next, let t, ; be the diagonal matrix diag(t; *™, 1, %7, ..., 1) € GLy(A (), as in [40,
3.2] or [34, 3.3]. Here, 1, is an element of O*, assigned to o € Aut(C) by the map Aut(C) —

Gal(Q(oo)/Q) — 7* < O*. Let &r € Indgff@{)[qbf] (unnormalized induction), ¢ an

additive, continuous character K\Ax — C*. Then, %€r(gr) := 0 (§(ts,kgr)) is again an

. GLi (A .. . .
element in IndN]k“&f{ )[qﬁf]. The analogous definition applies locally at a finite place

w e S(K) .

Proposition 2.7. The map &y — &y defines a o-linear G(A r)-equivariant isomorphism
from W(Ily) onto W(°Ily) as well as a o-linear G'(A y)-equivariant isomorphism from
W(Hff) onto W(° l'I/f). For any finite extension F of the rationality field in question, we
have an F-structure on W(Ily) and W(l'[/f) by taking the Aut(C/F)-invariants.

Proof. For the cuspidal representation II, this is [40, Lemma 3.2]. The same proof
goes through for IT', using Jacquet, Piatetski-Shapiro, and Shalika’s theorem (5.1.(i))
in [27]. O

2.7. Rational structures on cohomological Harish—Chandra modules

The universal enveloping algebra U(g’) has a canonical Q-rational (vector space)
structure determined by the Q-reductive group Rjc/q(G’). Moreover, K’ has a compatible
Q-rational structure, and it determines a Q-rational Cartan decomposition g’ = ¢ @ p’. It
thus makes sense to define the field of rationality of the (U/(g’), K')-module I, as the field
Q1) fixed by the action of the subgroup of Aut(C) that fixes I, up to isomorphism.
Now [T/, is the U(g')-module induced from a Q(Ej)-rational character of the Lie algebra
of the Borel subgroup B'(C). In fact, it is given by non-normalized induction from an
algebraic character of the torus 7/(C), by the arguments already seen in 2.6. It follows
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that the subspace of I, isotypic for the representation E; of K’ is defined over the
number field Q(E;). Using the Q-rational structure on p’, we find that the relative
Lie algebra cohomology complex C*(g/, K', I, ® E)) = Homg/(A*(p'), 1, ® E;) has
a natural Q(Ej)-rational (vector space) structure. Hence, the same holds true for
(¢/, K’)-cohomology.

Although the cuspidal automorphic representation IT is not globally induced, it follows
from the classification of cohomological representations that the archimedean component
I is again isomorphic to the non-normalized induction to G(C) of an algebraic
character of the maximal torus T (C); see § 2.4. We find again that C*(g, K, [Ioc ® E,,) =
Homg (A®(p), Moo ® E,) — and so also the space of (g, K)-cohomology — has a natural
Q(E)-rational (vector space) structure.

In subsequent sections we will be working with the Whittaker models W(Ils)
and W(IT,). It follows from the above discussion that their subspaces of K-finite
(respectively, K’-finite) vectors have rational models over the appropriate fields. Choices
of complex isomorphisms i : oo — W(Ils) and il T, = W(IT,,) identify the
rational models of the two sides, up to complex factors of proportionality that depend
on the choices. In the proof of Proposition 5.7, the factor of proportionality is denoted
Q(IT); it is attached to the explicit choice of il defined by the Whittaker integral.
It is tempting to use the Whittaker integral to define iy, as well. This would provide
natural normalizations for all the archimedean constants that appear in our final formulas.
However, other normalizations — for example, normalizations in terms of the archimedean
local zeta integrals — may turn out to be more natural.

3. Whittaker periods for the general linear group

3.1. Automorphic cohomology of locally symmetric spaces

We define
Sy == GUK\G(Ax)/K and S, | := G (K)\G'(Ax)/K'.

Moreover, we let
Sp—1:= G (KO\G"(A)/U(n —1).

Observe that K = Un)C* = U )R, and similarly K'=Un—1)C* =Um — 1Ry,
where R denotes the topological connected component of the identity of the split
component of the center of G(C) and G’(C). In this way, the group U(n —1) in the
definition of S,_; is K’ without the contribution of the center. Consider the map
t: G' = G, realizing an element g’ € G" as block diagonal matrix diag(g’,1) € G. If K
is an open compact subgroup of G(Ay), K/f ;= "1(K ) is open compact in G'(A ), and
we define

Su(Kf) = GIN\G(A)/KKy and  S,—1(K}) == G'O\G'(A)/K'K;

and S,_ (K}) =G (K)\G'(Ax)/U(n— I)K}. Our finite-dimensional modules E,, and Ej

naturally define sheaves &£, on S, and &, on S,_1, respectively, and we let

HI(Sy, &) and HY(Sp—1,&)
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be the corresponding cohomology spaces. They carry a G(A y)-module (respectively, a
G'(A y)-module) structure. With respect to this module structure, there are isomorphisms

HY(S,, &) = HY(g, K, A7(G)® E,)

and
HY(S,—1,&E) 2 HI(, K, A7 (G) Q Ey).

This needs some explanation. First, the space A 7(G) (respectively, A7 (G’)) denotes the
space of all automorphic forms of G(Ax) (respectively, G'(Ax)) which are annihilated by
some power of J (respectively, J'). Here, J (respectively, [J') is the ideal of the center
of the universal enveloping algebra U (gc) (respectively, U(g)), which is annihilated by
the contragredient representation of E,, (respectively, E;, ). Now, since U (n)C* = U (n)R
and U(n — 1)C* = U(n — DRy, the assertion follows from Franke, [9, Theorem 18].
From this, we obtain decompositions
HY(Sy, ) = Hysp (Sns E0) © Hé’is(Sn, Ew)

cusp

and
Hq(Sn—l ’ g)») ; ngsp(sn—l ’ g)») @ Hqus(Sn—la g)\)

as follows: the space A7(G) may be decomposed along the associate classes {P} of
parabolic KC-subgroups P = LN of G and the cuspidal supports ¢p, i.e., associate
classes of irreducible cuspidal automorphic representations t = Fe!dHPO) of [(Ax),

with T a unitary cuspidal automorphic representation and A : ank(P) — C* a Lie group

character of the split component ank(P) of L(C). Indeed, if Az (p}(G) denotes the

space of all automorphic forms in 4 7(G), which are negligible along every parabolic
subgroup Q ¢ {P}, and, moreover, if A7 (p} o, (G) denotes the subspace of Az (p)(G),
which is generated as a G(A)-module by all possible holomorphic values or residues of
all Eisenstein series attached to 7, evaluated at the point dA, together with all their
derivatives, then

A7(G) = @AJ,{P}(G) = @ Ag.(P1op(G).
(P} {PLop

For a detailed description of this decomposition, we refer the reader to the original paper,
by Franke and Schwermer [10, 1.1-1.4]. If we set

Hiyop(Sn. €)== H(g. K. A7,16y(G) ® E}\)

HE (S0, €)= @ HUG. K, Az(p)(G)QE,),
{P}#{G}

we obtain the above decomposition of cohomology for G. We remark that, because
A7 (6y(G) consists precisely of all cuspidal automorphic forms in A4 7(G), ngsp (Sn, Eu) is
called the cuspidal cohomology of G (with respect to E,,), and since Ay (p}(G) is defined
by means of Fisenstein series, supported in {P}, Hgis(Sn,Eﬂ) is called the Eisenstein
cohomology of G (with respect to E, ). Clearly, putting a prime everywhere gives the
analogous result for the cohomology of G'.

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

Whittaker periods, motivic periods, and special values of tensor product L-functions 727

Let HI(S,, &) (respectively, HI(S,_1, £))) be the cohomology with compact support.
As cusp forms are rapidly decreasing, one has ngsp(Sn, &) € HI(S,, ). Put by =
Lz_l). Then by is the smallest degree in which a cohomological generic automorphic
representation of GLy (A ) has non-zero cohomology. Note that this degree is independent
of the given representation, as well as of the finite-dimensional coefficient module.

Furthermore,
H" (g, K, W(To) ® E,) = C

and also

Hb1 (g, K', W) ® E;) = C.

3.2. A diagram

Similar to the ideas in Mahnkopf [34], Raghuram [38, 39], and Grobner and
Raghuram [16], we are going to consider the following diagram:

HY" (S, £4) x Hov=1(S,_1, &) ———2 s HP" (8,1, £,) x HP-1(5,_1, &)

A
.5y (S €0 % HL (801, €1) B S, 1 6 @8
w=wiP xwEs T
Hb (g, K, TIQ E,)) x H-1 (g, K', TI' ® E;) H 1S, ©)
09=0;"" xOfs /
W(I1y) x W(IT)) Dia C

We are going to define the various maps, which appear in this diagram, in the next
sections. Observe that Dia denotes the composition of all these maps.

3.3. The map 0Oy
This section is in analogy with Mahnkopf [34], Raghuram and Shahidi, [40],
Raghuram [38, 39] and Grobner and Raghuram [16].

As a first step, we choose and fix generators of the one-dimensional spaces
Hb (g, K, W(Ils) ® E,) and H-1(g/, K', W(Il,) ® E;). They are of the form

dimE,,

Mooli= > Y X/ ®fn.ie®ea

i=(>1,..000p,) a=1

and
dim E),

Mel= > ) X{®n js®¢.

where the following data has been fixed.
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(1) An ordered basis {X;} of g/€, which fixes the dual-basis {X;f} for (g/®)*. By our
concrete choice of K, £ is defined over QQ, whence we may assume that {X;} is a
Q-basis. For i = (i1,....ip,), let X} =X} A---AX] € A (g/e)*.

(2) Elements ey, ..., eqimE, , which form a Q(E))-basis of E,,.

(3) To each i and «, &, i.0 € W(Ilwo).

In addition, we have the following.

(1) An ordered basis {X;-} of g'/¥, which fixes the dual-basis {X}*} for (g//¥)*. Similar
to the case above, by our concrete choice of K', ¥’ is defined over Q, whence we may
assume that {X;} is a Q-basis. For j = (ji, ..., jb,_;), let X}* = X;‘; AAXTE €

b
/\bnq (g//E/)*. ]
(2) Elements e}, ..., e} £, » Which form a Q(E;)-basis of Ej.

(3) To each j and B, én,j,p € W(IIL).

We may assume that the bases are compatible, in the sense that {X;} extends {X;.}
(along the embedding g'/¥ < g/t defined by ¢) and that the non-compact part of the
center of g is spanned by X,, r = dimg S',,_l. The choice of the generators [[Teo] and [T1,]
fixes generators [ 1] and [ T1,,] of the one-dimensional spaces Hb (g, K', W(°Tls) ®
°E,) and Hb1 (g, K', W(°1,,) ® °E;) for all o € Aut(C) as well as isomorphisms @°!SP

and OFis.
W(Ily) — W(Ilp)® H (g, K, W(Ils) ® E,,)
= HP(g, K, W) Q E,)
= HP(g, K, I® E,),
and

W(ITy) > W) @ H (g, K', W(IT,) ® E3)
— H" (g K, W) ® E3)
— H'" (g, K', ' ® Ey),
where the last map in the respective diagram denotes the inverse of the corresponding
Fourier coefficient. Next, recall from Proposition 2.5 that the G(Af)-module
Hb (g, K, TI® E,) is defined over Q(ITy) and that the G'(A y)-module Hbn1(g/, K", TI' ®

E,) is defined over Q(IT’;). Both structures are unique up to multiplication by non-zero
complex numbers. This leads us to the following.

Proposition 3.1 (The Whittaker periods). There are non-zero complex numbers p(IT) =
p(I g, [Mso]) and p(IT') = p(I1',, [T, 1), such that the normalized maps

Oy = p() ™" @P and OF° = p(1)~" - OFF (3.2)
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are Aut(C)-equivariant, i.e.,

o CUSP
G

W(Ily) H’ (g, K, TIQ E,)

| |

W(ETly) 0 H" (g, K,°TI®E,,)
and
@(I)Eis
W) H' (¢ K T ® E3)
l @(Eis L
wEn,) HP=1(g/, K',°TI' ® °E;)

commute. The complex number p(IT) (respectively, p(IT')) is well defined only up to
multiplication by non-zero elements of the number field Q(I1f) (respectively, Q(H’f)).

Proof. For II, this is shown in [40, Definition/Proposition 3.3]. In order to obtain
the result for IT', we observe that the proof of [40, Definition/Proposition 3.3]
(respectively, [16, Definition/Proposition 4.2.1]) goes over word for word, keeping in
mind our Proposition 2.7 and Jacquet, Piatetski-Shapiro, and Shalika’s Theorem (5.1.(i))
in [27]. 0
Finally, we set
B9 := 05" x OF*.

3.4. The map ¥ = \III‘EIUSp X \IJE',S

It is well known and follows from our résumé in § 3.1 together with Multiplicity One that
H" (g, K, I®E,) = H” (9, K, A7 (G).on ® En)

where ¢r7 is a singleton, represented by the cuspidal automorphic representation IT.
Hence, there is a natural embedding
WP HP (g, K. TI® E) — HYuo (Sn. E4).
It is the purpose of this section to construct an embedding
i by
WES : HP (g K TV @ Ey) > Hyl ' (Samt. £,
as well. This is more delicate. First, as a short remark, let us point out that — in contrast
to the case of cuspidal cohomology — this is also a question of degrees of cohomology.
For a non-trivial G'(A y)-morphism Hb1(g/,K', TI' ® E;) — HEbi"s’l(S,,,l, &) to exist, it
is necessary that
gmax = min _ (3dimg Np/(C)) < by
=a max.
parabolic/KC

This follows from Grobner [13, Theorem 18], since IT' is not square integrable.
Since, for any maximal parabolic subgroup P’ of G’, the unipotent radical Np/ is of
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dimension dim¢c Np/(C) = m - my, for some non-trivial partition m +my = n — 1, we have
without loss of generality that m| < % and my < n — 2. Hence,
I (n—1n-2)
dmax < 5 dimg Np/(C) =m; -m3 < f =by_1,
and therefore the above condition is always satisfied. We now construct such a non-trivial

map and show that is an injection.
k1+c— k1—c

Since bp—; is the minimal degree, in which TIT, Indg ((((C:))[Z 74 K &
z];": ]'+C_;f’;"_c] has non-vanishing (g’, K’)-cohomology with respect to Ej, there is an

isomorphism of one-dimensional C-vector-spaces:
! = n = kn
HY=\(g, K Indg, (@15 @ 027 7 T T @ B

~ G'(©C)_k -—k kp—1+ -—k,, ek

= HP g, K Ind QA @ @2 T T T 0 86 01@ B,
where S(ﬁg,/ ¢) is the symmetric algebra of the orthogonal complement aCB;'/(C of
dgr.c = X*(G)Q®zC in dap c = X*(T') ®zC. Hence, if we write ¥ := BC(x1)y ®---®
BC(Xn-1)y, then

HP (¢, K/, T @ E;) = H (¢, K/, Indg,’gﬁg[f ® S(EG, )] ® Ex).
The algebra ag,c operates trivially on 7. Hence, one may check that (B’, 7, 0, 0) is one of
the quadruples, constructed in Grobner [13, 3.3]. Let ¢p' be the associate class of unitary
cuspidal automorphic representations of T'/(Ax), represented by 7, so the summand
A7, (B).0y (G') of the space of automorphic forms A7/(G’), cf. § 3.1, is well defined.
Interpreting the elements of the symmetric algebra as differential operators %, we
obtain an intertwining operator

. G'(A ~ vG'
Bisn 5 ()17 © SGE. 01 = A7 (51,9 (G
m m

0 0
f®8A_’” > BA_’"(E(f A))|a=o,

where E(f, A) is the Eisenstein series attached to a K'-finite section f € Indg,éﬁ’cg[ ] at

A e ag,/ c- Observe that this intertwining operator is well defined, since all Eisenstein
series are holomorphic at A = 0.

