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Compactness of Hardy-Type Operators
over Star-Shaped Regions in RY

Pankaj Jain, Pawan K. Jain and Babita Gupta

Abstract. 'We study a compactness property of the operators between weighted Lebesgue spaces that
average a function over certain domains involving a star-shaped region. The cases covered are (i) when
the average is taken over a difference of two dilations of a star-shaped region in RN, and (ii) when the
average is taken over all dilations of star-shaped regions in RN. These cases include, respectively, the
average over annuli and the average over balls centered at origin.

1 Introduction

In [4], Heinig and Sinnamon have given a weight characterization for the bounded-
ness of the so called “Hardy-Steklov operator” T: L?((0,00),U) — L1((0,00),V)
defined by

b(x)
(1.1) (THx) = f()dt
a(x)
where p € (1,00), q € (0,00) and a = a(x), b = b(x) are strictly increasing differ-
entiable functions on [0, co] satisfying a(0) = b(0) = 0, a(x) < b(x) for 0 < x < 00
and a(oo) = b(oco) = oo. Further, Sinnamon [10] has considered a higher dimen-
sional Hardy-Steklov operator Tg: LP(E, u) — L1(E, v) defined by

(12) (ren = | ey de

b(ay)S\a(ax)S
that averages a function over a difference of two dilations of a star-shaped region S in
RY (the term star shaped region and other symbols in 1.2 are defined in Section 3).
In fact, in a remarkable result (Theorem 2.1, [10]), Sinnamon has shown that the
boundedness of the operator Tr can be characterized in terms of the boundedness of
the one dimensional operator T.

In this paper, we complement Sinnamon’s result by considering the compactness
property of the operator T. In fact, we show (see Theorem 3.1) that as in the case
of boundedness, the compactness of T can also be characterized in terms of the
compactness of T. Then to obtain the precise necessary and sufficient conditions for
the compactness of T, one can use any known criterion for the compactness of T,
e.g., the following result from [6] can be used:

Theorem A Consider the operator T: LP((O, ), U) — Lq((O, o), V) defined by
(1.1) and let U,V be weight functions on (0, 00).

Received by the editors August 26, 2002.

AMS subject classification: 46E35, 26D10.

Keywords: Hardy operator, Hardy-Steklov operator, compactness, boundedness, star-shaped regions.
(©Canadian Mathematical Society 2004.

540

https://doi.org/10.4153/CMB-2004-053-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-053-5

Compactness of Hardy-Type Operators 541
(a) If1 < p < q < oo, then T is compact if and only if

sup B(s,t) < o0,
0<t<s
a(s)<b(t)

lim B(s,t) = lim  B(s,t) =0, foreverys>0
t—s— t—b~1(a(s))*

and
lim B(s,t) = lim  B(s,t) =0, foreveryt>0
s—t* s—a=1(b(r)~

where

b(t)

(1.3) B(s, 1) = (/a@ UI’P'> "% (/tv) 3

(b) If1 < q< p < oo, then T is compact if and only if A = max(A,,A;) < oo, where

(14) A = (/0°°</b’l(u(t))(/::> w) ﬁ(/st v) V) ds> a(t)dt>

and

(1.5) A, = (/000 </tal(h(t))(/a(b:) W) P (/ts V) §V(s) ds> J(t)dt>

withw = U L =L _Lgndwhere o isa normalizing function defined in

‘r

Section 3 after the proof of Theorem 3.2.

1

r

1
r

It is observed that for the case 1 < g < p < oo, the conditions for the bound-
edness and compactness of the operator T are same. In fact, this is quite expected,
which can be seen from a general principle of Anto [1] in this regard. However, in
[6], the authors gave a direct proof of Theorem A(b).

Further, as a special case of the operator Tg, one can obtain an operator that av-
erages over the annuli. Consequently, we derive results (see Corollaries 3.4, 3.5 and
3.6) for such operators.

