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The Heisenberg covering of the Fermat
curve

Debargha Banerjee and Loic Merel

Abstract. For N integer > 1, K. Murty and D. Ramakrishnan defined the Nth Heisenberg curve,
as the compactified quotient X, of the upper half-plane by a certain non-congruence subgroup of
the modular group. They ask whether the Manin-Drinfeld principle holds, namely, if the divisors
supported on the cusps of those curves are torsion in the Jacobian. We give a model over Z[ un,1/N]
of the Nth Heisenberg curve as covering of the Nth Fermat curve. We show that the Manin-
Drinfeld principle holds for N = 3, but not for N = 5. We show that the description by generator
and relations due to Rohrlich of the cuspidal subgroup of the Fermat curve is explained by the
Heisenberg covering, together with a higher covering of a similar nature. The curves Xy and the
classical modular curves X (n), for n even integer, both dominate X(2), which produces a morphism
between Jacobians Jy — J(n). We prove that the latter has image 0 or an elliptic curve of j-invariant
0. In passing, we give a description of the homology of X}.

1 Introduction

Let T be a subgroup of finite index of SL,(Z). This subgroup acts by homographies
on the complex upper half-plane §). Consider the corresponding modular curve
Yr = I'\$), and its compactification obtained by adding the cusps Xr. We say that Xy
satisfies the Manin-Drinfeld principle if any cuspidal (i.e., supported on the cusps)
divisor of degree 0 is torsion in the Jacobian of Xr. Manin and Drinfeld proved that it
is the case when T is a congruence subgroup.

For a subgroup of finite index (not necessarily a congruence subgroup), K. Murty
and Ramakrishnan [13] give an analytic criterion for the Manin-Drinfeld principle
to be satisfied. As an illustrative example, Murty and Ramakrishnan consider mod-
ular curves attached to certain subgroups of I'(2): Fermat curves, and what they
propose to call Heisenberg curves. We revisit those examples. In [2], we reconsider
this question and give an analytic criterion of a different nature, but also based on
Eisenstein series; this is unconnected to the present work, which is purely algebraic in
nature.

Received by the editors September 12, 2023; revised April 7, 2024; accepted May 6, 2024.

Published online on Cambridge Core May 10, 2024.

The author was partially supported by the SERB grant MTR/2017/000357 and CRG/2020/000223.
The first named author is deeply indebted to Professor Yuri Manin for several stimulating conversation
at the MPIM. The authors are deeply indebted to the anonymous referees for careful reading of the
paper. We are sincerely grateful to the anonymous referee for drawing our attention to [1].

AMS Subject Classification: 11D11, 11F11, 11G05, 11G30.

Keywords: Fermat’s curves, modular symbols, Heisenberg curves.

Check f¢
https://doi.org/10.4153/50008414X24000476 Published online by Cambridge University Press Updates


http://dx.doi.org/10.4153/S0008414X24000476
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X24000476&domain=pdf
https://doi.org/10.4153/S0008414X24000476

2 D. Banerjee and L. Merel

The Heisenberg curves are defined as follows from the complex analytic point of
view. Let A and B be the classes of the matrices ((1) i) and (; (1)), respectively, in

[(2) = T(2)/{+1}. These matrices generate freely the group I'(2). Let C = ABA™'B™!,

Let N be an integer >0. Denote by ®y the kernel of the morphism
['(2) - (Z/NZ)? which to A associates (1,0) and to B associates (0,1). The corre-
sponding modular curve is the Fermat modular curve and is denoted by Xy. It can
be identified with the complex points of the Fermat curve Fy (see, for instance, [7,
17]). Let @), be the subgroup of @y generated by AN, BN, CN and the third term
[T(2),[[(2),T(2)]] in the descending central series of ['(2). An exact sequence of
groups follows:

1-» @y —>T(2) > Hy~1,

where Hy is a central extension of (Z/NZ)?* by Z/NZ (coinciding with the Z/NZ-
points of the Heisenberg group). The Nth Heisenberg modular curve, in the sense of
Murty and Ramakrishnan, is X} = Xo .

Let Q(pn ) be a cyclotomic extension of Q generated by Nth roots of unity. Denote
by Z[ un] its ring of integers. The covering X}, - Xy extends to a morphism Fj; - Fy
of curves over Q(uy) that we call the Heisenberg covering of the Fermat curve.

Theorem 1.1 Suppose N is an odd integer. The Heisenberg modular curve X} extends to
a smooth projective scheme Fy; of relative dimension one over Spec(Z[un,1/N]) given
by the following model:

XNy =2z
and, for every primitive Nth root of unity { in Q(un)

(N-1)/2 o (N-1)/2 o
[T (v-¢/zyny= 1 (v-¢zyuy.
j=1 j=1

It seems to have been known to Deligne (see a comment in [13]) that the generic
fiber F}; of F}; can be defined over Q, an assertion for which we provide a proof.

Rohrlich [17] (see also Vélu [18]) has determined the cuspidal subgroup of Fy. In
particular, he has shown that any cuspidal divisor on Fy is of order dividing N. This
description plays a key role in justifying the existence of the Heisenberg covering. We
show that, by going further in the descending central series of I'(2), X}, is covered by
a modular curve X}, in such a way that X}, is still an abelian covering of the Fermat
curve Xy. We do not describe algebraically X},.

We note that there has been a considerable interest in the cuspidal group of the
Fermat curve. For instance, in [10, p. 39], Mazur draws (or rather “stretches”) an
analogy between Fermat curves and modular curves. Such an analogy is somewhat
strengthened by the fact that the Heisenberg covering is analogous to the familiar
Shimura covering X; (N) — Xo(N) between modular curves.

Like Murty and Ramakrishnan, our goal had been to illustrate our study of
non-congruence subgroups by examining Heisenberg curves. We can not determine
in general whether such curves satisfy the Manin-Drinfeld principle. But we can
show easily that the principle holds for N = 3. Furthermore, for N =3, we study
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The Heisenberg covering of the Fermat curve 3

the connection between Fj and various modular curves. By contrast, we have the
following theorem for N = 5:

Theorem 1.2 There exists a cuspidal divisor on Xt whose class in the Jacobian of X% is
of infinite order.

Let I'(2) be the subgroup of index 3 of I'(2) obtained by pulling back the
2-Sylow subgroup of PSL,(Z/3Z). Let T be a congruence subgroup of I'(2). Consider
the correspondence X}, - Xr obtained by combining pulling back to the modular
curve Xrng; with pushing to Xr. It produces a morphism of abelian varieties between
the Jacobians or Riemann surfaces Oy r: J3y = Jr. In view of the following statement,
we can hardly have any hope of establishing a limited form of the Manin-Drinfeld
principle for Heisenberg curves using the classical Manin-Drinfeld theorem for
congruence subgroups.

Theorem 1.3 The morphism Oy, 1 is zero if and only if either 3 + N or T is not contained
in T'(2). If 3| N and T is contained in T'(2), the image of Oy r is isogenous to an
elliptic curve with j-invariant 0. Furthermore, when T is contained in T'(2), 031 has
finite kernel.

The proof of Theorem 1.3 is a translation of a group theoretic statement: any term
of the lower central series of T'(2) is essentially dense in adelic completions of T'(2)
(see Proposition 2.10). In addition to these results of algebraic nature, we give a
combinatorial description of the homology of the Riemann surface X}, by a method
similar to Manin’s presentation, but following the variant introduced in [12]. This
might have an interest of its own. But it does not help us for establishing our other
results.

One of the referees noted connections to the work of Anderson and Thara [1], as well
as unpublished computations of Deligne. We hope that all this will be made explicit
in the future.

2 Heisenberg groups and the lower central series of I'(2)
2.1 The Heisenberg group

The Heisenberg group is the algebraic group of 3 x 3 unipotent upper triangular

1 1 0 1 0 0 1 0 1
matrices. Set:x=|0 1 O0|,y=|0 1 1],andz=|0 1 Of.
0 0 1 0 0 1 0 0 1

Those elements satisfy the relations xz = zx, yz = zy, and z = xyx'y™! = [x, y].
Thus, one obtains a presentation of the Heisenberg group over the integers. Note the
formula, fora, b, c € Z,

1 b
xuzbyc =lo
0

S~ Q

c
1
From that perspective, the group law is given by

4 4
a b, c. a

4 r I’ 4 7
X2y x zbyc :xu+azh+b+ac c+c'
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4 D. Banerjee and L. Merel

The Heisenberg group Hz over Z can be identified with Z* with the previous group
law. The abelianization of Hy, is freely generated by the images of x and y and is thus
isomorphic to Z?. Thus, Hz, is a central extension of Z? by Z.

Let M and N be natural integers. Let L be a common divisor of M and N. Let Hy v,
be the quotient group of Hz spanned by x and y with relations xz = zx, yz = zy,
z=xyx'y7!, and xN = yM = zL = 1. Such a group can be identified (as a set) with
Z/MZ x Z]LZ x Z|/NZ via the inverse of the map (a, b, ¢) - x°z%y*.

Note the map Hy,n,p = Z/MZ x Z/NZ is coming from the abelianization.