Proposition 3.3. The G'(A r)-homomorphism
Wy HY (g K, Ind S 9817 © S@G 1@ Ey) — H (g, K, A (GY®Ey)
- g, 8, 1Indg 5,0 B',.C A 9, K5 AT (B} 0p A
induced from Eispy is an injection.

Proof. As all Eisenstein series E(f, A) attached to a K'-finite section f € Indg,,((ﬁg [T] are

holomorphic at A = 0, Wy is injective by Schwermer [43, Satz 4.11] or Li and Schwermer
[32, Theorem 3.3]. O
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As a consequence of our discussion in § 3.1, we obtain an injection of G'(A r)-modules
WES : HY1 (g K TV @ Ey) = HY (¢ K Ty ® E3) @ Ty > HE' ' (St 1),

With respect to the Q(E))-rational structure on relative Lie algebra cohomology defined
in 2.7, this defines a Q(l’[’f)—rational injection

G'(Ap) ~ by
= Indy D 1Ef) = Hp Suct, &),
where, for any field L 2 (@(I'I’f)7 the L-rational vectors on the left-hand side are just the

1
L-valued functions on G’(A 7) that transform on the left under the character §2, ,-7¢.
f B.f b

3.5. The map ¢ x ¢

Recall the map ¢: G’ < G, realizing an element g’ € G’ as block diagonal matrix
diag(g’, 1) € G.

Lemma 3.4. The map ¢ : S‘n_l(K}) — S, (Ky) is proper.

Proof. For the general linear group over Q, this is stated in Mahnkopf [34, p. 615],
however, without proof. For sake of completeness, we sketch an argument here. Let

Sn—1.n(Ky) := M(F)\M(A)/(KNM(C))(Ky N M(Ay)),

where M = GL,_1 x GL{, viewed as block diagonal matrices. The map ¢ factors as
o J
Sn—1(Kp) —= Sp—1a(K ) = Su(K[) .

Clearly, j is proper. Hence, it suffices to show that u is proper. This follows from
[1, Lemma 2.7]. O

As a consequence, we obtain a map in cohomology with compact support:
9 HE(S, (K p), €4) — HESp1(K ), E0).
Similarly, the projection p : S',,_l(K}) —» S,,_l(K}) induces a map
Pl HY(Si—1(K ). &) = HIU(Su-1(K}). &)

In our diagram, we let ¢ x p be the direct limit (over all open compact subgroups K, of
G(Af)) of the maps Lbn X pbn—l )

3.6. Critical points

Recall the definition of a point s = %—i—m, m € Z being critical for L(s, TT x TT") from
Deligne, [8, Prop.-Déf. 2.3]. We let

Crit(Mx M) cl+z

be the set of critical points of L(s, IT x IT").
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Lemma 3.5. If s—lzl:m m>=>0, is a critical point of L(s,TIxTII'), then
Hompy:(c)(ER™,, m®E“”t C) #0 and Hompc)(Ep" ®EYM, C) £0. The set of

Vom— m AV

critical points is Aut(C)-invariant, i.e., Crit(IT x IT’ ) =Crit(°IT x °IT").

Proof. A proof of these facts will be given in § 4 in the motivic context. See in particular
the proof of Lemma 4.7. O

3.7. The map T*

Let s = % +m € Crit(TT x IT"), m > 0. Hence, by Lemma 3.5, we obtain a non-trivial map
Tm e Homg/(c)(Eji—m ® Ej, C),

which we will fix in a compatible way (i.e., 7 for [I® IT' shall be identical to 7
for (IT|| - ™) ® IT"). Again by Lemma 3.5, it factors as 7" = 7, ®T(m), and if o €
Aut((C), then we define ° (7)) in the obvious way, i.e., (T") = (m) ®T("f) Finally,
if s = 5 € Crit(IT x I1), we let 7 = T© and obtain a morphism in cohomology

bn+b,_1

T P ($, 1, £, ®E) — HIT NS, L ©),

as in our diagram.

3.8. Poincaré duality

It remains to define the last map, denoted ‘[ in our diagram. Therefore, observe that
by + b, = dimp Sn—1~

Whence, we may use Poincaré duality, in order to obtain a surjective map f :
Hf"er”*'(Sn,], C) — C. To that end, we fix a Q-valued Haar measure dgy on G'(Ay)
as follows. For a non-archimedean place w € S(K)s, we let dg,, be the unique Haar
measure on G'(K,), which gives G'(O,,) volume 1, and let dgs be the product of these
local measures. With this choice of a measure, for any open compact subgroup K} of
G'(A £), the volume Vol(K ") is a rational number. The set of connected components of the
corresponding orbifold S,_ 1(K ") is parameterized by the finite set X := A% / Kx det(K ).
We assume that we have ﬁxed orientations on the various connected components

Sp— 1(K J)x, X € X, given by the orientation on G'(C)/U (n — 1), which is defined by the
ordered basis {X1, ..., X,} of its tangent space at the identity; cf. § 3.3. Hence, the de
Rham isomorphism, which is given by integrating over S,_1(K }) ¥, gives rise to a surjective

/;,1 1(K - Z/,, 1(K

f) xeX

map on §,—1(K}),

f))v
Let | 5, stand for the direct limit (over all open compact subgroups K } of G'(Ay))
of the normalized maps vol(K })~ Ik Su1 (K} and observe that the trivial character 1 of

G'(Ax) defines a non-trivial cohomology class in H%(S,_;, C). Using this class, the
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Poincaré—Duality pairing of ch”+b”_1(§,,_1, C) and H%(S,_1,C) finally gives rise to a
surjection

b}l +b

H" (8,1, C) —> C

0 — f(e) = finl 0. (3.6)

3.9. A non-archimedean, particular vector

We will now choose a special vector in the product of Whittaker models W (IT ¢) x W(H’f),
which has the property that it transforms nicely, when plugged into our diagram. This
vector will be fixed as in Raghuram [39, 3.1.4], which is itself inspired by Mahnkopf
[34, 2.1.1].

First, we remark that, for w € S(K) r, IT/, is tempered. Hence, Jacquet and Shalika’s [29]
Proposition (3.2) still holds for IT),. Therefore, any non-zero Whittaker functional &/, €
W(IT),) is non-vanishing on T'(K,)" = {t € T/(ICw)|t,~tl.jrl1 € Oy, ty—1.n—1 = 1}. We let
K (my,) (respectively, K'(m/,)) be the mirahoric subgroup of G(K,) (respectively, G'(Ky))
of level my, (respectively, m/,). This is the subgroup of G(O,) (respectively, G'(Oy))
consisting of those matrices whose last row is congruent to (0,...,0,*) modulo
©w”, where g, is the unique maximal ideal in O,. Suppose from now on that
my, (respectively, m/,) is the conductor of IT,, (respectively, IT)). Then, by Jacquet,
Piatetski-Shapiro, and Shalika’s Theorem (5.1) [27], the space of Whittaker vectors
transforming by the central character wp, of I, (respectively, wr, of IT},) under the
action of the mirahoric subgroup is one dimensional, and its elements are usually called
new vectors.

Now, for IT;,, fix an element ¢y, € T’ (Kw)™ on which the non-trivial new vectors of IT/,
do not vanish. Observe that we may choose the same element for all o-twists, i.e., such
that 1y =tomy . If w ¢ S(IT"), then we may take try, := id. Depending on these choices,
for all w € S(K) 7, we let

&én, := the unique new vector such that &p; (7)) = 1.

This pins down a special Whittaker vector én’f = ®;Jes(,0f§% € W(H/f).

Our choice for IT,, will depend on the data fixed for l'[iv First, we fix an element
1, € T(Ky)' analogously as for G'(Ky). Now, for w ¢ S := S(IT") U S(¥), we let &,
be the unique new vector of IT,,, which satisfies &, (¢r1,) = 1. It is a certain non-zero
multiple cp, of the essential vector, cf. [27, Théoreme (4.1)]. If w € Sy, we take &,
to be the unique Whittaker vector, whose restriction to ((G'(K,)) is supported on
N'(Ky)tm, K'(m;,)) and there equal to v, la)l?[;”. This gives a special Whittaker vector

Sl‘[f = ®:1)€S(K:)f$]'[w € W(Hf)

Lemma 3.7. Let &n, and Sl—[/f be the above Whittaker vectors. For a non-archimedean
place w of IC, the integral

-1
(s, ém,, m,) = / §m, (1(8))Emy, (®)ldet(®)llw >dgw
N/ (Ku)\G'(K)
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converges for Re(s) = 1 —m and has a meromorphic continuation to all of C. It equals
e, - L(s, Ty x 1)) ifwé¢sS
(s, &m,. §my,) = 1
Idet(tr Mlw 2 - vol(K'(m},)) if w € S.

For all o € Aut(C), “(én;,) = oy, for all non-archimedean places w of K, whereas

) = {sanw fwés

(,()onqu(tg)-ganw wa cS.
Proof. Any one of the above assertions is either well known or follows from a direct
calculation using the definition of the local Whittaker vectors. O

3.10. An archimedean non-vanishing result
Suppose from now on that dg is the unique Haar measure on G'(C), which gives U(n — 1)

volume 1. Recall our choices of cohomology classes [I1s] and [I1,,] from § 3.3. Since
€My.i0 15 K-finite and &myr ; g is K’-finite, the integral

1

sk

W (s, EMng.ives €115, p) = / ENe.i o (L(@)EM .5 (&) 1det(@)lloo > dgoo
- N'(C)\G'(C) -

converges for Re(s) > 0. By [7, Theorem 1.2.(i)], W (s, én..i.a> £, j.p) is holomorphic at
all critical values of L(s, IT x IT"). Assume that % € Crit(IT x IT). In this case, we define

(3, Moo, Thy) i= D Y " s(i j) - T (e ®e€f) - W (3, &t s E1 .-
B i.j

where s(i, j) is given by «(X[) A p(X) = s, j) - X A--- AXF, r = dimg S,_1. By what

"
we said above, c(%, Moo, IT,) is well defined, i.e., finite.

Now, drop the assumption that % € Crit(IT x IT"), and let s = %—i—m € Crit(TT x IT") be
an arbitrary critical point of L(s, IT x IT’) with m > 0. Then, % € Crit((TT]| - |"™) x IT"), and
we define

c(3 +m, Moo, T) = c(3, Mool - 12, TILo).
By our compatible choice of T, this is well defined. The following theorem recently
proved by Binyong Sun [44, Theorem A] is of the highest importance for the present

paper.

Theorem 3.8. For all s = %—i—m € Crit(TT x IT") with m > 0, c(% +m, [y, IT) #0.
Proof. Since Sun’s theorem concerns properties of a non-trivial pairing Homgc)(Iloo ®
[T, C), and makes no reference to zeta integrals, Whittaker functions, or coefficient
systems, we explain how to translate his theorem into our non-vanishing statement. We
return to the notation of 3.3. Write p = g/ and p’ = g’/¢. The expressions there for the
generators [[Ix] € H (g, K, W(Ilso) ® E,,) and [[1,] € Ho-1 (g, K', W(I1,,) ® Ey) are
based on the following identifications:

H, := H% (g, K, W) ® E,) = Homg (AP p @ EX, W(I1o)),
Hy_y i= H" (g, K', W(IT,) ® E3) = Homg: (A"1p ® E, W(IT4)).
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Letting hy,, h,—1 denote generators of the one-dimensional spaces H, and H,_p,
respectively, it is known that p = Im(h,) (respectively, o’ = Im(h,—_1)) is an irreducible
K-type in W(Ils) (respectively, K'-type in W(IT,,)). Sun’s theorem states that, if
u is a generator of the one-dimensional space Homg/ c)(W (Ilso) ® W(IT,,), C), where
W(ls) ® W(IT,,) denotes the corresponding Casselman—Wallach (Frechet) completion,
then u|,g, 7# 0. This implies in particular that the Rankin-Selberg integral

Uy (E®E) = W(s+m, £,8) = [/
N'(O\G'(©)

1
E(1()E () ldet(9) ]l o ngoo}

S:%—&-m

defines a non-zero linear form on p ® p’. Here, we are using the fact, due to Jacquet,
Shalika, and Piatetski-Shapiro, that the Rankin—Selberg integral is not identically zero.

Now, if we let {e}} and {eg*} denote the dual bases to the bases {e,} and {el’g} of E,
and E, introduced in 3.3, we find that (in the obvious notation)

EMyio =hn(Xi®e€)) € p fnL,.j.p = hn—l(Xi®e;§*) ep

are the matrix coefficients of h, and h,_; in the chosen bases. Then the non-vanishing
of c(% +m, Mo, [T) comes down to the non-vanishing of ¥, on pQ p’. O

Observe that Theorem 3.8 implies that c(% +m, o, I ) # 0, for all o € Aut(C).

We denote by p(m, “Iu, °I1,,) the inverse of c(% +m, “ o, “IT). In the special case
when m = 0, we will abbreviate p(? I, “I1,) := p(0, ? s, “TIL).

3.11. A theorem on Whittaker periods
Let us recall the Gauflsum of a Hecke character w : QX\A(B — C*. Let ¢ stand for the
conductor ideal of wy. We take y = (yp)pes; € A; such that ord,(y,) = —ord,(c). Then,

the Gaul sum of wy is defined as G(wys, ¥y, y) =[] G(wp, ¥p, yp), where the local

PESY
GauBl sum G(wp, ¥p, yp) is defined as

g(wm I//pa Yp) = /ZX wp(“p)_le()’pup)d“p

P

If all inputs are unramified at p, then G(wp, ¥, yp) = 1, so the above product is finite.
Suppressing the dependence on v and y, we denote G(wyr, ¥ 7, y) simply by G(wy).

If w:K*\Ag — C* is a Hecke character of K, let @y denote its restriction to the
ideles of Q. We are now ready to state and prove the main result of this section, which
is analogous to the main result in [39].