Observe that the operator T is, in some sense, more general than the classical
Hardy operator (Hf)(x) = fox f(t)dt. However, H can not be obtained from T
since for this, the natural choice of the functions a and b in the operator T would be
a(x) = 0 and b(x) = x, but then we would not have a(co) = co. Already necessary
and sufficient conditions are available (see e.g. [8]) under which H is compact. Thus
the natural question arises: if we consider an N-dimensional Hardy operator that
averages over the dilations of a star-shaped region, can its compactness be obtained
in terms of the compactness of H? The answer is affirmative and the correspond-
ing results are discussed in Section 4. The boundedness of such operators has been
characterized, again, by Sinnamon [9].
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Finally, we also discuss the corresponding results for all the conjugate operators
that we deal with in this paper.

The paper is organized in the following way. In Section 2, we collect certain pre-
liminaries which are standard but will ease the reading of the paper. Section 3 con-
tains the results involving the operator that averages over difference of two dilations
of a star-shaped region, while in Section 4 we deal with the operator that averages
over all dilations of a star-shaped region. Also, in that section, we discuss the com-
pactness of conjugates of all the operators that we deal with in Sections 3 and 4.

2 Preliminaries

Let X be a normed linear space and X* denote its conjugate space. We say that a
sequence {x,} in X is strongly convergent (or simply convergent) to x € X, written
Xy — x,if ||x, — x|| — 0 as n — oo. A sequence {x,} in X is said to converge weakly
to x € X, written x,—>x, if f(x,) — f(x), for each f € X*. A sequence {f,} in X*

is said to be weak* convergent to f € X*, written f, f, if f,(x) — f(x) for each
x € X. Note that the strong convergence implies the weak convergence which in turn
implies the weak™ convergence. The implications in the reverse direction do not hold
in general. However, if X is a reflexive space then the weak* convergence implies the
weak convergence.

Let Q C RY. A weight function on Q is a function which is measurable and
positive almost everywhere (a.e.) on 2. For a weight function u, L?(Q,u), 1 < p <
00, denotes the weighted Lebesgue space which is the set of all measurable functions
f defined on 2 such that

£ llp.u == (/Q | f(x)|Pu(x) dx)% < o0.

Note that for 1 < p < oo, LP(§2, u) is a Banach space and for 1 < p < o0, it
is reflexive. If the duality on the weighted Lebesgue space LP(Q,u), 1 < p < o0, is
defined by

(f.g)= /Qf(x)g(x) dx, g€ LP(Q,u)

!’

then we can identify the conjugate space of L?(£2, u) by LP' (Q,u'~?"), p’ =
being the conjugate index to p, i.e.,

b
p—1

[LP(Q, w)]* = LP (2, u'~P").

For a bounded linear operator A between two normed linear spaces X and Y, we
denote by A* the conjugate of A acting between Y* and X*.

The proofs of the theorems presented in this paper require some well known as-
sertions which are collected in the following:

Theorem B Let X and Y be Banach spaces.

(a) A bounded linear operator A: X — Y is compact if and only if its conjugate A* is
compact.

https://doi.org/10.4153/CMB-2004-053-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-053-5

Compactness of Hardy-Type Operators 543

(b) IfA: X — Y is compact and {x,} is a sequence in X such that {x,}>x, for some
x € X, then Ax,, — Ax.

(c) An operator A: X — Y is compact if A*: Y* — X* is weak*-norm sequentially
continuous i.e., for each sequence { f,} in Y* with { f,}*> f, for some f € Y*, we
have A*(f,) — A*f.

Finally, the word conjugate has been used in connection with the index, the space
and the operator. But there should not be any ambiguity as it will be used according
to the context. The preliminaries collected here can be found in any standard book
on functional analysis e.g., [2], [3], [5]. In particular, Theorem B(c) is taken from
(121, p. 15).

3 Hardy-Steklov Operator

We call a region S € RY to be smoothly starshaped, if there exists a nonnegative,
piecewise-C! function ¥ defined on the unit sphere in RN with

S={xeRV\{0}: |x| < U(x/|x)}.
Let S be a smoothly star-shaped region in RN and
B={xe RN\ {0}:|x] = U(x/|x])}.

