Forum of Mathematics, Sigma (2025), Vol. 13:e58 1-17
doi:10.1017/fms.2025.19 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Some remarks on Riesz transforms on exterior Lipschitz
domains

Renjin Jiang = ! and Sibei Yang "~ 2

! Academy for Multidisciplinary Studies, Capital Normal University, Beijing, 100048, China; E-mail: rejiang @cnu.edu.cn
(corresponding author).

2School of Mathematics and Statistics, Gansu Key Laboratory of Applied Mathematics and Complex Systems, Lanzhou
University, Lanzhou, 730000, China; E-mail: yangsb @lzu.edu.cn.

Received: 16 October 2024; Revised: 26 January 2025; Accepted: 16 February 2025
2020 Mathematics Subject Classification: Primary — 35)25; Secondary — 35B65, 42B35, 42B37

Abstract

Let n > 2 and £ = —div(AV-) be an elliptic operator on R”. Given an exterior Lipschitz domain Q, let Lp be
the elliptic operator £ on Q subject to the Dirichlet boundary condition. Previously, it was known that the Riesz
transform V[,Z)] /2 is not bounded for p >2and p > n,even if £ = A is the Laplace operator and  is a domain
outside a ball. Suppose that A are CMO coefficients or VMO coeflicients satisfying certain perturbation property,

and 9Q is C!. We prove that for p > 2 and p € [n, o), it holds that

inf V(= )llLr @) ~ “ElD/zf
Bk, (L)

LP(Q)

for f € WhP(Q). Here, Kp(£,)°) is the kernel of £}/ in W'-P (), which coincides with A (Q) = {f €
WLP(Q) : Lpf = 0} and is a one-dimensional subspace. As an application, we provide a substitution of L”-
boundedness of V7Ve '£D which is uniform in ¢ for p=>nandp > 2.
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1. Introduction and main results

In this paper, motivated by the recent works [10, 16, 20] on the Riesz transform on exterior Lipschitz
domains, we continue to study the boundedness of the Riesz transform, associated with second-order
divergence form elliptic operators on the exterior Lipschitz domain  having the Dirichlet boundary
condition, on L7 (Q) with p € (2, c0).

Letn > 2and Q c R" be an exterior Lipschitz domain; that is, R" \ Q is a bounded Lipschitz domain
of R, where Q denotes the closure of Q in R”. Recall that a bounded domain O is Lipschitz provided
for each point x in the boundary 9O, there is r > 0, such that B(x, r) N0 is a rotated graph of Lipschitz
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function. Furthermore, assume that A € L*(R") is a real-valued and symmetric matrix that satisfies
the uniformly elliptic condition; that is, there exists a constant ug € (0, 1] such that, for any ¢ € R" and
x € R,

Holél? < (A&, &) < ' l€N,

where (-, -) denotes the inner product in R".

Denote by L the operator —div(AV-) on R”, and by Lp the operator —div(AV-) on Q subject to
the Dirichlet boundary condition (see, for instance, [24, Section 4.1] for the detailed definitions of L,
Lp). When A := I,,x, (the unit matrix), we simply denote these operators respectively by A and Ap.
Moreover, let O ¢ R" be a bounded Lipschitz domain. Denote by Lp o the operator —div(AV-) on O
subject to the Dirichlet boundary condition.

Let U be adomain in R” or U = R". Denote by D(U) the space of all infinitely differentiable functions
with compact support in U endowed with the inductive topology, and by D’(U) the topological dual of
D(U) with the weak-* topology which is called the space of distributions on U. Let p € (1, ). For any
x € R™, let p(Jx]) := (1 +|x]*)"/? and 1g(|x|) := In(2 + |x|?).