Theorem 3.9. Let I1 = BC ()| - |™ be a cuspidal automorphic representation of G(Ax),

m € Z, and let TI" = BC(t') be an abelian automorphic representation of G'(Ax) obtained
by base change from unitary groups as in §§ 2.4 and 2.5. In particular, I1 is cohomological
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with respect to E,,, and I1" is cohomological with respect to E;. We assume that the highest
weights u and A satisfy Hypothesis 2.3. In view of the archimedean non-vanishing result,
cf. Theorem 3.8, the following hold.

(1) For all critical values % +m € Crit(TT x IT") with m > 0 and every o € Aut(C),

L(z+m, Ty x 1)) L(z+m, T x )
pIH ) p(m, Moo, Mi)G(@ry, ) ~ pCIMpEI)pm, ° Meo, )G (@, )
(2) 1 ’ l /

where ~Qa Q) Means up to multiplication by an element in the composition of
number fields Q(Hf)@(l'[’f).

Remark 3.10. In fact, the central character of T’ is the twisted base change of the central
character of 7/, and therefore its restriction to the ideéles of Q is trivial! The term G(ws I, O)

is nevertheless retained in the statement of the above theorem because it applies, with
minor modifications, to cohomological automorphic representations not obtained by base
change, in which case the presence of the Gaufl sum, as in [39], is indispensable.

Proof. Since (1) implies (2) by Strong Multiplicity One for isobaric automorphic
representations, we only prove (1). We will proceed in two steps.
Step 1: Assume % 1s critical.

For any i, j, @ and B, denote

P i= W_l(él'loo,z,a ®&n,) €I and o j.p = W_l(gnéol»ff ®§H,f) elIl,

i.e., the inverse image of our particular Whittaker vectors. It follows directly from the
definition of the various maps in our diagram that, if we chase &, x fn’f through the

diagram, we obtain

Dia(gn, x &m,) = ) ) p(M) ™ p() ™" s j) - Tlea ® )

af ij

/ Y.i.alc Ak - @, j,p48,
G'(K\G'(Ax) -

where dg = dgoo -dgy (cf. §§ 3.8 and 3.10). We are left to compute the latter integral.
Since ¢, ¢ is cuspidal, it is well known that

1
/ @r,ie (@) - o, j p(g)lldet(®) ' 2dg
G'(K\G'(Ak) =

converges for all s € C and equals

1
/ Envio ®En) (@) Gy, j.p ®&m,) (@)l det(e) | 2dg
N'(A\G' (k) j _
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for Re(s) > 0. For such s, this is furthermore equal to
1
.
W (s, i Emy.jop) - LG T ) [ T e, ] Ndettrmy)lhw 2 vol(K' (mi,))
wgS weSy
with § = S(IT") U S(¢) by Lemma 3.7. By analytic continuation, we obtain

L(%’ Hf X H/f) HwéS C1l, HweSf VOI(K/(m:U))

Di ) — .
iaEm, x ";:I'If) pID) p(IT") p(T o, TI7,,) [Twes L(%, Ty x IT7,)

’

SO

L(3,Tf x 1)) ) [Tugs o m) [Tyes, vol(K'om,)

Di 1)) =
o (DiaEny x5 =0 (p(n)p(n’)pmoo, M50)) " Tlaes, 0L Ty xTT,.)

Here we note that, by our choice of a measure, cf. § 3.8, [—[wesf vol(K'(m),)) is a
rational number. Next, observe that a(L(%, I, x IT,)) = L(%, °Iy, x °I1,,), which is
proved in Raghuram [39, Proposition 3.17]. Moreover, since the results of Jacquet,
Piatetski-Shapiro, and Shalika in [27, 28] as well as Clozel [5, Lemme 4.6] are valid
for I, w ¢ S(¥), the proof of Mahnkopf [35, Proposition 2.3.(c)] may be carried over
to the situation considered here. In other words, o(cr,) = coqy,, for all w ¢ S, cf. [34,
p. 621] or [39, Proposition 3.21]. Finally, we obtain

L(3, Ty x IT}) [Tugs com, [yes, voI(K'(m,))
PP p(Moo, M) | [Tes, LG Oy x9TT,)

o (Dia(én, x én;)) =0 (

On the other hand, as all maps in the definition of our diagram are o-equivariant, we see
that o (Dia(§m, x Snrf)) = Dia(%n, x "én/f). Therefore, Lemma 3.7 implies that

o (Diatn, x &) = | [ @, (o) | -DiaGon, x ).
weSsy

As wopy is unramified outside § (°IT"), and since f, € 6*, we get wory (tp) =1
for w ¢ S(°IT"). Hence, observing that S(IT") = S(°II'), the finite product equals
]_[wesf wory, (t) = wory, (t;). We claim that there is the identity
(g (w“}.o))

g(wan’m)

Wo 1'[’/. (ts) =

Indeed, at a place p € Sy,

G(woy, ) = /Z Lo, (up) T (ypup)duy

P

= / o (@, wp) ™ o WpGpupty Nduy,
VA P,

P
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0((01'[’”0(1‘0))_1 /x o (wn/pvo(up)_ll/fp(w“p)) dup

)4

won/lxo(fo)_l o </ZX “’H’pvo(up)_l‘/fp(yp”p)dup)
= oo (1)~ 0 (G0 ),

where the second last equation follows from the fact that — by the very choice of ¥ — the
above integral is the finite sum over the classes modulo the conductor ideal of o, (on
which the integrand is constant). Therefore,

L(3, Ty x IT)) [Tugs com, [yes, voI(K'0m),))
g .
p(ID) p(I1") p(Mec, TT,) [Tues, L(, 7Ty x 7TI;,)
oG, )

= Q(Tw 'Dia(édnf X %‘an/f).

Recalling that S(IT") = S(°IT') and that m/, is the same for IT/, and “IT/,, we obtain, by
what we have seen above, that

L(3, 7Ty x 7)) [Tugs com, [ues, VOI(K ()
PPN P Mo, *To)  [Tyes, L(3. 7Ty x OTL,)

Dia(§-n; x &) =

Comparing the last two equations shows (1) if % is critical.
Step 2: The general case.

We drop the assumption that % is critical now. Let s = %—i—m be an arbitrary critical
value of L(s, IT x IT"), m > 0. Then % is critical for L(s, (TT|| - |™) x IT"), and we are in the
situation considered above. Hence, by what we have just observed,

( L(z, (I - ™) x TTp) )
P p (M) p(Moo |l - 12, M) Gy, )
L(3, (M- ™) x O 1))
pC @I 1) pC T pE (Magll - 14). “ )G (@rry, )
L(%+m,"l'lf x"l‘[/f)
pC T - [")p ) p(m. Moo, T )G (@rry, )

By [40, Theorem 4.1], the period for Iy satisfies the relation
o (P(HII : II'")) _ pCHI-I™)
p(ID) pCIh 7

where we used that G(|| - ||’J'Z) = 1. This proves the theorem. O
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Remark 3.11. At no time in the proof did we use the assumption that IT" is of abelian
type, other than to avoid introducing additional notation. It is therefore clear that our
result also holds for cuspidal automorphic representations IT" of G'(Ax); in other words,
the proof of Theorem 3.9 also yields Theorem 1.3. As mentioned in the introduction, in
this case, i.e., if TI" is cuspidal, it has recently also been proved by Raghuram in [38,
Theorem 1.1] — even over any number field. Moreover, it is clear that we did not need
that IT and IT" are constructed via base change in order to prove Theorem 3.9. However,
for later use, and to simplify the determination of the set of critical points, we already
assumed this to be the case.

Remark 3.12. Let us finally also remark that we did not need to fix some open compact
subgroup Ky C G(Ay) within the entire process of showing Theorem 3.9.

4. Motives — an interlude

This section reviews and extends the results of [20, 23] that are needed to prove the main
results of this paper. The crucial definitions and calculations are scattered in different
parts of the two papers in question, allowing space for several confusing sign changes, and
their conventions are moreover not quite compatible. We hope that the present section
will provide a more convenient reference. Moreover, the results of the earlier papers were
proved under unnecessarily restrictive hypotheses; here we have striven for maximum
generality, always assuming that the base field is an imaginary quadratic field.

The main purpose of this section is to compare the results on special values proved
by automorphic methods to Deligne’s conjecture, stated in the setting of motives for
absolute Hodge cycles. This setting is partially hypothetical. It is not known, for example,
that two geometric realizations in the cohomology of Shimura varieties of the Galois
representations attached to a (motivic) algebraic Hecke character are isomorphic as
motives, and in particular that they define the same periods. We are therefore led to
introduce automorphic analogues of the invariants that arise in the (motivic) calculation
of Deligne’s periods over imaginary quadratic fields. See also [48] for calculations of
Deligne periods of motives over Q.

From now on we let m = 0, i.e., the cuspidal automorphic representation IT is simply
the unitary base change from .

4.1. Tensor products of motives

The L-functions of the automorphic representations IT and IT’ of the previous section are
conjecturally attached to motives over M(IT) and M(IT") over K of ranks n and n —1,
respectively, with coefficients in finite, possibly non-trivial extensions

E(IN)/Q(y) and EIT)/Q(IT)).

The passage from IT to M (IT) involves a standard shift, thus

1—n
L(S,M(H)) = L<S+T, H),
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whose center of symmetry is at s = 7 rather than at s = % One can in any case attach

Hodge structures and compatible families of £-adic representations to IT and IT, pure
of weight n — 1 and n — 2, respectively, so the tensor product M(IT) @ M (IT’) is pure of
weight 2n — 3, and the center of symmetry of the functional equation of its L-function is
at the point s =n —1.

More generally, we can take I1" to be an automorphic representation of GL,/(Ax). We
will be particularly interested in the cases n’ = n —1 and n’ = 1, but the methods of the
present paper allow us to say quite a lot about the general case. In particular, the center
of symmetry of the functional equation is the point ”Jﬂg_l, which is not necessarily an
integer; however, we will also be interested in critical values to the right of the center of
symmetry. The fact that IT and IT" arise by base change from unitary groups is reflected
in the polarization property

MDD S M)V —n) and M) S M)V (1 —n)). (4.1)

A formalism relating the various realizations of motives satisfying (4.1) and defining their
period invariants is developed in [23, § 1.1], and the Deligne periods of the associated
adjoint and tensor product motives are computed in [23, §§ 1.3-1.4].

Recall that the formula of Theorem 3.9 is valid provided the initial representations
7 and 7’ of the definite unitary groups H and H’ are cohomological with respect to
finite-dimensional representations satisfying the equivalent conditions of Lemma 2.1.
Exactly the same conditions appear in [23, (2.3.1)] where they are used to evaluate the
Deligne period of M(IT) @ M(IT) — here n’ = n — 1 — when the Ichino-Tkeda conjecture
computes the central value L(%, Iy x I'I’f) in terms of periods of integrals of automorphic
forms on H x H’. This is the same central value that appears on the left-hand side of the
formulas in 3.9. We exploit this identification in subsequent sections. Here we complete
[23] by determining the set of all critical values and their corresponding Deligne periods,
when the inequalities of Lemma 2.1 are satisfied.

Write M = M(T1), M’ = M(IT"). As in [23], the Hodge types for M (respectively M’)
are denoted

(pi»qi) = (pi,n—1—p;) and (pf.q7) = (p;,n—1—pf) = (@n+1-i, Pny1—i) (4.2)

(respectively (rj,n’—1—r;) and (rj.',n/—l—rj?)). Bearing in mind that the
cohomological parameters of IT and IT' are respectively given by the tuples u and A
as in 2.2 (and not by g;’s and b;’s as in [23]), we have

pi=n—i+tu, ri=n"—j+i;. (4.3)
For any integer m, the Hodge types for the Tate twist M (m) are

(pi—m,n—1—p; —m) and

4.4
(pj —m,n—1—=pi—m)=n—1~=ppi1—i —m, ppt1-i —m), (44)

where the equality on the right is a consequence of (4.1). We extend the definition of [23]
by letting T (M (m), M") be the set of pairs (¢, u) of indices, 1 <t < n, 1 <u <n’, such
that pf —m+rS > wT'H, and write T(M, M") = T(M(0), M’). Using (4.4), we transform

u
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the left hand side of this equation to

, n+n —1-2m
n—1—pppi—r+n —1—rypi_y—m>= —
n+n' =3
T = Pn+1—t +rn’+1—u
and this is true if and only if
n+n +1
s Zt+u+ nti—t +Ap'ti1-u- (4.5)

4.2. Critical values when n’ =n—1

For the moment we let n’ = n — 1. The tensor product motive we consider is R(M @ M) =
Ric/o(M ® M), of weight w = 2n — 3. Now in view of 2.1, we make the following

Remark 4.6. When n’ =n —1, T(M, M') consists exactly of the set of pairs {(¢, u) | t +
u < n}, of cardinality @

To calculate the Gamma factor, we follow Serre’s recipe (see [8, §§ 5.2-5.3]) and find
[[Tcts = pa—rp) x [ [Tets = pf =7
a,b t,u
w—1

where the product is taken over pairs such that p, +r, < 5= =n—-2 and p; +r; <
n — 2. For the first set we have

2n—1—a—-b+us+rxp<n—-2n+14+u,+rp <a-+bh.

By the branching rules this holds if and only if a+5b > n+ 1. For the second set the
polarization gives us

ptc+r; = 2n =3~ (put1—t +rn—u) SN =2
& n—1< puy1—+rn—u
Sn—1<t+u—24ppy1—t +An—u
which is true if and only if n+1 < ¢ +u.
There is therefore a pole at the integer m unless m > 14 sup(sup, p>,41 Pa+

Ty SUP 4y >nq1 Pf +1y)- The inequalities 2.1 imply that it suffices to consider the pairs
(a,b) and (t,u) witha+b=n+1, t+u = n+ 1. The minimum is thus

Mmin = 1 —i—sup( sup n—24us+xrp, Sup n—2—ppyi—s— kn_u>.
a+b=n+1 t+u=n+1

This gives the lower bound of the critical set, and the functional equation that exchanges
s with w+ 1 — s implies the upper bound is
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Mmax = W+ 1 —Mpin =210 — 2 — Mmpin

= inf(” —1— sup (g +Ant1-a)sn—1+ <1n£ (K +)\n—u)>
n

lgagn SIS
=n—1+ inf<_ sup (g +Ant1-a)s _inf  (u, + Anu)) .
2<a<sn 1<un—1

In the following lemma, w(m) denotes the n-tuple wy —m > uo —m > --- > u, —m, the
highest weight of the representation El‘int ® det™™.

Lemma 4.7. The set of critical points of the L-function L(s, R(M @ M')) is the set
of integers so =n—1xm, where m runs through the non-negative integers such that

HOHlG’(C)((E,Li?,tn) ® E/Liot(m)) ® (EY"®@ EYM), C) # 0. The mazimum value of m is also the

minimum of the distances between successive entries in the sequence of inequalities
K1 Z —Ap—1 Z U2 2 —Ap—2 2 -+ 2 —A1 2 [Un.