Let M’, N’, and L' be integer > 1 such that M|M’, N|N’, and L|L’. The canonical
group homomorphism Hyp nr.1r = Hp, N, is surjective. Its kernel is generated by
{xM, yN1. Since [xM, yN] = zNM this kernel is abelian if and only if L'|N M.

Proposition 2.1 Let T be the lower common multiple of M and N. The group Hy N,
is of exponent T if T is odd or T|L is even. It is of exponent 2T otherwise. In particular
Hy NN, for N odd, and Hy N /2, for N even, are of exponent N.

Proof Let a, f € Hy,n,1 in the subgroups generated by x and y, respectively. Let
e =TifTisoddor T/Liseven. Lete = 2T otherwise. Since [ &, 8] belongs to the center
of Hy w1, it is of order dividing L. Moreover, one has (aB)" = a”[a, f]"(""D/2g",
which vanishes if # = e. By this calculation, one has (xy)" = x"z"(""D/2y" which
shows that xy is of order T. ]

Since the group I'(2) = I'(2)/{+1} is freely generated by A and B, one gets a surjec-
tive group homomorphism I'(2) — Hz which sends A and B to x and y, respectively.
Its kernel is [T(2), [T(2),T(2)]]. Every (necessarily nilpotent) finite quotient group
of T'(2) which factorizes through T'(2)/[T(2),[T(2),T(2)]] is isomorphic to one of
the groups Hu,N, -

Denote by Iy .1 the kernel of the map: T'(2) - Hz = Hyrn.1.

2.2 The lower central series

Recall that the lower central series (Gy)ks1 of a group G is defined recursively by
G = G and Gy = [Gg, G]. The quotient Gi /Gy, is then an abelian group. When
G is a free group generated by the family (#;);c;, Gk/Gg41 is a free abelian group
generated (not freely) by the classes of the commutators of weight k on the generators,
i.e,bythe[t;,...,t; |, where the indices run through any sequence {1,2,...,k} - I
[6, Theorem 10.2.3]. When, furthermore, I is finite of cardinality m, the rank r; of
Gy /Gy is given by Witt’s formula, involving the necklace polynomial,

(6) = ¢ Sudyml,

where y is the Mébius function. In particular, the lower central series (T'(2)g)xs1 of
I(2) satisfies r1(T'(2)) = 2, 7,(T(2)) = 1, r3(T(2)) = 2, and r4(T(2)) = 3. The corre-
sponding generators of T'(2)/T(2)4; for k =1, 2, 3 are the classes of {A, B}, {C},
and {[C, A], [C, B]}, respectively. Therefore, one has a surjective group morphism ¢;:
[(2) - Z? such that ¢, (A) = (1,0) and ¢,(B) = (0,1). Its kernel is T'(2),. Moreover,
one gets a group isomorphism: T'(2),/T(2)3 ~ Hy.
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Next, we have the surjective group morphism ¢,: I'(2), — Z, such that ¢,(C) = 1.
Its kernel is T'(2)3. We can now describe ¢3: T'(2); — Z? such that ¢5([C, A]) = (1,0)
and ¢5([C, B]) = (0,1). Something interesting happens at that stage.

For k integer > 2, the extension 1 - Gy /Gky1 = Gk_1/Gis1 = Gr-_1/Gr — 1lis cen-
tral. Consequently, since r,(T(2)) = 1, the group T'(2),/T(2)4 is abelian, and free of
rank 3. Of course, the extension 1 — T'(2),/T(2)4 = T(2)1/T(2)4 — T(2):/T(2), > 1
is not central.

Proposition 2.2 There exists a group isomorphism y: T'(2)2/T(2)4 = Z* given by
C~ (0,0,1), [C,A] = (1,0,0), and [C, B] = (0,1,0). One has, for y € [(2) and J ¢
['(2),, the formula

y(ydy™) = (=41(»)¢2(8),0) + y(9),

or equivalently

v([8,y]) = (¢1(y)$2(6),0).
In particular, one has, for i, j € Z, the formula w(A'B/C*BTA™") = (~ki, —kj, k).

Proof Given that {[C, A],[C, B]} is basis of the Z-module I'(2)3/T(2)4, and Cis a
basis of the Z module I'(2),/T(2)3, any lifting of C modulo I'(2)3, to a class C’ modulo
I'(2)4 givesabasis {[C, A],[C, B], C"} of T(2),/T(2)4. The choice C = C’ is evidently
suitable, but is somewhat arbitrary.

One has

W(Y8V71) - W(V(SC*ﬁbz(‘s)y*lCﬁbz(a)8*15C*¢2(6)yc¢z(5)y*1)_
Since 8C™92(%) ¢ I(2)3, the factor ydC~92(9)y~1C#2(9) §~1 belongs to ['(2)4; hence its

image by y vanishes. So we get
2D y(ydy™) = w(8) - $2(O(C) + $2(Hw(yCy™),

which translates into

y([8,y]) = ¢2(O)w([C.y])-
It remains to determine y([C, y]). Let y1, y, € T'(2). One has

(2.2) (n1y2)8(y1y2)™" = [y y21ly2: [y1, 811[y1 61[y25 618[y2, 11 1.

Since [y2, [y1, 8]] is a commutator of degree 4, it is in the kernel of y. It follows that
the map y + y(y8y™!) is a group homomorphism from I'(2) to Z2. For § = C, y = A
(resp. y = B), one has y(ydy™") = —=(y1(y), 0), hence the latter equality is true for all
y € [(2). Thus, one gets

y([C.y]) = (61(9),0),

which gives the main formula. It remains to apply thisto y = A’B/ and § = C* to obtain
the final formula. [ ]

The exact sequence 1 — I'(2)3/T(2)4 — I'(2)1/T(2)4 — I['(2)1/T(2)3 — lidentifies
to a central group extension

07> Hj, » Hy — 1.
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2.3 The groups @y, O, and O,

We denote the group I'y n,1 by @n. It is the kernel of the group homomorphism
¢1: T(2) - (Z/NZ)?, which maps A to (1,0) and B to (0,1) (and thus C to
(0,0)). A system of representatives for the cosets ®x\I'(2) is given by A'B/ with
i,j€{0,1...(N —1)}. The structure of @y is probably well-known, but we could not
find a complete reference for a presentation ®y.
Proposition 2.3 The group @ is generated by U = { AN, BN, A'BICBA™ /0 < i, <
N —1}. Moreover, ®y has presentation

N-1N-

<AN,BN,T;;,0<i,j<N-1|[AY,B"] = Tn-1-i,j > -

i=0 j=0
Proof The group @y is generated by U = {AN, BN, A'B/CB /A" /0 <i,j< N -1}
(see [7,17]). By the Nielsen—Schreier theorem, @, being a free subgroup of index N*
of a free group on two generators, is free on N2 + 1 generators. A relation between the
N? + 2 exhibited generators in U presents itself:

—
—

-
Il

N-1N-1
(2.3) ANBNATNBN = TT [] AN "'B/CB /AN,

i=0 j=0
One of the exhibited generators in U can be expressed in terms of the N* + 1 remaining
elements of U. Thus, we get a presentation by generators and relations of ® . [ ]

Set N’ = N if Nis odd, and N’ = N/2 if N is even.

We set @} =In,n,nv. It is the subgroup of @y obtained as the kernel of the
morphism ¢,: @y — Z/N’'Z which vanishes on AN and B and takes the value 1 on
A'B/CB™/ A for i, j integers.

Alternately, @ is the kernel of the composed map T'(2) - Hz — Hy, . Thus,
the composed map [T'(2),T(2)] = Z — Z/N'Z extends to a map ¢,: @y — Z/N'Z,
with kernel @/ It vanishes on AN and BY.

Proposition 2.4 The composed map [T(2),T(2)] = Z*> —» (Z/N'Z)? extends to a
group homomorphism

j: Oy > (ZIN'Z),

which vanishes on AN and BN and, for y € T(2) and & € y, satisfies

(2.4) P(yoy™) = (=91()$2(9),0) + 4(9).
In particular, for i, j, k € Z, one has
(2.5) V(A'BIC*BTA™Y) = (<ik, - jk, k).

Proof It follows from the presentation of ®y that formula 2.5 defines a morphism
Oy — (Z/NZ)? (it vanishes on the exhibited relation 2.3 between the generators).
Such a morphism coincides with the composed map [T'(2),T(2)] = Z* - (Z/NZ)3,
by the formula we established on y.

The formula 2.4 is valid whenever & € T(2),, by 2.1. Since @y is generated by T'(2),
together with AN and BY, it remains to prove 2.4 for § = AN and § = BN. Consider the
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case 6 = BY for instance (the other case is similar). Let us use the formula 2.2 again.
We get, for y1, y2 € T(2), (leaving out opposite terms)

F(yy2BNy2'viY) = 9 ([y2 [y BN + 9([y1, BY]) + 9([y2, B ]) + 9 (BY).

