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Abstract

Let M = (’J(;l p(_), ) be an expanding real matrix with 0 < p < 1, and let D, = {($), (} ),(yon )} be digit sets
with o, ¥, € {—1, 1} for each n > 1. Then the infinite convolution

HMD,) = Op-1p, * Opg2py %+

is called a Moran-Sierpinski measure. We give a necessary and sufficient condition for >ty p,)) to
admit an infinite orthogonal set of exponential functions. Furthermore, we give the exact cardinality of
orthogonal exponential functions in L2( iy (p,;) when L2(upp,)) does not admit any infinite orthogonal
set of exponential functions based on whether p is a trinomial number or not.
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1. Introduction

A fundamental problem in harmonic analysis is whether E := {e” "9 : 1 € A}
forms an orthonormal basis for L*( i), the space of all square-integrable functions with
respect to a probability measure . A Borel probability measure u on R? is called a
spectral measure if we can find a countable set A ¢ R? such that the set of exponential
functions E, := {e” 249 : 2 € A} forms an orthonormal basis for L>(u). If such A
exists, then A is called a spectrum for p.

Spectral theory has been studied extensively since it was initiated by Fuglede [11]
in 1974. Jorgensen and Pedersen [13] related spectral measures to fractals and gave
the first example of a singular, nonatomic, fractal spectral measure. They showed
that the one-fourth Cantor measure is a spectral measure, but the one-third Cantor
measure is not. Further research on the spectrality and nonspectrality of measures
treats self-similar measures (see [2] for a recent example), self-affine measures (see
[4, 5]) and Moran measures (see [1]).
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A Sierpinski-type measure p) o is defined by

1
o) = 5o dEZDuM,D(Mm — d),

where M = () ) with by, by > 1, is an expanding matrix, and D = {($),(§).({)}.
The Sierpinski-type measure plays an important role in fractal geometry and geometric
measure theory (see [10, 12]). In [8], Deng and Lau considered the special case
by = by = b and proved that L?( 11y, p) admits an infinite orthogonal set of exponential
functions if and only if b = (p/q)"/" for some p,q,r € N with 3 | p, and py p is a
spectral measure if and only if 3 | . Dai et al. [5] generalised the results under the
assumption that by # b;.

The nonspectral problem on the singular measure 4 may be the start of investigating
the completeness of a family of exponential functions in L2( ). For the Sierpinski-type
measure defined above, Dutkay and Jorgensen [9] discovered that if by = b, =b
and 3 1 b, then there exist at most 3 mutually orthogonal exponential functions in
L*(um.p). Later, Li [14] proved that if M = (&%) with ac ¢ 3Z, then there exist at
most 3 mutually orthogonal exponential functions in L?*(uy.p) and the number 3
is best possible. The more general setting with a,b,c € R was considered by Chen
et al. [3]. Recently, Liu et al. [15] considered the matrix M = (§ ’Z,) with ac — bd ¢ 37Z
and showed that there exist at most 9 mutually orthogonal exponential functions in
L*( Um.p) and the number 9 is best possible. All of the known results above are
concentrated on the situation when a (or b, ¢, d) is the rth root of a rational for » > 1.

Motivated by the above results, we will study the nonspectrality of the planar
Moran-Sierpinski measure t7,(p,;. Let

M:(” p(}l) with 0 < p < 1, (L.1)
and

({50

where 0,7y, € {—1, 1} for each n > 1. Then there exists a Borel probability measure
with compact support defined by the infinite convolution

HMD,) = Oy, * Op2p, %+, (1.3)

where 6p = (1/#E) Y g 0. for any finite set E, §, is the Dirac measure at the
point e and the convergence is in the weak sense. The measure pyyp,) is called a
Moran—Sierpinski measure and its support is the Moran set

T(M, (D,) = {iM‘”d,,  dy z)n}.
n=1
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Throughout the paper, we make the convention that all fractions have the simplest
form, that is, for a fraction ¢/p, we have gcd(p, g) = 1. We denote by r the smallest
integer such that (p/q)" € Q (for example, for p = (4/9)"/* = (2/3)!/2, we take r = 2).

Our first result is the following theorem.

THEOREM 1.1. Let M and D, be defined by (1.1) and (1.2) and define the Moran
measure iy p,) by (1.3). Then L*(uyp,)) admits an infinite orthonormal set of
exponential functions if and only if p = (q/p)"" for some p,q,r € N with 3 | p.

