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1. Introduction. Brouwer ' s celebrated fixed point 
theorem states that every map of a closed n-ce l l into itself has 
a fixed point. 

A s imilar theorem is here proved for coincidences be­

tween a pair of maps (f, g): I -*- I , where I denotes a 

closed n-ce l l ( i . e . a homeomorph of the n-ball) and a coinci­

dence is a point x € I for which f(x) = g(x) . That two a rb i ­

t r a r y maps (f, g): I -*- I need not have a coincidence is shown 

by the pair f : I -*• y , g: I -* y , where y , y e l and 

y é y . More generally, one can immediately construct a map 
0 1 

g so that (f, g) is coincidence free if f is not sur ject ive. 

Therefore some res t r ic t ion has to be imposed on the pair 
(f, g) for a 'Brouwer type1 coincidence theorem. We prove 

THEOREM 1. If f: I*1-*• I n maps the boundary of l n 

essential ly onto itself, then every pair (f, g): I -* I has a 
coincidence. 

It includes Brouwer ' s fixed point theorem as the special 
case where f is the identity. A standard proof of Brouwer ' s 
resu l t can be adapted to yield Theorem 1, but we use a different 
demonstrat ion which renders in the fixed point case a probably 
new - although not a simpler - proof of Brouwer ' s t heo rem. 

Holsztynski [ l ] has recently called a map f: X -*• Y 
'universal for all maps of X into Y' if for all g: X -*- Y there 
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e x i s t s an x € X s u c h that f(x) = g(x) . Using h is t e r m i n o l o g y , 
our t h e o r e m can be f o r m u l a t e d as 

T H E O R E M 1 ' . If f: i n -*• I R m a p s the b o u n d a r y of i n 

e s s e n t i a l l y onto i tself , then f i s u n i v e r s a l for a l l m a p s of I 

into i t se l f . The condi t ion tha t f m a p s the b o u n d a r y I of I 
e s s e n t i a l l y onto i t se l f i s suff ic ient , but not n e c e s s a r y for f to 
be u n i v e r s a l , a s i s shown by the following e x a m p l e : L e t 

I = { x = ( x , x , . . . , x ) € R ; - 1 < x. < 1 for i = 1, 2, . . . , n} , 

and define f: I -* I by 

f(x , x , . . . , x ) = (1 + 2x , x , . . . , x ) if - 1 < x < 0, 
1 2 n 1 2 n — 1 — 

= (1 - 2x . x_, . . . , x ) if 0 < x < 1. 
1 2 n — 1 -~ 

Then f m a p s I onto i tse l f wi th d e g r e e z e r o , but i s 

u n i v e r s a l for a l l m a p s of I into i t se l f in c o n s e q u e n c e of 
B r o u w e r ' s fixed po in t t h e o r e m . 

2" A L e m m a , A p a i r of m a p s (f, g) : I -* I d e t e r m i n e s 

a p r o d u c t m a p f X g : I - > I X I , and a co inc idence of (f, g) 

i s a po in t x € I for which ( f X g ) ( x ) C A , w h e r e A d e n o t e s the 

d i agona l of I X I . We e s t a b l i s h f i r s t s o m e r e s u l t s about the 

h o m o t o p y of the de le ted p r o d u c t I X I - A needed in the proof 
of T h e o r e m 1. The s y m b o l X - A is used for the d i f f e r ence 

X - (AH X), w h e r e not n e c e s s a r i l y A C X . The n - c e l l I is 
d e s c r i b e d in t e r m s of a h o m e o m o r p h i c n - b a l l 

r / T^n 2 2 2 
{x = (x , x , . . . , x ) € R ; x . + x_ + . . . + x < 1 } , 

1 2 n 1 2 n — 

and c = (0, 0, . . . , 0) i s i t s c e n t r e . 

Cons ide r the c o m m u t a t i v e d i a g r a m 

Is* 
TT r i n x c ) - IT ( i n x i n - A ) 

n- 1 n- 1 
( 1 ) \ i * J * / 

,in n 
TT . (I X I - A 

n - 1 
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in which i# , j# , and k# a r e induced by i n j e c t i o n s . 

L E M M A . The h o m o m o r p h i s m s in (1) a r e i s o m o r p h i s m s 
for a l l n > 1 . 

P r o o f . i) Cons ide r the homotopy 

;n Tn ;n n 
p : I X I - A - I X I - A 

g iven by 

p t ( y l f \ c + (1 - \ ) y 2 ) = ( y r (t + X - Xt)c + ( l - t ) ( l - \ ) y 2 ), 

w h e r e 

yt> Y2 € I n , Yj^^Yy ° - X - *' ° - t - * * T h e n P 0 i S t h e 

i den t i ty and p = p is a d e f o r m a t i o n r e t r a c t i o n of I X i - A 
*n 

onto I X c . 

Hence i^ i s the i n v e r s e of the i s o m o r p h i s m 

/^x .in ,n . .in 
(2 p . : TT . 1 X I - A - Ï Ï (I x c . 

* n - 1 n- 1 

ii) C o n s i d e r the homotopy 

q t : l n x l n - A - f x f 1 . A 

given by 

q t ( \ x + (1 - X)y, x) = (X(l - t )x + (1 - X + \ t ) y , x) , 

w h e r e 

x e I n , y e i n , y ^ x , 0 < X < 1, 0 < t < 1 . Then q i s the 

iden t i ty and q = q is a d e f o r m a t i o n r e t r a c t i o n of I X I - A 

onto I X I - A . Hence j# i s the i n v e r s e of the i s o m o r p h i s m 

q* : IT A ( I n X I n - A ) «*> TT ( I n x i n - A ) . 
^ n - 1 n - 1 

i i i) As i# and j# a r e i s o m o r p h i s m s , so i s 

3 . P r o o f of T h e o r e m 1. If n = 1, the t h e o r e m fol lows 
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quick ly f r o m a d i r e c t a r g u m e n t us ing the g r a p h of f X g. 

A s s u m e now tha t n > 1 , and let (f, g): I -* I be a p a i r 

of m a p s s u c h tha t f j l i s an e s s e n t i a l m a p onto I . We p r o v e 
tha t i t cannot be co inc idence f r e e . 

*n 
If (f, g) h a s a co inc idence on I , t h e n t h e r e is nothing 

left to show. O t h e r w i s e (f, g) d e t e r m i n e s a m a p 

n *n „n n *n n 
f x g : I , I - > I X I , I X I - A , 

and the r e s t r i c t i o n f X g | I def ines an e l e m e n t 

c*€ IT f i n X I n - A ) . 
n - 1 

A s s u m e by way of c o n t r a d i c t i o n tha t (f, g) is co inc idence 
f r e e , so tha t f X g i s in fac t a m a p 

,.n in Tn Tn »n „n 
f X g: I , I -* I X I - A , I X I - A . 

Then k a € ,T , ( 1 X 1 - A ) i s the z e r o e l e m e n t , a s the m a p 
n - 1 

j o (f X g 11 ) has an e x t e n s i o n over I . 

Bu t i t fo l lows f r o m the c o n s t r u c t i o n of p^ in (2) tha t 

p^ a. € TT (I X c) i s the e l e m e n t d e t e r m i n e d by f | l : I -*• I , 

and h e n c e n o n - z e r o as f | I i s e s s e n t i a l . The l e m m a a s s e r t s 
- 1 

tha t k ^ p ^ c û f = k ^ i ^ a = j# a and tha t k# i s an i s o m o r p h i s m . 

Th i s y ie lds a c o n t r a d i c t i o n , and t h e r e f o r e (f, g) m u s t have a 
c o i n c i d e n c e . 
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