
Part II 

ERGODIC 
AND 

STOCHASTIC MOTION 

https://doi.org/10.1017/S0252921100065969 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065969


Instability, Chaos and Predictability 
in Celestial Mechanics and 
Stellar Dynamics 

Copyright © 1992 by Nova Science Publishers, Inc. 
All rights of reproduction in any form reserved. 

ISBN 1-56072-054-9 

ERGODITY OF THE MOTIONS IN THE DYNAMICAL 
SYSTEMS WITH TWO DEGREES OF FREEDOM 

T.A. Agekian», A .A. Myllarit, and V.V. Orlov 
*Astronomical Observatory, St. Petersburg State Univ. Bibliotechnaya pi. 2, 

198904, St. Petersburg Petrodvorets, Russia 
fDept. of Applied Maths and Cybernetics, Russia 

ABSTRACT 

We s tudy a p r o c e s s of s t o c h a s t i z a t i o n of t h e m o t i o n s in 
an example of t h e Henon-Hei les model . We p ropose a new method 
to s tudy t h i s p r o c e s s - a method of t h e f i e l d of d i r e c t i o n s 
of mot ion i n t h e m e r i d i o n a l p l a n e . A numer ica l i n t e g r a t i o n of 
t he e q u a t i o n fo r t h e d e r i v a t i v e of t h i s f i e l d 3f /8n t o t h e 
normal t o a t r a j e c t o r y has been made. We d e n o t e t h e p o i n t s in 
which 3 f /3n •*' + °° , and d e r i v e t h e c o n t o u r s of o r b i t and f o l d s 
of d i r e c t i o n s . The growth of e r g o d i t y i s connec ted wi th t h e 
i n c r e a s e of a number and an a r e a of t h e f o l d s . May be , a s u c ­
c e s s i v e d o u b l i n g of a number of f o l d s t a k e s p l a c e t h a t r e s u l t s 
in a c h a o s . In t h e t r a n s i t i o n r e g i o n we found a complex p e r i o ­
d i c a l o r b i t . The i n t e r p r e t a t i o n of t h i s f a c t may be made a s an 
example of c a n t o r i . A t r a n s i t i o n r e g i o n has v e r y small s i z e s 

about 10~*. 

INTRODUCTION 

In some f i e l d s of s c i e n c e ( s t a t i s t i c a l p h y s i c s , m e c h a n i c s , 
b io logy , b i o c h e m i s t r y e t c . ) , we s e e an i n c r e a s i n g i n t e r e s t t o 
the problem of ergodity for s tocbast ic i ty) of-the motions in the de te r ­
ministic dynamical systems with a few degrees of freedom (see, e .g. ,Lich-
tenberg & Liberman 19B2,Zaslavsky & Sagdeev 1938,Nicolis & Prigogine 1989). 

I t i s well-known t h a t a r e g i o n of i n i t i a l c o n d i t i o n s i s 
s e p a r a t e d i n t o a s e t of complex s t o c h a s t i c o r e r g o d i c m o t i o n s 
and a s e t of r e g u l a r or o r d e r e d m o t i o n s . However, i t i s not so 
c l e a r a r e a s o n of such behav iour of t h e s o l u t i o n s . The s t r u c ­
t u r e of t r a n s i t i o n r e g i o n between r e g u l a r and e r g o d i c m o t i o n s 
i s a l s o i n t e r e s t i n g . 
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We c o n s i d e r a s imple dynamical system wi th two d e g r e e s 
of freedom-a model by Henon & H e i l e s ( l 964 ) . I t h a s a f o r c e 

f u n c t i o n 1 9 9 9 "\ 
U(R,z) = - ~ (R^+ z^ ) -Rz + R / 3 (1 ) 

Henon and H e i l e s (1964) have shown t h a t t h i s model may r e s u l t 
i n t h e complex t r a j e c t o r i e s which were named a s s t o c h a s t i c 
v e r s u s t h e o r d e r e d t r a j e c t o r i e s ( r e g u l a r o n e s ) . Some d i f f e r ­
e n c e s between r e g u l a r and s t o c h a s t i c t r a j e c t o r i e s a r e r e v e a ­
l e d i n t h e P o i n c a r e map (R ,R) : t h e smooth i n v a r i a n t c u r v e s 
co r r e spond t o t h e o r d e r e d t r a j e c t o r i e s , and broken c u r v e s -
t o e r g o d i c o n e s . A s h a r e of t h e e r g o d i c t r a j e c t o r i e s (an 
e r g o d i c s e a ) i n c r e a s e s wi th a growth of t h e energy i n t e g r a l . 