Proof. The branching law implies that the existence of G’(C)-equivariant
homomorphisms

EN ®EM"®—>C, EN, QEN—>C
is equivalent to the two series of inequalities
ML—M 2 —Ap—] Z U2 —M 2 —hyp 2+ 2 —A] 2 Uy — M,
U1 =M K Ay—1 K —p2—m KAy < - KA K< — Uy —m,
which is equivalent to the determination of my,x above. The final sentence is clear. [
We now derive an expression for ¢t(R(M ® M’)(m)), following [23, § 1.4], when n’ =
n — 1. Recall the formula in [23, Lemma 1.4.1]:
FRMO®M)Y) = " (RMM"Y)
~ I QD' Qu M) s(M @ M)
(t,u)eT (M, M)
~ J] QurieeD)™ QM) -8 5(M)™" . (4.8)
t+u<n

Here §(M) and §(M’) are the full period determinants studied in [23, § 1.2], specifically
in Lemma 1.2.7, which we recall here. We let E(M) and E(M’) be the respective coefficient
fields of M and M’.

Lemma 4.9. There are elements d(M) € E(M) and d(M') € E(M’) such that

S(M)™" ~ d(M)z i) V2N and  S(M)TN ~ d(M')2 @iy DDl

where Querm = [11—; Q:(M) and Quersrr = [17Z1 Qu(M').

We introduce the new invariants

gM) = d(M7 QY and Q< (M) =[] Q/(M), 1<r<n (4.10)

t<r
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and define ¢(M’) and Q,(M’) analogously. Recall [23, Remark 1.3.6]:
QM) ~ Quir—(M)™', 1=1....n.
Combining this with (4.8)—(4.10), we obtain
F(RMRM')Y)
n(n—1)2 n(n—1)y(n—2) =1

n—1
~ Qmi)” 2 2ri) ) l—[ Qt(MC)n—t l_[ QM(M/C)n—u 'C](M)n_lq(M/)n

=1 u=1

n—1
~ (an)n(n—l)(Zn—3)/2 l_[(Qgr(M) . Qgr(M/)) . q(M)n—lq(M/)n

r=1
n—1 n—2
~ Qi)' =D T (M) - q(M)] [ [1Q<r (M) - q(M")] (4.11)

r=1 r'=1

where we have used the relation Q<,—1(M') ~ g(M")2 (cf. [23, Lemma 1.2.7] and [23,
(1.2.5)]) to obtain the more symmetric expression in the last line. Finally, the polarization
gives us an isomorphism for each integer m:

RMQ@M)(m) = R(M M) (m+3—2n).

We write P<,(M) := Q<,(M)-q(M), and likewise for M". It thus follows from [8], Formula
(5.1.8) that

C+(R(M®M/)(m)) ~ (2ni)n(n—l)(m+3—2n)czl:(R(M®M/)\/)
n—1 n—2
~ @) T T Pe, () [ Pep (M), (4.12)

r=1 r'=1

4.3. Critical values when n' =1

We repeat the above calculation but now assume n’ = 1 and weaken the polarization
hypothesis for M" = M(IT'). We assume that M’ is of weight —« and that there is a
Dirichlet character ag and a non-degenerate pairing as in [20, (1.6.2)]:

R(M')® R(M') — Qag - exc) (k). (4.13)

We assume moreover that there are Hecke characters x and «, as in [20] (especially
§§ 2.9 and 3.5), so that 1" = BC(x) - &, With xeo(2) = 2%, aeo(z) = ¥, s0 that I, (z) =
(z/2)7*-z. The motive R(M’) then has Hodge types (k—k, —k); (—k, k —«). (The
parameter k is needed for parity considerations and will in practice either be 0 or 1.) The
restriction of T’ to the ideles of Q equals ag multiplied by a power of the norm; thus the
notation of 4.13 is consistent with that introduced on [20, p. 92].

The indices b and u only take the value 1; we have ri = k —« and r{ = —k, and the
weight of R(M @ M') is n — 1 — k. By definition T (M (m), M') is the set of pairs (¢, u) =
(t, 1) such that pf —m —k > %
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Remark 4.14. When n’ = 1, T(M(m), M’) consists exactly of the set of pairs (¢, 1) such
that
n—2pf < —2k+«.

Since the p¢ are decreasing, T (M (m), M) is therefore the set of t < s(M’) where

‘s(M/) = s(M', M) == sup{t | n—2p¢ < —2k + &} \ (4.15)

and it is of cardinality s(M’). Let

|r(M') == r(M' M) = n—s(M', M). |

If we assume k = n (mod 2), then, given the relations pf =n—1— py11-; = gny1-i, we
find

2k —k €[n—=2prmy, n —2prun+1 — 21 = [n— 2q§(M,)+1, 2p;'(M,) —nl. (4.16)

The set of critical values is determined in [20], (3.3.8.1). When n > 1 we choose «
such that the weight w of R(M)® R(M’) is odd; then wTH is always critical. When
n=n"=1 we take « =0 (respectively x = 1) and k # 0; then the near-central point
s = 1 (respectively the central point s = 0) is always critical. As in the previous section,
we obtain the formula

FRMIMN) ~ ] QunM)'QuM)™ s(M @ M)
t<s(M")

~ [T e -san="-sm)™"
t<s(M')

nn—1)

~ @ri) 2 Peyory (M) - QMMM (4.17)
The polarizations define an isomorphism
RM@M)=RMM)'(1—n+x)®Qap-ex)
and so, as before

cT(R(M ® M')(m))

nn—1)
2

~ @uiy" TG g e )" - Pesory (M) - Qu(M) T8 (M)

_M _ . e / _
~ Qri)™TT T Glag e )" - Pesoun (M) - Qi)™ Qi (M) M sy
(4.18)

4.4. Holomorphic automorphic forms on unitary groups and automorphic
critical intervals when n’ =1

In [20] and its successor [21], expressions for the critical values of L-functions of unitary
groups are derived from the determination of fields of rationality of Eisenstein series
for the Siegel parabolic, on the one hand, and from the construction of holomorphic
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differential operators. The latter are used to specify the signature of the unitary similitude
group whose associated Shimura variety realizes the critical values as the Petersson
square norm of a (rational) holomorphic automorphic form, up to elementary factors.
Unfortunately the definitions of the parameters are scattered in several places with
confusing sign changes between successive appearances. For the reader’s convenience, the
definitions of all relevant parameters and the main results on the existence of differential
operators are reproduced here.

Page numbers refer to [20]. The parameter (i1, ..., u,) of I is denoted (ay, ..., ay),
starting on p. 104; we replace the a’s with u’s in what follows. There is also a central
parameter ¢ (denoted ¢ in [20]; we use boldface to distinguish the parameter from complex
conjugation) and assumed (on p. 103) to be of the same parity as Y+, u;, and such that
the motives realized on the degree i cohomology of unitary group Shimura varieties are
of weight i — ¢ (see p. 104). The main results of [20] apply to self-dual IT and with our
conventions there it follows (though this is not adequately explained) that ¢ = 0. Here
we assume for simplicity that ¢ = )"/, u; = C(u) in the notation of p. 105. This implies
that the integers P(u) and Q(u) defined on p. 105 are given by

Pu)=—c and Q(u)=0.

We fix a signature (r, s), with n = r +s. For any integer k one defines

(k) == (1 —k, uo —k, ...,y — k; —nk +e¢),
A(pk);r,s) = (Us+1 —k—S, ..., un—k—s; 01 —k+r, ..., us —k+r; —nk+c).

(buried on p. 136 between (2.9.8) and (2.9.9), with r and s switched).

The motive M(IT) attached abstractly to IT has the Hodge types given by 4.2. These
cannot always be realized as cohomological motives, for several reasons. If IT descends
to an (L-packet of) automorphic representations 7 of a unitary group U(V), V is a
Hermitian space over I of signature (r, s), then we obtain a motive with coefficients in IC,
denoted M'(w, V; r) on p. 118, in the cohomology of the corresponding Shimura variety,
denoted Sh(V) in [20]. The L-packet contains the holomorphic type representation
denoted 7, above. When IT is self-dual, as in [20], this is sufficient?, provided there
is a unitary group U(V) of signature (n — 1, 1) to which IT descends. When n is even
there is a local obstruction and one may only be able to realize even exterior powers
of the desired M(II), even in the self-dual case. We therefore make the following
hypothesis:

Hypotheses 4.19. For every signature (r, s) with » +s = n, there is a unitary group U (V)
of signature (r, s) such that the cuspidal automorphic representation IT of G(Ax) descends
to an L-packet of automorphic representations {m} of U(V). Moreover, the L-packet
{m} contains a member whose archimedean component is in the holomorphic discrete
series.

2More precisely, to get (the Betti realization of) a legitimate motive M'(xr, V; r) we need to take the sum
M'(z,V;r)® M’ (x, —V;s), as on p. 118, and this is necessary to define the archimedean Frobenius as an
operator on automorphic forms; but for the de Rham structure it suffices to work with M’(rw, V;r).

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

746 H. Grobner and M. Harris

This hypothesis will be assumed implicitly in the remainder of this section. In the
statements of the main theorems in § 6 the hypothesis will be included explicitly; there
will also be a discussion of substitutes.

When IT is conjugate self-dual but not self-dual — more precisely, when the central
character wp of I1 is not trivial, in particular when the integer C(u) defined above is not
even — there may be an additional obstruction. We need to choose a Hecke character &
such that

E:=§/t=op. (4.20)
Such a choice is always possible, cf. [6, Proposition 1.2.4] (which cites the book of Harris
and Taylor). This is because the Shimura variety is defined in terms of GU (V) and not
U(V), and an automorphic representation w of GU (V) gives rise by base change to a
pair of automorphic representations (I1, &) of GL,(Ax) x GL{(Ax). The parameter c¢ is
determined by the archimedean component &y of &:

Exo(t) =17°C.

The Hodge type of the motive realized in the cohomology of Sh(V}), with (r,s) = (n — 1, 1)
(see [20, Example 2.2.5]) — call it M'(w, Vi;n—1) (and don’t confuse this M’ with the
M’ for GL,_1) — is called the principal Hodge type in [20, § 2.2.9]; it is given by

(Pi(n), gi(w)) = (pi + P(w), qi + Q) = (pi — ¢, i), (4.21)

where (p;, ¢;) are attached to IT as in 4.2. Observe that by (4.3), the pairs (p;, ¢;) also
depend on p (although this has been hidden in the notation). More generally, if V; has
signature (r, s), the motive M'(w, s, Vy; r) attached to the (holomorphic) representation
7,,s of GU(V) that is nearly equivalent to 7, in the sense that 7 and =, have the same
base change (I1, &) to GL,(Ax) x GL{(Ay), is expected to bear the following relation to
the desired M (I1):

M (7tr5, Vs 1) AT (MID)Y) @ M (EC). (4.22)

This is known to be true in most cases at the level of Galois representations (cf. [6,
Proposition 4.3.8], as well as the more complete results of Shin and Scholze—Shin), but
in the absence of the Tate conjecture one can’t even give a precise definition to the rank
one motive M(£¢), much less prove a result such as (4.22). The best we can do is to
show how the expressions for special values obtained by analytic methods are products
of expressions that resemble those that would be expected if there were a complete theory
of motives. The choice of & should have no bearing on the expression of the special value
of the L-function of IT; we return to this point below3.

We can now restate [20, Corollary 3.3.8], which is the main result on the existence of
holomorphic differential operators. In what follows, notation is as on p. 145. In particular,
Em.x 1s a line bundle on the Shimura variety Sh(n,n) (attached to a quasi-split unitary
similitude group of size 2n and E, 5z(, is an automorphic vector bundle on the Shimura
variety Sh(V, —V) (essentially Sh(V) x Sh(—=V)).

3At:tuaully, the Tate conjecture is more than we need. It would be enough to show that an isomorphism
at the level of Galois representations implies an isomorphism at the level of motives for absolute Hodge
cycles.
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Lemma 4.23. Let n' =1 and ', M' =M1, k, and « be as in 4.3. Let (r,s) =
r(M"),s(M")) and let V be a Hermitian space of signature (r,s). Let m be a critical
value of R(M @ M) to the right of (the central point) %(n — k). There is a (non-trivial)
differential operator

A(m, i, N) : Emxe = Ep pzge)

where A = A(uY (k); r, s) on the Shimura variety Sh(V, =V).

Proof. Keeping in mind that in absence of the self-duality hypothesis for u we have to
replace u by uY in [20, Corollary 3.3.8], we obtain such a differential operator for the
pair (r, s), provided

3 —k) < m < min(gg1 (1) +k—k —Qu), ps(u") —k —P(u"))
= min(q; | +k—«, pg — k),

where the second equality is (4.21) for u". In particular, we have 2¢;. | +2k > n+« and
2p¢ —2k 2 n —«k; in other words

2k —k € [n—2q¢,,2p5 —nl. (4.24)

So (4.16) implies that (4.24) is true exactly when s = s(M') = s(M’, M). O

We now summarize informally the constructions of [20, § 3] and the corresponding
sections of [21]. We let @ and x be Hecke characters of Ax and U(1)(A), respectively,
with parameters « and k as above. Let m be an anti-holomorphic representation of
GU(V)(A) and identify its contragredient 7 with an anti-holomorphic representation
of GU(=V)(A) as in [20] (this identification is spread out over several sections; the
most important statements are Corollary 2.5.11.2, Lemma 2.8.8, and (2.8.9.5)). If Eis €
[ (Sh(n, n), Em ) — in practice a holomorphic Eisenstein series —and f € 7, f/ € 7V, and
fx=f®xodet, f, = f'® x ' odet, then the value of the standard L-function at s = m
can be identified, up to elementary and local terms, with the cup product (Serre duality)

pairing
A(m,k, AYU[fy ® (f, ®a ' odet)] - C. (4.25)
This pairing is well defined provided (in the notation of p. 147)
Fe®(fy@atodety e ' (Sh(V. ~V). QP O EY .. (4.26)

where Q?}f is the canonical bundle on Sh(V,—V) and H is the version of coherent
cohomology used in [20]. Now there is an isomorphism of automorphic vector bundles:

1 ~
QSohp ® EX,A:(K) = Eu(—k),u(k—x), (4.27)

with A = A(uV(k);r,s) as in Lemma 4.23. This isomorphism is stated in the third
displayed formula on [20, p. 150] with u in place of u" inside A, which is legitimate
in that setting because of the self-duality hypothesis. Now (4.27) implies that (4.26)
holds, since Il has cohomology with respect to E,,.