We have §(BN)=0, and ¢([y2,[y1,BY]]) is the reduction modulo N of

y([y2: [y, B]]).  One has  y([yz [y, BV]]) = =(¢1(y2)$2([y1, B"],0). But
¢2([y1,BN]) € NZ. So we have proved that the map y — ¢(yBNy™") is a group

homomorphism. It remains to prove that the formula 2.4 holds for y = A and y = B
(still in the configuration where & = BY). Only the case y = A is of interest. We have

W(ABNA™) = y(ABNAT'BTY).
As ABNAT'BN eT(2),, w(ABNAT'B™N) is the reduction modulo N of
w(ABNAT'B™N). We use the identity
ABNAT'B™N = (ABAT)YYB N = (ABAT'B'B)NB Y = cBCB'B*CB*...BN'CB'".

The right-hand side is a product of generators of ®y. We can apply 2.5

N-1  N-1
y(ABNAT'B™N) = Y y(B'CB™') = . (0,-1,0) = (0,N(N -1)/2,0).
i=0 i=0
Since N’ = gcd(N, N(N - 1)/2), we have indeed that /(ABNA™'B™) = 0. ]

Remark 2.5 Let N” = N’ if N is prime to 3, and N”' = N'/3 otherwise. The appear-
ance of the denominator 2 (for N’) and now 3 (for N”’) is related to Bernoulli numbers.
We suspect that ultimately it is related to the mixed Tate motives that have been
discovered by Deligne in his study of the nilpotent completion of the fundamental
group of the projective line deprived of three points [4].

We define @, as the kernel of the composed map ®y — (Z/N'Z)? x (Z/N'Z) -
(ZIN"Z)* x (Z|N'Z).

Corollary 2.6  The exact sequence
0 - O /DY — [(2)/PY - T'(2)/®y — 0

makes of the group T'(2)/®%; a central extension of the Heisenberg group Hy NN+ by
(Z|N"Z).
Proof It follows from formula 2.4, as ¢, vanishes on ®}. [ ]

We denote by Hy, y,, the group [(2)/®%.
Proposition 2.7 The group H'Z/NZ is of exponent N. In other words, for everyy € T'(2),
one has yN € O,

Proof It relies on relations for commutators, that, we presume, are well-known. Let
G be a group. Suppose Gy is trivial. Then Gj is contained in the center of G. Let «,
BeG.Sety=[aB],a’=[y ", a],and B’ = [y™', B]. Let n e Nu {0} be an integer.
One has the relation

-1
(26) ﬁn“:“)/_nﬁnamﬁ,_n(nz )
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We prove it by induction on #. Indeed, it holds for n = 0. Suppose it holds for some
value of n. We have

/)m+1“ _ ﬁay‘”ﬁ”oc'”ﬁ"”(”_l)/z _ y—l‘xﬁy—nﬁnamﬁ/— n(a-1) )
We use the relations y™'8 = [y, 1By~ = /By Ly ta = [y aay™ = «’ay~!, and
By™" = B~"y™"B. Using the fact that o', f’ € Z(G), we get

/3”+1(X — y—laﬁy—nﬁnamﬁ/—@
(n-1)

— a/ay—lﬁy—n‘xln/))l—" "2

_ ay—n—lﬁnﬂamﬂﬁl—n—n(n—l)/z

which is the desired formula. We pass to the next step. We now claim that
n+1

(2.7) (ap)" = aﬂy—(Z)ﬁna'( ; )/3'—(’;)_

We proceed again by induction on #. This is true for n = 1. We suppose the formula
holds for a certain value of n. We get

(ap)"" = (ap)" - (p) ="y " - (ap)a’ )02,
Using the formula 2.6, we get
((xﬂ)n_'—1 = any_(;) (xy_nﬁna,nﬁ,_(;)ﬁa,(ngl)ﬁ,_(;) .
We now use the formula y~(3) & = a’()ay~(2) and the centrality of a’ and B’ to get
(ap)™*! = “"y*(g)*"/j"a’("?)*(?)*"/j’*(?)*(?) - 0/‘y*("zl)[;"a’("f)/j’*(";l)

which establishes 2.7.

The Nth powers of both A and B belong to @Y, (Proposition 2.4). The N’th, and
therefore the ( I;r )» power of any commutator belongs to @, since ®; contains I'(2)s.
Similarly, the N"'th power, and therefore the (I;’ ) and (N .

; ) powers, of an element of

I'(2); belongs to @Y. We can combine these remarks with the formula 2.7 for n = N,
to establish that, if the Nth powers of « and 8 both belong to @, one has (a)N € @Y.
The proposition follows, since { A, B} generates I'(2). |

Remark 2.8 Let p be prime number. Stallings introduced the lower p-central
series (Sk)k»1 as a particular case for N = p of the following construction. One
has S; = G, and, for k >2, Sx;; =[G, S ](Sk)N, where the latter expression is the
subgroup of G generated by [G, Sx] and (S;)Y. Note that, when G = I'(2), one has
S, = [[(2),T[(2)]T(2)N = dyand S; = [[(2), Dy ]DY. Note that S3 ¢ @), ¢ S,. Since
AY and BN do not belong to S3, the groups S3 and @), do not coincide.

2.4 0Odd adelic completions

Recall that, for k> 1, T(2); is the kth term in the lower central series of T'(2).

0 -1 -1 1 1 1 . .
Lo lEl 1)l _1)} in PSL,(Z/37Z) be the index 3,

2-Sylow subgroup of PSL,(Z/37Z). 1t is isomorphic to the Klein group.

Let D; = {+1d, +
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Recall that the derived subgroup of PSL,(Z) is the projective congruence subgroup
oflevel 6 whose image in PSL,(Z/3Z) is D3, and whose image in PSL,(Z/2Z) is cyclic
of order 3.

Let

Zoodd = lim Z/nZ = [] Z,
nodd p#2

be the profinite completion of Z away from the prime 2. Let Doaq be the inverse image
of D3 in PSL2 (Zodd ) .

Proposition 2.9  The image of T(2), in PSL,(Z/3Z) is equal to Ds. For p prime, p > 3,
its image modulo p is PSL,(Z [ pZ).

Proof Indeed, the images of I'(2) and PSL,(Z)) in PSL,(Z/3Z) coincide by
weak approximation. Thus, T'(2), modulo 3 coincides with the derived subgroup of
PSL,(Z/37Z), which in turn is the reduction modulo 3 of the derived subgroup of
PSL,(Z)). The second assertion is proved similarly. ]

Proposition 2.10  Let k be an integer > 2. The closure of T (2) in PSLZ(ZOdd) is equal
to Dogd.

Proof We prove this first for k = 2. Let n be an odd integer divisible by 3. Let D,
be the inverse image of D3 in PSL,(Z/nZ). The image of I'(2), modulo # coincide
with the image of the derived subgroup of PSL,(7Z)) modulo n, which is a subgroup
of index 3 of PSL,(Z/nZ). Such a subgroup can only be D,. Thus, we obtain the
proposition for k = 2.

We prove the proposition for k = 3. Let I,, be the image of I'(2); in PSL,(Z/nZ).
Note that we have an exact sequence

1-K,—>1, > D3;—1.

Since we have an exact sequence
121+ 3M2(Z/§Z)0 — PSLy(Z/nZ) - PSLy(Z/3Z) — 1,

where M(Z/3Z)o is the subgroup of M, (Z/%5Z) made of matrices of trace 0, the
equality I,, = D,, would follow from the inclusion 1+ 3M,(Z/ %Z)O c K,,. It remains
to establish the latter inclusion. Since PSL,(Z/nZ) is equal to its derived subgroup
when # is prime to 6, by the Chinese remainder theorem, it is enough to prove it
when 7 is a power of 3.

It follows from the equality [(1+ pM2(Zp))o,SL2(Zp)] = (1+ pM3(Zy))o, valid
for any prime p, and the fact that the closure of I'(2), in PSL,(Z;) contains
[(1+3M3(Z3))o. i

The general case k > 3 of the proposition is now immediate. Indeed, since T'(2);
and T'(2), have the same image modulo #, those images are the second and third,
respectively, derived subgroups of PSL,(Z/nZ). Thus, the lower central series of
PSL,(Z/nZ) stabilizes to the image modulo # of ['(2) for any k > 3. ]

Proposition 2.11  The closure of @y in PSL, (Zodd) is PSL, (Zodd) if 3 does not divide
N. It is Dogq if 3 divides N.
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Proof If 3 does not divide N, @y contains a nonzero upper triangular matrix (for
instance, A’N) which is not the identity modulo 3. Its closure in PSL, (Zodd) contains
a maximal proper subgroup of index 3, namely D44, and an element which is not in
that subgroup. Therefore, the closure is PSL, (Zodd ). If 3 divides N, since both A*Y and
B3N vanish modulo 3, the images of ®y and T'(2), coincide in PSL,(Z/3Z). Hence
the result. [ ]

Proposition 2.12  The closure of @Y, in PSL, (Zodd) is PSL, (Zodd) if 3 does not divide
N. It is Doaq if 3 divides N.

