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1. Introduction. Brouwer's celebrated fixed point
theorem states that every map of a closed n-cell into itself has
a fixed point.

A similar theorem is here proved for coincidences be-

tween a pair of maps (f, g): I" = I", where I” denotes a
closed n-cell (i.e. a homeomorph of the n-ball) and a coinci-

dence is a point x ¢ In for which f(x) = g(x) . That two arbi-
trary maps (f, g): I" = I" need not have a coincidence is shown

by the pair f: In»yo, g: In»yi, where Yo y1 ¢I" and

Yo # Yi . More generally, one can immediately construct a map

g so that (f, g) is coincidence free if f is not surjective.

Therefore some restriction has to be imposed on the pair
(f, g) for a 'Brouwer type' coincidence theorem. We prove

THEOREM 1. ¥ f: 101" maps the boundary of ™

n n
essentially onto itself, then every pair (f, g): I =1 has a
coincidence.

It includes Brouwer's fixed point theorem as the special
case where f is the identity. A standard proof of Brouwer's
result can be adapted to yield Theorem 1, but we use a different
demonstration which renders in the fixed point case a probably
new - although not a simpler - proof of Brouwer's theorem.

Holsztynski [1] has recently called a map f: X~ Y
'universal for all maps of X into Y' if for all g: X = Y there
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exists an x ¢ X such that f(x) = g(x). Using his terminology,
our theorem can be formulated as

THEOREM 1'. If f: I' = I" maps the boundary of I
essentially onto itself, then f is universal for all maps of "

.y en n
into itself. The condition that f maps the boundary I of I
essentially onto itself is sufficient, but not necessary for f to
be universal, as is shown by the following example: Let
n

I ={x=(x1, XZ, ce e xn)e Rn;-if_xigi for i=14,2,...,n},

and define f: I" = I" by

o x ) if -1 <x

f(x1,x,...,xn)=(1+2x1,x2,. N <0,

2 1

= - , , if 0 < < 1.
(1 2x1x x ) if _xi_i

PURER n

Then f maps 1" onto itself with degree zero, butis
universal for all maps of I” into itself in consequence of
Brouwer's fixed point theorem.

. n n .

2. A Lemma, A pair of maps (f, g): I = I determines
a product map f X g: "> 1" x In, and a coincidence of (f, g)
is a point x ¢ I for which (fXg)(x)CTA, where A denotes the
diagonal of I" X I . We establish first some results about the

homotopy of the deleted product I" X I" - A needed in the proof
of Theorem 1. The symbol X - A is used for the difference

X - (AN X), where not necessarily ACX. The n-cell " s
described in terms of a homeomorphic n-ball

n 2 2 2
{x—(x1,x2,...,xn)e R ; X, +x2 + ... +xn <1},

and ¢ =(0,0,...,0) is its centre.
Consider the commutative diagram

ks

:n n_ .n
Trn_1(I Xc) = Trn_1(I XI -A)

\i:* J»/‘
LI (inX - A)
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in which ix, jx, and kx are induced by injections.

LEMMA. The homomorphisms in (1) are isomorphisms
for all n>1.

Proof. i) Consider the homotopy
P, Px1"-a-I"x1"-a
given by
+ - = - - -

Py Ae+ (1 -Ny,) =y, (E+x-rt)e +(1-t)(1 Ny, )

where
‘n

) ) ’ < < ’ < < . i
LTI yi;éyz 0<\<1, 0<t<t. Then p, is the
identity and p = Py is a deformation retraction of I X I" - A
onto In X c.

Hence i, is the inverse of the isomorphism

‘n_n n
(2) Py : Trn_i(I X I -A)-'Trn_i(l X c).

ii) Consider the homotopy
e I'xI-Aa=-T"%xIT -
t
given by
qt()\x+(1 =Ny, x) = (A1 -t)x+(1- x+xt)y, x),
where
n . .
xel |, yve In, y;éx, 0<A<1, 0<t<1. Then q, is the

identity and q = 9 is a deformation retraction of I" X I - A

‘n
onto I' X I" - A . Hence jx 1is the inverse of the isomorphism

n_ n .n_ .n
: - X - .
Qs n-n_i(I X I A)=>T 1(I I A)

iii) As ix and jyx are isomorphisms, so is

3. Proof of Theorem 1. If n =1, the theorem follows
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quickly from a direct argument using the graph of f X g.

Assume now that n> 1, and let (f, g): In-> In be a pair

n . n
of maps such that f{I is an essential map onto I . We prove
that it cannot be coincidence free.

If (f, g) has a coincidence on In , then there is nothing
left to show. Otherwise (f, g) determines a map

txg: I, ">1"x1", I"xI" - A,
and the restriction X glin defines an element
@eT (inXIn~ A).

n-1

Assume by way of contradiction that (f, g) is coincidence
free, so that fX g 1is in fact a map

fxg I IM>I'xIM o a, %17 - A
. n .
Then jw «e T4 (In X I - A) is the zero element, as the map
je(fX glin) has an extension over I .

But it follows from the construction of py in (2) that
Py @€ T, (In X ¢) is the element determined by f’in: R o ,
and hence non-zero as f,in is essential. The lemma asserts
that ks px o= ky i*-1 o= jg @ and that kg is an isomorphism.

This yields a contradiction, and therefore (f, g) must have a
coincidence.
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