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INTERLACEMENT LIMIT OF A STOPPED RANDOM WALK
TRACE ON A TORUS
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Abstract

We consider a simple random walk on Z started at the origin and stopped on its first exit
time from (—L, L) N Z4. Write L in the form L = mN with m = m(N) and N an integer
going to infinity in such a way that L2 ~ AN? for some real constant A > 0. Our main
result is that for d > 3, the projection of the stopped trajectory to the N-torus locally
converges, away from the origin, to an interlacement process at level Ado, where o7 is
the exit time of a Brownian motion from the unit cube (—1, l)d that is independent of the
interlacement process. The above problem is a variation on results of Windisch (2008)
and Sznitman (2009).
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1. Introduction

A special case of a result of Windisch [15]—extended further in [1]—states that the trace
of a simple random walk on the discrete d-dimensional torus (Z/N Z)d, for d > 3, started from
stationarity and run for time uN“ converges, in a local sense, to an interlacement process at
level u, as N — oo. In this paper we will be concerned with a variation on this result, for which
our motivation was a heuristic analysis of an algorithm we used to simulate high-dimensional
loop-erased random walks and the sandpile height distribution [7]. Let us first describe our
main result and then discuss the motivating problem.

Consider a discrete-time lazy simple random walk (Y;),>0 starting at the origin o on Z4. We
write P, for the probability measure governing this walk. We stop the walk at the first time
T1, when it exits the large box (—L, L), where L is an integer. We will take L = L(N) of the
form L = mN, where m = m(N) and N is an integer, such that L> ~ AN? for some A € (0, 00),
as N — co. We consider the projection of the trajectory {Y;:0<t<T.} to the N-torus
Ty =[—N/2, N/2)¢ N Z4. The projection is given by the map @y : Z¢ — Ty, where for any
xeZ4, gn(x) is the unique point of Ty such that py(x) =x (mod N), where congruence
(mod N) is understood coordinate-wise.

Let o denote the exit time from (—1, 1)¢ of a standard Brownian motion started at 0. We
write E for the expectation associated to this Brownian motion. For any finite set K C Z¢,
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Interlacement limit of a stopped random walk trace 355

let Cap(K) denote the capacity of K [9]. For any 0 < R < 0o and x € Z¢, we define Bg(x) =
{yeZ?:|y—x| <R}, where | -| is the Euclidean norm. Let Kz denote the collection of all
subsets of Bg(o). Given x € Ty, let 7y y : Ty — Tx denote the translation of the torus by x.
Let g: N — (0, 0o) be any function satisfying g(N) — oo.

Theorem 1.1. Let d>3. For any O<R<oo, any KeKp, and any X satisfying
Tx, NN (BRr(0)) N on(Bgv)(0)) =¥ we have

P, [on(Y) & txven(K), 0<t <T.]=E [e_dAU'Cap(K)] +o(l) asN — co. (1)

The error term depends on R and g, but is uniform in K and X.

Note that the trace of the lazy simple random walk stopped at time 7 is the same as the
trace of the simple random walk stopped at the analogous exit time. We use the lazy walk for
convenience of the proof.

Our result is close in spirit—although the details differ—to a result of Sznitman [12] that
is concerned with a simple random walk on a discrete cylinder. The interlacement process
was introduced by Sznitman in [13]. It consists of a one-parameter family (Z“),~¢ of random
subsets of Z4 (d = 3), where the distribution of 7" can be characterized by the relation

P[Z" N K = @] = exp (—uCap(K)) for any finite @ # K C Z. )

The precise construction of a process satisfying (2) represents Z* as the trace of a Poisson cloud
of bi-infinite random walk trajectories (up to time-shifts), where u is an intensity parameter.
We refer to [13] and the books [3, 14] for further details. Comparing (1) and (2), we now
formulate precisely what we mean by saying that the stopped trajectory, locally, is described
by an interlacement process at the random level u = Ado.

Let g’ : N— (0, c0) be any function satisfying g’(IN) — 0o. Note this does not have to be
the same function as g(N). Let xy be an arbitrary sequence satisfying tx,, non(Bgv)(0)) N
on(Bgv)(0)) = 0. Define the sequence of random configurations wy C 74 by

oy ={xeZ: 15, non(x) € |on(Y) : 0 <t < T1}}.
Define the process Z by requiring that for all finite K C Z¢ we have
P[ZNK =] =E[e- ¥ Cr®)],

To see that this formula indeed defines a process that is also unique, write the right-hand
side as

/OO e E £ () du = /OO P[T"NK = 0] fo, (u) du,

0 0
where f, is the density of Ado. Then via the inclusion—exclusion formula, we see that we
necessarily have for all finite sets B C K the equality

P[i'ﬂK:B]:/OOP[I“ﬂK:B]fUI(u)du,
0

and the right-hand side can be used as the definition of the finite-dimensional marginals of 7.
Note that 7 lives in a compact space (the space can be identified with {0, I}Zd with the product
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topology). Hence the finite-dimensional marginals uniquely determine the distribution of Z, by
Kolmogorov’s extension theorem.

Theorem 1.2. Let d > 3. Under P, the law of the configuration wn converges weakly to the
law of I, as N — oo.

Proof of Theorem 1.2 assuming Theorem 1.1. For events of the form {wy NK =@},
Theorem 1 immediately implies that

Poloy NK=01""°P[INK =]
For events of the form {wy N K = B}, the inclusion—exclusion formula represents P,[wy N
K =B] as a linear combination of probabilities of the former kind, and hence convergence
follows. (]

Our motivation for studying the question in Theorem 1.1 was a simulation problem that
arose in our numerical study of high-dimensional sandpiles [7]. We refer the interested reader
to [2, 6, 11] for background on sandpiles. In our simulations we needed to generate loop-
erased random walks (LERWSs) from the origin o to the boundary of [—L, L]d , where d > 5.
The LERW is defined by running a simple random walk from o until it hits the boundary, and
erasing all loops from its trajectory chronologically, as they are created. We refer to the book [9]
for further background on LERWs (which is not needed to understand the results in this paper).
It is known from results of Lawler [8] that in dimensions d > 5 the LERW visits on the order of
L? vertices, the same as the simple random walk generating it. As the number of vertices visited
is much smaller than the volume cL? of the box, an efficient way to store the path generating
the LERW is provided by the well-known method of hashing. We refer to [7] for a discussion
of this approach, and only provide a brief summary here. Assign to any x € [—L, L]¢ N Z¢ an
integer value f(x) € {0, 1, ..., CL?} that is used to label the information relevant to position
x, where C can be a large constant or slowly growing to infinity. Thus f is necessarily highly
non-injective. However, we may be able to arrange that with high probability the restriction of
f to the simple random walk trajectory is not far from injective, and then memory use can be
reduced from order L? to roughly O(L?).

A simple possible choice of the hash function £ can be to compose the map ¢y : [—L, L]¢ N
74 — Ty with a linear enumeration of the vertices of Ty, whose range has the required size.
(This is slightly different from what was used in [7].) The method can be expected to be
effective, if the projection gy (Y [0, T)) spreads roughly evenly over the torus Ty with high
probability. Our main theorem establishes a version of such a statement, as the right-hand-side
expression in (1) is independent of x.

We now make some comments on the proof of Theorem 1.1. We refer to [3, Theorem
3.1] for the strategy of the proof in the case when the walk is run for a fixed time uN“. The
argument presented there proceeds by decomposing the walk into stretches of length | N? | for
some 2 < § < d, and then estimating the (small) probability in each stretch that 74 yen(K) is
hit by the projection. We follow the same outline for the stopped lazy random walk. However,
the elegant time-reversal argument given in [3] is not convenient in our setting, and we need
to prove a delicate estimate on the probability that T4 y¢n(K) is hit, conditional on the starting
point and endpoint of the stretch. For this, we only want to consider stretches with ‘well-
behaved’ starting points and endpoints. We also classify a stretch as a ‘good stretch’ if the total
displacement is not too large, and as a ‘bad stretch’ otherwise. We do this in such a way that
the expected number of ‘bad stretches’ is small, and summing over the ‘good stretches’ gives
us the required behaviour.
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Possible generalizations.

(1) Itisnot essential that we restrict to the simple random walk: any random walk for which
the results in Section 2 hold (such as finite-range symmetric walks) would work equally
well.

(2) The paper [15] considers several distant sets K!, ..., K, and we believe this would also
be possible here, but would lead to further technicalities in the presentation.

(3) It is also not essential that the rescaled domain be (—1, 1)?, and we believe it could be
replaced by any other domain with sufficient regularity of the boundary.

A note on constants. All constants will be positive and finite. Constants denoted by C or ¢
will depend only on the dimension d and may change from line to line. If we need to refer to a
constant later, it will be given an index, such as Cj.

We now describe the organization of this paper. In Section 2, we first introduce some basic
notation, then recall several useful known results on random walks and state the key proposi-
tions required for the proof of the main theorem, Theorem 1.1. Section 3 contains the proof of
the main theorem, assuming the key propositions. Finally, in Section 4 we provide the proofs
of the propositions stated in Section 2.