We note that B is contained in the boundary of S and since ¥ is not assumed to be
continuous B may not be the whole boundary of S. Let E be the union of all dilations
of S, i.e, E = Ua>0 aS. Note that E = RN whenever 0 is in the interior of S. For
anon zero x € E, since S is star-shaped, there is a least positive dilation o, S which
contains x. We write S, = «,S and note that x/«, € B so that x is on the boundary
of S,.

Throughout, a and b will denote strictly increasing differentiable functions on
[0, oo] satistying a(0) = b(0) = 0, a(x) < b(x) for 0 < x < oo and a(c0) = b(o0) =
00. Clearly a=! and b™! exist and are also strictly increasing.

For weight functions u, v on E, define the higher dimensional Hardy-Steklov op-
erator Tg: LP(E,u) — L1(E,v) by

(HM@:/ f(y) dy.

b(ay)S\a(ax)S

It can be seen that the operators Ty and
T:: 19 (B, =) — L' (E, u! ")
defined by
9w = [ s(y)dy

a=(ax)S\b~(ay)S

are mutually conjugate, i.e.,

https://doi.org/10.4153/CMB-2004-053-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-053-5

544 Pankaj Jain, Pawan K. Jain and Babita Gupta

Also, we shall be dealing with the one-dimensional Hardy-Steklov operator
T: LP((O, 00), U) — Lq((O, ), V) defined by

b(x)
(UM—A)NW,MWW)

Here U and V are the weight functions defined on (0, 0c0). As above the operators T
and T*: L1 ((0,00),V'=7) — LP ((0,00),U"'""") defined by

a Y

X)
(ﬁﬁm:/’ F(0) de

b—(x)

are also mutually conjugate.

Now, we prove our first main result that characterizes the compactness of the N-
dimensional operator T in terms of the compactness of the one-dimensional oper-
ator T.

Theorem 3.1 Let S be a smoothly star-shaped region in RN and B, E, «, be as defined
above. Suppose 1 < p, q < oo and u, v be weight functions on E. Then the operator
Tg: LP(E,u) — L1(E,v) is compact if and only if the operator T LP((O, ), U) —
L1 ( (0, 00), V) is compact with

(3.1) U(t) = (/ul_P/(tT)tN_ldT) T e (0.00)
B
and
(3.2) V(t) = /v(ta)tN_1 do, te€(0,00).
B

Proof First assume that T: L?P ( (0, ), U) — L1 ( (0, ), V) is compact. It suffices
to show that T%: L1 (E,v'~4") — L?"(E, u'~?") is weak*-norm sequentially contin-
uous since then, the result follows from Theorem B(c). Let {f,} be a sequence in

L4'(E,v'~1") such that fnw—>0 Without any loss of generality, we may assume that
each f, is non negative. Define
(3.3) F,(t) = /fn(tf)tN*1 dr, neN, t e (0,00).

B

Then

E,(t) = /fn(mﬁ(tr)(thl)#v%(tr)(tN”)i dr
B

= (/B S @ N dT) v (/B v(tT)N ! dT) 5,
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and therefore using (3.2) and making change of variable t7 = y, we have

(/Oo F (V=7 (1) dt) "< (/Oo/fg’(w)vlfq’(tT)tN*ldTdr) a
0 0 B

1

= ( /E oW (dy) " < o,

which gives that {F, } is a sequence in L’ ((0,00), Vl_ql) . Next we note that if G is
any function in L((0, 00), V) and g: E — R is defined by

gx) = G(t), x=tr,

then g € L1(E, v), since by using (3.2) and making change of variable x = 7, we have

/gq(x)v(x) dx = /Oo/gq(tT)v(tr)tN’ldet
E o JB
= /Oo GI(t)V(t) dt < oo.
0

Thus by using (3.3), we have

/O T R(0G() dt = /0 oo( /B fn(tT)tN_ldT) G(t) dt
_ / - / futr)g(er) N dr di
0 B

:/fn(x)g(x)dx—>0 asn — 00,
E

i.e., F,~>0. Further, since T is compact, by Theorem B ((a) and (b)),
IT*Fall, (0,00)01-7 — 0 asn— oo.