Proof The closure of I'(2), and I'(2)3 coincide modulo # for every n divisible by 3,
as we have just established. Thus, the closure of @Y, in PSLZ(ZOdd) contains T'(2),.
Since the group @/, contains the matrices AY and BY, its closure contains ®y. Thus,
the closure of @Y} in PSLZ(Zodd) is equal to the closure of @ in PSL, (Zodd). [

Let I'(2) = T(2) N Doqq. It is a subgroup of index 3 of I'(2).

Corollary 2.13 Let T be a congruence subgroup of T(2). One has T®) = I'(2) if
T c I'(2) and 3 divides N. One has T®); = ['(2) otherwise.

Let n be an even integer. In particular, one has T(n)®); = T(2) if 3 does not divide
either n or N. One has T (n) @ = T’ (2) if 3 divides both n and N.

3 The associated Riemann surfaces

3.1 The Riemann surface X, y 1

Denote by X n,1. the compactified modular curve defined by I'ns ...

Proposition 3.1 The genus gy, of the curve Xy N, is given by the following
formulas. Denote by T the lowest common multiple of M and N. Suppose T is even and
T/L is odd, then one has

gM,N,L ‘= g(XM,N,L) = (NML - NL-ML - NML/ZT)/2+1
Suppose T is odd or T[L is even, then one has
IM,N,L = g(XM,N,L) = (NML— NL- ML - NML/T)/Z +1.

Proof We use Riemann-Hurwitz formula for the morphism Xy 3,1 — X(2). Since
I'(2) has no elliptic elements, the ramification points of this morphism reside entirely
among the cusps.

Concerning the cusps above 0 (resp. o), note that the stabilizer of the rational
number 0 (resp. c0) in PT(2) is generated by B (resp. A). As the morphism Xy p,p —
X(2) is Galois, the ramification index is independent of the chosen cusp, and is the
order of the orbit of B (resp. of A) acting on Ty, n,,\I['(2). This is N (resp. M) by
definition of Ty, n,r. Concerning the cusps above 1, the stabilizer in PT(2) of the
rational number -1 is generated by A™'B. It remains to determine the order of A™'B
in FM)N)L\F(Z) = HM,N,L-

The abelianization provides a map: Hy n., — Z/MZ x Z/NZ which sends A™' B to
(1, -1). The latter element is of order T, which leads us to examine the order of (A~B)”
in Hy,n,1. Denote by D = [A™}, B]. It belongs to and generates the center of Hy v, 1.
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It is of order L. Note the formula A™'B = DBA™!. Thus, one has (A™'B)T = D*A-TBT
in Hys,n,1, where k is the number of factors A~ to the right of a factor Bin the (A™'B)T
written as a product of 2T factors. Onehask =1+2+ .-+ (T —1) = T(T —-1)/2. This
is why the order of (A™'B) T is 1if L is odd or if T/L is even. This order is 2 otherwise.

Thus, the ramification index e of any cusp above 1 is equal to T if L is odd or if T/L
is even. It is 2T otherwise. We can now apply the Riemann-Hurwitz formula for the
dominant morphism Xy n,1 = X(2):

2gmuNL—2=-2d+ > (ex—1).

xeXpn,L
We have d = |Hp n,.| = MNL. One gets
2gmN.L —2=-2MNL+ NL(M 1) + ML(N —1) + NML(1 - 1/e)
and
gvu,N,L = NML-NL-ML-NML/e +1.
The lemma follows from the calculation of e. [ ]

3.2 The Riemann surfaces Xy, X}, and X},

All three groups @y, @Y, and @Y, act on the upper half-plane H. We denote,
respectively, by Xy, Xy, and X}, the corresponding completed modular curves.

Proposition 3.2 Both morphisms X}, - Xy and Xy, — X}, (and therefore X}, — Xy
as well) are unramified. The covering X}, - Xy is cyclic of degree N'. The covering
Xy = Xy is Galois with group (Z|N"Z)?. The covering Xy, — Xy is abelian with
Galois group (Z/N"7)* x (Z|N'Z).

Proof The first statement needs only to be established for the morphism X}, — Xy.
The ramification points can only reside at the cusps. To show that those cusps are
unramified, we need only to show that their width in XY, is equal to their width, equal
to N, in Xy. Since the covering X3 — X; is Galois, the width of a cusp of X} depends
only on its image in the set of cusps {0,1, 00} of X;. We just need to look at the order
of A, Band A™'B in ['(2)/®%,. All three are of order N in the latter quotient.

The other assertions follow immediately from the properties of the groups @y, @,
and @Y. [

The Riemann surface Xy is isomorphic to the Riemann surface obtained from the
complex points of the Fermat curve. The covering X}, - Xy is obtained from what
we call Heisenberg covering of the Fermat curve by passing to the complex numbers.

We obtain the genus gy and gy of the curves Xy and X}, by our formulas for the
genus of Xy - One has gy = gy n,1 = (N —1)(N - 2)/2. Furthermore, if N is odd,
onehas gy = gn,n.n = (N° =3N? +2)/2 = (N -1)(N* - 2N - 2)/2.If N is even, one
gets gy = gnn,N = (2N? =5N? +4)/4 = (N -2)(2N* - N - 2)/4.
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The genus of gy of the curve X} can be deduced from the Riemann-Hurwitz
formula. Since we have a covering Xy — X}, of degree N”’?, one has

gv=N"gy-N*+1.
The curve X}, possesses NN’ cusps above each of the cusps 0, 1, and oo of X(2).

3.3 Some cases of small genus

Proposition 3.3  The genus g of the curve X N1 is equal to 0 for the following values
of (N, M, L), and only for those values: (N,1,1), (1, M,1), (2,2,1), (2,2,2).

Proof The formula just established gives: 2—2g=—-L(MN - N - M - MN/e).
Thus, g = 0 implies that L = 1 or 2.

If g=0and L =1, then one has MN - N - M - MN/e = -2 and e = lem(M, N).
Thus, ged(M, N) divides 2. If gcd(M, N) =1, then one has MN-N-M -1= -2,
and thus (M -1)(N -1) =0 thatis M =1or N = 1. If gcd(M, N) = 2, one has MN —
N - M -2 =-2and thus (M —1)(N —1) = 1; therefore one has (M, N) = (2,2).

Ifg=0andL =2, thenonehas MN — N - M — MN/e = -1.If 4 divides neither M
nor N, one has e = 2lcm(M, N). Then ged(M, N) divides 2, and is equal to 2. Then one
has MN - N - M -1 = -2,asabove. As L = 2, the cases M = 1and N = 1 are excluded;
thus, one has (M, N) = (2,2). |

Proposition 3.4 The genus g of the curve X .1, is equal to 1 for the following values of
(N, M, L), and only for those values (up to permutation of N and M): (3,2,1), (4,2,1),
(4,2,2), (3,3,1), (3,3,3).

The Jacobian varieties of those curves are elliptic curves endowed with automorphisms
of order 3, 4, 4, 3, and 3, respectively. Consequently, the j-invariants of those curves are
0, 1728, 1728, 0, and 0, respectively.

Proof Consider again the formula: 2-2¢g=-L(MN - N - M - MN/e). Thus,
g =lamountsto MN-N-M-MN/e =0.Onehas MN-N—-M—-MN/e = (N -2)
(M-1) -2+ M(1- N/e). We can suppose that N > 1and M > 1 (otherwise g = 0).

If N =2, one gets M(1-2/e) =2.If L =1, then e = lem(M, 2). Thus, M —1=2or
M -2=2.0nehas (N,M,L) =(2,3,1) or (N,M,L) =(2,4,1).

IfN=2andL=2,thene=2More=M.Ife=M,then M -2 =2.1f e = 2M, then
M —1=2 (absurd since L|M). One has (N, M,L) = (2,4,2) or (N, M, L) = (2,4,1).

If N =3, then one has M -3+ M(1-3/e) =0 and e = lcm(M, 3). One can sup-
pose that M > 2. Thus,onehas M =3and L =1or L =3.Onehas (N, M, L) = (3,3,1)
or (N,M,L) =(3,3,3).

The case where M = 2 or M = 3 are treated similarly. If N > 3 and M > 3, one has
(N-2)(M-1)-2+M(1-N/e) > 0, which precludes g = 1.

The automorphisms come from the action of the image of A in Hy p,; which
stabilizes a cusp and therefore is an automorphism of an elliptic curve. ]

We can derive some information on the Manin-Drinfeld principle in the genus 1
cases.
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Proposition 3.5  Divisors of the form (CP) — (P), where P is any point (in particular, a
cusp) of X333 (resp. Xa 2,2) and C acts via the map T (2) — Hy,p,1, are of order dividing
3 (resp. 2).

Proof The canonical morphism X333 — X35 is of degree 3. It gives rise to an
isogeny of degree 3 on the Jacobians by Albanese functionality. Thus, the kernel of this
isogeny is of order 3. Moreover, any divisor of the form (CP) — (P) is in the kernel of
the isogeny. [

3.4 The curve X'(2)

Recall that the group I'(2) is the subgroup of index 3 of T'(2) that is the inverse image
of the 2-Sylow subgroup of PSL,(Z/3Z). Denote by X'(2) = Xr/() the corresponding
modular curve.

Proposition 3.6 The curve X' (2) is of genus 1 and its j-invariant is 0.