2. Preliminaries

2.1. Some notation

We first introduce some notation used in this paper. In Section 1 we defined the discrete
torus Ty =[—N/2, N/Z)d NZ4, d >3, and the canonical projection map cpN:Zd — Tpy. From
here on, we will omit the N-dependence and write ¢ and 1y instead.

We write vertices and subsets of the torus in bold, i.e. x€ Ty and K C Ty. In order to
simplify notation, in the rest of the paper we abbreviate K = 74¢(K).

Let (Y;)r>0 be a discrete-time lazy simple random walk on 74 that is,

% when y' = x/;

1

P[Yi1 =3 | V=] = -
g When |y —x'[=1.

We denote the corresponding lazy random walk on Ty by (Yo)=0=(¢(¥:)>0. Let Py
denote the distribution of the lazy random walk on 74 started from x' € Z4, and write Py
for the distribution of the lazy random walk on Ty started from x = @(x') € Ty. We write
p(x',¥)=Py[Y;=)'] for the r-step transition probability. Further notation we will use
includes the following:

e L=mN, where L2 ~ AN? as N — oo for some constant A € (0, 00);
o D= (—m, m)d , the rescaled box, indicates which copy of the torus the walk is in;

e n=|N?] for some 2 < § < d, long enough for the mixing property on the torus, but short
compared to L?;

e x¢ € K is a fixed point of K

e we write points in the original lattice Z¢ with a prime, such as y’, and decompose a point
y' as yN + y with y in another lattice isomorphic to Z¢ and y = (') € Ty;
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e 7T =inf {t >0:Y, ¢(—L, L)d}, the first exit time from (—L, L)d;

e S=inf {E >0:Y, €(—L, L)d}, so that the first multiple of n when the rescaled point
Yne/N is not in (—m, m)d equals S - n.

For simplicity, we omit the dependence on d and N from some of the notation above.

2.2. Some auxiliary results on random walks

In this section, we collect some known results required for the proof of Theorem 1.1. We
will rely heavily on the local central limit theorem (LCLT) [9, Chapter 2], with error term, and
the martingale maximal inequality [9, Equation (12.12) of Corollary 12.2.7]. We will also use
[9, Equation (6.31)], which relates Cap(K) to the probability that a random walk started from
the boundary of a large ball with radius # hits the set K before exiting the ball. In estimating
some error terms in our arguments, sometimes we will use the Gaussian upper and lower
bounds [5]. We also need to derive a lemma related to the mixing property on the torus
[10, Theorem 5.6] to show that the starting positions of different stretches are not far from
uniform on the torus; see Lemma 2.1.

We recall the LCLT from [9, Chapter 2]. The following is a specialization of [9, Theorem
2.3.11] to lazy simple random walks. The covariance matrix I" and the square root J*(x) of the
associated quadratic form are given by

F=Qd)', J*x)=Qd)? ],

where [ is the (d x d)-unit matrix.
Let p;(x') denote the estimate of p;(x’) that one obtains by the LCLT, for a lazy simple
random walk. We have

pi(x) = ; ex <_M>
Prs) = i Jaer P 2t

B 1 2d |x'|)?
= Qrod2ay-a2 P 2

_C d|x?
= Wexp — ; .

The lazy simple random walk (Y;);>¢ in 74 is aperiodic and irreducible with mean zero, finite
second moment, and finite exponential moments. All joint third moments of the components
of Y1 vanish.

Theorem 2.1. ([9, Theorem 2.3.11].) For a lazy simple random walk (Y;)s>¢ in 74, there exists
p > 0 such that for all t > 1 and all X' € 7¢ with |x'| < pt,

/ — 1 |x/|4
pi(x') = pi(x') exp {0 <; + t_3)} .

The martingale maximal inequality in [9, Equation (12.12) of Corollary 12.2.7] is stated as
follows. Let (Yf”) denote the ith coordinate of (¥;);>0 (1 <i <d). The standard deviation

>0

o of YY) is given by 02 = (2d)~!'. For all t > 1 and all » > 0 we have

; _2 P
e 0/ N

https://doi.org/10.1017/apr.2023.24 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.24

Interlacement limit of a stopped random walk trace 359

Now we state the result of [9, Equation (6.31)]. Recall that B,(0) is the discrete ball centred
at o with radius r. For any subset B C 74 let

gg=inf{t>1:Y, ¢B)}.

Let 0B,(0) = {y/ € Z4\ B/(0) : 3x' € B.(0) such that |x' —y'| = 1}. For a given finite set K C
74 let H k denote the hitting time

Hg=inf{r>1:Y, €K}

Then we have

1
5Cap(K) = lim, > Py[Hk <&,0)]- (4)
> y€oBio)

Here Cap(K) is the capacity of K; see [9, Section 6.5], which states the analogous statement
for the simple random walk. Since we consider the lazy random walk, this introduces a factor
of 1/2.

In estimating some error terms in our arguments, sometimes we will use the Gaussian upper
and lower bounds [5]: there exist constants C = C(d) and ¢ = ¢(d) such that

C _ 2
p(¥,Y) <= a3 &P <—c¥), forx’,y € Z4 and > 1;
)
pi(x,y) = - exp —CM for |y — x| <ct
V)= an ; ’ =ct

Recall that the norm | - | refers to the Euclidean norm.

Regarding mixing times, recall that the lazy simple random walk on the N-torus mixes in
time N2 [10, Theorem 5.6]. With this in mind we derive the following simple lemma.

Recall that 2 <8 < d and n = [N®].

Lemma 2.1. There exists C = C(d) such that for any N > 1 and any t > n we have

Po[Y; =x] <

_W, XGTN.

Proof. Using the Gaussian upper bound, the left-hand side can be bounded by

C |xN +x]2 C |xN|?
Z pi(0o, xN +Xx) < W Z exp (—Cf> < W Z exp (—c ;

xeZd xEZd xezd

/2
72(k+1)d 1! exp( ck?)

1

=

2|Q

k=0

> c
72 (kD exp (—ek) < .
k=0

Here we bounded the number of x in Z¢ satisfying k«/7/N < |x| < (k+ 1)/1/N by
Clk+ 141442 /N where k=0, 1,2, .... O
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2.3. Key propositions

In this section we state some propositions to be used in Section 3 to prove Theorem 1.1.
The propositions will be proved in Section 4.

The strategy of the proof is to consider stretches of length n of the walk, and estimate
the small probability in each stretch that K is hit by the projection. What makes this strategy
work is that we can estimate, conditionally on the starting point and endpoint of a stretch, the
probability that K is hit, and this event asymptotically decouples from the number of stretches.
The number of stretches will be the random variable S. Since nS~ T, and T is ®(Nd) in
probability, we have that S is @(Nd /n). In Lemma 2.2 below we show a somewhat weaker
estimate for S (which suffices for our needs).

The main part of the proof will be to show that during a fixed stretch, K is not hit with
probability

1
- ECap(K)]%(l +o(1)). ©6)

Heuristically, conditionally on S this results in the probability

- Leapao a1 1S~ L eap®) s
( 3 ap( )]W( +o( ))) NGXP<—§ ap( )]W )

and we will conclude by showing that (n/Nd) S converges in distribution to a constant multiple
of the Brownian exit time o7.

The factor n/N¢ in (6) arises as the expected time spent by the projected walk at a fixed
point of the torus during a given stretch. The capacity term arises as we pass from expected
time to hitting probability.

For the above approach to work, we need a small-probability event on which the number
of stretches or endpoints of stretches are not sufficiently well-behaved. First, we will need to
restrict to realizations where (\/W)_l (N?/n) < S <log N (N¢/n), which occurs with
high probability as N — oo (see Lemma 2.2 below). Second, suppose that the £th stretch starts
at the point y,_, and ends at the point y/; that is, y;, _, and y/ are realizations of ¥(;_1), and
Ye,. In order to have a good estimate of the probability that K is hit during this stretch, we
will need to impose a few conditions on y, , and yj. One of these is that the displacement
ly, — y271| is not too large: we will require that for all stretches, it is at most f(n)/n, for a
function to be chosen later that increases to infinity with N. We will be able to choose f(n) of
the form f(n) = C14/log N in such a way that this restriction holds for all stretches with high
probability. A third condition we need to impose, that will also hold with high probability, is
that y, _, is at least a certain distance N ¢ from ¢~ (K) for a parameter 0 < ¢ < 1 (this will only
be required for £ > 1, and is not needed for the first stretch starting with y6 = 0). The reason we
need this is to be able to appeal to (4) to extract the Cap(K) contribution, when we know that
K is hit from a long distance (we will take » = N¢ in (4)). The larger the value of ¢, the better
error bound we get on the approach to Cap(K). On the other hand, ¢ should not be too close to
1, because we want the separation of y;, _, from K to occur with high enough probability.

