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Abstract. We show that the mode-locking region of the family of quasi-periodically forced
Arnold circle maps with a topologically generic forcing function is dense. This gives a
rigorous verification of certain numerical observations in [M. Ding, C. Grebogi and E. Ott.
Evolution of attractors in quasiperiodically forced systems: from quasiperiodic to strange
nonchaotic to chaotic. Phys. Rev. A 39(5) (1989), 2593-2598] for such forcing functions.
More generally, under some general conditions on the base map, we show the density
of the mode-locking property among dynamically forced maps (defined in [Z. Zhang. On
topological genericity of the mode-locking phenomenon. Math. Ann. 376 (2020), 707-72])
equipped with a topology that is much stronger than the C° topology, compatible with
smooth fiber maps. For quasi-periodic base maps, our result generalizes the main results
in [A. Avila, J. Bochi and D. Damanik. Cantor spectrum for Schrodinger operators with
potentials arising from generalized skew-shifts. Duke Math. J. 146 (2009), 253-280],
[J. Wang, Q. Zhou and T. Jager. Genericity of mode-locking for quasiperiodically forced
circle maps. Adv. Math. 348 (2019), 353-377] and Zhang (2020).

Key words: quasi-periodic circle maps, mode-locking, generic properties
2020 Mathematics Subject Classification: 37C20, 37C55, 37G35 (Primary)

1. Introduction

Quasi-periodically forced maps (qpf-maps) are natural generalizations of Schrodinger
cocycles, which played an important role in the recent study of a Schrédinger operator on Z
with quasi-periodic potentials. The notion of uniform hyperbolicity naturally generalizes
to the so-called mode-locking property of gqpf-maps. Thus, the topological genericity of
mode-locking among Schrodinger cocycles (for a given base map) would immediately
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https://doi.org/10.1017/etds.2024.27 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/etds.2024.27
mailto:wangjian@nankai.edu.cn
mailto:zhiyuan.zhang@math.univ-paris13.fr
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2024.27&domain=pdf
https://doi.org/10.1017/etds.2024.27

3646 J. Wang and Z. Zhang

imply that for topologically generic potential, the spectrum is a Cantor subset of R. We
refer the readers to surveys [7, 17, 20] on more results on Schrodinger operators. It is natu-
ral to ask whether mode-locking holds generically among the set of general qpf-maps. The
first result in this direction is provided by [21]. The authors showed that for a topologically
generic frequency w, the set of mode-locked gpf-maps with frequency w is residual (with
respect to the uniform topology). Their result is generalized in [22] to any fixed irrational
frequency. In [22], the following natural generalization of the notion gpf-map is introduced
(such consideration is not new, and has already appeared in [13, §5]).

Definition 1.1. (g-forced maps and rotation number) Let Diff L), respectively Homeo(T),
denote the set of orientation preserving diffeomorphisms, respectively homeomorphisms,
of T, and let Diff' (R), respectively Homeo(R), denote the set of orientation preserving
diffeomorphisms, respectively homeomorphisms, of R. We denote by wr_, T the canonical
projection from R to T ~ R/Z. We define Diff"(T), Diff"(R) for r € Z~1 U {oo} in a
similar way.

Given a uniquely ergodic homeomorphism g : X — X, we say that f: X x T —
X x T is a g-forced circle diffeomorphism, respectively g-forced circle homeomorphism,
if there is a homeomorphism F : X x R — X x R of form

F(x,w) = (g(x), Fy(w)) forall (x,w) e X xR,

where F, € Diff! (R), respectively Homeo(R), for every x € X, such that (Id x 7p_.T) o
F = f o (Id x mr—1T). In this case, we say that F is a [ift of f.
For each lift F of a g-forced map f, the limit

p(F) = lim mF(x, w)

n——+00 n

exists, and is independent of (x, w) (here 7, is the canonical projection from X x R to R,
see [13, §5]). Moreover, the number p(f) = p(F) mod 1 is independent of the choice of
the lift F.

Definition 1.2. (Mode-locking for g-forced maps) Given a uniquely ergodic map
g: X — X, we say that a g-forced circle homeomorphism f is mode-locked if p(f') =
p(f) for every g-forced circle homeomorphism f that is sufficiently close to f in the
CO-topology. We denote the set of mode-locked g-forced circle homeomorphisms by ML.

The main result in [22] says that mode-locking is a topologically generic property
among the set of g-forced circle homeomorphisms under a mild condition on g. Such a
result generalizes the main results in [3, 21].

The current paper is a continuation of the above line of research.

It is natural to ask whether mode-locking could be generic among qpf-maps with higher
regularity, with respect to the smooth topology. By the main result in [16], mode-locking
can be rare in the measurable sense in many C! families. We hereby ask whether
mode-locking could be generic in the topological sense.

Question 1.3. Is a C! generic quasi-periodically forced circle diffeomorphism mode-
locked?
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One can also ask for C”-genericity for any » > 2. However, Question 1.3 already seems
to be far from easy to answer. We also mention that a related question on gpf-circle maps
has been asked in [11, Question 33], motivated by Eliasson’s theorem in [10]. Notice that
a reducible qpf-circle map in [11] is accumulated by mode-locked qpf-maps.

This paper is an attempt to study Question 1.3. Although we could not give a direct
answer to Question 1.3, we can show that mode-locking can be generic with respect to
topologies which are much stronger than the C° topology. This is the content of our
main theorem, Theorem 1.7. Thus, we provide some evidence to a positive answer to
Question 1.3. It turns out that our theorem has implications for the quasi-periodically
forced Arnold circle maps (see Theorem 1.11), a class of maps that were previously studied
numerically by physicists (see [8]). We will elaborate on this point in §1.2.

1.1. Statements of the main results. Let X be a compact metric space. Let g : X — X
be a strictly ergodic (that is, uniquely ergodic and minimal) homeomorphism with a
non-periodic factor of finite-dimension, that is, there is a homeomorphism g :Y — Y,
where Y is an infinite compact subset of some Euclidean space R4, and there is an onto
continuous map i : X — Y such that h - g = g - h. We will show that for g satisfying
some general condition, mode-locking is generic in topologies that are much stronger than
the C° topology.
To state the condition we need, we introduce the following notion.

Definition 1.4. Let g : X — X be given as above, and let v be the unique g-invariant
measure. Let G C R be the subgroup of all ¢ such that there exist continuous maps
¢: X —>Randy: X - R/Zwitht = f ¢ dvand ¥ (g(x)) — ¥ (x) = ¢(x) mod 1. We
call G(g) the range of the Schwartzman asymptotic cycle for g.

Clearly, the problem about the density of mode-locking depends on the topology we
choose to put on the space of maps. To treat the problem with respect to different topologies
in a uniform fashion, we introduce the following definition.

Givenr € Z> and f, h € Diff"(T), we set

-
dererm (f, h) =) sup d(D* f(w), D*h(w)).
k=0 WET
We define for any r € Z> that
dpiter (1) (f, h) = derermy(f, h) +derermy (F L BT,

We define

o0
dD'ffk(’]I‘)(f’ h)
dpifro(Ty(f> h) = 27k . )
N ; dpyigei oy (f 1) + 1

Definition 1.5. Given a complete metric space H endowed with a complete metric d, and a

continuous map ty : % — Diff!(T), by a slight abuse of notation, we denote t; : H" —
Diff! (T) by 13 ((h:)]=g) = t3¢(hu-1) 0 - - - 0 13 (ho) for every integer n > 1.

https://doi.org/10.1017/etds.2024.27 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.27

3648 J. Wang and Z. Zhang

In the rest of the paper, we will only consider two classes of tuples (H, dy, t3y) given
below.

Example 1. Let r € Zoy U{oo). Let H = Diff (T) = {f € Diff"(R) | f(y + 1) =

f(y)+ 1forall y € R}. We may define a distance dDm) on Diff"(T) analogously

to dDiff’(']T) . Let
I = iy
We define 13 : # — Diff ' (T) by
ty(h)(ymod 1) = h(y) mod 1 forall y € R.

Example 2. LetH = R.Let P € C®(T) be a non-constant real analytic function such that
| P’|| < 1. We define (3 : H — Diff!(T) by

ty(h)(w) =w+ P(w)+hmod1 forallw e R/Z.

We let dyy = dgr, where dr denotes the Euclidean distance.

Remark 1.6. By definition, for (#, dy;, t3y) in either Example 1 or 2, we know that there
exists some constant C > 0 such that for any /1, hy € H, we have

Cdy(hy, hy) > dDiff](']]‘) (t31(h1), 131 (h2)).

As usual, let us denote by C 0(X , H) the collection of continuous maps from X to H.
We equip C°(X, H) with the norm

Dy (H, H') = sup dyy(H(x), H'(x)).

xeX

Givenany H € C 0(x, ‘H) and any € > 0, we denote
By(H,e)={H € C%X,H) | Dy(H, H) < €}.
We denote by Diffg(,)’1 (X x T) the collection of g-forced circle diffeomorphisms of form

f:XxT— X xT,
(x, w) = (gx), fx(w)),

where fy € Diff ) depends continuously on x € X. We denote
1 lcor = sup(I Dfell, IDCATHID < oo,
xeX
Deoi(f, f') = sup dDiffl(T)(fx’ (fNx) < o0.
xeX
By Remark 1.6, there is a continuous map @ : C 09X, H) — Diff;)’l(X x T) defined by

O (H)(x, w) = (g(x), 30 (H (X)) (w)).

The main theorem of this paper is the following.
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THEOREM 1.7. Let (H, dy, t3y) be given by Example I or 2. If G(g) is dense in R, then
MLH, 1) :={H € C°(X, H) | D(H) € ML} (1.1)
is open and dense in C°(X, H).

When 1 is clear from the context, we will abbreviate ML(H, t3) as ML(H).
Instead of Example 2, it is more convenient to consider the following.

Example 3. Let P and (H, d3, t3y) be as in Example 2. We assume in addition that P has
no smaller period, that is, there exists no constant p € (0, 1) such that P(w + p) = P(w).

We will actually give the proof for the following theorem, Theorem 1.8, since the
discussions for Examples | and 3 can be organized in a unified way. In §6, we will prove
Theorem 1.8 and deduce Theorem 1.7 as a corollary.

THEOREM 1.8. Let (H, dy, t34) be given by Example 1 or 3. If G(g) is dense in R, then
MLH) = ML(H, 13) is open and dense in CO(X, H).

We note that G(g) is dense for many interesting maps g, such as:
(1) minimal translations of T for anyd > 1;
(2) the skew-shift (x, y) — (x + o, ¥y + x) on T2, where « is irrational;
(3) any strictly ergodic homeomorphism on a totally disconnected infinite compact

subset of RY for any d > 1.

The proof of Theorem 1.7 is based on a description about the complement of ML (H)
(see Theorem 1.10). Before stating the result, we introduce the following notions.

For a g-forced circle homeomorphism f with a lift F, for any integer n > 1, we denote
as in [22]

(fn)x = fgnfl(x) ©---0 fx, (Fn)x = Fg”’l(x) ©o---0 Fx.