Now, making change of variables y = t7,x = so so that for ¢ € B, oy = 5, and using
(3.1), (3.3), we have

L
7

pl 7 p
el = ([ ([ R )" ) )
E a1 (ax)S\b~1(ay)S

— (/OOO/B(/baI;ZS)/Bf”(tT)tNldet) r

x =P (so)sN ! do ds>

1
»7

1
o7

0o a”l(s) ’ ?
_ (/ (/ Fn(t)dt)p U=r'(s) ds>
0 b—1(s)

= ||T*Fan’,(0.,oo),U1*f’,7
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and we are done.
Conversely, assume that Tg: LP(E,u) — LI(E,v) is compact. Let {F,} be a se-

quence in L7’ ((0,00), V1=1') such that F,”>0. Without any loss of generality we
may assume that each F, is non-negative. Define

(3.4) futT) = E(t)v(tT)V~H(t), neN, t € (0,00), T € B.
Then
(3.5) /fn(tT)tN_l dr =F,(t), neN,te(0,00).

B

Now using (3.2) and (3.4), we have

(/ff/(x)vl_q/(x) dx) iy = (/Oo/f,?/(tT)vl_q/(tT)tN—l det) 7

E 0 B

</°° Fﬁl(t)(/vq/(tf)v“q'(tT)tN*IdT)
0 B

1
Py

x V(1) dt)
e ’ ’ L/
- (/ F v war)
0
< 00,
which means that { £, } is a sequence in Lq/(E, vl_q/). Thus (3.1) and (3.5) yield
HT*F"HP’.(O,OO),UFP/ = HTEfﬂHp’,E.MI*PI'

We now show that f,~%0. For any function g € L1(E, v), using (3.4) we have
/fn(x)g(x) dx = / /Fn(t)v(tT)V*l(1‘)g(t7')tN*1 dr dt
E o Ja

:/ Fn(t)(/v(tT)g(tT)tN*‘dT) Vi) dr
0 B

= / F,(t)G(t)dt — 0 asn — oo,
0

where

G(t) = (/v(w)g(tT)tN*IdT) V-l@), te(0,00),
B
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and it can be easily verified that G € L1 ( (0, ), V) . Indeed, using (3.2), we have
oo oo q
[ eovwa= [ / Werg(er L dr) Vi) di
0 0 B
- / (/g(w)v% () () ) Vi) di
0 B

< /OO /gq(t’T)V(tT)tN_ldT)
0 B
X (/V(tT)tN_ldT) T -ag dr
B

T

g1(x)v(x) dx < o0.

Now as Tg is compact, by Theorem B((a) and (b)), ||Tf full, f,a-»+ and hence
[T Full yr (0,00),01-»" cOnverges to 0 as n — oo. Now the compactness of T follows
from Theorem B(c).

As remarked in Section 1, to give the precise necessary and sufficient conditions
for the compactness of the operator T, one can use any known criterion for the com-
pactness of the operator T, e.g., Theorem A. We give below two theorems respectively,
forl < p<g<ooandl < g < p < oo to characterize the compactness of T
precisely.