The set G ¢, defined below represents realizations of S and the sequence Y;,, Y2y, ..., Y5y
satisfying the above restrictions. Proposition 2.1 below implies that these restrictions hold with
high probability. First, we will need 2 < § < d to satisfy the inequality
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FIGURE 1. This figure explains the properties of the set G, ¢, (not to scale). The shaded regions represent
the balls of radius N% in each copy of the torus. None of the ¥y, for £ > 1, is in a shaded region.

s-P a5 s 2 & 7
— —>d - > .
d d—1

This can be satisfied if d > 3 and § is sufficiently close to d, say § = %d. Since the left-hand
side of the left-hand inequality in (7) equals (§/d)(d — 2), we can subsequently choose ¢ such
that we also have

0<;<g, ¢ d—2)>d—3s. 8)

With the parameter ¢ fixed satisfying the above, we now define

( 103103”)_1 NTd <t SlogNNTd;
(Tv(YL)’e)z:]) : yZED’YZETN\B(XO,Nf) f0r1§£<f;

Yt e D¢ andy.[ ETN\B(X(),N{) :

Ve = Yo_il Sf(n)n% forl<té<rt

gfvcl = ’ (9)

where f(n) = C1 y/log N and recall that we write y, = y¢N +y, and y, | =y¢— 1N +y,_;, and
we define y;, = 0. The time 7 is corresponding to a particular value of the exit time S, so y; € D
for 1 <€ <t and y; ¢ D. The parameter C; will be chosen in the course of the proof. See
Figure 1 for a visual illustration of the sequence y6, y’l, ... in the definition of G; ¢,.

The next lemma shows that the restriction made on the time-parameter t in the definition
of G¢,c, holds with high probability for S.

Lemma 2.2. We have
Sn -1 Sn
P, W<<,/loglogn> U W>logN -0

as N — oo.
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Proof. By the definitions of S and 7', we first notice that

d

-1 N —1
P, |:S < (N/log log n) —i| <P, [T< (N/log log n) Nd]
n
< P, max Yj(i) >L
1<i<d 0=j<(VIoglogn) ™' N4

+P, max —YJ@ >L]| ],
0<j<(yloglog n)_lNd

where Y” denotes the ith coordinate of the d-dimensional lazy random walk.
We are going to use (3). Setting t = («/log log n)_1 N9 and ro \/t = L, we can evaluate each

term (similarly for the event with —Yj@) in the sum

P, |: max Yj(i) > L:|
0<j<(yloglog n)le" (10)

L? L
<exp —3 — +0 — .
o2 (Jloglogn)~ N4 o3 (Vloglogn) ™~ N

Recall that L> ~ AN? and 02 = 1/2d. For the main term in the exponential in (10), we have the
upper bound

( 1 2d - AN¢
exp | —(1+o(1))>

= —(1+o(1))Ad+/log 1
2(W>‘Nd> o (01 + ot aa o owr)

— 0, asN— o0.

The big-O term in the exponential in (10) produces an error term because

(ANd)3/2 B _an
exp {0 (03 ( TozTos n)_2 ey =exp {0 (N (loglog n))}
=1+o0(1), asN— oo.

Coming to the second event {% > log N } observe that the central limit theorem applied

to (YknLNd/nJ Y+t T Ykn LNd/”J)t>0 lmphes that

N? N4
P0|:S > k+1| =] 5> kL7H < max (1= Pel¥, o) # (2L, 2) <1—c

for some ¢ > 0. Hence we have P, | S > kNTd] <e *forall k> 0.

Applying this with k =log N, we obtain
Nd
P, [S > logN—] <eClogN ¢
n

as required. O
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The starting point for the proof of Theorem 1.1 is the following proposition, which
decomposes the probability we are interested in into terms involving single stretches of
duration n.

Proposition 2.1. For a sufficiently large value of C, we have that
P, [ (5. Yan 0Yaiy ) #Gr.ci | =) as N = o, an
Furthermore,
P, [Yt oK), 0<i< T]
: (12)
_ ) [1®, [Ynzy;, Y, & o~ (K) for 0§t<n] +o(1),

(T,0ve,¥e)p—€Gz ¢y =1
where o(1) - 0 as N — oo.

Central to the proof of Theorem 1.1 is the following proposition, which estimates the prob-
ability of hitting a copy of K during a ‘good stretch’ where the displacement |y, —y;_,| is
almost of order /n. This will not hold for all stretches with high probability, but the fraction
of stretches for which it fails will vanish asymptotically.

Proposition 2.2. There exists a sufficiently large value of C| so that the following holds. Let
(7. e, Yo)i_;) € Ge.cy- Then forall2 < € <t such that |y, — y,_,| < 10/nloglogn we have

P, [Yn =y, Yigo \(K)for 0=t < n]

Ye—1
1 Cap(K)n
IP},%_I [Yn =y}] (1 Ty TN (1 +0(1)) ).
In addition to the above proposition (that we prove in Section 4.2), we will need a weaker
version for the remaining ‘bad stretches’ that have less restriction on the distance [y, —y;,_,|.
This will be needed to estimate error terms arising from the ‘bad stretches’, and it will also be
useful in demonstrating some of our proof ideas for other error terms arising later in the paper.

It will be proved in Section 4.1.

(13)

Proposition 2.3. Let (t, (v¢, ¥o)i_,) € Gs.c,- For all 2 < £ <t we have

P, [Ya=vi Yigo K forano=i<n] =Py [v,=y] (1-0 (]%)) (14)
and for the first stretch we have
P, [Yn =y, Y, ¢ (K) forall0<t < n] =P, [Y, =] (1 —o(1)). (15)
Here the —O(n/Nd) and —o(1) error terms are negative.
Our final proposition is needed to estimate the number of stretches that are ‘bad’.

Proposition 2.4. We have

N4 N 1
P, [#{1<l<—C(C 10gN:|Yng—Yn(g_1)|>IOﬁloglogn > —
n n loglogn (16)
— 0,

as N — oo.
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3. Proof of the main theorem assuming the key propositions

This section gives the proof of Theorem 1.1.
Proof of Theorem 1.1 assuming Propositions 2.1-2.4.
First, given any (7, (v¢, ¥¢)i_;) € G¢.c,, we define

L={2=<t=<7t:|y; —y,_| £10s/nloglogn},

E/:{Zgﬂgt:|y}—y2_1|>10ﬁloglogn}. a7
Thus we have
(,.... ty={(nucuc.
We further define
d
gg,q:{( O y0ir) € ey £ < m}
We have by Proposition 2.1 that
P, [Yt¢g0_1(K), 0§t<T]
(18)

T
=o(1)+ > [Ty [Ya=¥, Yige ' K)for0<t<n].

(T,(yz,y()zzl)egg.cl =1

By Proposition 2.4, we can replace the summation over elements of G; ¢, by summation over
just elements of G, .y at the cost of an o(1) term. That is,

P, [¥ig¢(K), 01 <T]

=o(1) + > ]_[ v [Ya=y, Yige ' (K)for0<t<n]. (19)

(v 00y )€ e, =

Applying Proposition 2.2 for the factors £ € £ and Proposition 2.3 for the factors £ € {1} U L/,
we get

P, [¥i ¢ (K), o§r<T]

=o(1) + > HP (Y. =]

20
(T e, Y()[ l)eg[ Cl ( )
n n
x (1 —o(1)) ]_[ (1 - ECap(K)IW(I +0(1))) l_[ (1 ~0 (W)),
tel tel!
Note that since the summation is over elements of gé,cl only, we have
N1
1L < ————. (1)
n loglogn
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By (21), we can lower-bound the last product in (20) by
ny\ N1
exp( Na/ n loglogn> ¢ (1+0o(1)

Since the product is also at most 1, it equals 1 4 o(1).
Also, by (21), we have

N1
T—1l———<|L|<T.
n loglogn
Since t > NTd(./log log n)_l, we have |£| = (1 + o(1))t. This implies that the penultimate

product in (20) equals

1 " (14+o(1)T 1 "
(1 — 5Cap(K) (1 + 0(1))) =exp <—§Cap(K)]Wr(l + 0(1))> Y

Recall that S =inf {¢ > 0:Y,, ¢ (—L, L)’}. By summing over (y¢, y,)f_, and appealing to
(11), we get that (20) equals

/ 1 n
o+ YE [15:r exp (=5 Cap(K0) e +0(1))>:|, 23)

where the primed summation denotes restriction to

N4 - N4
—(y/log log n) o< (log N)—.
n n

Since, by Lemma 2.2, § satisfies the bounds on t with probability going to 1, the latter
expression equals

1 n
o(1)+E [e‘zCaP“"NdS]. (24)

Let I';, denote the covariance matrix for Y, so that I';, = %I .Let Z; =,/ 27‘1 Y,,, with the

covariance matrix 'z =1. Let Z, =,/ 2# Y,e for £ > 0.
Since L2 ~ A N9, the event {Yng ¢ (—L, L)d} is the same as

{Y’” # (=0 -+ o) VAN, (14 o(l))JZNd/Z)d}.