Definition 1.9. For any f € Diffg(,)’1 (X x T), the extremal fiberwise Lyapunov exponents
of f, denoted by L4 (f) and L_(f), are given by formulas

1
Li(f):= lim — sup log D(f")x(w),

=00 N (x w)eXxT

L_(f):= lim l inf Tlog D(f")x(w).

n—>o0 n (x,w)eXx
Let (H, dy, t3) be in Example 1 or 3. Then for any H € CO(X, H), we denote
Li(H)=Ly(P(H)), L_(H)=L_(P(H)).
THEOREM 1.10. Let (H, dy, t13y) be given by Example 1 or 3. Then either ML(H) is

dense in CO(X, H), or there exists a residual subset A of CO(X, H) \ ML(H) such that
D (H) has zero extremal fiberwise Lyapunov exponents for any H € A. Here, the notion

of a residual subset is defined with respect to the distance Dy on C(X, H).

Theorem 1.10 is similar to [3, Theorem 5], where the authors have shown that any
cocycle in C%(X, SL(2,R)) that is not uniformly hyperbolic can be approximated by
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cocycles that are conjugate to elements in C%(X, SO (2, R)). A similar approach is taken
in [22] to prove the density with respect to the C° topology.

1.2. Application to quasi-periodically forced Arnold circle maps. A prominent example
of a gpf-map is the so called ‘quasi-periodically forced Arnold circle map’,

Japrg: T? - T2, 0, x) — <9 +w,x+1+ % sin(2wx) + Bq(0) mod 1),

with parameters « € [0, 1], 7, 8 € R and a continuous forcing function ¢ : T — R. It
can be traced back to [12], and was then studied in [6, 8, 19], etc., as a simple model
of an oscillator forced at two incommensurate frequencies. It has served as a source of
motivation for a series of articles on this subject, such as [4, 14-16, 18, 22], etc.
Mode-locking was observed numerically on open regions in the (7, o’)-parameter space,
known as the Arnold tongues. An immediate question is whether for any given function
Bgq, mode-locking property holds for an open and dense set of (r, «)-parameters. There
are numerical evidences to support such a conjecture. In [8, V. Conclusions], the authors
wrote: ‘Various numerical experiments are performed to illustrate the different types of
attractors that can arise in typical quasiperiodically forced systems. The central result is
that in the two-dimensional parameter plane of K and V, the set of parameters, at which
the system equations (2) and (3) exhibits strange nonchaotic attractors, has a Cantor-like
structure, and is embedded between two critical curves.” Notice that (K, V) in [8] corre-
sponds to (7, &) in our paper; and a parameter at which a strange non-chaotic attractor in
[8] appears is in the complement of the mode-locking region. The following theorem gives
a rigorous verification of the observation that the set of (7, &) where strange non-chaotic
attractors appear contains no interior for a topologically generic forcing function.

THEOREM 1.11. For any w € (R\ Q)/Z and any non-zero B € R, there is a residual
subset Ug C CO(T) such that for every q € Ug, the set {(t, &) | fupr.q € ML} isan open
and dense subset of R x (0, 1).

Remark 1.12. We can clearly see from the proof below that a similar result holds when
the function sin(27x) is replaced by any non-constant real analytic function on T.

Proof. Fix some w € R\ Q)/Z and define g : T — T by g(x) =x + w. Fix some
TeR, e (0,1),and B € R\ {0}. We let Hy g =R and let dy, ;. be the Euclidean
metric. We take

Gy g () = (x > X7 21 sin(27x) + fh mod 1).
H T

It is clear that (Hop,r, d7, 4, 1H,p.) belongs to Example 2. Thus, we can apply
Theorem 1.7 to deduce that: for every 8 € R\ {0}, for every 7 € R, « € (0, 1), the set
of g € CO(T) such that fa.p,v,q 1s mode-locked, and is open and dense with respect to the
uniform topology on C O(T). Then we take a dense subset {(z,, ay)}n=0 in R x (0, 1), and
for each n > 0, we let B, denote the set of ¢ € C%(T) such that fy, g, 4 is mode-locked.
Then, B, is open and dense for each n > 0. Consequently, the set Ug = (1), By is a
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residual subset of CO(T), and for every ¢ € Ug, the open set {(t, &) | foprqg € ML} s
dense since it contains (7,, «,) for every n > 0. This completes the proof. O

1.3. Idea of the proof. The starting point for proving Theorem 1.7 is the following fact,
which is already used in previous works such as [2, 22]: for a map that is not mode-locking,
we can promote linear displacement for the orbit of a given point by arbitrarily small
perturbation. The precise statements, summarized in §2.1, are quite general.

Compared with previous works, the challenge in our case here is that the perturbations
of different points in a single fiber are strongly correlated; and moreover, we do not
have a similar notion of the stable/unstable points on a fiber as for SL(2, R)-cocycles.
We overcome these difficulties by controlling the extremal Lyapunov exponents. Our proof
consists of the two following main steps.

e We first show that any map that cannot be approximated by mode-locking maps, can
be perturbed to have zero extremal Lyapunov exponents. The precise statement is
Theorem 1.10. This theorem is proved in §4 assuming Lemma 4.8, the key technical
lemma of this paper.

The key lemma Lemma 4.8 states the following: starting with some map F that
is not mode-locking, either the extremal Lyapunov exponents both vanish or we can
decrease their difference by a definite proportion (depending only on F) by arbitrary
small perturbation. Although the general idea for proving Lemma 4.8 is originated
from [1, 2, 5], the execution in our case is more complicated: unlike the case of
SL(2, R)-cocycles where the matching of (temporary) stable and unstable directions
automatically reduces the growth of the derivative for every other point on that fiber,
our general g-forced circle diffeomorphisms have no such convenient feature. We
overcame this problem by carefully dividing a circle fiber into two parts so that for
one part, we prove certain cancellation in the future, and for the other, in the past. For
each part, the desired cancellation is also obtained for different reasons, under two
distinct possibilities. This is done in §7.

e After proving Theorem 1.10, we will use it as a starting point and perform a further
perturbation to obtain the genericity of mode-locking. Since we may start with a map
with vanishing extremal Lyapunov exponents, we may wish to perturb the map to
create a closed strip that is mapped into its interior. In §5, we will describe the required
perturbations made to a finite orbit. In §6, we will construct a global perturbation by
combining several local perturbations at different scales. This is organized through the
stratification introduced in [3], summarized in §3.1.

For the above strategy to work, we need to use some features of maps in
Examples | and 3 to ensure that 7 is sufficiently rich so that we can produce certain
parabolic-like and hyperbolic-like circle diffeomorphisms by making perturbations in
‘H (see Lemmata 4.3 and 7.3).

1.4. Notation. Given an integer k > 1 and g1, ..., gx € Diff'(T) (or Diff!(R)), we
denote by l'[legi the map gy o- - -0 g1.

Throughout this paper, in all the lemmata and propositions, we will assume that all
the constants depend on some (H, dyy, t3y) fixed throughout this paper. For the sake of
simplicity, we will not explicitly present such dependence.
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2. Preliminary
We fix some (H, d3, t31) in Example 1 or 3 throughout this section. We let g : X — X be
a map given at the beginning of §1.1.

2.1. Basic properties of dynamically forced maps.  Let us recall some basic properties of
g-forced circle homeomorphisms with a uniquely ergodic g, proved in [3, 22]. In particular,
all the results in this subsection apply to maps in Diff{g’1 (X x T).

Let f be a g-forced circle homeomorphism with a lift F. Then for any g-forced circle
homeomorphism f” such that Deo1 (f', f) < %, there exists a unique lift of f’/, denoted
by F’, such that dyp ) (F', F) < % In the rest of this paper, we will say such F’ is the
lift of f that is close to F.

We first notice the following alternative characterization of the mode-locking property
(see [22, Definition 3 and Lemma 2]).

LEMMA 2.1. A g-forced circle homeomorphism fis mode-locked if and only if there exists
€ > 0 such that we have

p(F_¢) = p(F) = p(Fe),

where F is an arbitrary lift of f, and F;(x,y) = F(x,y) +t for all (x,y) € X x R and
telR

Definition 2.2. For any f € Diffé?’l (X x T), for any lift of f denoted by F, for any integer
n > 0, we set

M(F,n)= inf ((F"):(y)—y), M(F,n)= sup ((F"):(y)—y).
(x,y)eXxR (x,y)eX xR

The following is [22, Lemma 3].

LEMMA 2.3. Given some f eDiff[?’l(X x T) and a lift of f denoted by F, for
any ko > 0, there exists No = No(f, ko) > 0 such that for any n > Ny, we have
[M(F,n), M(F,n)] C np(F) + (—nko, nko).

The following is an immediate consequence of Lemma 2.3.

COROLLARY 2.4. Given some f € Difféf)’l(X x T) and a lift of f denoted by F, if
for some € > 0, we have p(F_¢) < p(F), respectively p(F) < p(F¢), then there exist
k1 = k1(f, €) > 0and an integer N\ = N1(f, €) > 0 such that for any n > N1, we have

M(F_.,n) < M(F,n) —nky, respectively M(F,n) +nk; < M(Fe, n).

Given a g-forced circle homeomorphism f and a lift of f denoted by F, for any integer
N > 0, any k > 0, we define

QN(F, k) ={(x,y,2) € X xR*| |z = (F) ()| < N«}. 2.1
We recall the following result, which is analogous to [22, Lemma 8].

LEMMA 2.5. Given H € C%(X,H), we let f = ®(H) and let F be a lift of f. For
any € € (0,1/4), there exists €9 = eo(H, €) € (0, €) such that if we have p(F¢)) >
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p(F) > p(F_¢,), then by letting k1 = k1(f, EQ) > 0 and N1 = N1(f, €9) > 0 be as in
Corollary 2.4, the following is true. For any H € By (H, €g), for any integer N > Nj,
there exists a continuous map @113 QN (F, k) —> HN such that for any (x,y,7) €
QN (F, k1), let CDg(x, v,2) = (po, ..., pN—1) and let F be the unique lift of@(ﬁ) close
to F (the map F is well defined since €g < € < 1/2), then:

1)  dy(pi, I:I(gi(x))) < 2eforevery) <i <N —1;

(2) let P; be the unique lift of 134(p;) close to F i (x) then Py_1 - - - Po(y) = z;

(3) ifz=(FY)(y), then p; = H(g' (x)) forevery0 <i < N — 1.

Proof. The proof is almost identical to that of [22, Lemma 8]. We recall the proof for the
convenience of the readers.