We define the weighted Sobolev space W7 (R") by

I
> el

WhP(R™) = Ju € D'(R) : ullwip e
LP (R")

+ 1 Vul lle ey < 00}

when p # n, and

L ooy o rmny . = #
W (R = { €DIRY ¢ lullwron e 1= Hp(lxl)lg(lxl)

+{1VulllLe @y < 00},
LP (RM)

where Vu denotes the distributional gradient of u; see [1, 2], for instance. Moreover, for the exterior
domain Q, the weighted Sobolev space WP (Q) is defined via replacing D’(R") and LP (R") in the
definition of W' (R"), respectively, by D’(Q) and L” (Q), and the weighted Sobolev space W' (Q)
is defined as the completion of D(€2) under the norm || - ||y 1.» (). Moreover, for any g € (1, c0), denote
by W-b4(R"), W14(Q), and W19 (Q), respectively, the dual spaces of W' (R™), W4’ (Q), and
W4’ (Q), where ¢’ := q/(q - 1).

We also recall some useful properties for the Sobolev spaces W7 (R"), W7 (Q), and WP (Q)
established in [1, 2] as following.

Remark 1.1. Let n > 2, Q C R” be an exterior Lipschitz domain, and p € (1, c0).

(i) D(R™) is dense in W7 (R") and D(Q) is dense in W7 (). Here, D(Q) denotes the space of
all infinitely differentiable functions with compact support in Q. Furthermore, constants belong to
WP (R") or WhP(Q) when p € [n, o), but constants do not belong to W'-? (R") and W7 (Q)
when p € (1,n).

(i) Let U = R" or U = Q. For any u € WP (U), define the semi-norm [ulwre @) = I |VulllLr w)-
When p € (1,n), the semi-norm [-]y1.» () is @ norm on WP (U) equivalent to the full norm
Il llwv.r > when p € [n, ), the semi-norm [-]y 1, (1) defines on the quotient space whr(uy/C
a norm which is equivalent to the quotient norm (see [2, Proposition 9.3] and [1, Theorem 1.1]).
Moreover, the semi-norm [-]y1.»(q) iS @ norm on WP (Q) that is equivalent to the full norm
Il llw1.p(q) forall 1 < p < oo (see [, Theorem 1.2]).

For a bounded Lipschitz domain O ¢ R” and 1 < p < oo, the Sobolev space W'+ (0) is defined as
usual — that is, f € D’(0) with

£ lwir o) = Ilf e o) + 1V flILr o) < oo
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Furthermore, W'-7 (0) is defined to be the closure of D(0) in WP (0), and W~ (0) and W="7 (0)
are defined as the dual spaces of W'-?"(0) and W'-7’(0), respectively.

It is well known that the boundedness of the Riesz transform associated with some differential oper-
ators on various function spaces has important applications in harmonic analysis and partial differential
equations and has aroused great interests in recent years (see, for instance, [3, 4, 7, 8, 10, 15, 17, 20,
25, 28]). In particular, let O be a bounded Lipschitz domain of R". The sharp boundedness of the Riesz
transform VEZ)I’/Oz associated with the operator L£p o having the Dirichlet boundary condition on the
Lebesgue space L” (O) was established by Shen [25].

Compared with the boundedness of the Riesz transform associated with differential operators on
bounded Lipschitz domains, there are relatively few literatures for the Riesz transform associated with
differential operators on exterior Lipschitz domains. Since the heat kernel generated by Lp satisfies the
Gaussian upper bound estimate, it follows from the results of Sikora [27] (see also [7]) that the Riesz
transform VEI_)I/ % s always bounded on L? (Q) for p € (1,2]. By studying weighted operators in the
one dimension, Hassell and Sikora [10] discovered that the Riesz transform VA ;)1/ 2 on the exterior of the
unit ball is not bounded on L? for p € (2,00) ifn =2,and p € [n, ) if n > 3; see also [22] for the case
n = 3. Moreover, Killip, Visan and Zhang [20] proved that the Riesz transform VA;/ ? on the exterior
of a smooth convex obstacle in R” (n > 3) is bounded for p € (1, n). Very recently, characterizations
for the boundedness of the Riesz transform V[,Bl/ Zon LP (Q) with p € (2, n) was obtained in [16].
Let

p(L) :=sup{p > 2: VL2 is bounded on L” (R")}.