Converting to events in terms of Z we have

Zi ¢ (— 2dA(1 +0(1))(Nd/n)1/2’ 2dA(l +0(1))(Nd/n)1/2)d.

Now we can write S as

S=inf [e >0:7 ¢ (— 24A(1+ o(1)(N?/n)' 2, J2dA(T + 0(1))(Nd/n)]/2>d}.

Let oy =inf {t >0:B,¢(—1, l)d} be the exit time of Brownian motion from (—1, 1)4. By
Donsker’s theorem [4, Theorem 8.1.5] we have

Nd
P |:S <2dA(1 + 0(1))—t} — Ploy <1].
n

Then we have that I%S converges in distribution to co, with ¢ = 2dA. This completes the
proof. t
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4. Proofs of the key propositions

4.1. Proof of Proposition 2.3

In the proof of the proposition we will need the following lemma, which bounds the prob-
ability of hitting some copy of K in terms of the Green’s function of the random walk. Recall
that the Green’s function is defined by

o
G(, Y =) pix,)),
t=0
and in all dimensions d > 3 it satisfies the bound [9]
Co
/ /

G(x',y)=< m

for a constant Cg = Cg(d). For Part (ii) of the lemma recall that KN ¢(Bg)(0)) = ¥. We also

define diam(K) as the maximum Euclidean distance between two points in K.

Lemma 4.1. Let d > 3. Assume that N is large enough so that N > diam(K).

() Ify €79 satisfies (') & B(Xo, N®), then for all sufficiently small ¢ > 0 we have

N2+65

Yo D mo, x)_Nf(d > 25)

=0 xezd x¥'eK+xN

(ii) If g(N) < N®, then for all sufficiently small ¢ > 0 we have

N2+69

Yo Y plo)s—a (N)(d 5 (26)

t=0 xezd ¥’ eK+xN

(i) Ify e Z¢ satisfies p(y') & B(xo, N%), then for all sufficiently small € > 0 we have

C
X > Gu)s Nd—o—25¢ " 27
xeZd  x'eK+xN

1
\X/*y/|§n7+£

Proof. (i) We split the sum according to whether |y —x'| > N I+4e or < N4 In the first
case we use (5) and write r = | |x' — y'|] to get

N2+6e N2+6e >

)SIND DINIURCED S SNt Cectesy

=0 x’ego’l(K) =0 p=|N1+4¢|
|x’—y’|>N1+4£

2
246 d—1 cr
=N Z Cro"exp ( N2+6s>
r= \.N1+4£J

< NOW exp (—eN%).
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For the remaining terms, we have the upper bound

N2+6e
/ / /o
oY ph=s ) GOLX).
=0 Yep~'(K) Vep™(K)
W=y [N W=y | <N

Let Q(k N) be the cube with radius kN centred at o. Then y' + (Q(kN)\Q((k — 1)N)) are
disjoint annuli for k=1, 2, . ... We decompose the sum over x’ according to which annulus x’
falls into. For k > 2 we have

Co _ _ _
> i S IK|Ck?~ Co(Nk)> ¢ < |K|CKN>~,
Yep 1(K)
¥y €QUNN\Q((k—1)N)

where Cg is the Green’s function constant. The contribution from any copy of K in y’ + Q(N)
will be of order N>~ if its distance from y’ is at least N/3, say. Note that there is at most one
copy of K within distance N/3 of y’, which may have a distance as small as N?.

We have to sum over the following values of k:

Nl +4e
N

k=1,..., =N*,

Since x' € ¢ 1(K) and y' ¢ ¢! (B(xo, N%)) for xo € K, the distance between x’ and y' is at
least N¢. Therefore, we get the upper bound as follows:

N4£‘
Y. GO < KNGO 4y KGRV
¥ep™ (K) k=1

|x'—y’|§NH48

< [KIN*@=D 4 CIKIN*? x N8 < CIK|N* @9,

Here the last inequality follows from the choice of ¢, (8), for sufficiently small ¢ > 0.

(ii) The proof is essentially the same, except for the contribution of the ‘nearest’ copy of K,
which is now C|K|g(N)>~¢.

(iii) The proof is very similar to that in Part (i). Recall that n = | N’ 3], This time we need to
sumoverk=1, ..., n%“ /N, which results in the bound

CIKINSU@=2) L CIKIN>? x N¥+25=2 — C|K| I:Nfg(d72) +N87d+285].

Here, for ¢ >0 small enough, the second term dominates thanks to the choice of ¢;
see (8). O
Proof of Proposition 2.3. Since

P,

Ye-1

[Ya=y,. Yi¢go '(K)for0<t<n]
=Py [Yo=y,] - P, [Ya=,. Y: €9 1(K)forsome 0 <t <n],

we need to show that

Py, [Ya =3} Yicg  (K) forsome 0 <1 <n]=0(57) Py, [Ya=1}]
Vo1 n—yg, t€Q — - Nd Ye_1 Fl_yf .
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Define A(x) = { n—ye’ YtexN+KforsomeO<t<n} so that

Pyiq [Yn :y/l, Y; € ¢ {(K) for some 0 < 1 < n] < Z Py;H [A()]. 28)
xeZ4
We have
AT DT DT P (e X )m (¥ 5)- (29)
nit+ny=n x' eK+xN

We bound this by splitting up the sum into different contributions. Let & > 0; this will be
chosen sufficiently small in the course of the proof.

1 1
1y 1+
Case 1: nj,np > N>T%¢ and lyp_, =¥ <n{ ‘) X' =yl <n; ‘) By the LCLT we have
that

Py (Vi—1. %) < Cppy (Vo_1, ') forany u’ € Ty +xN,

30
P (¥, ¥y) < Cpuy (', yy)  forany u’ € Ty + xN. 30)

For this note that we have

2 2
dly,_y — x| B dly,_y —u| - dix' —u')? n 2d|(x" —u', yp_y — )|
n n o ni ni
1
7+e
N?> CN-n}
SC_ )
ni ni

where the first term tends to 0 and the rest equals

1
CNn, 2™ <CN- N1+ _ oN—e+6 L0 as N o oo,

Here we choose & so that —e 4+ 6s2 < 0. A similar observation shows the estimate for
Py (x/, y /e)
The way we are going to use (30) is to replace the summation over x' by a summation over

all ' € Ty + xN, at the same time inserting a factor |K| /N?. Hence the contribution of the
values of ny, ny and x in Case 1 to the right-hand side of (28) is at most

C|K| CIK|
Z Z pl’l] y[ ]’ pl’lz(u y[)_N_ Z pl’l(yZ—]’ y/f)
ny+ny=n  c7d ny+ny=n
C|K|n

= Nd pl’l(yz l’yf)

This completes the bound in Case 1. For future use, note that if £, — 0 is any sequence, and
we add the restriction n1 < g,n to the conditions in Case 1, we obtain the upper bound

Epn n
CIK|Z7Pn (V15 ¥0) = 0D 350 (Vo1 ¥7)- 31

1
5+ .
Case 2a: ny, my > N*T but |¥' —y, || >n} ® . In this case we bound P (¥, y,) <1and
have that the contribution of this case to the right-hand side of (28) is at most

Z ye |[|Yn1 7 1| > n1/2+8] < Z Cexp (—cn%g)

ni+ny=n ni+ny=n
np,ny>N>+6e ny,m>N*6¢

< Cnexp (—CN4€) =0 (]%) Pn(Vo_1. ¥0)s
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where in the first step we used (3) and in the last step we used the Gaussian lower bound (5)
for p,. Indeed, the requirement for the Gaussian lower bound is satisfied for sufficiently large
N because |y2 — y2+1 | < C1+/log ny/n < c n. Therefore, we have

clv, —v 2
M) > —— exp (—C logn). (32)
n nd/

/ / c
> _
p"(yZ—l’yl) = Ld2 exXp (
Then we have

n
Nd

C _ N48
neXP( C. ) <Cnl+d/26Xp (_CN48+C lOgn):O(

, a8 N .
cn~4/2exp (—C logn) ~ ) wAT e

1/2
Case 2b: ny, np > N>t put ly, = > ”2/ te

Case 2a.

. This case can be handled very similarly to

Case 3a: ny < N*T% and |x’ — Yo | < N3¢, By the LCLT we have
C d|y/ _x/|2
P (¥, ¥e) = —77 oxp (—"— (1+o(1),
ny nz

C dly, —y,_,I*
Pa(Vo_1,Ye) = -y &P <_7 (1 +o(1)).