Proof Consider the morphism of degree d = 3: X'(2) — X(2). Since none of the
matrices A (generator of the stabilizer of the cusp co0), B (generator of the stabilizer
of the cusp 0), and AB™! (generator of the stabilizer of the cusp 1) are not in T'(2),
the morphism is totally ramified at each of the three cusps of X(2), and ramified only
over those points. The Riemann-Hurwitz formula expresses the genus g of X'(2) as
(2g-2)=-2d+Yp(ep—1)=6-6=0 (where P runs through points of ramifica-
tion and ep designates the ramification index at that point), hence g = 1.

The curve X’(2) has an automorphism (the class of A in T'(2)/I’(2)) of order 3
which leaves fixed the cusp oco. Since it is of genus 1, it is an elliptic curve of with an
automorphism of order 3. It has necessarily j-invariant 0. [ ]

Remark 3.7 Since I3 3 3 = @} is a subgroup of index 3 of I’ (2). One has a morphism
X3,3,3 = X'(2) of degree 3. Both curves involved are of genus 1, so we have an isogeny
of degree 3. Note that I'(2) is a congruence subgroup of level 12 and a subgroup of
index 3 of the derived subgroup I of PSL,(Z). The latter subgroup defined a modular
curve X of genus 1, which happens to have j-invariant 0. Thus, we get an isogeny
X'(2) - X; of degree 3.

We now prove Theorem 1.3.

Proof The correspondence is obtained by composing pushing to Xr.¢/ and pulling
back to Xr. By Proposition 2.12, one has I.®’, = T(2) except if 3 divides N and T is
contained in I’(2). In the latter case, Oy, factorizes through the Jacobian of X(2),
which is 0. Otherwise, namely if 3 divides N and T is contained in I (2), O r factorizes
through the surjective map Ji, — J'(2). Since J'(2) is the Jacobian of a curve of genus
1, and j-invariant 0, it is an elliptic curve of j-invariant 0. Moreover, the map J'(2) — Jr
has finite kernel. The result follows. [ ]

It is well-known that the modular curve X((27) has j-invariant 0, and that the
Fermat curve is a model for X, (27). We might expect a connection between X (27)
and Xj. Let T = T'(2) nTy(27). It is a congruence subgroup. But it is not contained in
I'(2). Thus, if we apply Theorem 1.3 to the group T, we obtain, counterintuitively, the
0-morphism J5 — Jr. A fortiori, if we push forward Jr — J(27) we obtain 0.
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3.5 Mixed homology groups

In [5], the homology group of Xy relative to the whole set of cusps is thoroughly
studied, by the method of Manin [9]. We found fruitful in [2] to consider the
following slightly different point of view: for T a subgroup of finite index of T'(2),
the corresponding modular curve Xt covers X(2), which admits three cusps: T'(2)0,
['(2)1, and I'(2)oco. Let 0f (resp. 07) be the set of cusps above I'(2)0 U T'(2)oo (resp.
I'(2)1)). It is thus possible to consider the mixed homology group H, (Xr — o7, 955 Z)
(and its dual H; (Xt — 9§, 955 Z)). One gets a group isomorphism

& - Z[T\I'(2)] » Hi(Xr - 97, 0{ Z)

which, for g € T'(2), associates to I'g the class &r(g) in Hy (Xt - o7, 955 Z) of a path
from g0 to goo in the upper half-plane.

Consider now the case where I' = 4. To simplify notations, set 0* = 9" and
0~ = 0". Recall that we have a group isomorphism ®)\I'(2) - Hy,n,n- Which, for
(a,b,¢) € (Z)3, to ® A*C°BY associates x°z° y*. We get thus a group isomorphism

Z[HN,N,N’] =~ Hl(Xll\] - 8_,8+;Z).

For (a,b,c) € (Z/NZ)* x (Z|N'Z), set i(a, b, c) = E*QV(CD;,A“C‘B”).

Thus, Hy,n,n acts on the curve X}, and transitively on the sets of cusps of X}
above 0, 1, and oo, respectively. Thus, the stabilizer of a cusp is cyclic of order N.

The long exact sequence of relative homology yields:

0> Hy (X} - 9732) » H(Xy - 07,052) 25 2[9°]° > 0,

where dy is the boundary map. Similarly we have a dual exact sequence:

8*
0-7Z[07]° = H(Xy-97,0%7Z) » H(X},9"Z) -0,

where §}, is the dual boundary map. It induces

oy _
0-Z[07]° = H(Xy - 0732Z) - Hi(X\;Z) - 0.

Hence, H; (X}y; Z) can be described as a subquotient of the group H; (X}, — 07, 0% Z).
We will make this explicit by spelling out the maps §y and d};.

The sets of cusps of X}, lying above oo, 0 and 1 are, respectively, ®/\I'(2)/A%,
@) \T'(2)/B% and ®\I'(2)/(AB™")Z. All three sets can be understood as follows.

Proposition 3.8 We have three bijective maps as follows:
DY\I(2)/A” - (Z/NZ) x (Z/N'Z)
given by x°z°y® — (b, ¢ + ab),

O\ \I[(2)/B* > (Z/NZ) x (Z/N'Z)
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given by x°z°y® = (a, c), and

O)\I(2)/(AB™)" - (Z/NZ) x (Z/N'Z)
given by x°z°y® = (a+b,c - b(b +1)/2).

Proof The first two identifications are straightforward. We establish the third

one. Let k be an integer. One finds by induction on k, x9z°yb(xy ")k =
x @tk ge-kb+k(k=1)/2 b=k Since (a+ k) + (b—k) =a+band

c—kb+k(k-1)/2-(b-k)(b-k+1)/2=c—b(b+1)/2,

the map passes indeed to the quotient ®}\T'(2)/(AB™)%. It is surjective (take b = 0).
Since there are NN’ cusps above 1, it is bijective. [ ]

Denote by j (b, ¢) the cusp @) A*C~**BY ANZ for any a € Z, by jo(a, c) the cusp
O\ A*C*BYBNZ, for any b € Z, and j,(d, c) the cusp @) A®Ce-0(+D/2gb(AB)NE
for any a, b € Z such that a + b = d. With these conventions we can express dn.

Proposition 3.9 Leta, b, c € Z. One has Ox(i(a, b, ¢)) = joo (b, c — ab) — jo(a,c).
Proof The boundary of the modular symbol {A%C¢B?0, A*C°B¥c0} is
[®)\A*C°BYA%] - [} A*C°BYB”],
which translates immediately into the claimed formula. ]
We use [2, Proposition 5] to determine Jy,.
Proposition 3.10  One has, for d € Z/NZ and ¢ € Z/N'Z,
n(i(d.e))= > i(a,b+1lc—b(b+1)/2) —i(a,b,c—b(b+1)/2).

a,beZ/NZ,
a+b=d
Proof We just need to translate the third statement [2, Proposition 5]. With the
notations of that proposition, we have w; = N. It remains to use the third bijection
of Proposition 3.8 and the definition of i. [ ]

Let Sy be the subgroup of Z[(Z/NZ)* x Z/N'Z] formed by the elements of
the form Y A, .[a,b,c], satisfying, for every (a,c) € (Z/NZ) x (Z/N'Z), the
a,b,c

relation Y A, =0 and, for every (b,c) € (Z/NZ) x (Z/N'Z), the relation
beZ/NZ

> Aab,crab = 0. By Proposition 3.9, its image by i has boundary 0.
a€Z|NZ

Let Ry be the subgroup of Z[(Z/NZ)?* x Z/N'Z] spanned by elements of the form

eca= . lab+lc-b(b+1)/2)]-[a,b,c-b(b+1)/2],
a,beZ/NZ,
a+b=d

for (d,c) € (Z/NZ) x (Z/N'Z). By Proposition 3.10, it is a subgroup of Sy. Thus, we
get a presentation by generators and relations of the homology of X},.
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Corollary 3.11  The map i produces an exact sequence
0 - Ry - Sy = Hi(X33Z) — 0.

Remark 3.12 By exchanging the roles of 0% and 97, it is possible to give a dual
presentation of H; (X}; Z). We leave this to the reader.

4 The Heisenberg covering and its models
In this section, we assume N to be odd. Therefore N’ = N.
4.1 Modular functions

Let z € H. For g, = exp (wiz), consider the classical A-function [13]:
8 8

1+ 3" ) (1-q§”‘)
AMz) =16 ( ,1-A(z) = — .

@ =to [\ gz @ =1{rgm

From the above expression, it is clear that A(1) =1and (1- A(1)) = 0. The Nth roots
X = W,y:: Vi-2

define modular units for ® 5. We recover thus the familiar model of the Fermat curve.
Since the A function identifies P! — {0,1, 00} to Y(2), a covering of P! - {0,1, 00}
can be understood as a covering of Y(2), i.e., a modular curve.