Theorem 3.2 Let all the hypothesis of Theorem 3.1 be satisfied with the additional
condition that 1 < p < q < oo. Then the operator Tg: LP(E, u) — L1(E, v) is compact

if and only if
(3.6) sup 8(s,t) < oo,
0<t<s
a(s)<b(t)
(3.7) lim 8(s,t) = linl}( ) S(s,t) =0, foreveryt>0
s—tt s—a—1(b(t))—
and
(3.8) lim 8(s,t) = blin(l( ) S(s,t) =0, foreverys>0
t—s— t—b—1(a(s))*
where

1

N L
8(s,1) = (/b(t)S\a(s)S ur ) ’7 (/SS\tS V) g

Proof The proofis immediate in view of Theorems 3.1 and A(a), once we show that
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S = B. Indeed, using (3.1) and (3.2), we have

(/ b(:) U ¢ d) / v<5>d§)

(/st)/ Henearag) ([ [ e ande)’
(/(t)S\u(S W) dx) </55\ts vix )dx)

S

To give the corresponding result for the case 1 < g < p < o0, we define a
normalizing function o as

o) =Y X (D (b loa)"(1), t € (0,00).

ke

Here (b~ '0a)* denotes k times repeated composition and the numbers My come from
the sequence {Mj }rcz which is defined as follows:
My =b"1(1)
My =a ' (b(Mp),  ifk>0
Mi =b""(a(Myy1)), ifk<0.
Note that a(M,,) = b(My), k € Z.
Theorem 3.3 Let1 < q < p < oo and assume all the hypothesis of Theorem 3.1

are satisfied. Then the operator Tg: LP(E,u) — L1(E,v) is compact if and only if
B = max(B;, B;) < oo, where

B, = (/ / (/ ulfpl) v (/ v) ;v(x) dxo(t) dt)
0 tS\b—(a(t))S b(ay)S\a(t)S 1S\ S

and
B, = (/ / (/ ulfP'> "_/(/ V) ;v(x) dxo(t) dt) ,
0 a=1(b(t))S\tS b(1)S\a(ay)S a,S\tS
with % = % — % and o the normalizing function defined above.
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Proof Using (1.4), (3.1), (3.2) and making change of variable {7 = z and s7 = x, we
have

ne (/000 /btlm(t))(/az(:) UI—P’(g)dg) " ([V(f)dg) v dsa(t)dt)
([ e s
0 b=1(a(t)) “Ja(t) JB
X (/[/V(fT)gNldef) : /V(ST)SNfldesa(t) dt> %
s JB B
= (/0 /ts\b1(u(t))5(/b(ax)s\a(t)s ul—Pl(z) dz) »

X ( / (z) dz) ") dxa(t)dt>
1S\ S

r

= B,.

Similarly, it can be shown that A, = B,. The result now follows by Theorems A(b)
and 3.1.

Now, as mentioned in Section 1, we can derive the special case of the operator Tg
when the star-shaped region S is replaced by the unit ball in RN with center as origin.
In such a situation, the differences of the star-shaped regions become anulli, E = RY
and o, = |x|. The operator T, takes the shape of

(Twf)(x) = / () dy. xyeRY.

a(|x)<[y|<b(|x])

With this special case, we immediately obtain the following corollaries of Theo-
rems 3.1, 3.2 and 3.3 respectively:

Corollary 3.4 Let 1 < p, q < oo and let u,v be weight functions on RN. Then
the operator Ty : LP(RN,u) — LI(RN,v), defined above is compact if and only if
T: LP((O, 00), U) — Lq((O7 0), V) is compact, with

Ut) = (/ ul_p/(tT),Z’N_ldT) p, t € (0, 00),

N

and

V() :/ vtr) N dr,  t e (0,00),

N

where >\ is the surface of unit ball in RN.
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Corollary 3.5 Let1 < p < q < oo and u,v be weight functions on RN. Then
Tn: LP(RYN, u) — LI(RN, v) is compact if and only if

sup B(s,t) < oo,

0<t<s
a(s)<b(t)
lim B(s,t) = lim  B(s,t) =0, foreveryt >0,
s—t* s—a=1(b(1))~
and
lim B(s,t) = lim  B(s,t) =0, foreverys>0,
t—s— t—b—1(a(s))*
where

B(s, 1) = ( / s WP (2) dz) "17’ ( /Km (z) dz) '

Corollary 3.6 Let1 < q < p < oo and u,v be weight functions on RN. Then
Twn: LP(RN, u) — LI(RN,v) is compact if and only if K = max(K;, K;) < oo, where