We notice that the following is clear for any (#, d3, t3y) in Example 1 or 3: there is a
continuous map ¢ : H x (—1, 1) — H such that ¢(p, 0) = p, and for every ¢ € ( 1, 1),
P, is a lift of 13y(¢(p,t)) when P denotes a lift of ty(p). Let us denote H,(x)
(p(H(x) t). We denote by F, the lift of H, for each r € (—1, 1). We assume that F,
depends continuously on z. Then for any x € X and y € R, the function €’ — (FE, )x (¥)
is strictly increasing. By deo(F, F) < dy(H, H) < €p, we have (Fae,)x(y) = (Fey)x ()
for any x € X and y € R. Then by Lemma 2.4, we have (ﬁzfzo)x(y) > (FN):(») >
(FM)1(y) + Nkj. Similarly, we have ( T2e Yo (y) < (FN)g(y) — Nkj. Then, as in the
proof of [22, Lemma 8], we see that the hypothesis of [22, Lemma 5] is satisfied. We
can complete the proof by [22, Lemma 5] as in [22]. U

We have the following.

PROPOSITION 2.6. (Tietze’s extension theorem for ) Let H € C%(X, ) and let Y be a
compact subset of X. Given a constant € > 0 and a continuous map Hy : Y — H such that
for every x € Y, we have dy(H(x), Hy(x)) < €, then there exists Hy € By (H, €) such
that Hi(x) = Hy(x) foreveryx € Y.

Proof. If (H, dyy, 1) is in Example 3, then this is the classical Tietze’s extension theorem.
Now we assume that (#, dy, t3) is in Example 1. Notice that we can naturally identify

Diff"(T) with V, = {¢ € C"(T) | ¢'(w) > —1 for zﬂl_\u_)/e T} since we can associate to
each ¢ € V, a mapping y — y + ¢(y mod 1) in Diff" (T) and vice versa. Since V, is a
convex open subset of C"(T), which is a locally convex topological vector space, we can
apply the generalization of Tietze’s extension theorem for such spaces in [9] to conclude
the proof. [

2.2. Lyapunov exponents. The following is an elementary yet useful observation.

LEMMA 2.7. For any f €Diff}'(X xT), we have Ly(f)=0>L_(f) and
Ly(f), —L-(f) <log | flicoi-

Proof. Since for any n > 1 and any x € X, we have

/ D(f")x(w) dw =1, (2.2)
T
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we necessarily have that L_(f) <0 < L (f). By Definition 1.9 and the chain rule, we
clearly have max(L4(f), —L_(f)) <log || fllco.. O

Given an integer N > 0, we define for eachh = (hg, ..., hy_1) € HN that

1
Lih) = Vv Sup log D(tpy(hn—1) - - - 134 (ho)) (w),

weT
L-(h) = % inf log D(g(hn-1) -~ t3(ho)) (w).
Let H € CO(X, ‘H). By definition, we have
Le(H) = lim La((H(g' (0)){5).

The following lemma, whose proof we omit, follows immediately from the subadditiv-
ity, e.g., log [ D(f1/2)Il < log |[Dfill + log [ Df2]l.

LEMMA 2.8. Given H € C%(X, H), for any ko > 0, there exists Nj = N\(H, ko) >0
such that for any n > Ny and any x € X, we have

[L_((H(g" ()=, L ((H (' NI C (L (H) — k0, L+(H) + ko).

3. A criterion from stratification
This section follows closely [3].

Let g : X — X be given at the beginning of §1.1. That is, X is a compact metric space
and g is strictly ergodic with a non-periodic factor of finite dimension.

3.1. Dynamical stratification. As in [3], for any integers n, N, d > 0, a compact subset
K C X is said to be:

(1) n-good if gF(K) for0 <k <n — 1 are disjoint subsets;

(2) N-spanning if the union of gk(K) for0 <k < N — 1 covers X;

(3) d-mild if for any x € X, {gk(x) | k € Z} enters d K at most d times.

The following is an immediate consequence of [3, Lemmata 5.2-5.4].

LEMMA 3.1. There exists an integer d > 0 such that for every integer n > 0, for every
open set U C X, there exist an integer D > 0 and a compact subset K C U that is n-good,
D-spanning, and d-mild.

Let K C X be an n-good, M-spanning, and d-mild compact subset. For each x € X,
we set

IT(x) =min{j > 0] g/ (x) e int(K)}, [~ (x) =min{j > 0] g/ (x) € int(K)},
I(x) =min{j > 0] ¢’ (x) € K},

T)={jeZ|-1"(x)<j<IT(x)}, Tslx)={jeTk) |g/ (x)edk},

N(x) =#Tg(x), K'={x e K|N@x)>d—i} forall —1<i<d.

Let Zl = KI\K'"!={x e K | N(x) =d —i} foreach0 <i < d.
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Lemma 3.1 and the notation introduced above are minor modifications of those in the
proof of [3, Lemma 4.1]. We also have the following (see [3] and also [22, Lemma 7]).

LEMMA 3.2. We have:

(1) foranyx € K, I(x) <IT(x)andn <I(x) < D;

(2) T and Tp are upper-semicontinuous;

(3) Tand Tp, and hence also [, are locally constant on VAR

4) K'lisclosedforall -1 <i<dand?P =K 'cK°c...c K¢ =K;

(5) foranyx € Ki, any0 < m < IT(x) such that g" (x) € K, we have g"(x) € K.

3.2. A criterion for mode-locking. Given a g-forced circle homeomorphism f;, a lift of f
denoted by F, and a compact subset K C X that is M-spanning for some M > 0, let

fr,w) = 1O, w) forall (x,w) € K x T,
Fi(x,y) = F!™(x,y) forall (x,y) € K x R.
We have the following sufficient condition for mode-locking.

LEMMA 3.3. If there exists an open set R C K x T (with respect to the induced topology
on K xT) such that for each x € K, we have RN ({x} x T) = {x} x I, for some
non-empty open interval I g T and fx (R) C R, then f € ML.

Proof. Since K is M-spanning and fx(R) C R, there exists § = 8(f, M, R) > 0 such
that for any € € (-4, §), we have (f) x(R) C R. We inductively define a sequence of
functions as follows:

[(x), n =0,

Iy(x) = n=1;.
! 1(gZi=05 D (x)), n > 0.

Then it is direct to show, by an induction on n, that for any x € K, y € R so that
(x, ymod 1) € R, we have

1> |m((Fe))" (x, y) — ma(Fg)" (x, )|

=1 (x)

n—1y,
= [(FZ="") () — (FE=0i®) (y)| foralln > 0,

where 73 : X x R — R is the canonical projection. This implies p(F¢) = p(F) for all
€ € (=4, &) and thus concludes the proof. O]

4. Density of zero Lyapunov exponent
The goal of this section is to prove Theorem 1.10. Throughout this section, we assume that
(H, dyy, 1) is in Example 1 or 3.

We first introduce the following notion.

Definition 4.1. We say that H € C°(X, H) is contractible if:
(1) either (H, dyy, t3) is in Example 1;
(2) or (H, dy, ty) is in Example 3, and there exists an integer k > 1 such that for any

x € X and any w € T, there exists 0 < i < k — 2 such that P”((fi*1)(w)) # 0,
where f = ©(H).
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LEMMA 4.2. The set of contractible H € C°(X, ) is open and dense in CO(X, H) with
respect to the metric Dy.

Proof. The openness is clear from the definition. To show the density, we will show that
givenany H € C 0(X , H) and an arbitrary € > 0, we can construct some H' € CO(X ,H)
such that H' is contractible and Dy (H, H') < €.

If (H, dyy, t3) is in Example 1, then it suffices to take H' = H.

Now assume that (H, dy, t3y) is in Example 3. Denote A = {w € T | P”(w) = 0}.
Since P is a non-constant analytic function, A is a finite set. For any € > 0, there exists
He B4 (H, €) such that, by denoting f = Cb(ﬁ), we have fxO(A) NA =@ for some
Xxo € X. By continuity, for every x sufficiently close to xgp, we have fx(A) NA=@ We
can then easily deduce that H is contractible by the minimality of g. [

The following lemma gives the key property of a contractible element that we will use.
We will only need this lemma in §5, and the readers can skip it during the first reading and
come back here later.

LEMMA 4.3. If H € C°(X, M) is contractible, then the following hold: there exist some
€ > 0, an integer k > 0, and a continuous map E : [0, 1] x T x X x By (H, €) — H¥
such that if we denote E (o, w, x, H) = (h?’w)f.:&, then we have:

(D) h?’w = I:I(gi(x))for everyw € T and every) <i <k —1;
@) (BTN 2 w) = 1 ((H (7)) Zp) (w);
(3) forevery og € (0, 1), there exist ro, €3 > 0 such that
D (R );ZgN () < e Dy ((H(g' ())iZg) W),y € (w —ro, w + 7o),

(B 2o (w = 1w+ r]) € iy () Zp) (W = 7w +1),
0<o <o <00,0<r <ryp.
Proof. This lemma is clear if (H, dy, t3¢) is in Example 1, since we can make perturba-
tions using the projective action on the circle by SL(2, R).
Now we assume that (H, d3;, t37) is in Example 3. Let us denote f = ®(H), and let k

be as in Definition 4.1.
Fix an arbitrary x € X. We define a functionc : X x T x R — R by

cx,w,t) =Pw)+Hx)+t+Pw+ P(w)+ H(x)+1)+ H(gx)).
It is clear that c is continuous. By definition, we have
(fe) —cxwn © (fx)r(w) = w. 4.1)
By straightforward computation, given any wo € T, we have
33w {(feo)—ceuwo) © (f)r WHr=0,w=wy = P (fx(wo))(1 + P'(wo)) #0  (4.2)

as long as P”(fx(wp)) # 0. In this case, the above term has the same sign as P” ( fx (wp)).

By compactness and our hypothesis that H is contractible, there exists a finite open
covering {Sy X Tyl}eer of X x T, such that for each o € I, there exists an integer
0 < mq < k —2 such that P"((f™*1) (w)) # 0 for every (x, w) € Sy x Ty. Since X
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is locally compact and Hausdorff, there exists a partition of unity {0y }yes subordinated to
{Sy x Ty}uer. Moreover, again by compactness and by equation (4.2), there exists some
& > 0 such that

inf inf inf 719 e —( fma
B UL L [0w{(fo(x) —cr,wo,r) © () (W) Hw=(fme), (we)l

>inf inf [P o)) (14 P ) (o)) + o(1)] > 0. (4.3)

ael (x,wy)€Sy xTy
For any 0 <i < k — 1, we denote
eri = (804,814 -+ »8k—14) € RE,
We defineamap Q : X x T x [0, 1] — R¥ by

Qx, w, 1) = Z P (X, w) sgn(P" (") (w))) Stk m, — (X, W, 1)k my11)-

ael

We may define
E(o,w,x, H) = (H(g' ()i — 0(x, w,0).

We clearly have item (1). We can deduce item (2) from equation (4.1). We can deduce item
(3) for H = H by a straightforward computation using equations (4.2) and (4.3). Then we
can verify item (3) for a general H € By (H, €) by continuity. [

From the above proof, we also have the following result, which will be used in the proof
of Lemma 7.3.