We claim that
Py (X 3) < Cpa(yy_1. ¥7)- (33)

We first note that no =n — ny = n(1 + o(1)), then deduce that nz_d/z = 0(n~9/?) and

v, — v 2 v, — v, 2
exp (_ |)’g }’g_1| ) > exp (_ |)’g )’g_1| .
n np

. S_o .
Since we have |x/ — y%fl | < N27¢ in the exponent, as N — 0o we have

I =y, 2 N2
<

< —0
na nz
and 1 s
V=YX =y, 2Cy4/TognNz2—¢
|yg yg_1|| yg_1| EI’l 1 gn S0
np np
These imply that

v, = Y1 12 =10, =Y )+ 0y — DI
ny

2 2
vy =y 17 = 1y =X
n»

<

2 / / / /
X =y 15 21 =y I =yl
< ) LA LN

0.
n ny

Thus (33) follows from comparing the LCLT approximations of the two sides.
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We now have that the contribution of this case to the right-hand side of (28) is at most
C
CPn(y/g_l»y/g) Z Z Z Pny (yZ_l,x/) = Impn(y/z_l»y/z)

ny <N2t6¢ xe74 x' eK+xN
n
< 0(1)]an(ylz_1 Vi)
where in the first step we used Lemma 4.1(i) and the last step holds for the value of { we chose;
cf. (8).

Case 3b: nj < N**% pyt \x/ - y/l_1| ~ N3—¢. Use the Gaussian upper bound (5) to bound
Pn,» and bound the sum over all X’ € 74 of Dn, by 1 using symmetry of p,,, to get

Y3 Y e (X (. y))

ni+ny=n xec7d x' cK+xN
ni< N2+6s

C NS*ZS .,
= > a7z P\ T navee > e (50)
ny<N2+6e T x'ez4
C N6—28
= Z a7 ©XP <_N2+6s>
ny <N2+6¢ ny

e n
< CNO(I) exp (—N‘S 2 85) =0 (]W) pn(yzil, y/e), as N — oo.
In the last step we used a Gaussian lower bound for p,,; cf. (32).

Case 4a: ny <N*™% and |y, —x'| <N 3=¢. This case can be handled very similarly to
Case 3a.

Case 4b: np <N*™%¢ and |y, —x'| >N 3=¢. This case can be handled very similarly to
Case 3b.

Therefore, we have discussed all possible cases and proved statement (14) of the proposition
as required.

The proof of (15) is similar to that of the first part, with only a few modifications. In this
part we have to show that

P, [Y, =y, Yie o7 (K) forsome 0 <t <n]=o(1)P, [V, =y/].

Define Ag(x) = {¥, = ). ¥; € xN + K for some 0 <t < n}, so that

P, [Y, =), ¥, €~ (K) for some 0 <t <n] < ) P,[Ag(x)]. (34)
xezd
‘We have
P,[Ao(x)] < Z Z Dn, (0, x/)leQ (x/, y/1) (35)

ny+na=n y'eK+xN

We bound the term above by splitting up the sum into the same cases as in the proof of
(14). The different cases can be handled very similarly to the first part. The difference is only
in Case 3a while applying the Green’s function bound Lemma 4.1.
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In Case 3a, by the LCLT, we can deduce that
an (-xlv y/]) S Cpn(ov y/])

If g(N) > N°, the bound of Lemma 4.1(i) can be used as before. If g(N) <N%, by Lemma
4.1(ii), we have that the contribution of this case to the right-hand side of (34) is at most

C
Cpl’l(oﬂ y/]) Z Z Z pnl(ovx/)San(oﬂ y/l)ZO(l)pn(ovy/l)

ny <N2t6¢ xeZ4 X' eK+xN

Here we used that g(N) — oo.

Note that Case 4a can be handled in the same way as in the proof of (14), since the distance
between y| and any copy of K is at least N .

Therefore, we have discussed all possible cases and proved (15) as required. (|

For future use, we extract a few corollaries of the proof of Proposition 2.3.

Corollary 4.1. Assume that y',y" € Z4 are points such that |y" —y'| <2C1/Tog ny/n. Then
foralln/2 <m <n we have

YOX X e ea =0 (55)pa0" ) 66

ni+ny=m xec7d X eK+xN
[y =x'.1y"—x'|>N¢

Proof. In the course of the proof of Proposition 2.3, we established the above with m = n,
where y' =y,_, and y” =/, and with C; in place of 2C; in the upper bound on the displace-
ment |y’ — y'|. Note that in this case the restriction |y’ — x'|, |[y” — x| > N% in the summation
holds for all x, because of conditions imposed on y;_, and y, in the definition of G; ¢,.

The arguments when n/2 <m < n and with the upper bound increased by a factor of 2 are
essentially the same. The information that y, , and y, are at least distance N¢ from ¢~ (K)
was only used in Cases 3a and 4a to handle terms x’ close to these points. Since in (36) we
exclude such x’ from the summation, the statement follows without restricting the location of
y/, y//' 0

The following is merely a restatement of what was observed in (31) (with Part (ii) below
holding by symmetry).

Corollary 4.2.

(1) For € > 2 and any sequence &, — 0, we have

Y X Y el pa) =opa (i h).
ni4+nm=n yezd X' eK+xN :
Ny <énn i, 37

1+
2. c / / 2
ny,ny>N>+6¢ Iy,_—¥|<n{

1
5+e
[ 7)”2 | <n22

(i) The same right-hand-side expression is valid if we replace the restriction ny < e,n by
ny < gun.

The following is a restatement of the bounds of Cases 2a and 2b.
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Corollary 4.3. For £ > 2 we have

@)
n
DD DD DR A A A C AR Ol A (VISR
m+nm=n  yxezd  xeK+aN: (38)
ni,no ZNZ+6£ Lte
Yo =X |>n;
(ii)

Yo X X Pl X)pn s 3) =0y (i 37)-

nit+mp=n xe7d xeK+xN: (39)
ny,m=N26e ;o S
[X' =y |>ny

The following is a restatement of the bounds of Cases 3a and 3b combined.

Corollary 4.4. For £ > 2 we have

YooY X publ V)P r) = o(pa (o 0.

nit+my=n xe7d x'cK+xN (40)
nj< N2+6£
4.2. Proof of Proposition 2.2
In this section we need Cj large enough so that we have
eI N1 3472 . @1)

We have
P, [Ya=y, Yicep '(K)forsome 0<r<n]=Py [UzAW)],
where
A@)={Yy =)}, Y, €xN + K for some 0 <7 < n}.
The strategy is to estimate the probability via the Bonferroni inequalities:
Y Py AWI— Y Py [AGDNAG)] <Py [UeziA®)]
x

X17£X2 (42)
<) Py lAW]

We are going to use a parameter A, that we choose as A,, = 10 log log n, so that in particular
A, — 00.

4.2.1. The main contribution. In this section, we consider only stretches with [y, —y,_,| <
Ap+/n. We will show that the main contribution in (42) comes from x in the set

G= {xe 741y, —xN| < A2Jn, [xN —y)| 5A3ﬁ}.
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FIGURE 2. The decomposition of a path hitting a copy of K into three subpaths (not to scale).

We first examine PYQfl [A(x)] for x € G. Putting By x = B(Xo + xN, N%), let n be the time of the
last visit to 9By  before hitting K 4 xN, let n; + n be the time of the first hit of K + xN, and
let n3 =n — n; — ny. See Figure 2 for an illustration of this decomposition.

Then we can write

P, A= Y. > > A7)

ni+na+n3=nz'edBy , ¥ eK+xN “43)
/ / /
x Py [Hg v =12 < €8s Yeigoow =X | Py (X2 37).
where

%ﬁ)(ye L ):P,\’Ll [Yn =7, Y gK+xNfor0<i=m].

We are going to use another parameter &, that will need to go to 0 slowly. We choose it as
&y, = (101oglog n)_l — (. The main contribution to (43) will be when ny > ¢,n, n3 > &,n, and
ny < N28/d ~ 42/ Therefore, we split the sum over ny, ny, n3 in (43) into a main contribution
I(x) and an error term II(x). In order to define these, let

F(ni, o, n3, %, Yp_1. ¥y)

= > Y B0 )P [Hpw =n2 < E8y 1, Vi, =] (¥, 37). 4D
7 €dBy x X' eK+xN

Then with
I(x):

Z F(n1, na2, n3, %, ¥,_1. ¥y),

ni+ny+n3=n
nin3=eqan, np <N?/4

I(x) := Z F(n1, na, n3, %, Y,_1, ¥,),

ni+ny+n3=n
ny < &norn3 <éepn

or ny > N2%/d

(45)

we have

P, (AW =100+ ().
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Lemma 4.2. When x € G and n3 > g,n, we have
DPns (x’, y%) = (14 o(1))pu; («, y}z) forall X' € K+ xN and all W' € Ty + xN,

with the o(1) term uniform in x' and u'.

Proof. By the LCLT, we have
C dly, — x|
Prs (¥ 3) = 75 exp ( — | L+,
3
C dly, —u'|?
Py (4 3) = g3 exp ( — | (o,
3

We compare the exponents

dly, —x/|2 B dly, —u/|2 - dx' —u')? N 2d|(x' — ', y, — x')|
n3 n3 nj3 n3
2 A2
cc AT,
n3 n3
as N — oo. O

Lemma 4.3. When x € G and ny > g,n, we have
pfj?(yl 1. 2) =+ 0(W)pu, (Vo_y, w')  forallZ € 3By and all u' € Ty + xN,

with the o(1) term uniform in 7 and u'.