Furthermore, denote by LIIOC(R”) the set of all locally integrable functions on R". Recall that the space
BMO(R") is defined as the set of all f € LIIOC(R”) satisfying

1 1
nmwmw:mw—/ﬂn~—/ﬂwﬁm<w
Bere |B| JB |B| Jg

where the supremum is taken over all balls B of R" (see, for instance, [19, 29]). Moreover, the space
CMO(R") is defined as the completion of D(R") in the space BMO(R"™) (see, for instance, [0]). The
space VMO(R") is defined as the set of f € BMO(R") satisfying

lim sup ——— (y) - (z)dz|dy = 0.
”Hoxelé21 |B(x» r)l B(x,r) f Y f Y

1
|B(x» I’)l B(x,r)

Note that CMO(R") ¢ VMO(R™) ¢ BMO(R"). Let us recall some results proved in [16, Theorems
1.3 and 1.4].

Theorem 1.2 [16]. Let Q C R" be an exterior Lipschitz domain, n > 2.
(i) For all p € (1, ), it holds for all f € WP (Q) that
cl? H < CIVfllLr (. 1.1
le81],, 0 = CIV A @ (.0

(ii) Suppose that A € VMO(R") and n > 3. There exist € > 0 and C > 1 such that, for all
f € WhP(Q), it holds that

< ClIVellLr(@)» (1.2)

C IV fllr s“ﬁ”z
IV£fllLr @) i Lr@

where 1 < p < min{n, p(£),3 +€}. If Qis C', then (1.2) holds for all 1 < p < min{n, p(L)}.
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Remark 1.3. The version of (1.1) for Neumann boundary operators £ has been recently proved in [9]
on complete manifolds with ends. Although the results in [9] were presented in smooth manifolds setting,
their proofs extend to exterior Lipschitz domains almost identically and show that, for all p € (1, o),

e

< ClIVfllLr(@)-

N e @) ~

Note that the heat kernel satisfies two side Gaussian bounds; see [16, Proof of Theorem 1.2].

For the case £ = A being the Laplacian operator and Q being C!, p(£) = oo and € = co. In this case,
it follows from the above results that VAZ)1 /2 is bounded on LP (Q) for 1 < p < n. By the unboundedness
results on the Riesz transform VA;/2 established in [10], the range (1, min{n, 3 + £}) of p for (1.2) is
sharp; see also [16, 20].

The main purpose of this paper is to further investigate the case p > n. Note that from Theorem 1.2,
the boundedness of the Riesz transform Vﬁ;)l/ 2 depends on n, p(L), and the geometry of the boundary
0Q. All the dependences are essential; see the characterizations obtained by [16, Theorem 1.1], the
regularity dependence of the boundary by [18], and the counterexamples provided in [10, 20, 16].
However, for operator with nice coefficients and domain with nice boundary (C' or small Lipschitz
constant) such that p(£),3 + € > n, we can find a suitable substitution of W' (Q) space for the
inequality (1.2) as following.

Let us assume that the matrix A in the operator £ is in the space VMO(R") and satisfies the
perturbation

C
f A = Dyenl dx < = (GD)
B(xo,r) r

for some 6 > 0, all » > 1, and all xy € R". Or we assume that A € CMO(R"). In both cases, from [17]
and [ 14, Theorem 1], respectively, it is known that

p(L) = co.
We have the following replacement for the Riesz inequality for p > n and p > 2.
Theorem 1.4. Let n > 2 and Q C R" be an exterior C' domain. Assume that A € VMO(R") satisfies
(GD) or A € CMO(R"). Let p > 2 and p € [n, ).
(1) The kernel space ICP(E;)/z) of ./.’,ID/2 in WhP(Q) coincides with Ag(ﬂ) = {¢p € W-r(Q) :
Lpf = 0}. Moreover, when n > 3, AOP (Q) = Ag(Q) :={c(ugp— 1) : ¢ € R}, where uq is the unique
solution in WH2(Q) N WP (Q) of the problem