B e n e t t i n e t a l . (1976) , and Contopou los and Ba rban i s 
(1989) have s t u d i e d a behav iour of t h e Lyapunov c h a r a c t e r i s ­
t i c numbers a ( t ) f o r t h e d i f f e r e n t t r a j e c t o r i e s i n t h e Henon-
H e i l e s and Con topou los m o d e l s . They have shown n e a r l y exponen­
t i a l d i v e r g e n c e of t h e nearby t r a j e c t o r i e s i n a c a s e of e r g o ­
d i c m o t i o n s , ( o ( t ) = c o n s t . ) and o ( t ) •* 0, t •*• <x> f o r t h e 
o r d e r e d m o t i o n s . 

We assume t h a t an appea rance of e r g o d i t y i s connec ted 
wi th t h e f i r s t f o l d s in t h e d i r e c t i o n f i e l d , and a growth of 
s t o c h a s t i c i t y w i t h an i n c r e a s e of a number of f o l d s , t h e i r 
s i z e s , and de fo rma t ion of c o n t o u r s of f o l d s . 

METHOD OF STUDY 

In o r d e r t o v e r i f y t h i s h y p o t h e s i s we have c o n s i d e r e d a 
few t r a j e c t o r i e s i n t h e Henon-Hei les model : a s o r d e r e d and 
s t o c h a s t i c . For e v e r y t r a j e c t o r y under s tudy we i n t e g r a t e 
n u m e r i c a l l y an e q u a t i o n fo r t h e c u r v a t u r e of t h e t r a j e c t o r y . 

3f = 1 9U 
3JL 2h 9n ( 2 ) 

where f i s an a n g l e between t h e t a n g e n t t o t r a j e c t o r y and t h e 
a x i s R,U i s t h e f o r c e f u n c t i o n ( 1 ) , h = U+I ( I i s t h e energy 
i n t e g r a l ) , J!, and n a r e t h e d i r e c t i o n s of t a n g e n t and normal 
t o t h e t r a j e c t o r y . 

B e s i d e s , we i n t e g r a t e s i m u l t a n e o u s l y an e q u a t i o n fo r 
3 f / 3n : 

9 T 3 T + ( 9 7 T ) + 2 F 8 T 8 i r + 7 ^ ( 9 i r ) + 2 T Y °'{6> 
4 h ' 

where 2 2 2 
y = _ 1 " s i n 2 f + r lrH- s i n 2 f — i - 2 - c o s 2 f (4 ) 

9R^ 3 R 3 z 3z 

(Agekian 1974 ) . 
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We must f i n d t h e p o i n t s in which 3f /3n = ± °°, a t t h e 
c o n t o u r s of an o r b i t and t h e f o l d s of d i r e c t i o n s , where t h e 
m u l t i p l i c i t y of t h e f i e l d v a r i e s . In o r d e r t o avoid a s i n ­
g u l a r i t y a t 3 f /3n •*• ± <*>, we change t h e v a r i a b l e q u a n t i t y 
3 f /3n t o q = ( 3 f / 3 n ) - 1 , when | 3 f / 3 n | >_1 , and i n t e g r a t e t h e 
e q u a t i o n f o r q . The p o i n t s q = 0 c o r r e s p o n d t o t h e c o n t o u r s 
of o r b i t and f o l d s . 

We c o n s i d e r t h e t r a j e c t o r i e s s t a r t i n g from t h e a x i s R 
o r t h o g o n a l l y t o i t . We have two p a r a m e t e r s in t h e problem: a 
q u a n t i t y R - an a b s c i s s a of t h e s t a r t i n g p o i n t , and a quan­
t i t y I - an i n t e g r a l of e n e r g y . We have scanned I a t t h e 
f i x e d RQ (some a n a l o g of t h e t h i r d i n t e g r a l ) o r RQ a t t h e 
f i xed I . 

RESULTS 

We a r e i n t e r e s t e d i n t r a n s i t i o n from t h e o r d e r t o t h e 
c h a o s . T h e r e f o r e we t r y t o f i n d some t r a n s i t i o n r e g i o n s in 
t h e space (R , I ) . 

The f i r s t example of a c o m p l i c a t i o n of t h e p i c t u r e i s 
p r e s e n t e d i n F i g u r e s 1 -6 . We c o n s i d e r R = 0.2 and I = 1 /12, 
1/8 and 1 /6 . 

We see an i n c r e a s e i n t h e a r e a of f o l d s w i th t h e growth 
of I . The i n v a r i a n t c u r v e s a r e smooth and e l o n g a t e d a l o n g t h e 
a x i s R. Then we o b s e r v e a d o u b l i n g of i n v a r i a n t c u r v e , a f o r ­
mat ion of t h e new f o l d s . In a r e g i o n of c r o s s i n g t h e t r a j e c ­
t o r y and a x i s R, a m u l t i p l i c i t y of d i r e c t i o n f i e l d i s equal 
t o 4 . Hawever, t h e t o t a l e r g o d i t y d o e s not a c h i e v e in t h i s 
c a s e . 