Therefore, the above calculations apply and give us the following version of [20,
Theorem 3.5.13] and [21, Theorem 4.3]. Recall that when B is a Hecke character, we
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have defined f = ()" on [20, p. 82]. This should not be confused with ¥ = g~!. In
what follows, we let w = w(I1, §) be an anti-holomorphic automorphic representation
of GU(V)(A), for some Hermitian space V to be specified, whose base change equals
(1, £). For any integer j € [0, n] define PU)(I1, &) to be the period denoted PY)(x, x, B)
in [20, (2.8.2)]: it is the Petersson inner product with itself of a rationally normalized
holomorphic form on GU (V) whose restriction to U(V) is weakly equivalent to 7 on a
Hermitian space of signature (n — j, j). We set

‘ PY(TT) := 2m)erPW (1Y, 5_1). ‘ (4.28)

This can be shown to be independent of the choice of & when appropriate L-functions have
non-vanishing critical values (see 4.33 for an explanation). The twist by the contragredient
is used for notational purposes only. We write

Ga) = iy p(r?-d. 1). |

The notation « o for the restriction of (the finite part of) a Hecke character to the ideles
of Q, and G for the Gaufl sum, are as in § 3.

Theorem 4.29. Let m > %(l’l—K) be a critical value of L(s, R(IM(IT) @ M(IT))). Let
(r,s) = (r(M'),s(M")) and let V be a Hermitian space of dimension n over K with
signature (r, s). Let & be a Hecke character of KC satisfying 4.20. Then,

L(m, RIM(IT) @ M(IT"))) ~kemEq)
@iy~ Gex )T PO (M) Q1) Gy I G2,

As mentioned above, this is a restatement of [20, Theorem 3.5.13] and [21, Theorem
4.3]. At the suggestion of the referee, we remind the reader that this result is proved
by using the doubling method of Piatetski-Shapiro—Rallis and Garrett to identify the
L-function with an integral of a degenerate Eisenstein series on a quasi-split unitary
group to which the Shimura variety Sh(n, n) is attached, against antiholomorphic forms
on the Shimura subvariety Sh(V, —V). The statement concerns critical values to the right
of the center of symmetry; these correspond precisely to values of the Eisenstein series
that are nearly holomorphic in Shimura’s sense, and also to the differential operators
described in 4.23. The critical values can thus be analyzed in terms of cup products in
coherent cohomology of SA(V, —V). Note that the motivic interpretation of these critical
values depends on an interpretation involving coherent cohomology, whereas the critical
values of the Rankin—Selberg L-function of GL(n) x GL(n — 1) are interpreted as cup
products in topological cohomology.

Theorem 4.29 has the following equivalent reformulation. To this end, we recall that

R(M(TT) @ M(IT")) = R(M(TT) ® M(I1")) = R(M(IT") ® M (I1"°)).

Hence, by replacing w by u“ in (4.27), we may apply Theorem 4.29 to the pair
(M(ITY), M (IT"¢)), but still obtain an expression for our original L-value L(m, R(M(IT) ®
M (I1"))). Let us write

" = BC(x)‘a“ = BC(x')-a/, M"“ = MI1"°).
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Then, a simple calculation shows that K’ = —k +« and «’ = k, where k' is attached to
x’ (respectively k' to «’) as k has been attached to x (respectively « to «). Hence,
replacing M’ by M"“ in (4.16), we obtain 2k —«’ € [n —2q;. | (T1), 2p{ (1) —n] if and
only if s = s(M"¢, M). Inserting the above values for k¥’ and «’ and inverting the interval,
we end up with

2k — i € [n —2p{ (), 2¢5 (IT) — n] = [n — 2¢,41(T1), 2p,(T1) — nl,
if and only if r = r(M"¢, M). Now, recall that
2k — i € [n—2q541(TD), 2ps(T) —n] = [n —2¢q;, | (T17), 2p{ (1Y) — n]
if and only if s = s(M', MY). Thus,
rM", M), s(M"°, M")) = (s(M', M), r(M', M)). (4.30)
We may hence reformulate Theorem 4.29 by

Theorem 4.31. Let m > %(n—/c) be a critical value of L(s, R(IM(IT)®@ M(IT))). Let
(r,s) = (s(M"), r(M")) and let V be a Hermitian space of dimension n over K with
signature (r, s). Let & be a Hecke character of K satisfying 4.20. Then,

L(m, RIM(IT) @ M(IT))) ~kEmEem)

_nn—=1 n ’ . _ /
Qi)™= Gk, )2 PYM D27 Gla )M

« G(H/’C)n_zr(M/).

4.5. A comparison to Deligne’s periods

Now let us compare this to the critical value predicted by Deligne’s conjecture, namely
(4.18):

nn—1)

Qi)™= Glag e )"+ Pesory (M) - Qi)™ 0y (M) MMy ",

Or rather let us make the following

Optimistic Comparison 4.32. Compare
Glexe, N2 PCID[Q2ri)  Glag )1 M Gy =2 M) (Aut)

to
Glag i )" P<siuny (M) - i)™ Q1 (M) M5 (M) ™. (Mot)

Applying (4.22), and bearing in mind that the base change of 7 is (I1, &), we see that
jcprM /))(l'[) is the correct normalization for the Petersson inner product of a rational
class in the bottom stage of the Hodge filtration of A MY @ M((E€) ™). (The
presence of the power i€, which will disappear in our applications in any case, is explained
in [20, Lemma 2.8.8].) On the other hand, P< ) (M) = Q<smry(M) - g(M) is the product
with g(M) of the Petersson norm of a rational class in the bottom stage of the Hodge
filtration of ASM) M (ITY), and plausible arguments can be made to justify identifying
(2mi)¢q(M) with the Petersson norm of M((§)~") (cf. [20, (3.7.9.3)-(3.7.9.5)], where
however it is assumed that ¢ = 0).

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

750 H. Grobner and M. Harris

Remark 4.33. Note that the automorphic side (Aut) of the comparison involves a
Petersson norm on the unitary similitude group, and therefore depends in principle on
the auxiliary Hecke character & defined in (4.20). The motivic side (Mot), on the other
hand, is independent of this choice. Now Theorem 4.29 shows that replacing & with
¢, also assumed to satisfy (4.20), gives another expression for the same critical value.
In particular, if the critical value does not vanish, then we see that P(’(M/))(HV, &)~
P(r(M/))(HV, &’), where ~ is taken over a simultaneous field of definition for IT, &, and &’.
The ‘plausible arguments’ mentioned above give a motivic interpretation for this identity.

It thus remains to justify an identification

Glag - exc, )" Qi)™ Q1 (M)~ M5 (M)~

4.34
~ Glex, )" Qi) MG ag ) MO G (1) =2 M), (4.34)

We provide such a justification, at least up to Galois conjugation over K, in the next
section.

4.6. The case of a Hecke character

We now assume n = 1 and IT = 1 is the trivial character, so M = Q(0). We have s(M’) =
s(M',Q0) =1if —2k+x > 1, s(M') =0 if -2k +« < 0. Then, if R(M')(m) is critical,
(4.18) becomes

@)™ Gy -exc, ) QM) TISM) ! if 2k —k < 1

cH(R(M')(m)) ~ . o _1 .
Qi)™ Glag s -exc, ) - 5(M) if 2k — i > 0.

(4.35)

Since Deligne’s conjecture is known for critical values of L(s, R(M')), we thus have

@)™ Gy p -ex.p) - QM) TISM) T if 2k —k < -1

L(m, R(M")) ~ (4.36)

(2m)m+Kg(a0j;.e,c,f)-a(M/)—l if 2k —k > 0.

Here ~ means ~gqu).xc as in [20], because we are going to compare this with the result
of Theorem 4.29.

L(m, R(M/)) ~ (zni)m+r(M/)Kg(slc’f)g(ao—’;)r(M’)G(I—I/’C)]—2r(M/). (437)
Assume s(M') = 0, so 2k —« > 0. Then comparing (4.37) and (4.36) we find
Glag y-exc.p) - 8(M) ™" ~ Glex)Glag )G (4.38)

Let us now get back to (4.34). Suppose for the moment « = 1, i.e., k = 0. So we compare
Gler, )" Q1M MIS(M) ™ to Glex, T2 1G A1)~ M) Inserting (4.38), we finally
have to compare

Glex, )" QM) MM

to
Glexc, ) 21o(my >0,
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Now observe that [23, Lemma 1.2.7] and [23, (1.2.5)] imply that Q1(M’) ~ 8§(M’)~2. So
we find that

Glex. )" Q1M MIS(M) ™" ~ Glee )8 (MY* M1 ~ Gexe p)"8(M'y' =2 M),

Hence, the two side of (4.34) coincide up to a power of the GauBl sum G(ex, ). We remark
that the same conclusion holds if one uses the case s(M’) = 1 in order to obtain a relation
for G(IT’°). Moreover, the case of non-trivial « is only slightly more complicated, and will
not be used in the sequel.

5. Rational Eisenstein classes of abelian type

5.1. Boundary cohomology

Recall the abelian representation IT’ from § 2.5 and the space S,,—; from § 3.1. We denote
by S,_1 the Borel-Serre compactification of S,_; and by 35,_; its boundary; cf. (3, 41].
The face coming from the Borel subgroup B’ of G’ is denoted dg/S,,_1. It is given by

dp'Sn—1 = B'(K\G'(Ak) /K.

Since the only automorphic representations of the torus 7’ C B’ are its Hecke characters
X, it follows that

HY(0p:Su-1, &) = @ HI(@, K', Ind§, (5 X1 @ Ey);
X

see, e.g., Harder [17]. Observe that induction is unitary here and that 7o(G’(C)) =
79(B’ (C)) =0, which simplifies things. Recall the character 7 = BC(x))y ®---®
BC(xu—1)y from § 3.4, and let W(G’) be the Weyl group of G'. For w € W(G'), we
let % be the representation

fw = BC(wal(l))y K& BC(wal(n_l))y
of T'(Ax), where w is viewed as a permutation. In particular, we may write

HI@pSi-1.&) = @ HYU. K Ind§ 357" Ey)

B'(Ak)
weW(G")
G'(A
o P HIW, K Indg S XIQE)),
x#TY
YweW(G')

and there is no weak G'(A y)-intertwining between the two sums. Hence, for degree ¢ =
b,_1, we obtain
< G'(Af) ~ G'(A
H" ' 0pS,1,6) = @ IdygliEf1e @ H (@ K Indy(Nix1® B,
weW(G') Y AT
YweW(G")
(5.1)
and the summands in the first sum are all irreducible.
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Proposition 5.2. For all o € Aut(C), the following diagram of G'(Af)-equivariant
homomorphisms commutes:

_ _ res?, _
Hi(g,K',TI'® E))— H1(Sp—1. &) et HI(0S,-1, &) ——> HI (3 Su-1, &)

lo* La* la* La*
res?

HI(g, K',°TI' ® °E;)—— HY(S,_1, °E) e, HY(3S,_1,°€,) —> H(0p:Sn_1,°E1).

Furthermore, there are sections sg to the composition rg: of the morphisms in the rows
of the diagram,

spr s HP =1 (3p:S,-1,96) — HP1(g/, K',°TI' ®°E}).

Proof. We only prove the last assertion. Recall the archimedean vectors &m;_ ;p €
W(IT,,) from § 3.3. Then, for every non-zero & € W(l'[’f), we let

Emjp:=W 'y, jp @) €I
be the corresponding Eisenstein series. Hence,
Z (Xf ®Em.j.p ®";/3) e H» (¢, K',TI' @ Ey)
lMB
is a non-zero cohomology class by the choice of &m;_ j . Via the inclusion
HP (g, K/, T @ E) > H" ' (S,-1, &),

it is mapped onto
Y (Ewjp®epdx; € H" (S, 1, &),
JB

and finally, when restricting to the Borel stratum, we obtain
Z (En/l’ﬂ“g/ ® 61/3) dxi (S an_l (GB/E,L,1 . S)L)
laﬂ

Here, Er j glp is the constant term of the Eisenstein series Ery ; g with respect to the
Borel subgroup B’; see [43, Satz 1.10]. According to [36, Proposition I1.7], this constant
term can be written as

Ew jplp = Z M(w, 7) frr, .,
wew (G")

where frv j g is a K'-finite section in Indg:((ﬁg[f], used to define the Eisenstein series
Ew g, and M(w, T) is the corresponding intertwining operator,

~ G'(A ~ G'(A ~
Mw,7T): IndB,((AE))[r] — IndB,((A}’g[rw];
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cf. [36, I1.6]. As a consequence, the Eisenstein cohomology class, when restricting to the
Borel stratum, yields the class

Z Z (M(w, D) frv,).p ®e}’3) dxj,

weW(G') j.B
hich, via the i hism (5.1), lies in @) ma?, 4 1zv). | bserve that
which, via the isomorphism (5.1), lies in €D yew (g7 Indgis ) [Tf]- Here, we observe tha
there is no weak intertwining of the two sums in (5.1). This class is non-zero, since all
Eisenstein series Ery, j g are holomorphic at their point of evaluation s = 0; cf. [43, proof of

. . "Af) ~ . . .
Theorem 4.11]. Hence, since all representations Indg,g A; )) [r'f”] are irreducible, the various

summands of the image of rg are either trivial or the whole target space. The assertion
follows now from the irreducibility of the source I'I’f = Hbr1(g/, K', TI' ® E;). O

5.2. A rationality result

Recall Proposition 2.5. It is clear that H?-1(dg/S,_1, &) inherits from E, a natural
Q(Ey)-structure. By Proposition 2.4 and the temperedness of I1,, there is the equality
of number fields Q(E;) = Q(I1,,). Hence, by Strong Multiplicity One for isobaric
automorphic representations, Q(E) C Q(l’[/f). Next, observe that, by Proposition 2.5,
I"I’f = Hb»1(g/, K', T ® E)) carries a natural Q(H’f)—structure. We deduce the following
corollary.

Corollary 5.3. The morphism rg is Q(H’f)—mtz'onal, i.e., it maps the natural
Q(H/f)—structure of the cohomology H1(g', K', TI' ® E;) to the natural Q(H’f)—structure
of Hb1(3p:/S,_1, ). The same holds true for the section sgr.

Proof. This is clear by the commutativity of the diagram in Proposition 5.2. O

Remark 5.4. We would like to point out that for regular coefficients E;, Theorem 7.23
in Grobner and Raghuram [15], should provide an alternative approach to Corollary 5.3.

Recall from § 3.4 that the rational structure on IT’, is given by the natural rational
structure on the induced representation. Let F +— F|p denote the constant term on
functions (Eisenstein series) F € IT', and let F|p/(f) denote its T-component with respect
to the action of the maximal torus in B’. It follows from the proof of Proposition 5.2 that
the following holds.

Lemma 5.5. Let F = Foo @ Fy € I be a function with Fo in the K'-type contributing
to the cohomology space H"=1 (g, K’, M, Q®E)). Let L D Q(H/f) be a field extension.

