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Cooke [1] modified a technique used by Erdélyi and Sneddon [2] to solve triple integral

equations of a certain type. In this paper, we extend this method to solve the quadruple
integral equations

L«mmsjjrhwaauaﬁ=Fxm ©0<p<a), (12)
Lxmmsjjfww@hw@ﬂ=cxm (@a<p<b), (1b)
h@u05;j€“W@L@®d€=Fﬁm b<p<o, (10)
Ldmp)sd:é‘wwﬁhmbdé=64m (0> o), (14)

where F,, G,, F, and G, are prescribed functions of p and y(¢) is to be determined. With no
loss of generality we shall assume that G,(p) =0, G,(p) = 0.

1. Operators. We recall here a few definitions and properties of the operators used in
solving the integral equations (1). Cooke [1] has defined? the operators 2/, , and K, , by the

formulae
-2a-2 b
2’,,, Jx)= 2xl‘(q) ' (xz——uz)"' TR lf(u) du (x> 0), 2
bI " —x—Zrt-Za-l d b' 2 2\a,, 2+ 1 d I 0) 3)
aq,af(l)——rm‘:{; a(x —u* Y f(u)du (-I<a<0), (
22" (4
Kool ) = Frp | W= da (x> 0), @
2r1 1

oK, f(x) =

rmaa;f =PI e (<1<2<0. (3)

For a = 0, these are just the identity operators. Note that with these definitions g/, , and
%K, . are simply the Erdélyi-Kober operators [5]. In these cases we will drop the indices on
the left and write them as /, , and K, ,. We also observe that (2), (3) make sense if b < x and
similarly (4), (5) are defined only if ¢ > x.

t Cooke uses (O)1,,.«, (9K,,.., but our notation seems convenient.
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The modified operator S, , of the Hankel transforms is defined by

Spa () = zax-“f £ 1 DS . ©)

Sneddon {4] has shown the following relations between the Erdélyi-Kober and Hankel
operators.

1n+a,ﬂsq,a= 0, 2+ ™

Kn,asq-f-a,ﬂ = Sn.a+ﬂ’ (3)

Sp+a,88ne =Ty aep ®

SyaSy+a,8= Ky avp (10

provided that the conditions for the existence of the various operations are satisfied. The
inverse operators are

zIrZi =21q+a,-a’ (11)

Kpa=Kyta -0 (12)

S =8 .0 - (13)
n,a 1 y —Q@

We require two lemmas also given by Cooke [1], which define the product of pairs of
operators.

LeMMA A. Let 8I, ,, 31, be operators as defined in (2), (3) and (11). Then

2si b 2—f2 at24+1 f
L0 f3) = 2T o2 —dZ)-“f @ 10y, (14)
' ' 1 a x“—1
provided that x >d =z b > a.
LemMA B. Let 3K, ,, 2K, % be operators as defined in (4), (5), and (12). Then
2sin b t2_d2 at—2a-2n+l )
K ARy, () = = (- x) j R ay

provided that x <d S a < b.

2. Solution of the equations (1). We transform the equations (1) into a form to which
the operational theory is applicable by substituting

W& =EAQ), flp)=(2p)’F{p); (16)
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by means of this we get

Ly, p) = 22“p"’f: EAR (PO dE = fi(p)  (0<p<a), (17a)
LB, p) = 22”p‘2"j: £ AR (p)dE =0 (a<p<b), (17b)
Ly(a, p) = 22"/)'“£° ETA (A =fi(p)  (b<p<o), (17c)
LB, p)=2%p% f S ARI(p8)dE =0 (p>0). (17d)

Let I, denote the interval (0, a), I, the interval (g, b), I5 the interval (b, ¢) and I, the
interval (¢, ). For a function fin L, (0, co) we shall write f, +/, +/3+f,, where

fi=f on I, and =0 on I, (i,j=1,2,3,4;i#))

and similarly for g. Using the S-operator defined in (6), we see that the integral equations
(17) reduce to the form

S-}v—a, 2a A(p) =f(p)’ (18)
S}v—ﬂ,lﬁ A(p) = g(p). (19)

Here f, and f; are prescribed, g, = 0 = g, but g, f,, g and f, are to be determined. Let us
take as trial solution

A(P) = Syyrp, —a31(p). (20)
Substituting this value of A(p) in (18), (19) and using formulas (9), (10) we have
f= I§v+ﬂ,a—ﬂl’ (21)
9=K-pp-al (22)
Also, we have
I=1 %p0-p] (23)
= K3 p,5-29- (24)

We proceed to determine /. The subscripts on all the operators will be dropped for

brevity sake. All I's will be supposed to have subscripts $v+ f, «— f understood and all K’s
to have iv—f, f—a.

Evaluating (23) on I, we get

L =871, (25)
Taking (24) on I, we have

l4 = OZK-I g4 = 0. (26)
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Evaluate (22) on I,; then
2K12+§K13+m;:1\'14 = 0,

which gives
I:)_ = ‘zK_l iKI3.

Applying Lemma B, we have

t2 2

b =p

2sinn(B—a) _, . (2= 2 gy

Finally, evaluating (21) on I,, we have
Iy = ﬁl_]fs"ﬁl_’ 3111—‘51_'2”2-
Since f; and /, are known functions, the function

d(p) =51 'fx(p) =417 " 311,

63

@n

(28)

(29)

(30)

is known. Applying Lemma A to the last term on the right-hand side of (29) and substituting

(28), (30) in that equation, we obtain

1) = dlp)+ I ponaar s

X '[b(bZ_yZ)u—ﬁyv+2ﬂ+l{2Sin n(ﬂ_a)yv—Za(bZ_yZ)a—ﬂ
a s

dy.

, tz_yz 2 z

€2 _ K2\f—a,—v+2at1
XJ' (B=b*f 13(1)dt} 1
p =y

Inverting the order of integration, we get
dsin®n(a—p) [ _,_ —a
I3(p) = d(p) = ———— | {p7""p* b
b
b
X (t2_b2)ﬂ—at—v+2a+ IJ (bz _y2)2(a—-ﬂ)y2v—2a+2ﬁ+ 1

1
X md}f} 13(0 dt.
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Putting 4n~2sin? n(a— B) = — 4, and the expression within the curly brackets equal to K(p, 1),
we obtain

I3(p) = d(p)+2 I \ K(p, l5(1) dt, (33)

which is a Fredholm’s integral equation of the second kind and can be solved by known
methods. The equations (25), (26), (28) and (33) completely determine / and our problem is
formally solved.
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