Proof. The statement will follow if we show the following claim:

Py [Yu, =2, Y€ K+xN for some 0 <1 <n;i|=o(1)py, (¥, 2)-

For this, observe that by (5) we have

4 _)’g 1|2
Dn, (yE %)= d/2 24Y —C——
Azn +N4
d/2 exp (46)
d/2 exp ( C(loglog n)o(l))
—d/2 o).

On the other hand, using the Markov property, (5), and the fact that for x’ € K + xN we have
Yy —X'| = cN® and ¥ — 2| = eN¢, we get
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Py;_,[Ynl =7, Y, e K+xN for some 0 <1 <n]|

S Z Z pYn(yz—l’x/) pm—m(x/a Z/)

1<m=<n;—1x'eK+xN

1 1 N2 N% 47
<C - — — ( )
- 2 mé/2 (ny —m)d/? exP( “m )eXp< C”l—m>

1<m<n;—1

1 1 N% N%
< - —— —_
<C Z md/z(nl_m)d/zexp< c— )exp( cnl_m).

1<m<ny/2

We note here that the sum over 1 <m <n;/2 and the sum over n;/2<m<n; —1 are
symmetric. Bounding the sum over 1 <m <nj/2 gives

C 1 N
a2 Z mdrz P (_67>

ny 1<m<n /2
2 2 48)
C 1 N 1 N
= | X e <—C—> + ) —mexp (—C—>
m 1<m<N2% " " N2 <m<ny /2 " n

In the second sum we can bound the exponential by 1 and get the upper bound

C

2—d) _ —d/240(1)
WN;- —O(I’l /2o )
1

In the first sum, we group terms on dyadic scales k so that 2K <N /m <2K+1) k=
0, ..., [logy N?¢| + 1. This gives the bound

Llogy N% |+1
€N @ ey <
d/2 20Yd/2 =
n o (N=)

1
n7 NI
which is also o(n_d/2+"(1)). .

In order to apply the previous two lemmas to analyse /(x) in (45), we first define a modi-
fication of F in (44), where 7' and x’ are both replaced by a vertex u’ € Ty + xN. That is, we
define

I?(nl, ny, 3w, X, Yy 1, Vy)

/ / / /
= Z Z Pny (Y(Z—lv u )Pz’ [HK+xN =n2 <&y Yig, =% ]Pn3 (”,’ yl)'
7/ €dBy x X' eK+xN

Then Lemmas 4.2 and 4.3 allow us to write, for x € G, the main term /(x) in (45) as

I(x): Z F(n17n21 n37-xs y27]3y/[)
ni+ny+n3y=n
ny,n3=enn, np <N?3/4 (49)
1+o0(1) ~
=i > > F(ni, na, n3, ', x, yy_y, vy)

' €Ty+xN ni+ny+n3=n
ny,n3>epn, np <N?/4
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1+o0(1)
- N4 Z Z Pny (yjé—lv u/) Pns (u/7 y/e)

' €Ty+xN ni+nz+nz=n
ny,n3=epn

1y <N28/d

X Z P, [Hkixv =n2 < &g, |,

7/€0By x

where the sum over x’ is removed since

> Po[Hkpw =m <Emy,. Vi, =¥]=Po[Hg v =n <Epy, |-
x' eK+xN

Lemma 4.4. Assume that ny, n3 > eyn and ny < N2/4.

(i) We have
Pty Vo1 v0) = (A +0(W)pa(yy_ 1, ¥0)-
(ii) We have

Z Z pm (y/g,p u/)Pn3(U/a y;) =(1 +0(1))pn1+n3 (y/equZ) (50)

x€G ' eTy+xN

Proof.
(i) When np < N2/d ~ 32/d e have

n+ny=n (1 -0 (n_1+2/d)).

Hence the exponential term in the LCLT for py, 4, (v, _;. ) is

) 2 ) 2
exp <_M (1 + O(n_1+2/d))) =(1 +0(1)) exp (_ |ye yl71| )’
n n

where we used that A, = 10 log log n, and hence |y, —,_, ‘2 <Aln=no(n'~¥4).

(ii) If we summed over all x € Z¢, we would get exactly Dny4n3 (y/g_l, y;z) Thus the claim
amounts to showing that

Z Z Pny (y;Z—l’ “/)pn3(“/’y2) :0(1)Pn1+n3(y2—1’y/£)' (51
xe€Z\G W €Tn+xN
First, note that from the LCLT we have
Pni+n;3 (y%,l ) yZ) = (1 + 0(1))ﬁn1+n3 (y/ﬁfl ’ yZ)

In order to estimate the left-hand side of (51), using (5), we can estimate the contribution
of {xeZ?\ G: max {|y,_; —xN|, |xN —y,_,|} > A2/n} as follows. First, we have

c c
Patns (V15 37) = —75 exp (—CAL(L +0(1)) = —5 exp (—C(loglog n)%).

Here we used ‘y/’é —yz_l‘z <A2nand ny +n3 =n(1 —o(1)).
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On the other hand, note that either n| > n/3 or n3 > n/3. Without loss of generality, assume
that n3 > n/3. Then the contribution to the left-hand side of (51), using (5), and by summing
in dyadic shells with radii 2¢A2,/n, k=0, 1,2, ..., we get the bound

gc(AZ\/_) dk d_/2 exp <—622kAin/n1) ng{% exp ( szkA4n/n3)

o0

1
Z Azd i — d /2 exp( 022kA4>m exp (—022kAﬁ>
k=0

C A2d 0
Z exp ( 2% log log n)* + dk log 2)

nd/2 d/2
én (52)
C 2
=50 (exp (—100( log log 1) )). .
n
The above lemma allows us to write
1 +o(1)
Yiw="200 0 ) Y Y Pl = <]
xeG n+ny+n3=nz' edBy
ny,n3=>¢&pn
ny<N2/d (53)

1 1
=D b)) Y Y PelHkew =m <tm,.)

Nd
ny<N28/d 7/ €dBy x

The next lemma will help us extract the Cap(K) contribution from the right-hand side
of (43).

Lemma 4.5. We have

N20/d

1
> D Pol[Hkpw =n <&g ] = 5Cap(K) (1 +o(1). (54)

ny=0 7/€dBy

Proof. Performing the sum over n, allows us to rewrite the expression in the left-hand side

of (54) as
Z P, [HK+xN < %‘BO’X] - Z P, [st/d < Hgyxv < SBO.X]
7/€0By x 7€dBy x
1
= 5 Cap(K) + o(1) - PRI & [N”/ ! < HR v < €Bg.» Vi, =X +xN].

7/€dBy x xeK

Here the 1/2 before Cap(K) comes from the random walk being lazy; see (4). Using time-
reversal for the summand in the last term, we get the expression

1
= 5 Cap(K) +o(1) - > > Prw [NW < &gy, <Hipan, Yoy, = z’]

1 xeK 7/€dBy » (55)
= SCap(K) + o) = Y Prpav [N < g, < Hicoy |
xeK
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The subtracted term in the right-hand side of (55) is at most
IK| max Pys oy [SBOX > NZ‘W].
xeK ’

Since ¢ < §/d, this expression is o(1). O

From the above lemma we get that the main contribution equals

1
D160 = (1 +0(1) 175 5 Cap(K) (1. 3%). (56)

xeG
It remains to estimate all the error terms.
4.2.2. The error terms.
Lemma 4.6. We have
16 = o) xzpa(vi1: 37):
xeG

Proof. We split the estimates according to which condition is violated in the sum. Recall
that in the proof of Proposition 2.3 we chose & > 0 such that —s + 652 < 0. Here we make the
further restriction that ¢ < 238/d — 2¢.

Case 1: ny > N?/4_ We claim that
Py [Hkiwv =12 <&py .o Vi, =X < Cexp (=N*/?)py, (2, X). (57)

Since, in every time interval of duration N°¢, the walk has a positive chance of exiting the ball
By x, we have

N28/d
)

P [Hi v =n2 < &y, Y,y =X ] <P [gBO,X . Nzﬁ/d] <Cexp (—c
< Cexp (—N?).

By (5) on p,,, and since ¢ < §/d and N/ < py < n, we have

c N2
(@, X)) > ~273 SXP <_Cn_2) > cexp (—N*/?).
n
2

Here we lower-bounded exp (—C %) by c. The claim (57) is proved.