Then F defines an L-rational cohomology class [F] if and only if Fy, viewed as an

"(Af) ~ . . . . ~
element of Indg,((A;))[rf], takes values in L, which is furthermore equivalent to F|p/(7),

viewed as an element of Indg,sﬁ;;[ff], taking values in L. Moreover, for all o € Aut(C),
0[F] =°Fx ®0(Fyf) (the notation having the obvious meaning).
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5.3. Whittaker coefficients

Let f = ®), fuw be a K'-finite decomposable section in Indg:éﬁg [T]. Welet E(f) = E(f,0)
be the attached Eisenstein series, evaluated at 0, where it is always holomorphic. We will

consider its global ¥-Whittaker functional (¥-Fourier coeflicient):

Ey(f)(g) = / E(f)'e)y " (u)du' € W(IT).

U'(K\U'(Ak)

To each ‘function’ ¢ € T (which is of course simply a constant), we can associate a K'-finite
decomposable section f, = ®), fp.w € Indg,éﬁg[f], as in [42, 6.3]. Recall the choice of an
element wg € G'(K), representing the longest element in the Weyl group of G’/K. Then

we obtain the following result.

Proposition 5.6. The value at the identity id € G'(Ax) of the - Whittaker functional
Ey (fy) equals

Ey(fid) = [ Wuldw)- [] LU BCGWBCOG W™,

weS(IT") weS(IT)
1<i<j<n—1
where
W (idy) = / Fon w0 ().
U (Ky)

In particular, Ey(f,)(id) has an Euler factorization.

Proof. This is [42, Theorem 7.1.2]. One simply observes that Shahidi’s functional Aow
(cf. [42, p. 122]) gives the complex number f(p,w(u)o_ln;)), viewed as an element in 7. O

We recall the Q-rational (and hence by our assumption also Q(E))-rational) basis
vectors X }*, respectively, the Q(Ej)-basis {ej} of E; from § 3.3. Moreover, we assume from

now on that &n;_ ; g was chosen in a way such that the generator [IT,.] is Q(E;)-rational
in the sense of § 2.7.
We now choose a section f,, such that f,,  is one of the vectors w-! (én,.j.p) appearing

in the definition of [IT,,] (or rather its transfer by W~!), and that the non-archimedean
part of f, lies in the given Q(l'[’f)—structure of l'I’f. Then, the evaluated Eisenstein series
E(f,) appears as a factor in the tensor product Zl’ﬁ(sz ®Em,jp® el’s)7 which defines

a Q(H’f)—rational Eisenstein cohomology class.

Corollary 5.7. There is a constant Q(I1,) € C*, depending only on I, and on the
choice of basis vectors &n_ j p, such that

p) ~qu,) QL) [T LABCGi- %7 Hp).
1<i<j<n—1

Proof. It follows from Corollary 5.3 and Lemma 5.5, and the definitions that the
period p(IT") can be represented by the ratio between the value at the identity of the
T-component of the constant term and the value at the identity of the ¥-Whittaker
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functional Ey (f,), if the latter does not vanish. We have chosen f, in such a way
that E(f,) defines a (@(H’f)—rational class, which means that p(IT’) is the inverse of
of Ey(f,)(@id), which by Proposition 5.6 equals

Woolidoo) - [ Wulidw) - L(1, BCO)wBC(x; " Hw)
weS(IT')\{oo}
1<i<j<n—1
[I ra.BcGsBCGGHp™
I<i<j<n—1

We take Q1) = Wao(idso) ™!, Since the local L-factors belong to Q(H’f) and
transform under the Galois group along with IT', we will finish the proof if we can show
that f, » can be chosen in such a way that the integral defining Wy, (id,,) is a rational
constant. Now, as in Lemma 5.5, the Q(IT;,)-rational structure on the principal series
representation IT), is given by that on the boundary cohomology, and coincides with the
one defined (adelically) in 2.6, namely the space of functions in the principal series whose
restrictions to a fixed maximal compact subgroup K|, take values in Q(IT,,). We take
U c U'(Ky) to be a subgroup of the kernel of y,. Possibly shrinking U; further, we can
assume that f, ,(won,,) is supported in U; as a function of n), and takes value 1 there.
Then the integral is just a volume factor and belongs to Q. O

6. Period relations - the main results

In this section we always assume IT and IT to be obtained by base change from unitary
groups of all signatures; in other words, that they both satisfy Hypothesis 4.19.

6.1. Critical values of tensor products when one of the representations is of
abelian type

Let IT" be the abelian automorphic representation of 2.5, attached to the (n — 1)-tuple
x = (x1,-.-, xn—1) and the auxiliary character y; we write IT' = IT'(x, y). Recall that
Xj,oo(eie) = ¢'%i% and yso(z) = (z/2)" for kjeZandt e %+Z. If n is odd, we henceforth
assume t = %, to apply the formulas of [21].

Define y*(x) as in Remark 2.6, i.e., yT(x) = y(x) - ||x||% if n is odd and yT(x) = y(x)
if n is even. Then, if n is odd:

L(s, ROM(ID) @ M(I)) = H ( +— M@ BC(x))- y)

:\
»—._.

n—1 +
L{s——5— M@ O®MBC(x;)-y") (6.1)

Il
T :I

Moreover, if n is odd, y£(z) =z and thus, y* is of type ny with £ =—1, in the
notation of [20, (2.9.7)] and (especially) [21, Theorem 4.3], see p. 177. If n is even, then

F(2) =1, so yT is of type n¢ with £ = 0. In what follows, we let « = y?L and so the
restriction ag = &} for all n. Thus, with this choice of «, the term Qmiyr™M >g(a0—})r<M>
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in Theorem 4.31 is just (Zni)"r(M/) ~Q(8,”C)f)r(M/). Let so =n—1+m, where m is as in
4.7 above. We apply Theorem 4.31 to the critical values of L(s, R(M(I1) @ M(IT")) =
L(s, R(M(ITY) ® M(I1°)). The results are as follows. If n is even, « = ¥ is the trivial
character and we have

n—1

j=1
n—1
~KEME) H(Zm)(ﬁ’”)"_; Glexe. ) - PO DGy 2r(M7)

j=1

n—1

o n(n—1) n(n—1) MT —2r(M7t

~CEMET) (271'1)(" 1) (mn)+=5 g(glc,f) > HP(r( /))(H)G(H}_’C)" r( J)’
j=1

nn—1)

~xEmE) 2mi)tT DTS

]_[PU)(H)G(H“)" 2j (6.2)
j=1

with M7= (BC(x;))y")* = BC(x;))"' =¥ and M} =M(@})=M). In order to
obtain the last line, note that the Character X; has mﬁmty type (z/z)kl which in the
conventions of 4.2 means that the parameter is —k;. Then the set T'(M, M}) is the set of ¢
such that 2k; > n —2p7. On the other hand, we are given that 2k; € [n —2q;41,2p; —n],
i.e., j is the largest integer such that 2k; > n—2g;j1 =n— 2p,‘1‘7j. Thus, s(M;.) =n—j
by (4.16) and so r(MjJ.r) = r(M}) = j.If n is odd, then « = y* and we have

n—1

L(n—1+m, RMI)@MIT))) =[] L(? +m, M(TY) ® M((BC(Xj)y+)C))

j=1
nl + n + + +
~ B ET l_[(ZJTi)mn+r(M/ )g(sK’f)r§]+r(Mj )P(r(Mj ))(H)G(l—[;!—,c)n—%(Mj )
j=1

n(n 1) n(n 1)

—1
() /,exn—2j
HPJ (MG}~

j=1

~EmEM) Qri)tTDINTTET G g ) IE1=D+T

(6.3)

Here H;“C = (BC(xj)y ") = BC(x;)~'(y")°. The contribution of y* disappears because
the product of the periods of ¥ T to the n —2j is just 1. In particular, the expressions

(6.2) and (6.3) are identical (up to the power G(ex, r) ™ 2 =
may absorb into KE(T1)E(IT")).

of the GauB-sum, which we

6.2. Whittaker periods and Petersson norms

In this section we combine the results of the previous sections to express the invariants
p(I1) in terms of the P®)(IT). Notation is as above; in particular, IT is cohomological and
obtained by base change from unitary groups and IT" = IT'(x, y).
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Proposition 6.4. Suppose I1 satisfies Hypothesis 4.19. Let so =n—14+m, m >0, be a
critical value of L(s, R(IM(IT)  M(I1"))) satisfying L(n — 1 +m, R(M(IT)  M(IT"))) # 0.
Then there are constants p(m, I, [1,,) € C* and Q1) € C* such that

pim, Moo, L) QUL p(M) [ LA, BCGux; ) ~keaear)
1<i<jgn—1

n—1
nn—1)

(zni)(n—l)(mn)-&- 5 g(sK’f)f%T(n—l) H P('j)(H)G(H/’C)n_Zj. (6.5)
j=1

A critical point so =n—14+m, m >0, giving L(n —1+m, R(IM(IT) @ M(IT))) # 0 exists
in particular, if the inequalities separating the archimedean parameters of T1 and I1' are
strict:

M1 > —Ap—1 > U2 > —Ap—p > > —A] > Up.
Proof. This is obtained by comparing the expressions of 3.9, 5.7, 6.2, and 6.3 for the

non-vanishing value of the L-function, and bearing in mind that, by 3.10, the term
g (a)n/f_o) in 3.9 is trivial. The last assertion follows from the description of 4.7: It implies

there is a critical value sy strictly to the right of the center of symmetry. Since IT is
cuspidal, it is a theorem of Shahidi and Jacquet-Shalika that the value L(sg, R(M(IT) ®
M(I1'))) # 0. [

Now, let Mi/j = M(BC(XiX]._l)) with i < j. Then, the parameter of Mi/j is 2(kj — ki) <
0. So r(Ml-’j) =0 and we get

L(1, Mj) ~ @e)G(BC(xix; 1)) = Qui)GIHGTH) ™

Then

n—1

(=1 (n-2) . :

1_[ L(1, M};) ~ Qmi)~ 2 ]—[G(nf;)"—zf.
1<i<j<n—1 j=1

Putting this together we find that, assuming the hypotheses of the preceding
proposition are verified, we have

e
L (=D(n=2) A
plm. Muo, L) QL) p(MQ2ri) - 2 [[ G ~kpmyea)
j=1

nn—1)

n—1 n—1
@)D G e, 1D TT PO [T Gy =
Jj=1 j=1

or more simply

n—1

p(m, Moo, M) QUITL) p(T) ~k e ey Qi)™ =D [T PO (). (6.6)
j=1

Now, we can state our first main theorem:
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Theorem 6.7. Let u be the parameter of I1, and suppose w; — pi+1 =2 for all i, so
that there is a parameter A for G’ and an integer m > 0 such that so =n—1+m 1is
a critical value of the tensor product L-function L(s, R(M(I1) ® M(IT"))) (in the motivic
normalization) for any 1" with parameter A. Suppose I1 satisfies Hypothesis 4.19. Then
there is a non-zero constant Z(Ilso) which depends only on the local representation Tl
and such that

n—1

p(I) ~cpm Z(Teo) [ [ PV (D).
j=1

Proof. The hypothesis on p implies that there exist IT" of abelian type such that the
comparison of (6.6) is valid. By letting 1" vary among abelian type representations with
parameter A, we can remove the E(IT") from the equivalence relation. Initially one obtains
the relation

n—1
p(ID) ~kgm) Z(m, Moo, TIL) l_[ P (1), (6.8)
j=1

where  Z(m, T, 1) = [Q(TT5) p(m, e, TIL )] - Qri)m+D@=D " But  since the
left-hand side of 6.8 is independent of m and II, so is the right-hand side. O

Remark 6.9. Two substitutes are possible for Hypothesis 4.19 when it is not satisfied.
As noted above, there is only an obstruction if n is even. Under the regularity hypothesis
on the parameter u, it can be shown that the standard L-function of IT can be realized,
up to an abelian twist, as the L-function of a holomorphic automorphic representation
of U(n+1—j, j) for any j; this was done in most cases using the theta correspondence
in [22]. The Petersson norm of an arithmetically normalized form in this representation
can then be used in place of the missing P (IT).

Even in the absence of the regularity hypothesis, one can use quadratic base change,
as in [47], to define versions of the missing PU(IT). These are only well-defined up to
square roots of elements in the coefficient field, so are less precise than the ones defined
motivically.

6.3. General tensor products

Combining the comparison in Theorem 6.7 with Theorem 1.3, we obtain the following
general result, when Iy and IT are both sufficiently regular.

Theorem 6.10. Let I1 = BC(xr) and I1' = BC(n') be cuspidal automorphic represen-
tations of G(Ax) and G'(Ax) which are cohomological with respect to E, and Ej,
respectively. Suppose

(1) i —pig1 =2 foralli and Aj—Ajq1 =2 for all j.

(2) Both I1 and U satisfy Hypothesis 4.19.
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Then for every critical point sy = % +m of L(s, T1 x IT") with m > 0,

1
L(E +m, Ty x H}) ~KEMMET)

n—1 n—2
p(m, Moo, T, ) Z(Meo) Z(T) [ [ P () [ [ PR (1),
j=1 k=1

Equivalently, for every critical point s =n—1+m of L(s, R(M(IT)® M(I1"))) with
m >0,

Lin—1+m, R(MID) @ M(I1"))) ~xemEem)

n—1 n—2
pm, Moo, L) Z(Meo) Z(TM) [ [P (am [ [ PP (1.
j=1 k=1

6.4. The archimedean constant

The constants Q(I1,), p(m, s, IT,), and p(IT) all depend on choices of test vectors in
the induced and Whittaker models of I and 1. . We have decided to choose vectors
rational over K, but we could also choose test vectors with the property that Weo (IT') = 1.
Since this choice depends only on IT,, it makes sense for cuspidal as well as Eisenstein
representations. This provides a unique normalization of p(IT) and thus a unique value
for p(m, Mo, IT) (as does the choice of rational vectors).

In [33], Jie Lin proves a period relation for IT and I1" obtained by automorphic induction
from Hecke characters. Using this relation, she deduces the following refinement of
Theorem 6.10.

Theorem 6.11 (Jie Lin). Under the hypotheses of Theorem 6.10, we have the following
relations:
1 . n—1 ‘ n—2
L<§ +m, Ty x H/f) ~KEmE) Qmi)tone=h H PO [ PP ary
j=1 k=1
or equivalently,
. n—1 n—2
L(n—1+m, RIM() ® M) ~keaneay @ri) "+ 2"V [T PO [T PO a1,
j=l1 k=1

provided m > 0.

If m = 0 her result remains true under a certain global non-vanishing hypothesis. In
view of formula (4.12), this is exactly what is predicted by Deligne’s conjecture, assuming
the validity of Optimistic Comparison 4.32.