LEMMA 4.4. Given an arbitrary H € C°(X, H), we denote f = ®(H). Then, for any
x € X, wy, wy; € T with wog # wy, for any € > 0, there exists (po, p1) € B(H(x), €) X
B(H(g(x)), €) such that 13,(p1)i3(po)(wo) = (f*)x(wo) and t3,(p1)iz(po)(wr) #
(fz)x(w1)~

Proof. The statement is clear if (H, d3;, t3) is in Example 1.
Now we assume that (H, dy, t3¢) is in Example 3. Let ¢ be a constant close to 0 to be
determined. We set

po=Hx)+t, p1=H(gk))—clx,wy,t).

Following the computations in Lemma 4.3, we see that

(P (po)(w) = w + P(w) + P(w + P(w) + H(x) + 1)

— P(wg) — P(wo + P(wo) + H(x) +1).
Then it is clear that 3y (p1)ig (po)(wo) = wop. Since wo # wi, we have wy + P(w;) +
H(x) # wo + P(wo) + H(x). Then since P has no smaller period, t3;(p1)ty (po)(wy) is

a non-constant real analytic function of ¢. Hence, there exists ¢ arbitrarily close to O such
that 137 (p1)t3 (po)(w1) # wy. This concludes the proof. O

We first reduce Theorem 1.10 to the following proposition by a standard argument.
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PROPOSITION 4.5. For any contractible H € C°(X, ")\ ML(H) and any € > 0,
there exists a contractible H' € CO(X, ")\ ML(H) such that Dy(H, H') < € and
Ly (H)|, |IL_(H")| <e.

Remark 4.6. If CO(X, H) = ML(H), then the condition of Proposition 4.5 is void. In this
case, the conclusion of Theorem 1.10 is already satisfied.

We can easily deduce Theorem 1.10 from Proposition 4.5.

Proof of Theorem 1.10. Let us assume that CO(X, H) # ML(H). For any € > 0, we
denote

Ue = {H e COX, ) \ MLH) | IL+(H)|, IL_(H)| < €}.

Given an arbitrary € > 0, by the upper-, respectively lower-, semicontinuity of L,
respectively L_, we see that U, is open. By Proposition 4.5 and Lemma 4.2, I/, is dense.
Then the set Uy := ()~ | U1/x is a residual subset of CO%X, H) \ ML(H). By definition,
every H € Uj satisfies L, (H) = L_(H) = 0. O

We will deduce Proposition 4.5 from the following slightly more technical proposition.

PROPOSITION 4.7. For any contractible H € C%(X, H) \ ML(H) such that L (H) >
L_(H), for any € > 0, there exists a contractible H' € C%(X, H) \ ML(H) such that
Dy (H, H') < € and

Ly (H)— L_(H) )2>

_ ’ / _ _ 106
max(—L_(H'), L, (H')) < max(—L_(H), L+(H))<1 10 (logIICID(H)Ilco,1+3

Proof of Proposition 4.5 assuming Proposition4.7. By Lemma?2.7, L_(H) <0<L,(H).
Without loss of generality, we can assume L4 (H) — L_(H) > e, for otherwise, we can
let H' = H. Without loss of generality, let us assume that

By (H,2¢) c CO(X, H) \ MLH).
Denote
L =log(||®(H)|lcos + 1) + 3.

Define Hyp = H. Assume that for some integer n > 0, we have constructed some
contractible H, € CO(X, ")\ ML(H) so that Dy (H,, H) < (27" —=27""le and
Ly (H,) — L_(H,) > e. Without loss of generality, we may assume that € is sufficiently
small so that we have by Remark 1.6 that

P (Hu)lcor = |P(H)cor + CDy(Hy, H) < [|P(H)l|cor + 1.

Then, by Proposition 4.7, we can find a contractible H,,; € C%(X, H) \ ML(H) so that
Dy (Hy41, Hy) < 27" %€ and

2
max(—L_(Hy41), Ly (Hys1)) < max(—L_(Hy), L+<Hn>>(1 - 104(%) )

https://doi.org/10.1017/etds.2024.27 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.27

Density of mode-locking property for Arnold circle maps 3659

Notice that we have Dy (Hpy1, H) <2 ' =277 e +27""2¢ < (271 —27""2)¢. Then
for some integer m > 0, we would have Dy (H,,, H) < € and L (H,,) — L_(H,) < €.
We let H' = H,, and this concludes the proof. O

The rest of this section is dedicated to the proof of Proposition 4.7.
We have the following important lemma.

LEMMA 4.8. For any contractible H € C°(X, 1) \ ML(H) such that L. (H) > L_(H),
for any € > 0, there exists Ny = N4(H, €) > 0 such that the following is true. For any

x € X, any integer N > Ny, there exists (pg, . .., PN—1) € HN such that:
(1) dy(pi, H(g' (x))) < € forevery0 <i <N — I;
(2) we have

max(—L_, L) ((p)ig") < (1 — Ao) max(—L_(H), L+(H)),

where

Ao = 10—5< L+(H) - L-(H) )2 (4.4)
0= log [®(H)[[coi +3) :

The proof of Lemma 4.8 is technical and will be deferred to §7.
We are now ready to state the proof of Proposition 4.7.

Proof of Proposition 4.7. Let us fix some contractible H € C%(X, ) \ ML(#) such that
Li(H) > L_(H).
By Lemma 2.8, we set

Ny = N)(H, 1),
then for any x € X, for any n > N/, we have that
Ly (H@E N2 < Le(H)+ 1, L((H(@ ())!Z) = L_(H) — 1.
We set
N4 = N4(H, e),
where the function Ny is given by Lemma 4.8. We fix an arbitrary integer
N > N4+ Nj. 4.5)

Denote by v the unique g-invariant measure. Under the hypothesis of g, we can choose a
subset B C X by [1, Lemma 6] such that the return time from B to itself via g equals to
either N or N + 1, and v(0 B) = 0. We fix such B from now on.

By reducing the size of € if necessary, we may assume that for any H' € By (H, €), we
have, forn € {N, N + 1}, that

Lo (H' () < Li(H) +2, Lo((H'§ )= = Lo(H) —2.  (4.6)
Let § > O be a small constant such that

sup sup dy(H(g' (x)), H(g' (x))) < Le.
xeX x'eB(x,8),0<i<N
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Cover the closure of B by open sets Wip,..., Wy, with diameters less than /2.
By [1, Lemma 3], we can choose W; so that v(dW;) =0 for all 1 <i <kj. Let
Ui =w\U j<i Wj. After discarding those Uy which are disjoint from B, and rearranging
the indexes, we can assume that for some integer kg > 0, foreach 1 < k < ko, BN Uy # 0;
and the union of Uy over 1 < k < kg covers B.

By our choice, we have B = By U By1, where B; denotes the set of points in B whose
first return time to B equals to [. Let

N+11-1

vo=J Joasinup.

[=N i=0

Then v(Vy) = 0.

Denote by T the set of (k, /) such that 1 <k <ko,!/ € {N, N 4+ 1} and B; N Uy # @.
For each (k, ) € I', we choose a point wi; € By N Ui \ V.

Fix an arbitrary (k,[) € I'. Note that l > N > N4. By Lemma 4.8 for (¢/2, H, wi, [)
in place of (¢, H, x, N), we obtain p = (pg’l, R pf’l]) € H! such that:
(1) we have d;{(pf’l, H(g' (wr))) < %e forany0 <i <[/ —1;
(2) we have

max(—L_(p), Ly (p)) < (1 — A0) max(—L_(H), L4 (H)). 4.7)

Now let n > 0 be a sufficiently small constant to be determined later. By the unique
ergodicity of g, there exist an open set V O Vj and an integer ny > 0 such that

l|{j |0<j<n-— 1,gj(x) eV}l < 1 forallx e X foralln >ng. (4.8)
n N +1
Moreover, we can assume that wy; € V forany (k,[) € T.
We define amap H' € C%(X, #) by using Proposition 2.6 so that Dy;(H, H') < €, and
forany (k,1) e T,any 0 <i <[ — 1, we have H'(g' (x)) = pf’l forallx e BpNU\V.
By letting n > 0 be sufficiently small depending only on H, € (this can be realized by
choosing V of sufficiently small measure, and by letting n¢y be sufficiently big), we can
ensure by equations (4.0), (4.7), and (4.8) that

/ N+1
Li(H) <max(—L_(H), L4+(H))(1 - )»0)<1 - TIT>

N +1
(L (H) + 2t

< max(—L_(H), Ly (H))(1 = 120).

By a similar argument, we obtain an analogous bound for —L_(H’). Consequently, we
have

max(—L_(H"), Ly(H") < max(—L_(H), L+-(H))(1 — %Ao).

We see that H' satisfies the conclusion of Proposition 4.7. O
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5. Negative Lyapunov exponent
In this section, we will show that starting from a contractible H € C(X, 1) \ ML(H)
with vanishing extremal Lyapunov exponents, we can perform an arbitrarily small
perturbation to create an interval on any prescribed fiber to be mapped arbitrarily small
by an iterate of ®(H). Moreover, such perturbation can be arranged to have continuous
parameter dependence.

Recall that for a lift F of a g-forced circle homeomorphism f, for every integer N > 0
and every k > 0, we have defined Qx (F, «) in equation (2.1).

Given a contractible H € C 0(X , H), we let € > 0 be a sufficiently small constant, and
we let the integer k > 0 and the continuous map E : [0, 1] x T x X x By (H, €) — HK
be given by Lemma 4.3.

PROPOSITION 5.1. Given a contractible H € C%(X, H) \ ML(H) such that L (H) =

L_(H)=0, and letting F be a lift of ®(H), for any € >0, there exist k3 =

k3(H, €) € (0, %), Ns = N5(H, €) > 0 such that for any integer N > Ns, there exists

r3 =r3(H, N, €) > 0 such that for any H e By (H, k3), for any r € (0, r3), there exists

a continuous function Wy : Qn(F, k3) — HYN such that the following is true. For any

(x,v,2) € QN(F, Kk3), let Un(x,y,2) = (po, - - ., PN—1), and let P; be the unique lift of

t34(p;i) that is close to Foi(y), then we have:

1)  du(pi, I:I(gi(x))) <2eforevery0 <i <N —1;

2) Py_1o---oPy([y—r,y+7r]) Clz—(1/10)r, z 4+ (1/10)7];

3 if FV"Y,0) =2 and (FN Y ([y =7, y+7D C [z — (1/10)7, z + (1/10)F],
where F is the unique lift of <I>(I-?) that is close to F, then p; = I:I(gi(x)) for
every) <i <N — 1.