4.2 Reminder on Fermat curves

The Nth Fermat curve Fy is given by the projective model:
XN+ yN =2V

Fermat curves and their points at infinity (cusps) are studied extensively by Rohrlich
[16, 17], Vélu [18], and Posingies [15]. In particular, these authors consider the map

B : Fy > P!

given by (X:Y:Z) —» (XN :2ZN). The map By is of degree N2, It is ramified
only above the points 0,1, co. The corresponding ramification points are given by
aj=(0:¢7:1),b;=({7:0:1),¢;=(e{/ :1:0), for j € Z/NZ.

Recall that ( is a primitive Nth root of unity and ¢ is a square root of {. Each of the
above points has ramification index N over P'. For all j € Z/NZ, the cusps a;, b;, ¢;
are all defined over the cyclotomic field Q(py ). Among them, only ay, by, and ¢ are
defined over Q.

4.3 The cuspidal subgroup of the Fermat curve

The divisors of following modular functions are given by:

div(x - ) = Nb; = Y ¢j,div(y - ) = Naj - Y ¢j,div(x — ef/y) = Nc; - > ¢;.
j j j

https://doi.org/10.4153/50008414X24000476 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000476

The Heisenberg covering of the Fermat curve 17

Rohrlich [17] has determined the structure of the cuspidal group of the Jacobian
of Fy (see also Vélu’s alternative proof and description [18]). Since every cuspidal
divisor on Fy is annihilated by N in the Jacobian, the cuspidal group is a quo-
tient of Z/NZ[9,]°. The additional relations are given as follows. Recall that N

is odd.
Theorem 4.1 (Rohrlich [17]) The group P of principal divisors is spanned by the
following set:
N-1 N-1 N-1
DEREHOREHERTE!
i=0 i=0 i=0
N-1

i([ai] - [ba]), gliqail e, z P[] + [b:] + [cr] —s[PD},

i=0

where P is any cusp of Fn. Thus, the cuspidal subgroup of the Jacobian of Fy is a free
Z/NZ-module of rank 3N - 7.

We set

Dy= ) {i}[ai]

i€Z[/NZ
(resp. Dp = jezynz{i}[bil, resp. Dc = Yiezynz{i}[ei]) and

fa= 1 (y+¢H.
i€Z/NZ
Corollary 4.2 The class of D 4 is of order N in the cuspidal subgroup of the Jacobian of
Fn. Moreover, it is congruent to Dy and D¢ modulo P .

Proof Indeed, the divisor of f4 is ND 4. By Rohrlich’s theorem, D4 is of order N. The
congruence of D4, D, and D¢ modulo P follows from Rohrlich’s relations. ]

4.4 The covering as a function field extension

By Rohrlich’s theorem, the order of D, in the cuspidal group is N, therefore an Nth
root of f, defines a cyclic covering G — Fy (a provisional notation, since G will be
shown to be equal to Fy,) of degree N. Such a morphism is indeed unramified, since the
divisor of f4 belongs to NZ[de, |°. Since D4 — Dp is a principal divisor, exchanging
the roles of X and Y would give the same covering. A similar reasoning with respect to
D¢ holds. The cyclic covering G — Fy translates into a covering of Riemann surfaces
WX N-

Consider now the third term [T(2),[T(2),T(2)]] in the lower central series of
['(2).1tis not a subgroup of finite index of ['(2), but one can still consider the Riemann

surface X[r(2),[r(2).0(2)]]-

Proposition 4.3 The covering W — Xy factorizes through X[r(2),[r(2),r(2)]]-
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Proof Let UeTI'(2)and V €[T(2),T(2)]]. Let g be an Nth root of f4. One has to
prove that g is invariant under [U, V], that is, gyv = gjvu. Note first that yjy = {7y,
with r € Z. One has

gv= IT (Cy+HW= T (p+ W= IT (y+eHt,

i€Z/NZ i€Z/NZ i€Z/NZ

Write {i + r} = {i} + r + t, with ¢t € NZ. Thus, we get
go=¢" T] (»+3)" TI (p+0)"

i€Z/NZ i€Z/NZ
Thelast factor is obviously an Nth power. By the description of Rohrlich of the cuspidal
subgroup of Fy, the factor [T;ez/nz(=y + {")" is an Nth power in the function field
of Fy. So there exists a function & on Fy, and an integer s such that g;; = g{*h. Note
that iy = h and gy = {7g, with g € Z. Therefore, one has

guv =gvihy =Mgh =gy = gvu. L

Proposition 4.4  Any covering of degree N of the Fermat modular curve Xy that factors
through Xir(2),[r(2),r(2)]) factors through the Heisenberg covering.

Proof Such a covering corresponds to a cyclic quotient of order N of ®y. Denote
by T the corresponding cocyclic subgroup of ®y. Since the covering is unramified
at the cusps, I' contains the matrices AN and BN. Recall that ®y is generated by
AN, BN and the commutator subgroup of T'(2). Since the covering factors through
X[r(2),[r(2),r(2)]]> the group T contains [['(2), [[(2),T(2)]]. In particular, I' contains
[A, C] and [B, C]. Thus, the image of C in ® /T is of order N. Consequently, T is the
group generated by [T'(2), [T(2),T(2)]], AN, BN, CN. [

Corollary 4.5  Let { be a primitive Nth root of unity in Q(un ). The function

fa= T (y+HW

i€Z/NZ
admits an Nth root in the function field of Fy,.

Proof Indeed, the covering of Fy defined by an Nth root of f} is cyclic of order N
and factorizes through Xir(2),[r(2),r(2)]]- Consequently, it is Fy,. [

Let K be the field of fractions of the curve given in the introduction over the
complex numbers. In inhomogeneous form, it is generated by the variable X, Y, T;
for every primitive Nth root of unity {, with the relations

xN+yN=1

and, for every primitive Nth root of unity { (in Q(py))

(N-1)/2 o (N-1)/2 o
1‘{ (Y-{IYTY = l_{ (Y-{).
= =
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Corollary 4.6  'The function field of Fy; over C is isomorphic to K.

Proof Indeed, the function field of Fy is the subfield of K generated by an Nth root

of f4 over the function field of Fy. Let {’ be a primitive Nth root of unity. By the

preceding corollary, Ty belongs to K. Thus, all of K is contained in the function field

of Fy,. ]
Thus, we have shown that the curve Fj, extends the Riemann surface X};.

Corollary 4.7  The Riemann surfaces Xy, and F},(C) are isomorphic.

4.5 The Heisenberg covering

Denote by G the Galois group of the field extension K|Q(X™N). It sits in an exact
sequence

1> Hy > G- (Z/NZ)* -1
by the transitive action of G on Nth roots of unity, and the fact that the Heisenberg
covering is defined over Q({). Recall that for i € (Z/NZ), {i} denotes the represen-
tative of i in {-(N -1)/2,..., (N -1)/2}.

Proposition 4.8 For g € G, there exists u, v, s € (Z/NZ) and r € (Z/NZ)* such that
0(X)=0"X,0(Y)={"(Y), a({) = {". For p a representative of r in Z,

o(T?)=0TXY J] (-Y+ ¢ elilp3=tih/N,
ie(Z/NZ)

Furthermore, (u,v,s,r) € (Z/NZ)* x (Z|NZ)* characterizes o.

Proof The first three identities are evident. A simple calculation establishes the last
one. Indeed,

o(TP)N =o(TN)P =o( ] (-Y+{)r= T (-¢v+hiie

ie(Z/NZ) ie(Z/NZ)
By factoring T and [T; { 741}, and replacing the variable i by j = pi — v, one gets

o(TP)N = TNH(V{I'} [T (-v+ (J‘)P{(J‘W)/P} [T (-v+ (j)*{j}.

i je(Z/NZ) je(Z/NZ)
We use [1; ¢"1} = 1and we get

a(T)N=T" J] (-v+ (P G lpk=iy-v [T (-y+g).
Jje(ZINZ) je(ZINZ)
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Using the identity X~ = (1= YY) = [T¢(z/nz) (=Y + {7), we get

o(TP)N =TNXY ] (-v+ (PG ey -y,
je(Z/NZ)

The desired formula follows by taking Nth roots. |

With the notations of the proposition, we note ¢ = 0y, ;. Murty and Rama-
krishnan note that Deligne showed that Fy; can be defined over Q, without giving
a reference. We spell out this assertion.

Proposition 4.9  The curve Fy, can be defined over Q. More precisely, the surjective map
G — (Z/NZ)* admits the map r — 0y 9,,,0 as a section. Denote by S the corresponding
subgroup of G. It acts trivially on Nth roots of unity. Consequently, the field of invariants
by S in K is the function field of a curve over Q, and defines Fy; over Q. The Heisenberg
covering Fy; — Fy extends also over Q.