O the r examples a r e RQ = 0, and t h e v a l u e s of I change 
from 1/12 t o 1 / 6 . The r e s u l t s a r e shown i n F i g u r e s 7 -12 .Fo r 
I = 1/12 we can s e e t h r e e l a r g e f o l d s having t h e anooth c o n ­
t o u r s , t h e i n v a r i a n t c u r v e s a r e a l s o smooth. Such a behaviour 
t a k e s near about I = 1 / 6 . 5 . For t h i s , I fwe have a small e r o ­
s ion of t h e i n v a r i a n t c u r v e . A c o r r e s p o n d i n g p i c t u r e of t h e 
d i r e c t i o n f i e l d shows i n c r e a s e in t h e s i z e of f o l d s , a forma­
t i o n of some supp lemen ta ry f o l d s in t h e i r a n g l e s , some d i s -
t o r s i o n of t h e c o n t o u r s . A c o m p l i c a t i o n of d i r e c t i o n f i e l d 
r e s u l t s i n t h e e r o s i o n of i n v a r i a n t c u r v e s . 

A s t r o n g e r e r o s i o n t a k e s p l a c e in F i g u r e s 11 ,12 ( I = 1 / 6 ) . 
Here a t r a j e c t o r y t e n d s t o t h e whole e r g o d i t y . A number of 
f o l d s i n c r e a s e s and t h e c o n t o u r s a r e l o o s e d s h a p e . 

We have s t u d i e d a t r a n s i t i o n between o r d e r e d and s t o c h a s ­
t i c m o t i o n s on t h e small v a r i a t i o n of RQ o r I . I t a p p e a r s 
t h a t i n t h e t r a n s i t i o n f i e l d we have a complex p e r i o d i c o r b i t 
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( see F i g u r e 1 3 ) . Thus, a p e r i o d i c o r b i t i s a bound between 
t h e r e g u l a r and e r g o d i c behav iour in a space of i n t e g r a l s or 
q u a s i - i n t e g r a l s of mot ion - in t h i s c a s e a space (R , I ) . 

Also we have de te rmined t h e Lyapunov c h a r a c t e r i s t i c num­
b e r s o ( t ) a s t h e f u n c t i o n s of t ime by a method of B e n e t t i n 
e t a l . (1976) . In F i g u r e 14, we show two examples of such d e ­
pendences fo r t h e v a r i a t i o n s of I and t h e same q u a n t i t y 
RQ = 0 . The F i g u r e shows a q u a l i t a t i v e l y d i f f e r e n t behaviour . 
In t h e o r d e r e d c a s e o ( t ) t e n d s t o z e r o , and fo r t h e s t o c h a s ­
t i c t r a j e c t o r y a ( t ) 2L c o n s t . 

CONCLUSION 

Thus a d i s t u r b a n c e of t h e smooth i n v a r i a n t c u r v e s and a 
growth of e r g o d i t y of t h e m o t i o n s c o r r e l a t e wi th t h e i n c r e ­
a s e in t h e numbers and s i z e s a n d / o r t h e t w i s t i n g of t h e bou­
nds of f o l d s . An i n i t i a l s t o c h a s t i c i t y i s connec ted wi th t h e 
appea rence of t h e f i r s t s n a i l f o l d s . The t r a n s i t i o n between 
t h e o r d e r e d and s t o c h a s t i c r e g i o n s t a k e s p l a c e a c r o s s a p e r i ­
o d i c o r b i t where we o b s e r v e a sharp d e c r e a s i n g of t h e Lyapu­
nov e x p o n e n t s . 
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Figure 1: Contours of o r b i t and fo lds for the t r a j e c t o r y 
with R = 0.2 on I = 1/12. o 

T K 

i i s — ~\in —ts*--—tfc-

' * • • . • 

—^r—n 

Figure 2: Invar iant curve for t h e t r a j e c t o r y with R = 0 . 2 
on I = 1/12. 
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Figure 3: Contours of orbit and folds for R =0.2 and 
1=1/8. ° 

Figure 4: Invariant curve for R = 0.2 and I = 1/8, 
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Figure 5: Contours of orbit and folds for R = 0.2 and 
I = 1/6. 
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Figure 6: Invar iant curves for RQ = 0.2 and I = 1/6. 
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Figure 7: Contours of orbit and folds for R = 0 and I =1/12. 

Figure 8: Invariant curve for R = 0 and I = 1/12, 
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Figure 9: Contours of orbit and folds for R = 0 and 
I = 1/6.5. ° 
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Figure ID: Invariant curve for R = 0 and I = 1 /6 .5 . 
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Figure 11: Contours of orbit and folds for R = 0 and 
I = 1/6. ° 

Figure 12: Invariant curve for R = 0 and I = 1/6. 
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Figure 13: A t r a n s i e n t per iod ic o r b i t for R = - 0.2994 and 
I - 1/7. ° 
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Figure 14: The dependences o ( t ) for I = 1/7 (c rosses ) , 
I = 1/6.5 ( c i r c l e s ) , and I = 1/6 (dots) for 
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