Proof. Let us denote for simplicity f = ®(H) and then F is a lift of f. Without loss of
generality, we assume € € (0, 1) is sufficiently small to apply Lemma 4.3.
We fix a small constant oy = oo(f, €) > 0 such that for every He By (H, €), x € X,
and w € T, we have
k—1
E(oo, w, x, H) € [ [ Bu(H(g'(x)), ), 5.1)
i=0
where the map F is given by Lemma 4.3. We let rp, €2 be given by Lemma 4.3(3) for oy.
Since L4 (f) = L_(f) = 0, there exists N' = N'(H, €) > 0 such that

sup [log D(f™")(w)| < "2 foralln > N'.
xeX,weT 4k

Then we choose «' = «/(H,€) > 0 to be sufficiently small so that for any H’' €
By (H, ), by denoting ' = ®(H’), we have
sup [log D) (w)| < =2 foralln > N'. (5.2)
xeX,weT 2k

We let €g = €g(H, €) € (0, €) be given by Lemma 2.5. We let «” = k1 (H, €p) be given
by Corollary 2.4. By Lemma 2.3, there exists some N = N”(H, €) > 0 such that for any
n > N”, we have
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(1/60)e;
sup [(F")x(y) —y —np(F)| < / nic”
xeX,yeR kdog(ll flicor + 1)+ 1)

We choose k" > 0 to be sufficiently small, depending only on H, ¥ and €3, so that for
any H € By (H, k'), forany n > N”, we have

(5.3)

(1/20)ez ”

sup  [(F)E(y) — (F")x ()] < nk-, (54
cexyer | F S Kog(l fllcor + D+ 1)
where F’ denotes the lift of f/ = ®(H’) that is close to F.
We define
1 1/100
k3 = — min (eo, P (1/100)¢2 K”), (5.5)
2 k(log(ll fllcor + 1) + 1)
k k
Ns =2N' +2N" + 1006—(log(||fllco,1 + 1)+ 1)N{(H, €g) + 1006—. (5.6)
2 2
Let N > N5 and (x, y, z) € Qn(F, k3). We define
=3 )"
N=|-(1- N |, 5.7)
L‘( 10k (log (|l f Il coar + 1))
r3 =l fllcor + D Vro. (5.8)

Let H be as in the proposition and let F be the unique lift of f = ®(H) that is close to F.
For any o € [0, 0¢], we define

Wi 520 = E(o, (f)(y mod 1), g (x), H) forall0 <i <N —1.
By Lemma 4.3(2), (3), and equation (5.1), for every o € [0, o¢], we have that
dyu(f, H(g'(x))) <€ forall0<l< Nk—1 (5.9)
and

VS Ve = (F®)(y) foralll <i <N, (5.10)

l

where Vj?’ is the unique lift of 13y (v‘;) that is close to Fj .
We have the following.

CLAIM 5.2. Forany(0 <i < N — 1, we have
DV, ey - Vi) < e 2 D(FH) D) ((F ) ()
Jorall y' € (F™)x(y) = ro, (F)2 () + ro),
and for any r" € (0, ro) and any 0 < o1 < 0y < 0¢, we have
Ve et VIR ) + =" 7" D @ VL sy VRE )2 () + (=", 7).
In particular, for any v € (0, r3), we have

v

e Vo Wy =Ry D €V Vo Wy =Ty 47D

Proof. The inequality and the first inclusion follow immediately from Lemma 4.3(3). The
last statement follows from equation (5.8) by repeatedly applying the first statement. [
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By equation (5.4), (x, y, 2) € Qn(F, k3), and equation (5.5), we have
[FN)e () = 2l S IFEY) () = 2l + 1EV) () = (FN) )
(1/20)e;
kQog(ll fllcor + 1) + 1)

<N </<3 + K”> < (N = Nk)x".

Hence, we have (g]\_’k(x), (I:“Nk)x(y), 2) € Qy_ji(F, «"). Moreover, by equation (5.6)
and N > N5, we have N — Nk > N|(f, €g). Then we can apply Lemma 2.5 to define

Wi - cuy—1) = Do (M0, (FV),(v). 2).

We have

dy(ui, H(g'(x))) < 2¢ forall Nk <i < N —1. (5.11)
For every Nk <i < N — 1, let us denote by U; the unique lift of 13, (x;) that is close to
ﬁg"(x)'
CLAIM 5.3. Foranyr € (0, r3], we have

Un—1--- Uy Ve - Vot (ly =7,y + 7)) C [z = j57s 2 + 157 -
Proof. By equation (5.2) and k3 < «’, we see that
sup |log D(F”)x(y)| < ne foralln > N'. (5.12)
xeX,yeR 2k

By equation (5.8), 7 < r3, equation (5.12), and by repeatedly applying Claim 5.2, we obtain

DVE - Ve <e M2 forally € (y — 7.y + 7).
Thus,
VO VP =Ry ) C VR V) eV (R ). (513)
By equations (5.6), (5.7), (5.11), and (5.13), we have
Uv—1--- Uy Ve - Vol (y =7,y +7D) (5.14)

C 2+ (I fllcor + DV N Na2[_F 7 € [ — LF, 2 + &7,
since we have
(N — Nk) log(l| flicos + 1) — Nea/2 < =Nep/4 < — log 10. O
Let 7 € (0, r3) be given by the proposition. We define

or=inf{o €[0, 00] | Un—1 - - - Ug; V2

St Vo Ly =y +FDClz = 57, 2+ o7}

By Claim 5.3, we see that o7 is well defined. By the last inclusion in Claim 5.2, o1 depends

continuously on (x, y, z). Let us define

v, 0<i<Nk-1,
pi = -
" lu;, Nk<i<N-—1.

Conclusions (1)—(3) then follow from the construction. O]
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6. Density of mode-locking
In this section, we will first give the proof of Theorem 1.8, and then deduce Theorem 1.7
as a corollary.

Proof of Theorem 1.8. Given an arbitrary H € CO(X , H), we will show that H can be
approximated by elements in ML(H).

Without loss of generality, we may assume that every element in a neighborhood of H
in C 0(X , H) is contractible, since by Lemma 4.2, every element of C 0(X , H) is a limit of
elements with this property.

By Theorem 1.10, either H is already in ML(#H), in which case there is nothing left to
prove, or, up to replacing H by an arbitrarily close element, we may assume without loss
of generality that H is contractible and L (H) = L_(H) = 0. It remains to show that for
any € > 0, there exists H' € ML(H) such that Dy (H, H') < €. To simplify the notation,
let us denote f = ®(H) and let F denote a lift of f.

Let integer d > 0 be given by Lemma 3.1. Let «3 be given by Proposition 5.1. Without
loss of generality, we may assume that x3(f, §) is monotonically increasing in §. We

inductively define positive constants 0 < €1 <€ep<---<¢€ by the following formula:

= — = mi —1 —1 (f ) f HNl1<k<d+1

€, , €Ed— min €J— N K , €Ed— ora .
d ](/’ 1) d—k ) d—k+1 2({ 1) 3 d—k+1

Then we have
2(€0+---+e€q) <€, 2(e0+- - -+ €r) <k3(f, k1) forallO<k<d-—1. (6.1)

We set «” = infj<; <4 k3(f, €;). Recall that by our hypothesis, g is uniquely ergodic.
Let us denote by v the unique g-invariant measure on X. By our hypothesis that G(g) (see
Definition 1.4) is dense in R, we can choose a constant

p' e (p(F) =K', p(F)+ 36) N G(g). (6.2)

By Definition 1.4, there exist continuous maps ¢ : X — R and ¥ : X — R/Z so that
p'=[¢dvandy(g(x)) — ¥ (x) = (x)mod I.

Since g is uniquely ergodic, we can choose no = ng(f, €) > 0 to be a large integer so
that

ng > Ns(H,¢;) forall —1<i <d (seeProposition 5.1 for Ns) (6.3)
and for any integer n > ng, we have

sup |20 ¢ (g (x)) —np'| < gnk’,  sup  |(F")(y) —y —np(F)| < ink’. (6.4
xeX xeX,yeR

We choose an open set U C X such that ¢|y admits a continuous lift I/A/ U - R
Namely, I/} is continuous and ¥ (x) = &(x) mod 1 forany x € U.

By Lemma 3.1 and by enlarging ng if necessary, we can choose a compact set K C U
that is d-mild, np-good, and M-spanning for some M > 0.
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We choose an arbitrary 7 € (0, ‘—11) such that
r<ri(H,l,e) forallng<I<M, (6.5)

where r3 is given by Proposition 5.1.

Let {K'}__ |, {Z"}¢_, and | : X — Z, be defined as in §3, associated to K. We will
define a sequence of H® ¢ CO(X, ‘H), 1 <i < d by induction.

We define HV = H, f&D = f = (HD), and F©D = F. Assume that we have
defined H® for some —1 < k < d — 1 such that, let F® be the lift of f(k) = CD(H(k))
that is close to F*—1 if k > 0, then:

(f1) Dy(H®, H) <2(eg+ - - - + €0);
(f2) forany x € K, we have (F®)®), ( (x)) = 1 (g'@ (x)) + =20 p (g7 (x));
(f3) for any x € KK, we have (F®)®) (h(x) + [-F. 7)) C ¥ (P x) +
=197 9 (87 () + [—(1/10)7, (1/10)7].
Note that the above properties are true for k = —1 simply because K~! =0 by
Lemma 3.2(4).
For each —1 < j <d, we let

wi=) U g

xeKkJ 0=<i<l(x)
Since K¢ = K is M-spanning, we have W¢ = X. Recall that we have the following lemma.

LEMMA 6.1. [22, Lemma 10] Given an integer 0 < j < d, let {x,},>0 be a sequence
of points in K/ converging to x', and let {I,, € [0, (x,)}n>0 be a sequence of integers
converging to l'. Then, after passing to a subsequence, we have exactly one of the following
possibilities:
either (1) x' € ZJ and 0 <1’ < I(x');
or(2) x' € K1, and there exist a unique x" € K=" and a unique 0 < 1" < 1(x")
such that ' (x') = g!" (x"") e Wi—1.

In particular, W/ is closed.

By equation (6.1) and item (f1), we have Dy (H®, H) < «3(f, €xs1). By
equations (6.3) and (6.5), we can apply Proposition 5.1 to (ex41, [, H, H®, 7) in place of
(e, N, H, H, r) to define ¥; forallng <1 < M.

We define a continuous map H : W - 2¢ such that H(x) = H® (x) for every
x € WF in the following way. Let

Hx) = H®(x) forallx € Wk. (6.6)

For any x € ZK*1 we have no < I(x) < M. By equations (6.2) and (6.4), we have
1(x)—1
W@+ Y ' () — (F) ()
i=0
I(x)—1 . A .
D 9 @) = 1@)p(F)| + [(F') (4§ (1)) — 9 (x) — L(x)p(F)]

i=0

=

<3x %l(x)/c’ < 1(xX)k3(f, €ks1)-
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Then we can define

1(x)—1

(H(x), ..., HE O™ @) = Wi (o, 0, () + Y ¢ ). (6.7)

i=0
By Proposition 5.1(1), we have
dy(H(g' (x)), HP(g'(x))) < 2€x41 forallx € ZF1 0 <i <1(x). (6.8)
For x € KKt1 foreach 0 < i < I(x), we let F; be the lift of 13 (H (g’ (x))) that is close
to Fg‘f‘(’x). By items ( £2), (f3) for k, and by Proposition 5.1(2), for any x € K¥*1 = K* U

Z*+1 we have
I(x)—1
Figo—1 -+ Fo(r(x) = yr(x) + Y ¢(g'(x)),
i=0
1(x)—1
Fioor - Bl ) =7 J00) + D C I+ 3 (g0 + | — =7, —F
I(x)—1 0 B — 8 10710
1=l
We have the following.
LEMMA 6.2. The map H is continuous.