> , =7
([ o )
0 b=(a()<|x|<t a(t)<|z|<b(|x|)

x ( / v(2) dz) () dxo (1) dt)
|x|<|z| <t

1

T

and
1

o0 ’
€ ([ L U704
0 t<|x|<a=1(b(1)) a(|x|)<|z|<b(t)

x ( / v(z2) dz) ") dxa(t)dt> :
t<|z|<|x|

and o is the normalizing function as defined earlier.

hl -1 _ 1
with - il

4 Final Results and Remarks
For x € E, write Sy = «,S and define the operator Hg: LP(E, u) — Li(E, v) by

(He f)(x) = / () dy.
Sy

Clearly, the operator Hg is N-dimensional analogue of the classical Hardy operator
(Hf)(x) = fox f(¢) dt, where the average is taken over the dilations of a star-shaped
region S. As mentioned already, the operator H can not be obtained from the opera-
tor T. Similarly, Hg can not be obtained from Tr. However, the compactness of Hg
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can be characterized in terms of the compactness of H. Since the proofis very similar
to the proof of Theorem 3.1 (with some obvious modifications), we state the result
only.

Theorem 4.1 Under the hypothesis of Theorem 3.1, the operator Hg: LP(E,u) —
LI(E,v) is compact if and only if the classical Hardy operator H: L?((0,00),U) —
L1((0,00), V) is compact with U and V as defined respectively by (3.1) and (3.2).

Remark To obtain the precise necessary and sufficient conditions for the compact-
ness of Hy (results corresponding to Theorems 3.2 and 3.3), one can use any known
criterion for the compactness of H, see e.g., ([8], Theorems 7.3 and 7.5).

Remark Analogous to the discussion after Theorem 3.3, we can derive special case
when, in Hp, the star-shaped region S is replaced by the unit ball in RN,

It is natural to study the compactness of the conjugate operators Tj, Ty and Hj,.
For the sake of conciseness, we only deal with T. The remaining can be dealt with
exactly on the similar lines.

For the case 1 < p < g < 00, we have the following result

Theorem 4.2 Let the hypothesis of Theorem 3.2 are satisfied. Then the operator
TF: LP(E, u) — LI(E,v) is compact if and only if

sup 8%(s, 1) < o0,

0<t<s

a(s)<b(t)
lim 8*(s,t) = lim  8%(s,t) =0, foreveryt >0,
s—tt s—a~1(b(t))—~
lim 8*(s,#) = lim  8%(s,t) =0, foreverys> 0,
t—s— t—b—1(a(s))*

where 1

50 = (o) o™

Proof By Theorems B(a) and 3.2, Tj: L4 (E,v'~7) — LP (E,u'~?") is compact
if and only if (3.6), (3.7) and (3.8) hold. Now the result is obtained by replacing
q',p’,v'=, u' =P respectively by p, g, u and v.

On the similar lines we have the result for the case 1 < g < p < oo also.
Theorem 4.3 Let the hypothesis of Theorem 3.3 are satisfied. Then the operator
T%: LP(E,u) — L1(E,v) is compact if and only if

(/ / (/ v)”(/ uI*P’) T () dxa(t)dt> <0
0 tS\b—(a(t))S b(ay)S\a(t)S tS\ S
d

an
o0 r £ %
(/ / (/ v) q(/ ut=pb ) T ul TP (x) de(t)dt) < 00
0 a=1(b(t))S\tS b(t)S\a(ay)S a,S\tS
with % = % — % and o, the normalizing function as defined in Section 3.
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Remark The results in Theorems 4.2 and 4.3 can also be obtained by a different
approach. One can first formulate a result corresponding to Theorem 3.1 relating the
compactness of T; and T and then apply Theorems 5.1, 5.2 from [6], which give
necessary and sufficient conditions for the compactness of T* for the cases 1 < p <
g<oocandl < g < p < o0, respectively.
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