Proof Group theoretic arguments about the structure of G as an extension imply
easily the existence of the section. We will show that our explicit map is indeed a
section. Let r, v’ € (Z/NZ)* and p and p’ be representatives of r and r/, respectively,
in Z. We need to check that 09,9,,7,000,0,r,0 = 00,0,r,0, Which need to be verified only
by application on T, or equivalently on TP ", and on (. This is trivial for {. Here is the
computation on T?". We first simplify the formula of the previous proposition

Go.0r0(TPP ) =T [T (-v+ celilpI=ine'IN,
je(ZINZ)

Thus, one has

Uo,o,r',oao,o,r,o(Tppl)
=T [] (-v+ (j)(p'{j/p'}*{j})/N [T (-v+ (p'j)(p{j/p}*{j})p'/N)_
je(zZ/NZ) je(Z/NZ)

A change of variable in the second product of the right-hand side gives

O'O,O,r’,OO'O,O,r,O(TPPI) -T H (-Y + (J')(PP’{J'/PP'}*{j})/N _ O'O,O,rr’,O(TPP’)'
je(Z/NE)

4.6 Automorphisms
The group (Z/NZ)* ~T(2)/®y acts on Fy: (i,]) € (Z/NZ)* acts by the rule
(x,y) = ({'x, {y). Such an action is defined on Q(uy). It lifts to an action of
Hynz = T(2)/ @) on Fy.

Lemma 4.10  The action of Hznyz on Fy is defined over Q(un).
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Proof For U € Hz,yz, one needs to check that the action of U on a Q({)-rational
function is still Q({)-rational. It suffices to verify this for g, an Nth root of f4. We
repeat a previous calculation and get

gu=8" I1 (y+)" [T (=y+0),

i€Z/NZ i€Z/NZ

with ¢ € NZ. Both factors [T;ez/nz(~y + {*)" and [T;ez/nz(—y + {*)" are Nth power,
(of, say, g1 and g) in the function field of Fyy over Q({). We thus find that g, is equal
to {? gg1g>, which belongs to the function field of Xy over Q({). ]

Remark 4.11 We do not give an explicit algebraic model of the curve X, But it can
be obtained by taking N"’th roots of the functions whose divisors are 3 ~' i%([a;] -

[PD)}, £i5 i2([b:] = [PD)} and T35 2 ([ei] - [P])}.

4.7 Regular integral models of Heisenberg curves

We relate the Heisenberg covering to the model given in the introduction. Note that
the inhomogeneous version of the projective model is given by

xNeyN=1

and, for every primitive Nth root of unity { (in a fixed cyclotomic extension of Q)

(N-1)/2 Wy .
[T (v-¢yn'= ] (v-¢).
j=1 j=1

We now prove Theorem 1.1 (in the spirit of, e.g., [3, Proposition 1.1.13]).

Proof We have indeed a scheme of relative dimension 1 over Spec(Z[pn,1/N]). We
just have to establish the smoothness. We use the Jacobian criterion (e.g., [8, p. 130,
Theorem 2.19]).

Since the Heisenberg covering is obtained by taking the Nth root of a function
which does not vanish outside the zero locus of XY, all points away from X = 0 and
Y = 0 are regular in all characteristics prime to N. It remains to establish the regularity
of a point P; of the form (X, Y) = (0, () or (X, Y) = ({,0) with { a primitive Nth root
of unity. Suppose (X, Y) = (0, (). For points of this form, one has T; = 0. We set

(N 1)/2 (N-1)/2
= [ (v-¢yr'- H (Y =gy
j=1

and compute the partial derivative at P;. One obtains

5 (N-1)/2
% by = - I «-¢
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which is a cyclotomic unit that belongs to Z[py,1/N]*. Thus, the Jacobian matrix is
nonzero over any fiber in characteristic prime to N. This is sufficient to establish the
regularity of P; over Spec(Z[un,1/N]) since the structural morphism is of relative
dimension 1. This reasoning applies to the zero locus of Y, by exchanging the roles of
XandY. ]

4.8 Cusps

The term cusp refers to the cusps of the modular curve X attached to a subgroup T of
['(2). These points are not intrinsic to the corresponding algebraic curves. In the cases
of interest to us, we have a morphism Xy — X(2), given by the function x~. Thus, the
cusps of Fy are the 3N points above the points 0, 1, and oo described above.

Since the morphism Fy — Fy is unramified, the modular curve Fy, possesses 3N*
cusps.

Proposition 4.12  If N is prime to 3, the cusps of Fy are defined over Q({). If 3 divides
N, the cusps of Fy are defined over the cyclotomic field generated by the 3Nth roots of
unity.

Proof Let a be a cusp of Fy; above ay. It is defined over the field generated by g(a)
and Q({), where g is an Nth root of f4. One has

o (N-p2 i (N-p/2
falao)= T (-1+¢H = T] m [T (=)

i€Z/NZ. i=1 i=1

Thus, we get

N-1)/2 ;2

fa(ao) = (_I)Zfﬁ'{l)“ i(Zle _ (_1)(Nz—l)/Sc(N—l)(N+1)N/24’

which is a sixth root of unity.

Suppose N is prime to 3. Then g(a) is an Nth root of unity, up to sign. Since the
group Hy acts transitively on the cups above oo, and its action is Q({)-rational, we
deduce that all the cusps above oo are defined over Q({). A similar reasoning apply
to the cusps above 0, and above 1.

A similar reasoning applies when 3 divides N. Indeed, g(a) is a 3N'th root of unity,
up to sign. [

The cusps of F}, above the cusp oo (resp. 0, resp. 1) of X(2) coincide with the
classes T\T'(2) oo (resp. T\I'(2)0, resp. ['\I'(2)1), which in turn can be identified with
the double classes T'\I'(2)/AZ (resp. T\I'(2)/B%, resp. T\I'(2)/(AB™")%).

4.9 About the Manin-Drinfeld principle for F;
Recall that g3 =1 and observe that Fj has 27 cusps. Fix one cusp Py of Fj, which
becomes thus an elliptic curve (Fj, Pp). Since a cyclic group of order 3 acts on F;

and stabilizes Py, the elliptic curve (F;, Py) admits an automorphism of order 3. Thus,
the j-invariant of (Fj, Py) is 0.
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Proposition 4.13  Divisors supported on the cusps of F; above oo (resp. 0, resp. 1) are
of order dividing 3 in the Jacobian of F;. Furthermore, cuspidal divisors of degree 0 are
torsion in the Jacobian of F;, and of order dividing 9.

Proof Let X be a compact connected Riemann surface of genus 1. Let J be the
Jacobian of X. Recall the exact sequence

0 - J(C) - Aut(X) — Aut(]) — 0,

where Aut denotes the automorphisms over C. The first map associates to the class of
a divisor D the translation by D in X.

For X = Fj, the group Aut(J) is cyclic of order 6. One gets a group homomorphism
Hgz/3z — Aut(J), whose kernel is of order 9, and therefore isomorphic to (Z/3Z)>.
Since this kernel identifies to a subgroup of the one dimensional complex torus J(C),
the latter subgroup is J(C)[3]. We have proved that the orbit of any cups Q by Hz 37
contains Q + J(C)[3]. But these sets are both of cardinality 9, and are therefore equal.
Since Hy 3z acts transitively on the cusps above oo (resp. 0, resp. 1), the first statement
of the proposition is proved.

About the second statement, it is sufficient to prove this for a divisor of the form
() = (f3), where « and 8 are cusps of F; not above the same point of {0,1,00}.
Without loss of generality, say they are above 0 and oo, respectively. Let a and b be
the cusps of F; below « and f3, respectively. We have

3((e) = (B)) = (3(a) = 2(a")) + (") - ;(ﬁ’)) + (;(ﬁ’) -3(B)),

where a' (resp. ) runs through the cusps of Fj above a (resp. b). By the first statement
of the proposition and the torsion properties of the cuspidal subgroup of the Fs, each
of the three terms of the right-hand side is of order dividing 3. [ ]

Recall that the dessin for X} is a graph with the following additional structure:
the vertices are bicolored (white and black) and the of set edges attached to any given
vertex are endowed with a cyclic ordering (a transitive action of Z). The vertices are
the cusps of X}, above 0 and co. The edges form the coset ®\\T'(2) ~ Hz,nz, which
is in bijection with (Z/NZ)?. the edge associated with @} ¢ has extremities @ g0
and @} goo. The cyclic ordering of the edges attached to the vertices @’ g0 (resp.
@', goo) is given by the action of B (resp. A™"). To sum up, the dessin can be drawn
on X4

To be more concrete, each edge is in bijection with Z/NZ x Z/N'Z x Z|NZ, via
the map @\ A*CB® ~ (a, c,b). The edge thus labeled (a, ¢, b) is connected to the
edgelabeled (a, ¢, b + 1) viaablack vertex (cusp above 0) and the edge labeled (a, ¢, b)
is connected to the edge labeled (a — 1, ¢ — ab, b) via a white vertex (cusp above o).
The line segments represent the arcs on X} above the geodesic arc from 0 to oo in the
upper half-plane.

We illustrate all this for N = 3. In that case, the genus of X} is equal to 1. According
to these rules, the drawing (dessin) for X} is given as follows.
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As the group @3 is not a congruence subgroup [14], @} is a fortiori not a congruence
subgroup. The latter fact can be derived alternately from Wolfart’s criterion and an
examination of the dessin. Indeed, the width of the each cusps is equal to 6 and [T(2) :
@] = 27. Wolfart’s criterion, to check that @ is a congruence subgroup or not it is
enough to check T'(6) c @} c T(2). However, [I'(2) : T'(6)] = 144 is not divisible by
the index 27.
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4.10 About the failure of the Manin-Drinfeld principle for F;

Suppose N = 5. We show that the Manin-Drinfeld theorem fails for the Heisenberg
covering F% of Fs. Consider the scheme Cs over Spec(Z[ ys,1/5]) given by the system
of equations

s (YY)
S Y [y

where { runs through the primitive fifth roots of unity in Q(us ). It is smooth, as can be
shown by applying the Jacobian criterion. One has an obvious morphism of schemes
EFg - (35.