Proof. Itis enough to show that for any {x,}, {{,}, x, I’ in Lemma 6.1 with j = k + 1, we
have

H(g"(x) = H(" (¢), n— oo. (6.9)

We first assume that conclusion (1) in Lemma 6.1 is true, namely, x’ € Z**!. Then
equation (6.9) follows immediately from Lemma 3.2(3) and the continuity of W;(,).

Now assume that conclusion (2) in Lemma 6.1 is true, namely, x’ € K k Tt s enough
to prove equation (6.9) in the following two cases: (1) x, € K k for all n; (2) x, € ZkH!
for all n. In the first case, we have gl" (x,) € W for all n. By Lemma 6.1, we have
gl/(x’) € W*. Then equation (6.9) follows from equation (6.6) and the fact that F ® s
continuous.

Assume that the second case is true, namely, x, € Z*+1 for all n. Moreover, after
passing to a subsequence, we can assume that there exists [y such that /(x,) = [y for all n.
By equation (6.7), we have

H(g" (xy)) = the I'th coordinate of Wy, ().

Then by the continuity of W, and the fact that x,, — x’, [, — [’ as n tends to infinity, we
have that

H (g (x,)) — the I'th coordinate of Wy, (x'), n — oo.

It is then enough to show that the /'th coordinate of W, (x") equals Fg(f,)(x,). By
Proposition 5.1(3), it is enough to verify that
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lp—1

(FO0 (@) = F )+ Y ¢ (), (6.10)
Ih—1 =0
- G = = T io./ 1.
(FOY0) (") + =7, 7] € P(x') + ; (g (") + [— o W] ©.1D)
These follow from items ( f2), (f3), and Lemma 3.2(5). O]

By equation (6.8) and Proposition 2.6, we can choose H®D e ¢%X,H) so that
Dy (H*D H®Y) < 2¢, 11 and satisfies that H*tD (x) = H(x) for all x € W*+!, It is
straightforward to verify items (f 1)—(f3) for k 4+ 1. This completes the induction.

Welet H = HD, f' = ®(H'), and let R = |J, g {x} x (Y (x) —F, ¥ (x) + 7). By
item (f3), we can see that f;(R) C R. By Lemma 3.3, f’ is mode-locked, and hence
H' € ML(H). This concludes the proof. O

Proof of Theorem 1.7. By Theorem 1.8, it remains to consider the case where (H, dyy, t34)
is given by Example 2. In this case, H = R and dy; = dr. Moreover, we may assume
that the function P for defining (H, dyy, t3y) (see Example 3) has a smaller period,
for otherwise, (H, dyy, t3y) is given by Example 3, and we could already conclude by
Theorem 1.8.

Now let R~! € (0, 1) be the smallest positive period of P, where R € Z~q (such R
exists since P is non-constant). Then there exists a non-constant real analytic function
P € C®(T) with no smaller period such that ﬁ(Rw) = RP(w) for every w € T. Notice
that we have || P’|| = || P'|| < 1. For each h € R, we define

(W) (w) = w+ P(w) + h.
Then we have
Ry (h)(w) = i (Rh)(Rw).
We define a continuous map o : CO(X,H) — Diffgo’l(X x T) by
S(H)(x, w) = (g(x), i3 (H () (w)).
By definition, it is straightforward to deduce the equation
p(®(R - H)) = Rp(®(H)) € R/Z,

where R - H denotes the function x — RH (x) in C%(X, ). By Lemma 2.1, we see that
®(R - H) € ML if and only if ®(H) € ML. By definition, (#, dy, ) is given by
Example 3. By Theorem 1.8, the set ML(H, 73) is dense. Hence, ML(H, t3;) is also
dense. This concludes the proof. O

7. Proof of Lemma 4.8
Throughout this section, we always assume that (H, dyy, t3) is given by either Example 1
or 3.

Without loss of generality, we may assume that

CO(X, H) \ ML(H) + 9,
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for otherwise, there is nothing to prove. We fix some contractible H € CO(X, H)\
ML(H) such that L (H) > L_(H) and an arbitrary € > 0. Recall that we will need
to show that there exists N4 > 0 such that for any x € X, any integer N > N4, there exists
(Pos - - > pn—1) € HN such that: (1) dy(pi, H(g' (x))) <€ for every 0 <i < N — I;
and (2) we have

max(—L_, L) ((pi)]Ly") < (1 — Ao) max(—L_(H), Ly(H)),

where A is given in equation (4.4).

We denote f = ®(H) and denote by F a lift of f.

We have the following result, making use of only the fact that H € CO(X, H) \
MLH).

LEMMA 7.1. There exist a constant k = k (H) > 0 and functions A, K : Ry — R such
that the following is true. For any € > 0, n > K (¢), H € By(H, k), and x € X, we have

inf [(F)x(y) — (F")x ()] > nA(e),
yeR

where F is an arbitrary lift of ®(H) (clearly the left-hand side above is independent of the
choice of the lift).

Proof. Take a constant k > 0 such that By, (H, 2«) C CO%(X, H) \ ML(H).

Assume in contrast that the lemma is false. Then there exist some € > 0, an increasing
sequence {n}x>1, a sequence {Hy € By (H,«)}i>1, a sequence {x; € X};>1, and a
sequence {yx € [0, 1)}x>1 such that

(FO)Y™) g () — (FRY™) () < ni/k, 1)

where F® is a lift of ®(Hy). We may assume without loss of generality that the set
{F(k)}kzl is bounded in C°(R, R); and Hj converges to some H. Then, after passing to a
subsequence, we may assume that F*) converges to a lift F of ®(H).

Fix an arbitrary integer m > 0. By equation (7.1), for all sufficiently large integer k > O,
there exists some 0 < [; < ny — m such that, for u; = glk (xr) and some z; € [0, 1), we
have

(FPY™), ) — (F®OY™),, (zx) < 2m/ k.

By extracting a subsequence, we may assume that u; converges to some u € X, and zi
converges to some z € [0, 1]. Then we have

(F™)u(z) — (F™)y(z) = 0. (12)

By our choice of «, it is clear that He C%X,H) \ ML(H). Thus, equation (7.2) contra-
dicts Corollary 2.4 if m is sufficiently large. Consequently, the lemma must be true. O

We have the following corollary.

COROLLARY 7.2. Let A, K be given as in Lemma 7.1. Then there exists a constant k > 0
such that the following is true. For any ¢ > 0, n > K(¢), x € X, and any (Hi);’:_(} e H"
such that dy; (H;, H(gi(x))) < K, we have
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yirel]g[(Fn—l)e 0--0(Fp)e(y) — Fp—1 00 Fo(y)] > nA(e),
where F; is an arbitrary lift of 131(H;) for each 0 <i <n — 1.

Proof. Given x € X and n > K (¢), we have by Proposition 2.6 that there exists some
H e By (H, k) and H(gi(x)) = H; for every 0 <i <n — 1. Then we can immediately
deduce the corollary by Lemma 7.1. O

In the following lemma, we will construct perturbations that resemble the parabolic
elements in SL(2, R). They are given by certain circle diffeomorphisms having a unique
fixed point with multiplier 1. For this purpose, we will use the fact that (H, dy, t3) is
given by either Example 1 or 3.

LEMMA 7.3. For every € > 0, there exist an integer M = M(H, €) > 0 and a function
Se.m - Ry — Ry such that for any x € X and y € R, there exists (pl.('l))l-ﬂia1 e HM,
j €10, 1} such that d’;.[(pi(j), H(g'(x)) <€ for je{0,1}and 0 <i <M — 1, and the
following is true. Denote by Pl.(o) and Pl.(l) lifts of LH(pi(O)) and 134( pl.(l)), respectively,
which are close to each other. Then we have:

() Pylyo- o Pl =P o0 P ()

@ Pylio- 0PN @) > P o0 P (2) +8em(o) foreveryz ¢ y + (—0,0)

+ Z and for every o > Q.

Proof. This lemma is obvious if (H, dy, t3¢) is in Example 1, as we can use the projective
action given by the parabolic elements in SL (2, R) to make perturbations.

Now we assume that (#, dz, t37) is in Example 3.

Fix an arbitrary x € X. We define a real analytic function ¢, : T x R? — R by

cx(ymod 1,s,1) = ng(x) o (Fstt)g(x) © (Fr)x(¥) — ng(x) o Fy(xy o Fx(¥).
By straightforward computation, we see that
(f=crws.) g2y © s+ g(r) © (f)x (W) = fo2(x) © fetx) © fx(w). (7.3)
By continuity, we have

lim sup sup |cx(w, s,0)] = 0. (7.4)

520 yeX weT

Moreover, given any wg € R, we have
0 {(f=crwos.) g2(x) © (fs+)g(xy © (fi)x(W)}i=0
= —0d;cx(wo, 8, 1)]i=0 + 3t{fg2(x) © (fs-i—t)g(x) o (f)x(w)}Hi=0
= —0,cx(wo, 8, 1) |r=0 + O {cx (w, s, ) }1=0.

Fix some s € (0, €/2) sufficiently close to 0 such that sup, .y sup,cr lcx(w, s, 0)| <
€/2, and the function 9d;{cy(w, s, t)}|;=0, as a non-constant real analytic function of w,
reaches its minimum on a finite set C, C T. Then

at{(ffcx(w,s,t))gZ(x) o (fs+t)g(x) o (f)x(w)}i=0 = 0,
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and the equality holds if and only if w € C,. By compactness, there exists an integer L > 0
such that |Cy| < L for every x € X. '

Define M = 5L. We will inductively construct p\’” for j € {0, 1} and i € {0, ..., M — 1}
so that the conclusion of the lemma is satisfied.

Denote C, = {wp, . .., wg—1}, where £ < L. We set wp; = w; for0 <i <{¢ —1.

Given an integer 0 <m < £ — 1, assume that we have already constructed p; for
i €{0,...,5m — 1}. We define

(Psms PSm+1> Psm+2)
= (H((x)), H@" ' (x)), H(@" () + (0, 5. —Cgsm () (F")x (wo), 5, 0)).
(7.5

By our choice of s, we have (psm,p5m+1,p5m+2)EBH(H(gSm(x)),G)X
By (H (g1 (x)), €) x By (H (g™ +2(x)), €). We define

2mi = 3 (Psmii)i—g) (W) forall0 <i <€ —1.