6.5. Whittaker periods and adjoint L-values

The results of this section, in contrast to Theorem 6.7, are unconditional, but for the
moment they only apply under slightly restrictive hypotheses. This is because they
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are based on Wei Zhang’s version [51] of the Ichino-Tkeda—Neal Harris conjecture for
automorphic forms on unitary groups, see [19], and for the moment neither the local nor
global properties of the relative trace formula are known in sufficient generality to allow
a complete comparison. The simplifying hypotheses in [51] are analogous to those used
in earlier applications of the Arthur-Selberg trace formula, and the history of the latter
gives us reason to be optimistic that the restrictions will soon be unnecessary.

For ease of reference, the simplifying hypotheses are listed separately.

6.5.1. Simplifying hypotheses.  The unitary groups H and H' are as in the earlier
sections. We let w and 7’/ be unitary cuspidal automorphic representations of H(A),
respectively H'(A), which occur with multiplicity one in the discrete spectrum of H,
respectively H'. Say a prime p is split if it splits in the quadratic extension K. Since we
want to use Wei Zhang’s results, we have to assume

Hypotheses 6.12. o (a) There exists some split prime p such that 7, and n,’, are both
supercuspidal.

e (b) Every prime p < M 1is split, where M is the ‘algorithmically computable’
constant that arises in [12] in the transfer to characteristic zero of the Jacquet—Rallis
fundamental lemma (see below).

e () If p is not split, then 7, and 7, are both unramified.

Remark 6.13. (a) Let I =BC(xr) and II'=BC(n’) denote the base change
representations of = and 7', to G(Ax) and G'(Ax), respectively. Hypothesis (a) above
implies that TT and IT' are both cuspidal automorphic representations. Moreover, by
Theorem 2.2, IT and IT' are both of cohomological type. Hence, the Asai L-functions
L(s, TI, As(’l)nfl) and L(s, IT/, As(’l)nfz) have a pole at s = 1, by [24] or [37, Corollary
2.5.9 and (2.5.12)]. As a consequence, Zhang’s additional set of assumptions RH(I) (cf.
[51], p. 544) is satisfied in our case. Moreover, Zhang’s second set of assumptions RH(II)
(cf. [51, pp. 544-545]) is fulfilled by the work of Beuzart-Plessis [2]. (We should, however,
mention that the latter paper depends on the (expected) properties of local L-packets
for unitary groups. See [2, § 18.1] for the precise expectations.)

(b) In [51] it is also assumed that 7 and 7’ are locally tempered at all places. Due
to Caraiani [4, Theorem 1.2], IT = BC () and ' = BC (') are tempered at all places
(under hypothesis (a) it was also proved in the book of Harris and Taylor). We expect
that by [30] and forthcoming work of Kaletha et al., it should automatically follow that
7 and 7’ are also tempered at all places, whence we did not assume this explicitly.
However, the extremely careful reader may restrict himself/herself in what follows to the
case where 7 and 7’ are locally tempered at all primes p.

(¢) Yun proves the Jacquet-Rallis fundamental lemma in [49] for local fields of
characteristic > n. In her appendix to Yun’s paper, Gordon derives the Jacquet—Rallis
fundamental lemma for a local field K of characteristic 0, but at present her methods
(from motivic integration) require her to assume that the residue characteristic of K
is greater than an unspecified positive constant M. This is the M that appears in (b)
above; it is effectively computable but no one has carried out the computation. For split
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primes the Jacquet—Rallis fundamental lemma is vacuous. The requirement that a prime
p be split in the results of [51] can be removed whenever the Jacquet—Rallis fundamental
lemma is known in residue characteristic p.

Since H(R) and H'(R) are both assumed compact we are in case (2) of [51], Theorem
1.2. We define
L(3, T x IT)
L(1, 7, Ad)L(1, 7", Ad)’

where A, is the L-function of the Gross motive:

Lo, a)y=A,-

n
Ay =[]LG ek p.
i=1

For ¢ € w and ¢’ € 7/, we let

P($.9) = / (' (h)dI':
H' (Q\H'(A)

(@.0) = / ¢ (h)p(h)dh.
H(QN\H(A)
We use Tamagawa measures for dh and dh’. Here is Zhang’s theorem.

Theorem 6.14 [51]. Assume w, 7', and K satisfy hypothesis 6.12. Then there is a non-zero
constant ¢(Teo, 75), depending only on the archimedean components of w and 7', such
that, for every factorizable ¢ € w and ¢' € 7',
_ |P(¢. 9"
272 (o0, 7o) Zioe (. ) L. ') = :
o o (¢, D)@', ¢')
Here Zioe = [yes Zv is a product of normalized local integrals of matriz coefficients; Z,
is denoted
oy (®y, Dy)
(®U’ qDU)U
in [51], with ®, = ¢, ® ¢, (Zhang uses ¢, for this tensor product).

Remark 6.15. The theorem in [51] is stated under a more general version of hypothesis
(c). With a bit more work we could derive the consequences below in this more general
situation; however, hypothesis (c) is destined to disappear in the short term, so this seems
unnecessary.

As in [23, (4.1.2)], we have

n(n+1)

An ~ic Qri)— 2 - Glee )l

1
n;— -|

(6.16)

In [23] n is assumed even, but the same argument gives the above result. (Observe
moreover that the field Q(ex), which appears in [23] reduces to the field of rational
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numbers, as ex is a quadratic Hecke character.) Since H and H’ are both definite unitary
groups, the archimedean local integral Z, is an algebraic number, rational over the field
of definition of (the finite-dimensional representation) mo ® 7/,. The discussion leading
to [23, § 4.1.6] thus yields:

Corollary 6.17. Assumem, 7/, and K satisfy hypothesis 6.12. Then there exists a non-zero
constant ¢y 71 such that

; o L(3. Ty xTT) _
A7) = ot ) @iy S . (61
(m, 7)== cppom 9K, ) (2mi) L(l,JTf,Ad)L(l,JT},Ad) €Q. (6.18)
e For all o € Aut(C),
o(A(m, 7)) = ACr, °n)). (6.19)

The only difference with [23, (4.1.6.2)] is the inclusion of the factor ¢, » — since the
Ichino-Tkeda—Neal Harris conjecture is only known up to a factor c(meo, 75,) — and of the
power of the Gaufl sum is not omitted.

Theorem 1.3 gives a different expression for the numerator of (6.18). Before we compare
the two expressions, we need the following non-vanishing result, which is essentially due
to Zhang.

Proposition 6.20. Let m be an automorphic representation of H(A) satisfying hypothesis
6.12. Then there exists an automorphic representation ' of H'(A) satisfying hypothesis
6.12 and ¢ € w, ¢’ € n’, such that P(¢p,d’) #0 and L(%, BC () x BC(x)) #0.

Proof. This is essentially [50, Lemma 2.15]. Let p be a split place such that m, is
supercuspidal. Since the center of H is anisotropic, the central character of 7, is unitary.
Let ), be a supercuspidal representation of H'(Q,) with unitary central character.
Since H(Q,) = GL,(Q,) and H'(Qp) = GL,—1(Q)), it is known that Homp (g, ((IT) ®
tp), C) # 0. Since both 7, and u, are tempered, it follows from a result of Sakellaridis
and Venkatesh (quoted as [26, Theorem A.1]) that the local integral

/ F)f'(Wdn' #0
H’(Qp)

for some matrix coefficients f, f’ of w, and u,, respectively. It follows that (the dual of)
wp is weakly contained in the restriction to H'(Q,) of .

Now we assume p, is induced from an irreducible representation of GL,_(Z,)- Z,
where Z is the center of H'(Q,); by the theory of types, there are supercuspidal
representations with this property. Choose an irreducible component (i, of the restriction
to H'(R) of (the finite-dimensional representation) . Then we can apply [50, Lemma
2.15] to obtain an automorphic representation 7’ of H’, whose archimedean component is
Moo and whose p-component is supercuspidal (a twist of 11,), for which there exist ¢ € 7
and ¢’ € 7’ such that P(¢, ¢') # 0. This implies the non-vanishing of the L-value by the
main result of [51], provided we know that 7’ is unramified at all non-split places. O
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Lemma 6.21. Let w be an irreducible representation of H(A) when n = 1; in other words,
7 is a character of U(1)(A). Then L(s, w, Ad) = L(s, exc). In particular, L(1, w7, Ad) ~x
Q2ri)G(ex,r)-

Proof. This is an obvious calculation: The Lie algebra of H is one-dimensional and the
adjoint representation of G is trivial on the Langlands dual group C* and is given by
the quadratic character ex. O

Theorem 6.22. Let w be an irreducible unitary cuspidal automorphic representation of
H(A) which is cohomological with respect to Ellim. Assume 1 satisfies hypothesis 6.12.
Then there are a non-zero complex constant a(7~), depending only on 7~ , and an integer
g(n) € Z, such that

P(BC(1)) ~kowm a(me)Gexc, )W L(1, 7wy, Ad).

Proof. We prove this by induction on n. When n = 1 the Whittaker period p(BC(x)) is
rational and the claim follows from 6.21.

Suppose the theorem is known for n — 1. Choose 7 and let ' be an automorphic
representation of H'(A) satisfying 6.20 relative to w. As = and 7’ both satisfy hypothesis
6.12, [T = BC () and 1" = BC (') are cuspidal automorphic representations matching
the conditions of Theorem 1.3. In particular, p(BC (7)) and p(BC (")) exist. By the very
construction of 7w/, Lemmas 2.1 and 4.7, so = % is critical for L(s, BC(w) x BC (")), so
P(BC ()0, BC(7') o) is well-defined. Now, let

@_p(BC(n))p(BC(n/))p(BC(n)oo, BC(1")o0)
L(l, 7y, Ad)L(1, s, Ad) '

’ oty .
Aw (T, 70') 1= o m G(eK,p) 2 ' (2mi)

We apply (6.18) and Theorem 1.3 to the pair (r, #’) and conclude that Aw (w, 7') €
Q. By [23, Proposition 2.6], °TT (respectively °TT') descends to °m (respectively 7’),
which are cuspidal automorphic representations satisfying hypothesis 6.12. Hence, using
Proposition 6.20, (6.19) and Theorem 1.3 again,

o(Aw(r, ") = Aw(r, °n'), (6.23)
for all o € Aut(C). But by induction, we can rewrite

Aw (. 7t") ~KQ
p(BC(m))
L(1, 7/, Ad)

n(n+1)

[a(rle)enn nr Glexe, )" F D i) ™57 p(BC ()00, BC(T)oo)].

It follows from (6.23) that

P(BC (1)) ~KQ()Q')

n(n+1)

L(L, g, Ad)[a(tl)eny ar Glexc, ) F1H0D Qi) ™57 p(BC ()00, BC(1)o0)].

The term in brackets on the right-hand side depends only on 7y (since 7., is an

irreducible component of the restriction to H'(R) of 7o) and the degree n, whereas
the left-hand side depends only on 7, so we conclude by induction. O
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Remark 6.24. For a different approach to a similar (in fact more general) result, we refer
to our forthcoming work with Lapid [14].

Corollary 6.25. Let TT and T be cuspidal automorphic representations of G(Ax) and
G'(Axc) which are cohomological with respect to E,, and E;, respectively. We assume IT =
BC(w) and TI' = BC(n") where m and 7’ are irreducible unitary cuspidal automorphic
representations of the definite unitary groups H(A) and H'(A), respectively. Suppose
moreover that both w and 7" satisfy hypothesis 6.12 and that the coefficients E,, and Ej
satisfy the equivalent conditions of Lemma 2.1. Then for every critical point sy = %—i—m
of L(s,I1 xIT") with m >0, there are a non-zero complex constant a(m, Iu, I1.),
depending only on the archimedean components of T1 and TI', and an integer a(n),
depending only on n, such that,

Ly +m, T x ) ~ggmae) aim. Moo, )G ek, )" L1, 7y, Ad)L(1, 7y, Ad).

Equivalently, for every critical point so =n—1+m of L(s, R(IM(IT) @ M(I1"))) with m >
0,

Ln—14+m RMJID)® M(l'[’f)))
~KQen Qe aim, Moo, TG (e )™ L1, 7y, Ad)L(1, 7y, Ad).

Proof. Indeed, it follows from the Theorems 6.22 and 1.3 and the fact that Q(IT7) € Q(x)
(respectively Q(I‘I’f) C Q(n")) that we can define

a(m, Moo, Ty := a(7eo)a(mwly) p(m, Mo, T,) € C*

and a(n) :=gn)+gn—1) € Z. O]

6.6. Generalizations

The methods of this paper apply to pairs I, IT’ of representations when the critical values
of their L-functions can be related directly to cup products of the cohomology classes
they define. This is only possible when the coefficients satisfy the inequalities of Lemma
2.1, a condition that is equivalent to relations on the Hodge types of the corresponding
motives that are summarized as 4.6.

We have seen in 4.12 that the Deligne periods of tensor products of motives satisfying
these hypotheses can be expressed, up to a certain power of 2wi, as products of terms
denoted P<y(M) and P<y(M'), each occuring to the first power (for 1 <s <n—1 and
1 < s/ < n—2). Deligne periods of tensor products are calculated more generally in [23,
§ 1.4]. As explained in [23], the motivic periods that occur in this calculation belong
to a tableau, and it follows without difficulty that in all cases these Deligne periods are
products of certain integral powers of the same P<;(M) and P<y(M’); the powers depend
on the relative positions of the Hodge types of M and M’. In optimistic comparison 4.32 we
argue that P<;(M) and P<y(M’) can be identified with certain Petersson (square) norms
of normalized holomorphic automorphic forms P (IT) and P (IT"). Thus we would
expect that the critical values of L(s, IT x IT") can always be expressed, up to algebraic
factors, as powers of 27ri multiplied by powers of these Petersson inner products.
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In fact, one can always find integers N > n and Hecke characters x;,i = 1,...N —n;
X},j =1,..., N —n, all obtained by base change from U (1), such that the (tempered)
Eisenstein representations

Y =IMHBxx BB - -Bxyn; Z”:H’Elﬂxl’ﬁﬂxéﬂﬂu-ﬁﬂxjv_n

are cohomological and have coefficients satisfying the inequalities of Lemma 2.1. (In
alluding to ‘base change’ we are ignoring the parity issue that we have already seen in
2.5; all the parameters of the Eisenstein representations have to be either integers or
half-integers, depending on the parity of N. But this can always be arranged.) Suppose
for the moment that the assertion of Theorem 3.9 was valid for the pair (X, X’). Then we
would find that, up to algebraic factors, the critical values of L(s, ¥ x X') were powers
of 27ri multiplied by

N—-1 N-2
[1P7&®-TT P E.
r=1 r'=1

On the other hand, the L-function admits a factorization

N—n N—n N—n
Ls. ZxX)=L(s, IxI)- [[ L. W@x)- [[ Ls. @ x)) - [T L. xi - x))-
i=1 j=1 i,j=1

Now we have expressions of the last three factors on the right-hand side in terms of
PO(IT) and PYW(IT) and CM periods of x; and X}’ and we can expect that P (X) and
P (X') can also be expressed in terms of the periods of I, IT’, and the auxiliary Hecke
characters. In this way one would obtain an expression of the critical values of interest,
namely those of the remaining term L(s, IT x IT'), as powers of P@(IT) and P (IT), as
expected.