Denote by Cs the generic fiber of Cs. Over C, Cs identifies to a modular curve
as follows. Consider the morphism T'(2) — Hss 5 and the inverse image I of the
subgroup of Hs 5 5 generated by B. Then I defines a corresponding modular curve
isomorphic to the Riemann surface Cs(C).

The curve Cs possesses 19 cusps, given by the following planar coordinates (Y, Ty):
(0,¢), (00,¢), (1,=6), (£,0), (¢*,0), ({*, 00), ({72, 00), where ¢ and § run through
the fifth roots of unity. Set T = T;. The function fields of F; and Cs are Q({, X, Y, T)
and Q({, Y, T), respectively.

The obvious morphism 7: F; — Cs sends the cusps of F. to the cusps of Cs. We
show that Cs does not satisfy the Manin-Drinfeld principle. Since Cs is smooth, the
Jacobian of Cs extends to an abelian scheme Js over Spec(Z[us,1/5]).

Proposition 4.14  There exists a divisor of infinite order supported on the cusps of Cs.

Proof We suppose that all cuspidal divisors are torsion in Cs. Our proof is organized
around the following calculation. One has

A-Y)QY*+(Q2-2(C+?)-(-HY +2)
(Y +{)(-Y +(2)? ‘

(4.0) T +1=

Let y; and y; be the roots of the polynomial 2Y? + (2 - 2({* +{7?) - (- (V)Y + 2.
Let (; be a fifth root of unity in Z[ys]. Consider the function T + {j, which divides
T> + 1. The divisor of the function T + { is (in terms of planar coordinates for (Y, T)):
(1L,-80) + (31, =) + (y2,-(1) = D,where D = ({7}, 00) +2({?, 00). Apparently for-
tuitously, this divisor is cuspidal in the fibers at 11 and at 2 of Cs. [ ]

Lemma4.15 Let {; and {, be distinct primitive fifth roots of unity in Z[ ys |. The divisors
3(1,¢1) —3(1,{2) and 3(1, (1) — D are principal in any fiber above 11 of Cs.

Proof In characteristic 11, the polynomial 2Y% + (2-2(*+ {3 - (- Y)Y +2
has the providential property of having a double root equal to 1. Therefore, the divisor
of the function T + {; over Fy; is cuspidal and equal to 3(1, {;) — D. It follows that the
function (T + §;)/(T + {») has divisor 3(1, (;) - 3(1, {»). ]
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We return to the proof of the proposition. By our Manin-Drinfeld assumption in
Cs, the divisor 3(1,{;) — D is torsion in the Jacobian of Cs. It extends to a torsion
point of Js, whose order is determined in any special fiber at a prime 7 of residual
characteristic p, provided p —1 > e, where e is the ramification index at m of the
extension Q(us)|Q [11]. This applies for any prime except perhaps p =2 and p = 5.
The calculation for p = 11 ensures that the divisors 3(1, {;) — 3(1,{2) and 3(1,{;) - D
are principal in Cs.

Therefore, those divisors are principal in any special fiber of Cs. Consider any
fiber C above 2 of Cs. In that fiber, the function T — { = T + { has divisor, in view of
Equation (4.1), (0, {) + (1, ) + (o0, {) — D¢, which is principal. Thus, by taking {; = (,
the divisor

(3(1,0) = D) = ((0,¢) + (1, ¢) + (o0, ¢) = D) = 2(1,¢) = (0,¢) = (1,€)

is principal in C. Thus, there exists f: C — P! of degree 2. So C is hyperelliptic. The
principality of the divisor 3(1, {;) — 3(1, {3) ensures that there is a degree 3 morphism
C — P. By Castelnuovo-Severi-type inequalities, this imposes that the genus of C is
< 2. But the genus of C equals the genus of Cs; it is equal to 6 and we have reached a
contradiction.

References

[1] G. Anderson and Y. Ihara, Pro-I branched coverings of P1 and higher circular I-units. Ann. of
Math. (2) 128(1988), no. 2, 271-293.

[2] D. Banerjee and L. Merel, The Eisenstein cycles and Manin-Drinfeld properties. Forum Math.
36(2024), 305-325.

[3] C. Curilla, Regular models of Fermat’s curves and applications to Arakelov theory, ProQuest LLC,
Ann Arbor, MI, 2010. Thesis (Ph.D.), Yale University.

[4] P. Deligne, Le groupe fondamental de la droite projective moins trois points. In: Y. Thara, K. Ribet,
and J. P. Serre (eds.), Galois groups over Q (Berkeley, CA, 1987), Mathematical Sciences Research
Institute Publications, 16, Springer, New York, 1989, pp. 79-297.

[5] O. Ejder, Modular symbols for Fermat curves. Proc. Amer. Math. Soc. 147(2019), no. 6, 2305-2319.

[6] M. Hall, The theory of groups, The MacMillan Company, New York, 1959.

[7] S. Lang, Introduction to algebraic and abelian functions, Graduate Texts in Mathematics, 89,
Springer-Verlag, New York, 2nd ed., 1982.

[8] Q. Liu, Algebraic geometry and arithmetic curves, Oxford Graduate Texts in Mathematics, 6,
Oxford University Press, Oxford, 2002. Translated from the French by Reinie Erné, Oxford
Science Publications.

[9] J. I. Manin, Parabolic points and zeta functions of modular curves. Izv. Akad. Nauk SSSR Ser. Mat.
36(1972), 19-66.

[10] B. Mazur, Modular curves and the Eisenstein ideal. Inst. Hautes Etudes Sci. Publ. Math. 47(1977),
33-186.

[11] B. Mazur, Rational isogenies of prime degree (with an appendix by D. Goldfeld). Invent. Math.
44(1978), no. 2, 129-162.

[12] L. Merel, Laccouplement de Weil entre le sous-groupe de Shimura et le sous-groupe cuspidal de
Jo(p), J. Reine Angew. Math. 477(1996), 71-115.

[13] V. K. Murty and D. Ramakrishnan, The Manin-Drinfeld theorem and Ramanujan sums. Proc.
Indian Acad. Sci. Math. Sci. 97(1987), no. 1-3, 251-262.

[14] R. Phillips and P. Sarnak, The spectrum of Fermat curves. Geom. Funct. Anal. 1(1991), no. 1,
80-146.

[15] A. E. Posingies, Belyi pairs and scattering constants. Ph.D. thesis, Humboldt-University Berlin,
Berlin, 2010.

[16] D. E. Rohrlich, Modular functions and the Fermat’s curves, ProQuest LLC, Ann Arbor, MI, 1976.
Thesis (Ph.D.), Yale University.

https://doi.org/10.4153/50008414X24000476 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000476

The Heisenberg covering of the Fermat curve 27

[17] D. E. Rohrlich, Points at infinity on the Fermat curves. Invent. Math. 39(1977), no. 2, 95-127.
[18] J. Vélu, Le groupe cuspidal des courbes de Fermat. In: Séminaire Delange-Pisot-Poitou, 20e année:
1978/1979, Théorie des nombres, Fasc. 2 (French), Exp. No. 28, 11, Secrétariat Math., Paris, 1980.

Department of Mathematics, Indian Institute of Science Education and Research, Pune, India
e-mail: debargha.banerjee@gmail.com

Department of Mathematics, Université Paris Cité and Sorbonne Université, CNRS, IMJ-PRG, F-75013

Paris, France
e-mail: loic.merel@imj-prg.fr

https://doi.org/10.4153/50008414X24000476 Published online by Cambridge University Press


mailto:debargha.banerjee@gmail.com
mailto:loic.merel@imj-prg.fr
https://doi.org/10.4153/S0008414X24000476

	1 Introduction
	2 Heisenberg groups and the lower central series of Γ̄(2)
	2.1 The Heisenberg group
	2.2 The lower central series
	2.3 The groups ΦN, ΦN, and ΦN
	2.4 Odd adelic completions

	3 The associated Riemann surfaces
	3.1 The Riemann surface XM, N,L
	3.2 The Riemann surfaces XN, XN, and XN
	3.3 Some cases of small genus
	3.4 The curve X'(2)
	3.5 Mixed homology groups

	4 The Heisenberg covering and its models
	4.1 Modular functions
	4.2 Reminder on Fermat curves
	4.3 The cuspidal subgroup of the Fermat curve
	4.4 The covering as a function field extension
	4.5 The Heisenberg covering
	4.6 Automorphisms
	4.7 Regular integral models of Heisenberg curves
	4.8 Cusps
	4.9 About the Manin–Drinfeld principle for F3
	4.10 About the failure of the Manin–Drinfeld principle for F5