By Lemma 4.4, there exists (psm-+3, Psm-+4) € By (H (87" 3 (x)), €)x By (H (8" 4 (x)), €)

such that
H ((Psm43s Psmta)) @m0) = 1 ((H (7" 3 (), H(g™" () (2m.0)- (7.6)
1 ((Psm+3s Psm+4)) (@Zmm+1) & Cosmrs(yy ifm <€ —1. (1.7)
We define

Wint1,i = (H(P5Sm+35 Psm+4))(@m,i) Torall0 <i <€ —1.
We set p,EO) = pi for every 0 <k <5¢ —1. Let t > 0 be a small constant to be
determined. For each 0 < m < £ — 1, we define

1 1 1
(P Pl 1+ Pimria) = (H(™ (x)), H(g" 1 (x)), H(g™ (1))
1 1
(8,5 + 1, —Cgim i ((F™)x (0), 5, 1), (P30 Popsa)
= (P5m+3> P5m+4)-

We set p(o) = p(l) = H(gk(x)) for every 5¢ < k < M — 1. By letting ¢ be sufficient]
k k 8 y y g y

close to 0, we have d’;.[(p](cj), H(g"(x))) <eforje{0,1}and0 <k <M — 1.

Take an arbitrary y € R such that y mod 1 = wy. It is then straightforward to verify
item (1) by equations (7.5) and (7.3). To verify item (2), we take an arbitrary u € T
and denote uy = LH((pi)i.‘;(})(u) for each 0 <k < M — 1. Now we view p,((l) for each
0 <k < M — 1 as a function of z. Then we have

e (PP )Y li=o
-1
=" Digg((p) g s3) Usm43)

m=0

: 8{{(f—Cgsm(X)((fsm)x(wo),s,t))g5m+2(x) o (fs-i—t)gSerl(x) ° (ft)gSm(x)(’/lSm)Ht:O-
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By construction, we see that for any u # wy, there exists some 0 < m < £ — 1 such that
usm & Cgsm(y). Consequently, we have

Al (P H @)} li=o = 0

with equality if and only if u = wyp. Then it is straightforward to deduce item (2) by
compactness. O

Now we state the main observation for the proof of Lemma 4.8.

LEMMA 7.4. For any € > 0, there exists a constant Ny = No(H, €) > 0 such that
the following is true. For any (x,y) € X X R, there exist integers M_, M satisfying
—Ny <M_ <0< M, < N> such that for any z4,z— € R with |z4 — (FM+) (y)],
lz— — (FM—)x(y)| < 2, there exist (pp_, ..., Ppm,.—1) € HM+=M— gnd ye@y,y+1)
such that:

(1) dy(pis H(g' (x)) < € forany M— <i < My —1;

(2) denote by P; the unique lift of 131 (pi) close to Foi (- Then either we have

Poo---0Py,1[y,y) C (24 —€,24 +¢€)
and (P_yo---oPy ) '[y,y+1)C(z- —€,2- +¢),

or we have

Poo---oPy,—1[y,y+1) C(z4 —€,24 +¢€)
and (P_io---0Py ) 'y,y) C(z- —€,z_ +€).

Proof. Without loss of generality, we assume that € € (0, min(x (H), 1)/2), where x (H)
is given by Lemma 7.1.
We let €g = €0(H, €/2) be given by Lemma 2.5. Let

mo = [3ik1(f, €)' Ni(f, €0)] + 1, (7.8)
e = (I fllcor + 1), (7.9)

where k1 and Nj are given by Corollary 2.4.
Let M = M(H,¢€) be given by Lemma 7.3. Given x € X and y € R, we apply

Lemma 7.3 to obtain (p(j)) Ve M for j€{0,1} and 0 <i <M — 1. We denote

( p(] ))M as ( p)(cj ; l) 'to 1ndlcate the dependence on x and y.

By Lemma 7.3, we deﬁne

€1 = 8em(e2) > 0, (7.10)
el =M (I fllcoas + 1) Mey. (7.11)

We have forevery x € X,y e R,and y' € Z + y + (—¢2, €2) that
P oo PLY G = POy oo PO () > el (7.12)

We let
my =3[A) K (€), (7.13)

where functions A, K are given by Lemma 7.1.
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We fix some x € X and y € R from now on. We define

s )

PRMAE= P gkt ), (pk) (3,07

v 0 .

Pimai = p(k)M (i s Torallk€Z, 0<i<M—1. (7.14)
By Lemma 7.3, we have dH(pl, H(g x))), du (pi, H(g (x))) <e foralli € Z. We

denote by P, respectively P;, the unique lift of p;, respectively p;, close to Foi(x)- By
equatlon (7 14) and Lemma 7.3(1), it is direct to verify that for any z >0, Pl M- 1

Po(y) Piv—1 -+ Po(y) = (FIM),(y);and forany i <0, P --- P2 (v) = P, . ..
_1 (y) = (FlM)x(y)~
Define

Ny = miM + my.
We have the following claim.
CLAIM 7.5. Forany z € (y,y + 1), there exists 0 < i < my such that
Piv—1 -~ Po2) € (F™) () + (0, ) U (1 — e, ).
Similarly, for any z € (y, y + 1), there exists 0 < i < my such that
Py Pl@e F™)m+0,Ud —e,.

Proof. We will only detail the first statement, since the second one follows from a similar
argument. If the first statement is false, let z; = P;py—1 - - - Po(z) forall 0 <i < my, then
we would have

5 €72+ (FM),(y) + (—€2, ) forall0 <i <m;.
Then by equation (7.12), we have
Pisiym—10- 0 Piy(zi) > Pirnym—1 0o Piy(z) + €

> (Pirym—1)e 0+ -0 (Pim)e (z).  (115)

By Corollary 7.2, and equations (7.13) and (7.15), we would have

Pum1 - Py +1)
= Puym—1 -+ Po@ 2 (Payy—1)gg 0+ -0 (Po)gg () > (F™" M) (3) +2.
This is a contradiction. O
Let

={z € (y,y+ 1) | there exists 0 < i < m such that

Piy—1 - Poz) € (F™M) (3) + (0, e2)},
Uy ={z€(y,y+1)| there exists 0 < i < m such that

Piv—1 - Poz) € (F"M), (y) + (1 — &2, D)},
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Then by our claim, we have
U-UU =@, y+D.

It is direct to see that U_, U, are both non-empty connected open sets. Since (y, y + 1)
is connected, we conclude that U_ N U # . We take y’ to be an arbitrary element in
U_NUg.

Again by Claim 7.5, there exists 0 < n’_ < m such that for N' = Mn’_, we have

ﬁ:;};f_ L PTON e (FTV) (00 + (0, U — e, 1),
Without loss of generality, we may assume that
Pl PTON € FY)(0) + (0, e,

as the other case can be dealt with by a similar argument. Then we have

Py o PO y) € (FY9)0(0) 410, €2).
By y’' € Uy, we see that there exists n/, € {0, ..., m1} such that for N, = Mn'_, we
have
Py Po(y) € (FY),(3) + (1 — e, D).
Hence,
Py Poly' sy + D C (F¥)()+ (1 —e, D). (7.16)
We set

My =N,+mo and p;=p;, P=PF forall0<i<N,—1
By Lemma 2.5, equation (7.8), and the fact that

(F™) v o P Py + 1) = (FM) (5 + 1) € 24+ (=3,3),

+(x)
there exists (pN/+, ..., PmMy—1) € H™ such that:
(1) dn(pyy i H@V+H (x)) < e forany 0 <i <mg— 1;

@) Pu—1 - Py (FYV)(0) + 1) =z,
where P; is a lift of 13/ (p;) close to Fyi(, for each N/ <i < My — 1. Then by equations
(7.16) and (7.9), we have

Puy 1+ Py y+1) C Pyt Py (FM) () + (1 — e, 1)
C (24 — €, 2+ +€).
By a similar method, we may set
M_ = —N" —my,

and define (py_, . .., p—1) and alift P; of 13/ (p;) foreach M_ < i < —1.Itis then direct
to verify items (1) and (2). O]
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We also need the following two lemmata. In the following, we denote by y; a point in R,
and denote y; = y; mod Z € T.

LEMMA 7.6. For any €,n > 0, there exist €3 =¢€3(H,€) >0, ri =r1(H,€e,n) >0,
N3 = N3(H, €) > 0 such that for any integer N > N3, the following is true.

(Forward contraction) For any x € X, there exist y € R and (qo, . . ., qny_1) € HV
such that:

1) du(qi, H(gi(x))) < €forevery0<i <N —1;
2) D(m((qj)":g»@l) < e—zfﬁfor every N3 <i < N;

3 (DLH((q/) )(y )/DL’H((q/) )(91)) € (e~ min(emiomin(esMiy for every 0 <
i < Nandeveryy e —ri,y1+r1);

@ w@)ZHEn = VG

(Backward contraction) For any x € X, there exist yo € Rand (g—n, ..., q—1) € HN
such that:
(1) dy(q-i, H(g™ (x))) < € forevery 1 <i < N;
2) D(LH((qj);_‘_l)—l)(yz) < e 20 for every N3y <i < N;
3" (D(tH((qJ)]__,,) 1)(i/)/D(tH((q;)]__,,) D(32)) € (e~ min(esmi gmin(es.miy - f
every) <i < Nandeveryy € (yo —r1, y2 +r1);
@) (@) = (NG

Proof. We will detail the proof of the case (Forward contraction). The other case follows
from a similar argument.
We fix a small constant oy > 0 such that for every x € X and w € T, we have

k—1

E(o0, w, x, H) € [ [ Bu(H(g' (x)), ©),
i=0

where the map E is given by Lemma 4.3. We let rp, €» be given by Lemma 4.3(3) for oy.
Fix an arbitrary x € X. For any integer n > 1, we define

Ane, = {w € T | D(f")x(w) > 1000ke; 'eme2/ (1000}

By the identity in equation (2.2) and Markov’s inequality, we have

U Ane| =3 1Anal < Zmocm e/ (1000

n>1 n>1

We fix an arbitrary y; € T \ (Unzl Aney).
We let N3 > 0 be a large integer to be determined depending only on H and €, and let

€3 = €2/(100k). (7.17)
By the choice of y; and by letting N3 be sufficiently large, we have

D(f™)x(31) < 1000ke, "2/ (1000 o one2/GOK) — 2165 forallp > N3, (7.18)
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For any N > N3, we define
(qik+))5Z0 = E(o0, (f)x(31), g% (x), H) forall0 <i < [(N—1)/k] =1 (719)
and define
q;j = H(g/(x)) forallk| (N —1)/k] <j<N.

Then item (1) follows from our choice of oy. It is direct to verify item (4) by Lemma 4.3(2).
We let ' > 0 be a small constant depending only on H, H, k, and € such that

k (" )
DU )x ) k)" O _ pmin@n/2 forall o/ € X, |5’ — 57| < 2+ (7.20)
D(f*)x(y)

and

DE (0o, w, x', H)(3")
<
DE (og, w, x’, H)(y')

M@ M/2 forall X’ € X, |y — 3| < 2r. (7.21)

By equations (7.17), (7.18), (7.19), and Lemma 4.3(3), we have
Ahn—1 = —ney/2k __ ,—50ne3
D1 ((gi);i—g N1 < e =e forall N3 <n < N. (7.22)

This proves item (2). We choose r; = ri1(H, €, 1) € (0, 1) to be sufficiently small, so that
we have

(@)= G — ri, 51+ 1) C (%G + (=, r) forall0 <n < Nj.
By equations (7.21), (7.22) and a simple induction, we obtain item (3). O]

LEMMA 7.7. For any n > 0, there exists ro = ro(H, n) > 0 such that for any integer
N > 1, the following is true.