We also have the bound
5(;? 0e-1>7) <Pu (V-1 2)-

We then get (summing over z’ and x’) that the contribution to ), II(x) from Case 1 is at
most

Z Z Z Py (yZZ—l’ Z/) Cexp (_N£/2)pn2(z/’ x') Dnj (x/, y;é)

nytnytn3=n ;czd y czd

< Cexp (—Ns/z) Z Pn(¥e_15V0)

ni+ny+n3=n
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< Cn? exp (=N*?)pu (i1, ¥})
= o()—=pu(¥)_1, ¥})-
Nd n\Je—1>2¢

Case 2: ny < N2/d gpd ny < &,n. Note that since ny < N% < g,n for large enough N, if we
put n} =n1 + ny and n, = n3, we can upper-bound the contribution of this case by

/ / ro
YD D0 B X (¥ 50)-
n+nhy=n xeZ4 x' eEK+xN
ny<2eun

Now we can make use of the corollaries stated after the proof of Proposition 1 as follows.
1 1
Case 2-(i). N*16¢ < ny <2enn, |y,_, —x’| < (n’1)2+8 and \x’ —y/€| < (n’2)2+8. Note that
for large enough N we have n/2 > (n — 2e,n) > N9 Hence, by Corollary 4.2(i) (with g,
there replaced by 2¢,,), the contribution of this case is

n / /
O(I)an(ygfl,)’e)-
1 1
Case 2-(ii). N*t6e < ny <2e,n but either |y’[_l —x/’ > (n’l)fir'S or ‘x’ —yH > (n’2)2+8.
Again, we have n’2 > N21t% Hence, neglecting the requirement n’l <2¢un, Corollary 4.3
immediately implies that the contribution of this case is

n
O(I)an(yz_l,y/g)

Case 2-(iii). n) <N 2+6¢ Tt follows immediately from Corollary 4.4 that the contribution of
this case is

n
o(1)x73Pn (Vo1 Y0)-

Case 3: ny <N?*/ and n3 < e,n. By symmetry, this case can be handled very similarly to
Case 2. O

Lemma 4.7. We have

n / /
> A =0()55mn(1. 7).
erd\G

Proof. By the same arguments as in Lemma 4.4(ii), we have

c
Pu(3i-1.31) = —5 exp (~100(0g log )’

Forx € 74 \ G, let k be the dyadic scale that satisfies
AL < ¥~y <2M A2,

The same bounds hold up to constants for ]x’ -y ‘
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Then we have

PAWI< D Y oot X)pa-m (¥, Y))

1<m<n—1 x' eK+xN

1 1 2% Adn 2% A%n
SC|K| Z mm exp (—C m )exp <_Cn—m> .

1<m=<n—1

By symmetry of the right-hand side, it is enough to consider the contribution of 1 <m <n/2,

which is bounded by
c ok o4 1 2% Atn
Wexp (—c2 An) Z Wexp -
1<m=<n/2
9 2k 44 & 2kd/2 2k g 4rk
) exp (—02 An) Z Z T exp <—cZ A2 )

K'=1"m:2% <p/m<2¥+1
C o
2k 44 2k A4k
< exp (—cz An) k§ = exp( 2% A% +k’d/2log2)
Cn 2k 44
< v exp (—c2 An) .

Now, summing over x € Z% \ G, we have that the number of the copies of the torus at dyadic
scale 2¥A2 . /n is at most C # (2¢A2 ﬁ)d Hence

o0
3 PlA®I < C—d Yy < (2kA§ﬁ)dexp (—c22’<A;j)
xeZ4\G k=0
cC n&
< ; ( 22A% + kd log 2 + 2d log A”)
=o(1)—— d/z = exp( 100( log log n)2> . 0

Lemma 4.8. We have

D" PIAGH) NAG)] = o) (1. 37):

xl#xzezd

Proof. The summand on the left-hand side is bounded above by

PAX)NAGM)I< > S [P (1o X)) () X5) Py (5. V)
my+ma+m3=n x| eK+x N
xyeK+xoN

+ Py (Vo1 X2) Py (X, X)) Py (¥, V0) |-

By symmetry it is enough to consider the first term inside the summation. The estimates are
again modelled on the proof of Proposition 2.3.
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Case 1: my+my>n/2and |xy —y, || <2Cy/n/Togn.In this case we can use Corollary
4.1 with y’ =y,_, and y” =x} to perform the summation over x| and x; and get the upper

bound n
Coa 2 2o Do Py (i1 30)puy (3. 37). (58)
my+mhy=n x,€Z? x\,eK+xN
where we have written m’l =m + my and m’2 = m3. Using Corollary 4.1 again, this time with

Yy =y,_, and y” =y, yields the upper bound

n\2 n
C(5) Pt 6) = oD pulyis. 37): (59)

Case 2: my +my >n/2 and 2C1/n/logn < ’x’z - y;z_l‘ < n2t+e. We are going to use that
& <1, which we can clearly assume. First sum over all x| € 74 to get the upper bound

Y Y S b G B (. 0). (60)

my+mhy=n x,€Z4 x,cK+x:N

where the primed summation denotes the restriction 2Cy4/n/logn < |x’2 — ¥ | < n2+e The
choice of C; (recall (41)) implies that P is o(l/n1+3d/ 2Nd). By the triangle inequality we
also have |y, — x}| > Ciy/ny/Tog n. Using the LCLT for P, We get that

exp (—dCfn log n/m’z) < nd% exp (—dC% log n) < Cpn(yy_1, ¥0)-
(61)

/ /
P, (X2, Yg) = ——7
mz( 2 l) (m,z)d/Z

Substituting this bound and Pl = 0(1 /nlt3d/ 2N“’) into (60), we get

1 / / ’
Cno(l) <m) Z an(yﬁ—l’yé)

my+mhy=n x)
n ’ 1
<o(1) (W)pn(yz—l’ y;f) Z (n1/2+£)d

/

0o)
n
=0 (]W)Pn(ylz—lvy;z)'
Case 3: my +my >n/2 and }x’z —y/e_li > pite, Summing over all x| € 74, we get the

transition probability p., 4m, (y%_ 1 x’2) This is stretched-exponentially small, and hence this
case satisfies the required bound.

Case 4: my+m3z>n/2. By symmetry, this case can be handled analogously to
Cases 1-3. ]

4.3. Proof of Proposition 2.1

Proof of Proposition 2.1. We start with the proof of the second claim. We denote the error
term in (12) by E, which we claim to satisfy |E| < E| + E> + E3 + E4, with

-1
E\ =P, [{% < (w/loglogn) }U {1% >10gN}i|,

E, =P, [az: 1< ¢ <log N such that ¥, € o~ (B(xo, NC))],
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E3=P,[31:T <t <Snsuchthat ¥; € o~ (K)],
E,=P, [az: 1< £ <log N such that Y, — Yie— 1yl >f(n)n%].

Since T < Sn, we have

P, [Y, ¢o 1 (K), 0<1< T] —Pp, [Yt oK), 0<1 <Sn]) <E;.

By the Markov property, for (r, Ve, yz)zzl) €Gr.cy»

H n—yi’ Yido™ 1(K)f0r0<t<n]

_p, =y, for0<t<t;Y,¢go~ I(K) for 0<t<tn; Yng¢
—1(B(x0,N¢))for0<£<r

We denote the probability on the right-hand side by p(r, (ve, YZ)E:1)~ On the event of the
right-hand side, since y; € D¢, we have S = 7. We claim that

Y. p(n0nyoi) —Po Y g@7 (K) for 0 <1 < Sn] (62)
(CXCTRP A B
<E|+E>,+ E4.

Let &1, &, &4 be the events in the definitions of £y, E», E4 respectively. Let

ey Y=y, for 0<t<t;Y, ¢ (K) for 0<t<tn;Yy ¢
A(T, (yz, y@)i:l) = { 71(B(X(), N{)) for0<t<rt

Then we have

P, [{Yigo {(K)for0O<t<Sn}NE NE NES]

= Z P, [(S=t}n{¥, g (K for0<t<tn}NENE]
N4 < <Nd]0gN
ny/loglogn—="— n
= > P, [A(T, Ge. yoi_ ) NESNES].

(Ty(yésywzzl)eg{’cl

From the above, the claim (62) follows.
The proof of the second claim of Proposition 2.1 follows subject to Lemmas 4.9, 4.11,
and 4.12 below, which show that E; — 0 for j =2, 3, 4. We have already shown E; — 0 in

Lemma 2.2.
Similarly, the first claim of the proposition follows from Lemmas 2.2, 4.9, and 4.12. O

We bound E», E3, and E4 in the following lemmas.
Lemma 4.9. We have E; < Clog N j%k for some C. Consequently, E; — 0.

Proof. Since the number of points in B(xg, N¢) is O(Ndf ), and since we are considering
times after the first stretch, the random walk is well mixed, so by Lemma 2.1 the probability
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of visiting any point in the torus is 0(1 /Nd). Using a union bound we have
N o] N4
E» <ClogN—N“ — =ClogN—.
n N4 n
Since ¢ < §/d, we have

E, — 0, asN — oo. O

Before we bound the error term E3, we first introduce the following lemma. Let 7, (()i) =

inf {t > (Y, ,(i) = O}, where we recall that Y denotes the ith coordinate of the d-dimensional
lazy random walk. We will denote by # an instance of T(()i).
Lemma 4.10. For all 1 <i <d, for any integery such that —ty <y <0 and 0 < ty <n we have

B, [0 17 =10, ¥ > 0] <G,
E [(Y<">)2|T(">—t Y(i)>0] <Cn
'y n 0o — 0, n — .

