
ON THE CONVERSION OF THE DETERMINANT 
INTO THE P E R M A N E N T 

P e t e r Bot ta 

( r ece ived May 28, 1967) 

1. In t roduc t ion . Let M (F) be the v e c t o r space of m 

m - s q u a r e m a t r i c e s over a field F . If X be longs to M (F) , 

then x . . wil l denote the e l e m e n t occur ing in row i and co lumn 

j of X. 

Let S be the s y m m e t r i c group of d e g r e e m and 
m 

e: S -*• F the a l t e r n a t i n g c h a r a c t e r on S ( i . e . e(cr) = 1 or 
m m 

- 1 a c c o r d i n g as cr i s an even or odd p e r m u t a t i o n ) . If X be longs 
D M (F) then the det« 

m 
a r e defined as fo l lows: 

to M (F) then the d e t e r m i n a n t of X and the p e r m a n e n t of X 
m 

m 
det X = 2 e(o-) Ï1 x. ,.x ; 

C . A 1 0 ' ( 1 ) 
(TE S 1 = 1 

m 
m 

pe r X = S TT x. ... . 
a e S i = l 

m 

The objec t of th is note i s to show that if m > 2, then 
t h e r e i s no l i nea r t r a n s f o r m a t i o n K: M (F) -*• M (F) such 

m m 
that det K(X) = pe r X for ai l X in M (F) . An e a r l y r e s u l t 

m 
in th is d i r e c t i o n is due to Po lya [6], who showed that no 
affixing of 1 s igns to the e n t r i e s of X can (except when m = 2) 
un i fo rmly conve r t the p e r m a n e n t into the d e t e r m i n a n t . Recen t ly 
M a r c u s and Mine [4] e s t ab l i shed that if m > 2, then t h e r e i s 
no l inea r t r a n s f o r m a t i o n on m a t r i c e s to m a t r i c e s that un i fo rmly 
c o n v e r t s the p e r m a n e n t into the d e t e r m i n a n t . In the i r proof of 
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this resu l t Marcus and Mine used r determinantal and 
permanental compound ma t r i ce s , and an induction argument 
involving some ra ther complicated computations. The purpose 
of this note is to give a shorter and somewhat more direct 
proof of the i r r e s u l t . 

2- R e s u l t s . We wil l e s t a b l i s h the fol lowing: 

T H E O R E M . _If_ m > 2 then t h e r e does not ex i s t a l i nea r 
t r a n s f o r m a t i o n K: M (F) -> M (F) such that det K(X) = p e r X 

m m 
for al l X. 

P roof . We suppose such a l i nea r t r a n s f o r m a t i o n K e x i s t s . 
Suppose that K i s s i n g u l a r . Then K(A) = 0 for s o m e m a t r i x 
A i 0. Hence K(X+A) = K(X) for a l l X. T h e r e f o r e 

p e r X = det K(X) = de t K(X+A) = pe r (X+A) for al l X. 

Now note that if P and Q a r e p e r m u t a t i o n m a t r i c e s 
( i . e . p. . - b . , . v , q. . = 6. , . . for s o m e cr, x e S w h e r e 

* i j IO-(J) M i j i t ( j ) m 

!J 
= 1 if i = j and 0 o t h e r w i s e ) then p e r P X Q = p e r X 

for al l X. T h e r e f o r e we m a y a s s u m e that if A = (a. .) then 

a A t î 0 . Le t B be the following m a t r i x : 
11 

B = 
11 12 l m 

Then 

B+A -

a ^ l + a ^ 
12 22 

a a 
m l m 2 

2 m 

1+a 
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C l e a r l y we have 

p e r B = - a 1 0, p e r (B+A) = 0. 

Th i s , however , c o n t r a d i c t s the fact that p e r (X+A) = p e r X 
for al l X. T h e r e f o r e we m a y a s s u m e that K i s n o n s i n g u l a r . 