The theorem indicates some connections between number theory and spectral
theory. We can conclude from Theorem 1.1 that if p # (g/p)!/" for any p,q,r € N
with 3 | p, then any orthogonal set of exponential functions for L2(up,)) is finite.
In this case, we want to estimate the number of orthogonal exponential functions
in L*(upm.p,)) exactly. Specifically, for p € (0, 1), we will distinguish the following
cases:

* p =(q/p)""" with p,q,r € N and ged(p,3) = 1;
* p does not have the form (¢/p)"/" for any p, q,r € N.

For simplicity, we call A an orthogonal set (respectively a maximal orthogonal
set) for puyp,) if {774 : 1 € A} is an orthonormal family (respectively a maximal
orthonormal family) for L?(typ,))-

For the first case above, we obtain the following conclusion.

THEOREM 1.2. Let p = (q/p)"/" for some p,q,r € N with ged(p,3) = 1 and let M, D,
and pyp,) be defined by (1.1), (1.2) and (1.3), respectively. If A is an orthogonal set
of Um ), then the following statements hold:

(1) ifged(g,3) =1, then #A\ < 3, and 3 is best possible;
(1) if 3| q, then there may be any number of elements in an orthogonal exponential
set in L*(uyp,))-

If p does not have the form (g/p)'/" for any p, g, r € N, we introduce the concept of
trinomial number (see Definition 4.1) and prove the following theorem.

THEOREM 1.3. Let M, D, and py (9, be defined by (1.1), (1.2) and (1.3), respectively.
Suppose A is an orthogonal set of upy p,). Suppose furthermore that p does not have
the form (q/p)"'" for any p,q,r € N.

() Ifpis a trinomial number with degree m, then #A < 3!,
(i1) If p is not a trinomial number, then #\ < 3 and 3 is best possible.

We organise this paper as follows. In Section 2, we give the proof of Theorem 1.1.
In Section 3, we prove Theorem 1.2. Finally, we prove Theorem 1.3 in Section 4.
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2. The proof of Theorem 1.1

Let u be a Borel probability measure with compact support on R”. The Fourier
transform of u is defined as usual by

e = f e du(x)
for any £ € R%. We denote the zero set of 7 by Z (1), that is,
Z(p) ={¢ 1 (&) =0}
It is easy to show that A is an orthogonal set for u if and only if
(A= A)\ {0} € Z(1). 2.1

As the orthogonality of the set A is invariant under translations, without loss of
generality, we always assume that 0 € A.
By the definition of Fourier transform of s (p,) and (1.3), for any & € R?,

Fin (01 ©) = | [ 84108,

J=1

Hence,

0o

Z(miny) =M Z(p). (2.2)

j=1
By a simple calculation,

L((1\ (2
—~ 5{(2)’(1)} Zz’ O-n»‘)/n:—l Or 0y, Yn = 1;
Z(6p,) = 03

1((1\ (2 ) _ _ _ _
g{(l),(z)}+z, op=—-lLy,=loro,=1y,=-1

For convenience, we denote

and

Then (2.2) and (2.3) imply that

Z(noy) < | JMI(A VA VAU A = | |p7 (A VA VA U A, (24)
j=1 Jj=1
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For the one-dimensional self-similar measure p,, ,,

m—1

Hom() = — Zupm@ ) = 2.5)

where 0 < p < 1 and m > 1 is an integer, Deng [7] studied when L*( Hpm) admits an
infinite orthogonal set of exponential functions and obtained the following conclusion.

LEMMA 2.1 [7]. Let i, be defined by (2.5). If m is a prime, then Lz(/.tp,m) admits an
infinite orthogonal set of exponential functions if and only ifp = (q/p)'"" for p,q,r € N
with m | p.

For any ¢ € R?,

v,)(€) = ]_[ O, (M™"&) = ]_[ ﬂ 0, (M~ 0g) = ]_[ D, (P7E),
n=1 i=1 j=0 i=1 j=
Take v; = * 20Om-urnp,,, for I <i <r. Then
HMAD,) = V1 * V2%V,
and we have
zZ) =260, =0 |7 Z60,.). (2.6)
j=0 Jj=0
Moreover,
ZGinon =\ 2@ = p | 7 Z60,.). 2.7)
i=1 = j=0

PROOF OF THEOREM 1.1. Suppose A is an infinite orthogonal set of s p,) With
0€eA. Set A= (23: ), where AWV is the first coordinate of A and A® is the second
coordinate. By the orthogonality of A, we have (A —A) \ {0} € Z(um p,)- This,
together with (2.3) and (2.4), implies that
(AD = AD)\ {0} c Up-f’Z \3Z iz 12,
J=1 3

It follows that (A? — AD)\ {0} € Z(,3) for i = 1,2. Therefore, A¥ (i = 1,2) is an
orthogonal set of u,, 3.