The problem is that the integral representation used in Theorem 3.9 does not converge
when the automorphic form on GLy is an Eisenstein series. In [25], Ichino and Yamana
obtain the Rankin—Selberg product for Eisenstein representations of GLy x GLy—_; as a
regularized period integral. It seems to be difficult to interpret this regularized integral
as a regularized cup product in rational cohomology.

Alternatively, assuming both ¥ and X’ descend to definite unitary groups, which must
certainly be possible for appropriate choices of x; and X}, we could apply the method

described in § 6.5 to obtain an expression for the central critical value L(%, I x IT)
analogous to that in Corollary 6.25, provided the yx; and xj’. could be chosen, with the
given infinity types, so that the central critical values L(%, IM'® x;) and L(%, I1 ®X})
were all non-zero. It would then be possible to deduce the expected expressions for more
general central critical values from the expected generalization of recent results of Harder
and Raghuram [18]. Unfortunately, proving the existence of such x; and )(j’- seems to be
an extremely difficult problem.

Yet another method would be to ignore the cup product altogether. The
Rankin—Selberg integral

606 1> (6. ¢)) / 6(s)9' (&)l det(9) " dg (6.26)

G'(K\G'(Ak)
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defines a (g, K, G(Ay))-invariant bilinear pairing on the space H(K)®H’(K,) of K x
K'-finite elements in M Q®II', indexed by the integer m (where this is defined
by analytic continuation of the integral where necessary). On the other hand, its
realization in cohomology determines a natural Q(IT f)(@(l'[’f)-rational structure on
Iy ® I, and therefore L(IT, IT") := Hom(g k.G(a ) (Tl (k) ® H?K/), C) also has a natural
Q1 f)(@(l'[/f)—rational structure. Under the so-called automatic continuity hypothesis,
any element of L(IT, IT") extends continuously to the smooth Fréchet completions of
moderate growth. In this case, it is known that L(IT, I1") is of dimension 1. Thus,
there is a Rankin-Selberg period invariant P(I1, IT') € C* such that P(IT, IT)" ', is
Q1 f)Q(l'I’f)—rational; moreover, these invariants can be defined consistently for all
Aut(C)-conjugates of II, IT'. Verification of Deligne’s conjecture then comes down
to identifying these P(II, 1), whether or not the pairing I,, can be related to a
cohomological cup product. If TT" is abelian automorphic, the P(I1, IT") can be related as
above to Petersson norms of holomorphic forms on unitary groups and periods of Hecke
characters. It would seem that P(IT, IT") factors in general as a product of a period
invariant attached to IT and one attached to IT’, each independent of the other factor,
but we see no way to prove this in general.

In a forthcoming joint paper with S. Yamana, we avoid these difficulties by applying
a different combinatorial argument. We anticipate that our method will give a version of
Theorem 6.10 without assuming the inequalities of Lemma 2.1.

Acknowledgements. We would like to thank Jie Lin for her endurance and great help
in finding a vicious sign mistake in section 4, which troubled us while proof-reading
the paper. We gratefully acknowledge the help of F. Shahidi and W. Zhang, for their
answers to our questions about different steps in the proof of the main theorem.
A. Raghuram helped us clear up an apparent contradiction between our results and
Deligne’s conjecture. We are especially grateful to Binyong Sun, for proving the
non-vanishing theorem that makes our results unconditional and that will inevitably
make the whole field of special values considerably more attractive.

References

1. A. AsH, Non-square-integrable cohomology classes of arithmetic groups, Duke J. Math.
47 (1980), 435-449.

2.  R. BEUZART-PLESSIS, La conjecture locale de Gross—Prasad pour les représentations
tempérées des groupes unitaires, Preprint, 2012, arXiv:1205.2987v2.

3. A. BOREL AND J.-P. SERRE, Corners and arithmetic groups, Comm. Math. Helvet. 48
(1973), 436-491.

4. A. CARAIANI, Local-global compatibility and the action of monodromy on nearby cycles,
Duke Math. J. 161 (2012), 2311-2413.

5. L. CLOZEL, Motifs et Formes Automorphes: Applications du Principe de Fonctorialité, in
Automorphic Forms, Shimura Varieties, and L-Functions, Vol. I, Ann Arbor, MI, 1988
(ed. L. CLOZEL AND J. S. MILNE), Perspectives in Mathematics, Volume 10, pp. 77-159
(Academic Press, Boston, MA, 1990).

6. L. CrLozeL, M. HARRIS AND J.-P. LABESSE, Construction of automorphic Galois
representations, I, in The Stable Trace Formula, Shimura Varieties, and Arithmetic

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
http://www.arxiv.org/abs/1205.2987v2
https://doi.org/10.1017/S1474748014000462

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Whittaker periods, motivic periods, and special values of tensor product L-functions 767

Applications. Volume I: Stabilization of the Trace Formula (ed. L. CLOZEL et al.),
pp. 497-527 (International Press, Boston, 2011).

J. W. CoGDELL AND I. I. PIATETSKI-SHAPIRO, Remarks on Rankin—Selberg convolutions,
in Contributions to Automorphic Forms, Geometry, and Number Theory (ed. H. HIDA,
D. RAMAKRISHNAN AND F. SHAHIDI), pp. 255-278 (Johns Hopkins University Press,
Baltimore, 2004).

P. DELIGNE, Valeurs de fonctions L et périodes d’intégrales, with an appendix by
N. Koblitz and A. Ogus, in Proc. Sympos. Pure Math., Volume XXXIII, part II,
pp. 313-346 (American Mathematical Society, Providence, RI, 1979).

J. FRANKE, Harmonic analysis in weighted Lo-spaces, Ann. Sci. Ec. Norm. Supér. (4) 81
2 (1998), 181-279.

J. FRANKE AND J. SCHWERMER, A decomposition of spaces of automorphic forms, and
the Eisenstein cohomology of arithmetic groups, Math. Ann. 311 (1998), 765—790.

R. GoobpMAN AND N. WALLACH, Symmetry, Representations, and Invariants, Graduate
Texts in Mathematics, volume 255 (Springer, Dordrecht, 2009).

J. GORDON, Transfer to characteristic zero: Appendix to [49], Duke Math. J. 156 (2011),
220-227.

H. GROBNER, Residues of Eisenstein series and the automorphic cohomology of reductive
groups, Compos. Math. 149 (2013), 1061-1090.

H. GROBNER, M. HARRIS AND E. LAPID, Whittaker rational structures and special values
of the Asai L-function, Contemp. Math. to appear.

H. GROBNER AND A. RAGHURAM, On some arithmetic properties of automorphic forms
of GL,, over a division algebra, Int. J. Number Theory 10 (2014), 963-1013.

H. GROBNER AND A. RAGHURAM, On the arithmetic of Shalika models and the critical
values of L-functions for GLjy,, with an appendix by Wee Teck Gan, Amer. J. Math. 136
(2014), 675-728.

G. HARDER, Some results on the Eisenstein cohomology of arithmetic subgroups of GL,,
in Cohomology of Arithmetic Groups and Automorphic Forms (ed. J.-P. LABESSE AND
J. SCHWERMER), Lecture Notes in Mathematics, Volume 1447, pp. 85-153 (Springer,
1990).

G. HARDER AND A. RAGHURAM, Eisenstein cohomology for GLy and ratios of critical
values of Rankin—Selberg L-functions - I, manuscript (2014).

R. N. HARRIS, The refined Gross—Prasad conjecture for unitary groups, Compos. Math.
(to appear).

M. HARRIS, L-functions and periods of polarized regular motives, J. Reine Angew. Math.
483 (1997), 75-161.

M. HARRIS, A simple proof of rationality of Siegel-Weil Eisenstein series, in Fisenstein
Series and Applications (ed. W. T. GAN, S. S. KUDLA AND Y. TSCHINKEL), Progress
in Mathematics, Volume 258, pp. 149-186 (Birkh&user Boston, Boston, 2008).

M. HARRIS, Cohomological automorphic forms on unitary groups, II: period relations and
values of L-functions, in Harmonic Analysis, Group Representations, Automorphic Forms
and Invariant Theory, Vol. 12 (ed. J.-S. LI et al.), Lecture Notes Series, pp. 89-150
(Institute of Mathematical Sciences, National University of Singapore, 2007).

M. HARRIS, L-functions and periods of adjoint motives, Algebra Number Theory 7 (2013),
117-155.

M. HARRIS AND J.-P. LABESSE, Conditional base change for unitary groups, Asian J.
Math. 8 (2004), 653-683.

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

768

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

H. Grobner and M. Harris

A. ICHINO AND S. YAMANA, Periods of automorphic forms: the case of (GLjy1 x
GL;,, GLy), Compos. Math. (in press).

A. IcHINO AND W. ZHANG, Spherical characters for a strongly tempered pair, appendix
to [50].

H. JACQUET, I. I. PIATETSKI-SHAPIRO AND J. SHALIKA, Conducteur des représentations
du groupe linéaire, Math. Ann. 256 (1981), 199-214.

H. JAcQUET, 1. 1. PIATETSKI-SHAPIRO AND J. SHALIKA, Rankin—Selberg convolutions,
Amer. J. Math. 105 (1983), 367—464.

H. JACQUET AND J. SHALIKA, The Whittaker models of induced representations,
Pacific J. Math. 109 (1983), 107-120.

T. KALETHA, A. MINGUEZ, S. W. SHIN AND P.-J. WHITE, Endoscopic classification of
representations: inner forms of unitary groups, Preprint, 2014, arXiv:1409.3731.

J.-P. LABESSE, Changement de base CM et séries discréetes, in On the Stabilization of the
Trace Formula, Vol. I (ed. L. CLOZEL, M. HARRIS, J.-P. LABESSE AND B.-C. NGO),
pp. 429-470 (International Press, Boston, MA, 2011).

J.-S. L1 AND J. SCHWERMER, On the Eisenstein cohomology of arithmetic groups, Duke
Math. J. 123 (2004), 141-169.

L. Jig, Period relations for automorphic induction and applications, I, manuscript,
Comptes Rendus Math. 353 (2015), 95-100.

J. MAHNKOPF, Cohomology of arithmetic groups, parabolic subgroups and the special
values of automorphic L-Functions on GL(n), J. Inst. Math. Jussieu 4 (2005), 553-637.
J. MAHNKOPF, Modular symbols and values of L-functions on GL3, J. Reine Angew. Math.
497 (1998), 91-112.

C. M@&GLIN AND J.-L. WALDSPURGER, Spectral Decomposition and FEisenstein Series
(Cambridge University Press, 1995).

CH. P. Mok, Endoscopic classification of representations of quasi-split unitary groups,
Mem. Amer. Math. Soc. 235(1108) (in press).

A. RAGHURAM, Critical values of Rankin—Selberg L-functions for GL, x GL,_; and the
symmetric cube L-functions for GL,. With an appendix by Chandrasheel Bhagwat,
Preprint, 2014.

A. RAGHURAM, On the special values of certain Rankin—Selberg L-functions and
applications to odd symmetric power L-functions of modular forms, Int. Math. Res. Not.
IMRN 2010(2) (2009), 334-372.

A. RAGHURAM AND F. SHAHIDI, On certain period relations for cusp forms on GL,,, Int.
Math. Res. Not. IMRN (2008), doi:10.1093/imrn/rnn077.

J. ROHLFS, Projective limits of locally symmetric spaces and cohomology, J. Reine Angew.
Math. 479 (1996), 149-182.

F. SHAHIDI, Eisenstein Series and Automorphic L-Functions, Colloquium Publications,
Volume 58 (American Mathematical Society, 2010).

J. SCHWERMER, Kohomologie arithmetisch definierter Gruppen und FEisensteinreihen,
Lecture Notes in Mathematics, Volume 988 (Springer-Verlag, 1983).

B. SuN, The nonvanishing hypothesis at infinity for Rankin—Selberg convolutions,
Preprint, 2013, arXiv:1307.5357.

E. URBAN, Formes automorphes cuspidales pour GL(2) sur un corps quadratique
imaginaire. Valeurs spéciales de fonction L et congruences, Compos. Math. 99 (1995),
283-324.

J.-L. WALDSPURGER, Quelques propriétés arithmétiques de certaines formes automorphes
sur GL(2), Compos. Math. 54 (1985), 121-171.

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://www.arxiv.org/abs/1409.3731
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://dx.doi.org/10.1093/imrn/rnn077
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
http://www.arxiv.org/abs/1307.5357
https://doi.org/10.1017/S1474748014000462

Whittaker periods, motivic periods, and special values of tensor product L-functions 769

47. H. YOSHIDA, On a conjecture of Shimura concerning periods of Hilbert modular forms,
Amer. J. Math. 117 (1995), 1019-1038.

48. H. YOosHIDA, Motives and Siegel modular forms, Amer. J. Math. 123 (2001), 1171-1197.

49. Z. YUN, Duke Math. J. 156 (2011), 167-228.

50.  W. ZHANG, Fourier transform and the global Gan—Gross—Prasad conjecture for unitary
groups, Ann. of Math. 180 (2014), 971-1049.

51. 'W. ZHANG, Automorphic period and the central value of Rankin—Selberg L-function,
J. Amer. Math. Soc. 27 (2014), 541-612.

https://doi.org/10.1017/51474748014000462 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000462

	WHITTAKER PERIODS, MOTIVIC PERIODS, AND SPECIAL  VALUES OF TENSOR PRODUCT L-FUNCTIONS
	Introduction
	Unitary groups and base change
	Some standing assumptions and notation
	Base change
	Descent to unitary groups and base change
	The cuspidal automorphic representation Π
	The abelian automorphic representation Π'
	An action of Aut(C)
	Rational structures on cohomological Harish–Chandra modules

	Whittaker periods for the general linear group
	Automorphic cohomology of locally symmetric spaces
	A diagram
	The map Θ0
	The map Ψ=ΨcuspΠ×ΨEisΠ'
	The map ι×φ
	Critical points
	The map T*
	Poincaré duality
	A non-archimedean, particular vector
	An archimedean non-vanishing result
	A theorem on Whittaker periods

	Motives – an interlude
	Tensor products of motives
	Critical values when n'=n-1
	Critical values when n'=1
	Holomorphic automorphic forms on unitary groups and automorphic critical intervals when n'=1
	A comparison to Deligne's periods
	The case of a Hecke character

	Rational Eisenstein classes of abelian type
	Boundary cohomology
	A rationality result
	Whittaker coefficients

	Period relations - the main results
	Critical values of tensor products when one of the representations is of abelian type
	Whittaker periods and Petersson norms
	General tensor products
	The archimedean constant
	Whittaker periods and adjoint L-values
	Generalizations

	References