(Forward expansion) For any x € X, there exists y3 € T such that D(f¥)(3') > eV
Jorany 3 € (55 = rall Fl 00> 33 + 20l Fll o)-

(Backward expansion) For any x € X, there exists 4 € T such that D(f V), (3") >
e forany §' € (34 — rall fll - 34+ r2ll £ o)

Proof. By equation (2.2), we can choose y3 € R so that D( f Ny, (y3) = 1. Then by letting
r be sufficiently small, and by continuity, we can verify (Forward expansion). The proof
of (Backward expansion) is similar. U

Proof of Lemma 4.8. As before, we denote f = ®(H). We set

Li(f) — L(f))2
_— > 0.

D= 3 (so that log D > 1), =
I fllcor + 3 (so that log D > 1), 7 ( 100 log D

We denote ny = Nj(H, n) > 0, where Njj is given by Lemma 2.8. Then for any n > n,
we have

eL=D=mn DMy, (w) < eE+DFD - forall (x, w) € X x T. (7.23)
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By continuity and subadditivity, it is direct to see that there exists ¢’ = ¢/(H, ) > 0 such
that for any n > ny, for any (ho, ..., h,—1) € H" satisfying dy (h;, H(gi (x))) < € for
all0 <i <n —1, we have

e E=D=20m < D1y ((hi)1Z)) (w) < eE+DT2D - for all (x, w) € X x T.

Without loss of generality, we can assume that € € (0, €’). We let €3 = €3(H, €),r] =
r1(H, €, n), N3 = N3(H, €) be given by Lemma 7.6. We let r, = r2(H, n) > 0 be given
by Lemma 7.7. Denote

ro = ro(H, €) = min(ry, rp, €) /2.

Let No = Na2(H, rg) be given by Lemma 7.4. It is clear that, ultimately, N> depends only
on H and €.
We let €g = €p(H, €/2) be given by Lemma 2.5. Define

my = [21(D(H), €)' Ni(®(H), €0)] + 1, (7.24)

where k1, Np are given Lemma 2.5.
We let N4 > 0 be a large integer to be determined depending only on H and €. Taking
an arbitrary integer N > N4, we set

xo = g™V ().

We apply Lemma 7.4 for (rg, xo, 0) in place of (¢, x, y) to obtain (M1, M>) in place of
(M4, M_). Wehave —N, < M <0< M| < N,.

By letting N4 be sufficiently large, we have N — [N/2] — M; > N3. Then by
Lemma 7.6 (Forward contraction) for (gM!(xg), N — [N/2] — M) in place of (x, N),
we obtain y; € T and po, . .., pN—[N/21-M;—1 € H, such that:

(g)  dy(pi, H(g" (x0))) < eforall0<i <N —[N/2]—M; — 1;

(€2)  Diy((P)'_p) () < e 3 forall N3 <i < N — [N/2] — My — I;

(@) (D (P N/ D ((5)5_p)(F1)) € (e7 mntren)i min(hes)ly for any 0 <
i <N-—[N/2]—M;—1landanyy € (y; —r1,y +r1);

@) (B PTG = (N INRIEMY G

Without loss of generality, we may assume that the lifts of y; and j|, denoted by
y1, ¥1 € R, respectively, satisfy that

[(FM1),,(0) = yil, [(FM2)(0) — y| < 2.

We denote by P; the unique lift of i3 (p;) close to Fomy+iy) for every 0 <i < N —
[N/2] — M1 — 1. Then by rg < rq and item (g3), forany 1 <i < N — [N/2] — My, we
have

D(P:_ - PO)(V o o
(Pi-i 00 € (et min(nes) i minGLe3)y  for gl y' € (y; — ro, yi + ro). (7.25)

D(Pi_y -+ P)(y1)
By Lemma 7.4 for (ro, yl,yi) in place of (6,Z+,.Zf), we obtain y(/) € (0,1) and
(PMys - - > Pry—1) € HM1=M2 guch that dyy(pi, H(g' (x0))) < ro < e for all My <i <

M; — 1, and, denote by ﬁi the lift of 13/ (p;) close to Fg we have:

i(x0)>
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Case I.  Either

pmy—1 -+ pol0, yp) € (y1 — 7o, y1 +70)s (7.26)

Pags - -+ P10 1) € (3] = r0, ¥] + r0); (7.27)
Casell. Or

pmi—1 -+ Polyg. 1) € (1 — ro, y1 + r0) (7.28)

Pasy -+ PZ110, ¥9) C (v} — ro, ¥1 +70). (7.29)

We will only detail the proof for Case I, as the other case follows from a similar argument.
We now define pry/21, . . ., pyv—1. Take an arbitrary integer

" < 9log D(N — [N/2]) (9log D+ n)(N — |'N/2'|)>
'S \Qlog DH Li(f) —L_(f) log D+ Ls () —L_())’

(7.30)

Define

x1 = g"M(xg), x2=g"(x1),
N

x3=g"*(x2), m3z=N — [5—‘ — My —my —mo.

By direct computations and by letting N4 be sufficiently large, we see that

o ((L+(f) — L_(f) = 2)(N = [N/2]) (L1(f) = L_(f) = p)(N — rzv/21>>
} 9log D+ Li(f)—L(f) ' 9logD+Li(Hh—L() )

(7.31)

Then we have
No+my=N—[N/2] —mi —m3 € (0, 20N = [N/2)) ) (7.32)

9log D+ L (f) — L-(f)

We define
piN/2+i = pi forall0 <i < My —1, (7.33)
PIN/21+My+i = pi forall0 <i <m; —1, (7.34)
DIN/21+M+m +my+i = H(g'(x3)) forall0 <i<mjz— L. (7.35)

By equation (7.30) and by letting N4 be sufficiently large, we have m; > N3. Then by
item (g2) and equation (7.25), we have

Pyt -+ Po(yr — 10, y1 4 70) COF™ )y, (y1) + €™M DB, 1+ - Po) (1) (—ro, 1)
C(F™),, (1) + e~S™ (=g, ro). (7.36)

By r¢9 < rp and Lemma 7.7(Forward expansion) for (x3, m3) in place of (x, N), there exists
y3 € R, such that

D(F"), (') > e ™3 forall y’ € (y3 — D™"3rg, y3 + D™"r). (7.37)

https://doi.org/10.1017/etds.2024.27 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.27

3678 J. Wang and Z. Zhang

Without loss of generality, we can choose y3 so that [(F™1™2), (y;) — y3| < 2. By
equation (7.24), we have (x2, (F"!)x, (y1), ¥3) € Q2m, (F, k1 (P(H), €)). Then by Lemma
2.5 and my > Ni(®(H), €), we can define (p[N/21+M +mys - - - » P[N/2)+M;+m+my—1)

so that:
(1) dy(Prny21+my+my+is H(g (x2))) < eforall0 <i <mp — 1;
(2) we have

Pry oMy +my+ma—1 -+ - Prvya1em;, (1) = y3. (7.38)

Here we denote by P; the unique lift of t3/(p;) close to Fi(, for every [N/2] <i <
N — 1. Notice that by item (1) above, we have

_ _1
D™ < || Diy((prNj21+My+mi+i)i g DIl < D™ (7.39)

We now estimate D(Py_1 - - - Pry/27) over the interval [0, y). Fix an arbitrary y’ €
[0, y(’)). By equations (7.26) and (7.33), we have

Pin2amy—1 - - Prvyn (V) € (1 — ro, y1 + ro). (7.40)
Then by equations (7.25), (7.39), and (7.38), we have
PN 21+ My4mi+ma—1 -+ - Piv2(Y)
€ y3 + D" D(Prn/214M 4my—1 - - - Prny214m) (V1) (=70, 10). (7.41)
Upper bound. It is direct to see that
D(Pin2+mi—1 - - - Py (y) < DM (7.42)
By equation (7.40), items (g2), (g3), and equation (7.34), we have
D(PiN /21 +Mi4mi—1 * + * PiNy21+m) (P y21+my—1 -+ Prvya1(0)
< " D(PIN /2 +My+my 1 + + + Prny214m) (1) < e M, (7.43)

By equation (7.31) and by letting N4 be sufficiently large, we have m3 > ni. Then by
equations (7.23), (7.42), (7.43), (7.39), (7.30), and (7.31), we have

D(Py_1--- P[N/21)(y’) < e(L+(f)+f7)mse*m1€3DM1+m2’
< /DL (N=L(/NHN=[N/2D

Lower bound. We have

D(Pin21+my—1 -+ - Py (y)) > DM (7.44)

By equation (7.43), it is useful to divide the estimate into the following two cases.
o If D(Pin/21+My+mi—1 - - Pivy21em) (1) > e~ (L+(N=L-()/Hm1 then by equations
(7.25), (7.40), and (7.34), we have

D(PiN/214+My+m—1 = PiNy21+m) (PINj214m,—1 - - - Pivy21(0)

> e " D(PN a1 Myt —1 - Prvyarea) (1) > e =EAMmm
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Then by equation (7.23) and m3 > ny, we have
D(Py, - - P[N/2—|)(y/) > oL=(N)=mm3 ,(=(L+(/)=L-(f)/H—mm1 p—M—m3 (7.45)

o If (Pin/2y+mytmi—1 -+ Prvyoyem) (1) < e”E+D=L=(D/m1 " then by equations
(7.38), (7.30), and (7.31), we have

right-hand side of equation (7.41) C y3 + D"2eM=E+WD=L-(D/DImy(_py 10y < y3 4+ D™ (—rg, ro).

The last inclusion follows from equations (7.30) and (7.31). Then by equation (7.37), we
have

D(Pn_1 - PiNj21+My+my4my) (PIN /2 4 My my4ma—1 - - - Pivya (V) > e

Moreover, by dy(pi, H(g" T (x0))) <€ <€ forall 0 <i <mj — 1, by m; > ny, and
by the choice of €', we have

D(Pin2+yami—1 + + Privyam) (") > eE=D720m0 forall y” € R,

By combining the above inequalities with equations (7.35), (7.39), and (7.44), we obtain

D(Py_i1 - - Py (y)) > e M3 elb=(D=2mmi p=Mi=m;, (7.46)
By equations (7.30), (7.31), and (7.32), we can deduce from both equations (7.45) and
(7.46) that
D(Py_1 - Pino)) () > e~ (=) max(Ly (f),—L_(/)N=[N/2)
Now, continue to assume that we are under Case I, then we can define po, . . ., pry/21-1

in a similar way so that for any y’ € [y(), 1), we have

_ N
llog [D (3 ((p)I XN ONI < (1 = n) max(L.(f), —L(f))k]

It is then straightforward to verify items (1) and (2) of Lemma 4.8 for Case 1. The proof
for Case II follows from a similar argument. U
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