We now claim that A®? is infinite for i = 1,2. It is enough to prove that A
is infinite, since the proof for A® is similar. Suppose to the contrary that A is
finite. By the plgeonhole principle, there exist two distinct elements A, 1" € A with

( V), A= (A,) such that A; = A7. Then

, 0 —
A=A = (/12 _ /112) ¢ Z(MM,{DH)
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This is a contradiction. Hence, the claim follows and we conclude that A® (i = 1,2)
is an infinite orthogonal set of yu,3. By Lemma 2.1, p = (g/p)Y" for some p,q,r € N
with 3 | p.

For the converse, suppose that p = (¢/p)!/” for some p,q,r € N with 3 | p. Fix
i€{l,2,...,r}. By the pigeonhole principle, there exists an infinite set 7~ such that
for any distinct j,j € 7, we have Dj,.,; = Dj,;. Without loss of generality, assume
that ;i = {($), (1), ()} forj € T. Set

. 1
A=p_’{pfa ra= —(1),j€T}U{O}.
312
It is clear that A \ {0} € Z(m,(p,)) and A is an infinite set. Now, it is enough to prove
that A is an orthogonal set of (. For any distinct 4;, A € A, we can write
A =p'pla, A =ppha
with j; > j,. Then
A=A = p—ipjla _p—ipjza — p—(j2r+i)(pj1—j2qj2 _ qu)a.

Since ged(3,q) =1, we have (p/t72g — gi)a € Z(5p,

prei)> and thus ;- A €
Z(fimp,))- Hence,
(AN{0} € Z(umio,))-

Therefore, A is an infinite orthogonal set of iy (o, o

3. The proof of Theorem 1.2
We now turn to Theorem 1.2. To prove it, we need the following lemmas.

LEMMA 3.1 [8]. Suppose that b € R admits a minimal integer polynomial gx" — p
(r> 1) and satisfies a\b' + a,b™ = azb", where aj,ay,a3 € Z\ {0} and I,m,n are
nonnegative integers. Then | = m = n (mod r).

LEMMA 3.2. If b € R has a minimal integer polynomial gx" — p with r > 1 and

satisfies
" (an) e (azl) s (asl), G.1)
apn a asp

where (4)) € A1 UA, U A3 U Ay for 1 <i<3 and ny,ny,n3 are nonnegative inte-
gers, then n; = ny = n3 (mod r).

PROOF. From (3.1),

3b’”a11 - 3b”2a21 = 3bn3d31,
31)”1(112 - 3[?"2(122 = 3bn3032.

It follows from (2.3) that 3a; # O for all i = 1,2,3 and j = 1, 2. Applying Lemma 3.1,
we have ny = np = n3 (mod r). O
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PROOF OF THEOREM 1.2. (i) Assume for contradiction’s sake that #A > 3. Let
A = {0, 41, A2, A3} be an orthogonal set for 1y (p,;. We claim that

(A=M\{0} c Z(vi) (see(2.6)) (3.2)

for some i with 1 < i < r. Indeed, for any two distinct 4;, 4; € A, we can write

o [Ai _n (A
/li:pnl(/l,;)’ /lj:pnj(/lj)a

where n;,n; > 1 and (j; ), (ﬁg) € A U A, U A3 U Ay. From the orthogonality of A,
there exists p™({!) with m > 1 and (})) € A; U A, U Az U Ay such that

_n: /1'1 . /1'1 _ /ll
n (LY en [T} -m .
o i) ()=o)

By Lemma 3.2, n; = nj = m (mod r). Therefore, A;, 4;, A; — 4; € Z(V;) for some i with
1 < i < r and the claim follows.
It follows from the above claim that

AN{0} € (A=M)\ {0} € Z(W),

for some i € {1,2,...,r}. This together with (2.6) implies that we can rewrite A; as

Q=+ fi(l_’)"" Ak
where n; >0 and (j:;) EZATUAUA;UA,) for k=1,2,3. Introduce
N = max{n; : k = 1,2,3}. Then

1 s e (A1
AN{O) = — { s N~ :k=1,2,3}.
\(0) = 3 xo 0" (ﬂkz)
Set

AD = (P Ay sk =1,2,3).