Let G ( r e s p . H) be the se t of a l l l i nea r t r a n s f o r m a t i o n s 
T of M (F) into i tself that sa t is fy de t T(X) = de t X for a l l X 

m 
( r e s p . p e r T(X) = pe r X for a l l X). It i s known [ l , 3, 5] tha t 
G and H a r e g roups and 

1) T be longs to G if and only if t h e r e ex i s t fixed nons ingu la r 
m a t r i c e s U and V with det UV = 1 such that e i the r 
T(X) = UXV or UX'V (X' denotes the t r a n s p o s e of the m a t r i x X) . 

2) T be longs to H if and only if t h e r e ex i s t p e r m u t a t i o n 
m a t r i c e s P and Q and d iagona l m a t r i c e s D and L with 
p e r D L = 1 such that e i t he r T(X) = D P X Q L or D P X ' Q L . 

Suppose T be longs to H. The m a p K i s nons ingu la r 
- 1 - 1 

so K e x i s t s and it is easy to check that p e r K (X) = det X 
for al l X. T h e r e f o r e 

de t KTK~ d (X) = p e r TK" *(X) = p e r K _ 1 (X) = det X for a l l X. 

- 1 
Hence KTK be longs to G. A s i m i l a r a r g u m e n t shows that 

- 1 
if S be longs to G then K SK be longs to H. T h e r e f o r e we 
m a y conc lude tha t t he se two subgroups of the group of nons ingu la r 
l i nea r t r a n s f o r m a t i o n s of M (F) onto i tself a r e conjugate v ia K. 

We now show that th is i s not the c a s e and so a r r i v e at 
the d e s i r e d c o n t r a d i c t i o n . F i r s t note that if T be longs to H 
we have T(X) = D P X Q L or D P X ' Q L , w h e r e D, P , Q and L 
a r e as above, and de t D P Q L = 2 1 1 . Le t H 0 be the se t of 
T in H with det D P Q L = 1. It i s c l e a r that H 0 i s a subgroup 
of both H and G, and the index of H 0 in H i s two. 
T h e r e f o r e , s ince H and G a r e i s o m o r p h i c , the index of H 0 

in G i s two. Hence we m a y choose S in G such that G i s 
the d i s jo in t union of the two c o s e t s H 0 and SH0 . F u r t h e r , 
we know tha t t h e r e ex i s t fixed nons ingu la r U and V such tha t 
S(X) = UXV or UX'V. Hence , if T be longs to G i t m u s t be 
of one of the following f o r m s : 

33 

https://doi.org/10.4153/CMB-1968-004-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-004-6


1) T(X) = D P X Q L 2) T(X) = D P X ' Q L 

3) T(X) = UDPXQLV 4) T(X) = UDPX'QLV . 

C l e a r l y we m a y choose A and B with de t AB = 1 such 
tha t A i s d i f fe ren t f r o m both D P and UDP and S is d i f fe ren t 
f r o m both QL and QLV, for any d i agona l m a t r i c e s D and L 
and any p e r m u t a t i o n m a t r i c e s P and Q. Define 
W: M (F) -* M (F) by W(X) = AXB ; then W be longs to G 

m m 
and it i s i m m e d i a t e that W is n e i t h e r of f o r m 1) nor of f o r m 
3). Suppose W(X) = AXB = D P X ' Q L ; then 

X! = ( D P ) " 1 A X B ( Q L ) " 1 . 

Tha t i s , we can t r a n s p o s e any m a t r i x by p r e - and p o s t -
m u l t i p l i c a t i o n by two fixed m a t r i c e s . It i s we l l known [2; p . 837] 
that th i s i s not t r u e . T h e r e f o r e , W cannot be of f o r m 3). 
A s i m i l a r a r g u m e n t shows that W i s not of f o r m 4) . Hence 
W be longs n e i t h e r to H 0 nor S H 0 , so does not belong to 
G, a c o n t r a d i c t i o n . Th i s c o m p l e t e s the proof. 
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