Proof. Using the Markov property at time 7y, we get

Eo [Yiiitol{ym >0}]

n—tqy

P, [Y,(jl "> 0]

1
. 2 2
<G (Eo [(ijl,o) D <C(n—1y) <Cn?.

where the third step is due to the Cauchy—Schwarz inequality and Py [Y f,"lto > O] > ¢( for some

E, [ij) 17O =10, Y > 0] —E, [ij} WY s 0] _

SN2
co > 0, and the second-to-last step is due to Eq |:(Yr(¢l)t0> :| =mn—1ty)/2d.

N2
We can similarly bound the conditional expectation of (Y,(,l)) as follows:
)7 G @\ y0
E, (Y) 1T =1, Y > 0| =K (Yn_to) r?, =0

O \q,
B Eo [(Yn—lo) I{Yf,'),0>0}:| <ci(E (Y(i) )2 <Cn—1)<C
P [ ® SR A Vi

Y, i > 0]

Lemma 4.11. We have E3 — 0 as N — o0.

Proof. First we are going to bound the time difference between T and Sn. We are going to
consider separately the cases when Y7 is in each face of the cube (—L, L)?. Assume that we
have Y;’) = L for some 1 <i <d. (The arguments needed are very similar when Y(Tl) = —L for
some 1 <i <d, and these will not be given.)
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Let us consider the lazy random walk (Y;);>0 in multiples of n steps. Let
si=min{ln:fn>T}—T,

and similarly, let
Sre1=m~+min{ln:fn>T}—-T, r>1.
We let Mo =L — Y{, and M, =L — Yy,
Let S= inf{r > 0:M, <0}, and we are going to bound P[S‘ > NE‘] for some small ¢ that we
will choose in the course of the proof. We are going to adapt an argument in [10, Proposition
17.19] to this purpose.
Define

| for r > 1. We have that (M,),>¢ is a martingale.

Ty =inf {r > 0:M, <0 or M, > h},
where we set h = \/nv/N¢1. Let (F,)r>0 denote the filtration generated by (M,),>0. We have

Var(M,41 | Fy) = no? forall r>0; (63)

here, recall that o2 is the variance of Y%i).

We first estimate E[Mo | S> O]. Since 0 < s1 < n, by the same argument as in Lemma 4.10
we have that

|L _ Y(l)

E[Mo| Y, <L]|=E[L- Y, i, >0]=cnr.

We first bound P[My, > h|Mo]. Since (M,r7,) is bounded, by the optional stopping
theorem, we have

Mo =E[Mr,|My] =E [MThl{MTh <o) |Mo:| +E [MThl{MThzh} |M0:|

=—m_(h)+ E |:MT’11{MT, Zh} |M()i|

> —m_(h) + hP [My, > hiM] ,

where we denote E[MThl{MTh50}|M0] by —m_(h) <0, and the last step is due to
MThl{MTh >h) > hl{MTh >p). Hence, we have

Mo+ m_(h) = hP [Mz, > h|Mo].

We bound m_(h) using Lemma 4.10:
1

m_(h) < max E, [Yfﬁ — LY > L] <Cn?.
y=

Hence, we have

My Cn%
P[M7, 2h|MO]§7+ P

https://doi.org/10.1017/apr.2023.24 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.24

Interlacement limit of a stopped random walk trace 385

We now estimate P[T}, > r | My]. Let G, =M% — hM, — o%nr. The sequence (G,) is a mar-
tingale by (63). We can bound both the ‘overshoot’ above i and the ‘undershoot’ below 0 by
Lemma 4.10. For the ‘undershoot’ below 0 we have

E[(MTh — )My, | My, <0, Mo] = E[M%h | My, <0, Mo] + E[ — hMz, | My, <0, Mo]
<Cn+ Chn'/?.
For the ‘overshoot’ above h, write M7, = :Nt, + h; then we have
(M1, — h)Mr, = Nz, (h + Nr,,).
Hence
E[ (M7, — h)Mz, | M, = h Mo | =E[ N7, | Nr, = 0, Mo| + E[N3, | N7, = 0, Mo
< Chn'/? + Cn.
For r < Ty, we have (M, — h)M, < 0. Therefore, we have
E [M2

rATy,

— hMy 7, |M0] < Chn'? + Cn.
Since (G,a1;,) is a martingale,
—hMo < Go < E[Gyn1, |Mo] = E[MfATh — hMyat, |M0] — o2nE[r A Th|Mo]

< Cn%h +Cn— Uan[r A Th|Mo].

We conclude that 1
h(Mo + Cni) +Cn
o2n '

Letting » — o0, by the monotone convergence theorem,

E[r ATy | Mo] <

h(Mo + Cn%) +Cn

E[T, | Mo] = 3
g n

’

where h = \/n+/N?1. This gives

&1 .
P[T), > N"'|Mo] = e o

1 |:ﬁ«/N€1Mo + Cn/N¥T + Cn:|

Taking expectations of both sides, we have

1 ~NS'EMy 4 Cn+/N¢1 + Ci
P[Th>N€1]SW|:\/ﬁ O‘Z n + l’l:|
a°n

EM, C C C
= + + o < .
UZ\/ﬁ /NE1 0-2 NE1 o+~N¢1 Ne¢1

Combining the above bounds, we get

E[My] Cn? C C

P[S > N°1| < P[M7, > P[T, 1] < )
[§> V7] < UMy, 2 )+ BITy > N1 < =04 S e <
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We now bound the probability that a copy of K is hit between times 7" and sy .
We first show that the probability that the lazy random walk on the torus is in the ball
B(xp, N%) at time T goes to 0. Indeed, we have

P, [Yreo™! (Bxo. N) | = 3 P, [V =y]
Y €0(~L.LylNg™ (BOxo.NY)
d—1
conea-vE T € ye-na-n
= Nd—T [d—T ’

where we have ¢ < §/d < 1, so the last expression goes to 0. Here we used that P,[Y7 =y'] <
C/L4~1, for example using a half-space Poisson kernel estimate [9, Theorem 8.1.2]. As for the
number of terms in the sum, we have that there are CLY~! /N”l_1 copies of the torus within
{0 distance < N of the boundary d(—L, L)d. Considering the intersection of the union of balls
¢~ (B(x0, N%)) and the boundary d(—L, L)?, the worst case is that within a single copy of the
torus the intersection has size at most CN¢@=1),

Condition on the location y’ of the walk at the exit time 7. For y' ¢ ¢! (B(x0, N%)), we
first bound the probability of hitting K between the times between 0 and s,. After time s;, the
random walk is well mixed, and we can apply a simpler union bound.

We thus have the upper bound

52
i 1
Z § : p(y, x) < P[ max Y —y/|> nz+8] + § : GO, ).
0<t<sy
=0 x/E(p*I(K) x’ew’l(K)

1
lx/_y/|5n7+6

The first term is stretched-exponentially small by the martingale maximal inequality (3). The
Green’s function term is bounded by Lemma 4.1(iii).
After time 57, by Lemma 2.1, we have that

SNE]
c
3P, [Y, c (p_l(K)] <n-NK|g = CNPa

1=52

Therefore, combining the above upper bounds, we have the required result:
E3<C-N"7 4 C-N4+2% L . NP4+ 0, a5 N — oo,
if ¢ and ¢ are sufficiently small. O

d
Lemma 4.12. We have E4 < Ce™ ny? N]niN for some C. Consequently, there exists C1 such
that if f(n) > C1+/log N, then E4 — O.

Proof. By the martingale maximal inequality (3), we have that

d
Ey < Co—cf? N%log N
= Y

Taking, say, C1 > +/d/c implies that if f(n) > C;/log N, we have

Es— 0, asN— oo. |
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4.4. Proof of Proposition 2.4

Proof. By the martingale maximal inequality (3) used in the second step, we have
P, [I Y, —y;,_1| > +/n(101loglog n)] = Po[lYn| > /n(101log log n)]
<exp (—6100( log log n)z)
Hence we have

Nd
E [# {1 <l <—CylogN: |Yue — Yue—1)| > 10\/ﬁloglogn”
n

N4 N4
< —C log N exp (—c( log log n)z) <—Cexp (—(c/Z)(log log n)z)
n n

By Markov’s inequality, it follows that
N4 N4 i
P|#11<€<—Ci1logN:|Yn — Yne—1)| > 10y/nloglogn{ > —(loglogn)
n n

A”—:{Cexp (—(c/2)( log log n)z) exp (—(c/2)( log log n)2>
< <C

’\'Td(loglogn)_l B (loglogrz)_1

as N — oo. O
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