Since 3 { p"qN"* Ay for k = 1,2,3, by the pigeonhole principle, there exist j # [ €
{1,2, 3} such that
plg" A = pg" M Ay (mod 3).
That s, 3 | (p"ig" ™" A; — p"g" ™™ Ai1). Then
_ 1 —i[ .nj N-n; /ljl n;  N-m A =
AJ_AI_Wp (quN /(/le -P qN A )¢~Z(V1)a

which contradicts (3.2). Hence, #A < 3.

Next, we construct an appropriate orthogonal set to show that 3 is best possible. Let

Ao = p I A € Z(6p,.)} U {0)

for some j >0 and i € {1,2,...,r}. It is obvious that (Ag — Ag) \ {0} € Z(V;) and
#A = 3. Hence, the number 3 is best possible.
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(i) For any n > 1, either Z(’é\z)”) =A UA; or Z(gz)n) = Az U Ay. Applying
the pigeonhole principle, there exists an infinite set 7 and k € {1,3} such that
Z(g@n) =AU Ay for all ne T . Without loss of generality, we assume that
Z(gpn) = A UA, for all n € 7. By the pigeonhole principle again, there exist
i €{1,2,...,r) and an infinite set 7" such that Z(6p,.,) = A U A, for all j € T”. Set
T ={jaky_, withj; <jp <---.Forany N > 1, define

3 L e\ (ao) (0 ) (1 }
AN—{/ln—p 3 (,Bn)'( .= o and 8]~ |2 forl <n < Nj.
As 3 ¢ p, we have Ay \ {0} € Z(v)) € Z(ump,;) by (2.6) and (2.7). For any distinct
elements A,, 4,, € Ay, we can write

7'Pjn+jN a, 7‘pjm+jN [0’
— L — i

/ln - p 3an (ﬁn) ’ /lm - p 3qj’” -
with n < m. Then

. jr” . . . . . .
Ay = Ay = pil%(pj’ﬂvlvijmqﬁ”fjn (g”) — pJN (am) )

Since 3t pand 3 | g,

(pJn"'JN_]qum_]n (Zn) — pJN (Zm)) S S(ﬂl ) ﬂZ)

It follows that 4, — A, € Z(1m(o,))- Hence, Ay is an orthogonal set of y (p,;. By the
arbitrariness of N, the proof is completed. O

4. The proof of Theorem 1.3

In this section, we prove Theorem 1.3. We begin with the important concept of a
trinomial number.

DEFINITION 4.1. We say that p € (0, 1) is a trinomial number if there exist o, 8,y €
Z\ 3Z and m,n € N with m > n > 0, such that

ap™+ B +y =0. 4.1)
The smallest m satisfying (4.1) is called the degree of the trinomial number p.
The next lemma is inspired by [6, Lemma 4.1].

LEMMA 4.2. Let P(x) be an integer polynomial with all its coefficients divisible by 3
except for one, and let Q(x) be an integer polynomial whose first and last coefficients
are not divisible by 3. Then P(x) and Q(x) are coprime.

PROOF. Note that Q(x) is not monomial. We divide the proof into two cases.

Case I: Q(x) is irreducible in Q[x]. We argue by contradiction. Suppose that P(x) and
Q(x) are not coprime. Then there exists H(x) € Z[x], such that P(x) = H(x)Q(x). Set
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Zsy =7\ 3Z. Denote by P'(x), Q'(x), H'(x) € Z3[x] the polynomials whose respective

coefficients are congruent to the coefficients of P(x), Q(x), H(x) modulo 3. Then
P'(x) = H' (x)Q' (x).

The assumption of Lemma 4.2 implies that P’(x) is a monomial but Q’(x) is not, which

gives a contradiction. Thus, P(x) and Q(x) are coprime.

Case II: Q(x) is reducible. Then we can write Q(x) = Q;(x)0>(x) - - - Qx(x), where
each Q;(x) is irreducible for 1 <i < k. By Case I, P(x) and Q;(x) are coprime for
i=12,...,k Therefore, P(x) and Q(x) are coprime. O

Now we have all ingredients for the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. (i) Assume that #A > 3! Let A = {0, 1, ..., A3nn1} be an
orthogonal set for uyp,). Since p is a trinomial number with degree m, there exist
a,B,y € Z\ 3Z and m,n € N with m > n > 0, such that

ap "+ B +y=0. 4.2)
Now we claim that for any k € N, there exist {cx 0, Ck.1,--->Ckm—1} C Z such that
m—1
dp = ™, 4.3)

§=

where ¢ € Z \ 3Z U {0}. Indeed, if k < m, then (4.3) obviously holds. If k > m, we
denote k = sym +t; (0 < f; < m — 1), then (4.2) implies that

akp—k — (a,p—m)slp—t]a,k—sl — (_ﬂp_n _ ,y)slp—t]ak—sl .

If syn+1t; <m, then (4.3) follows. If s;n+t > m, we set syn+1t; = som+t, with
0<t <m-1). Then

a,k—slp—(sln+t]) — ak—slp—(szmﬂz) — ak—S1—S2(ap—n’I)S2p—l2 — ak—S]—Sz(_ﬁp—n _ ,)/)Sgp—Iz.

After finitely many steps, we reach r € N, such that s,n + ¢, < m. Then the claim
follows. By the pigeonhole principle, there exist mutually different k; k;,k; €
{1,...,3™"}, such that

Chis = Clys = Chyus (mod 3) “4.4)
fors =0,1,...,m— 1. Denote the corresponding A4;, 4;, 4; by
Ai = %P_k"aiv A= %P_kj aj, A= %P_k]al,
where  a;,aj, a5 € {(}),(3),(1),(3)} +3Z%. Let N = max{k;,kj,k;}. Denote by

al(.l),a](.l),agl) the first coordinates of a;, a;, a;, respectively. Applying the pigeonhole

principle again, there exist two elements of {4;, 4;, 4;} (which we might as well denote
as A;, 4;), such that

oMl = " Hdl) (mod 3). 4.5)
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By the orthogonality of A, there exists —p val] € Z(ump,) with k; > 1 and
aj € {(}),(3), (1), (3)} + 3Z?, such that

%p_k’ai - %p_kfaj = %p_k"faij. (4.6)
Applying (4.3), we have

a,pk(l) a,Npk(l)_a,pk Nk(l) /pkjaNk(l)

~s Nk (1 “s N—k: (1
= Z(ck,-,sp Mg — o pm el

_ Z(Ck,-,sCYN_kidl(-l) _ ij‘sa,N—kja](.l))p—s.
Combining this with (4.6) gives

m—1
N—k; (1 1 _ e
D ek 0" - o @ Hap™ = oNpal).
Define

m—1
P(x) = Z(cki,sa/N_k"agl) - ckj,saN_kfa](.l))x aNa(l)x O(x) = ax™ + Bx" + .

From (4.4) and (4.5), ck,.’saN_k"aE]) = Ck.s aNhi ( ) €3Z for 0 <s <m— 1. Then by
Lemma 4.2, P(x) and Q(x) are coprime. However, P(p™") =0 and Q(p") = 0. This
gives a contradiction. Hence, #A < 31

(i1) We argue by contradiction. Suppose that #A > 4, and let A = {0, 4, A2, A3} be
an orthogonal set for uu (p,;. By (2.1) and (2.4), we can write

I ) 1\ (2\ (1) (2 )
/li—gp a; w1tha,-E{(z),(l),(l),(z)}+3z,k,-zl,

for i = 1,2, 3. Applying the pigeonhole principle, there exist distinct 4;, 4; € A, such
that a(l) = (1) (mod 3) and k; > k;. By the orthogonality of A, there exist %p*k;/a,-j €
Z(mio,) With a; € {(5),(3),(1),(3)} + 372, such that

30 %a; — 3pa; = 307y,
It follows that

p—k,-agl) —p —k; (1) =p ,,a(l) 4.7
Now we distinguish three cases.

Case I: k;, k;, k;; are mutually different. We might as well assume that k; > k; > k;; since
the proof in the other cases is similar. Then (4.7) implies that

~(ki—ky) (1) _ _~(ki—ky) (D) _ (1)
ol va; —p T a = a

This means that p is a trinomial number, which is a contradiction.
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Case II: Only two elements of {k;, k;, k;} are equal. We might as well assume that
k; > k; = k. From (4.7),

~(ki—ky) (D _ ) = D
l

P 4 i
It follows that p = (al(.l) / (ajm + al(jl)))” *&i=ki) “which contradicts the fact that p is not of

the form (g/p)'/" for p,q,r € N.
Case II: k; = k;j = k. Then al(.l) —aj(.l) = afjl). As agl) = aj(.l) (mod 3), we have
agjl) = 0 (mod 3). This is impossible. Hence, #A < 3.

B =S )=

§P
M=oy (2 11\ (2
| : s _ 2 2
o) G} 2@ =5 (1))} +=
It is easy to verify that (Ag — Ao) \ {0} € Z(ump,)) and #A¢ = 3. Therefore, the
number 3 is best possible. |
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