—div(AVug) =0 in Q,
ug =1 on 0Q;

when n = 2, flg(Q) = Ag(Q) = {c(ug — u1) : c¢ € R}, where ug is the unique solution in
Wh2(Q) N WhP(Q) of the problem

—div(AVuy) =0 in Q,
Uy = uy on BQ,

and u; € WHP(R?) is a solution of the problem Lu = méag in R2. Here and thereafter, o (0Q)

denotes the surface measure of 8Q, and 8¢ is the distribution on D(R?) as

(680, @) = /a odo, ¥ ¢ € D(R?).
Q
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(i) It holds for all f € WP (Q) that

inf IV = Vollo@ < cley’s (13)

pek, (L))

Lr(Q)

and consequently, it holds that

inf V(= 0l ~ €57
pek, (L))

Lr (@)’

The symbol f ~ g means f < g and g < f, which stands for f < Cg and g < Ch. The main new
ingredient that appeared in Theorem 1.4 is identifying the kernel KC, (E;)/z) of E;)/z in WP (Q) as the
space .A(’)’ (), which is motivated by the work of Amrouche, Girault and Giroire [1]. We can actually
establish a more general version of Theorem 1.4, provided that p(£) > n and the boundary Q is C' or
with small Lipschitz constant; see Theorem 2.4 below.

Let us remark that we can have an explicit description in the exterior setting due to the boundedness
of the Riesz transform in R” for 1 < p < oo and the special geometry of exterior domains. From
previous results of Riesz transforms from [3, 8, 17], we know in case of p € (2, c0), both local and
global geometry can destroy the boundedness of the Riesz transform. In particular, a local perturbation
of A may result in huge difference of behavior of the Riesz transform for p > 2; see [17], for instance. So
generally speaking, it is hard (at least to us) to have an explicit description of the kernel space. For the
case of exterior domains, under the assumption of p(L) = co, we see that the kernel space that breaks
down the boundedness of the Riesz transform for p > n and p > 2 is actually only one-dimensional
subspace of WP (Q).

Finally, let us apply Theorem 1.4 to the mapping property of the gradient of heat semigroup, which
plays important roles in the study of of Schrodinger equations; see [11, 12, 13, 21, 22], for instance.
For the operator ViVe LD it was known that there are no uniform L”-bounds in ¢ for p > n; see [20,
Proposition 8.1]. As an application of (1.3) of Theorem 1.4, we have the following substitution.

Theorem 1.5. Let n > 2 and Q c R" be an exterior C' domain. Assume that A € VMO(R") satisfies
(GD) or A € CMO(R"). Let p > 2 and p € [n, ). Then it holds that

inf
Bk, (L))

ViVe £ f — V¢

<C ,Vi>0.
@ S 1 fllzr (@)

The proof is straightforward by using (1.3) and the analyticity of the heat semigroup, as

inf
ek, (L))

ViVe £ f - V¢

< c|[Vigye ey

< Clfllee (o), Yt > 0.

LP(Q) LP(Q)

Moreover, noting that, for all ¢ € I, (Egz),

C()te_tl:D(ﬁ = —[:DE_tED(ﬁ = —e_tﬁDED(ﬁ = 0,

we find that e 74P ¢ = ¢ for all t > 0.
In the particular case £ := A and Q :=R" \ B(0, 1), it is clear that the kernel space is exactly as

. - x> : x| >1,ceR}, n>3,
(A2 = Py = e 1.4
p(Ap7) = Ay (Q) {{clog|x|: |x| > 1, c € R}, n=2, 14

where p > n and p > 2. We therefore have the following corollary.
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Corollary 1.6. Let n > 2 and Q :=R" \ B(0, 1). Let p > 2 and p € [n, o). Then it holds that

\/;Ve"ADf _

|x["

. - .
gg& < Cllfllr (), Yt >0

LP(Q)

It is clear from [20, Proposition 8.1] that in the LHS of the last inequality, the infimum for large time
t is not attained at ¢ = 0. Moreover, since for f € LP(Q), ViVe™ P f does belong to L” (Q) (without
uniform bound in #), the infimum shall be attained at the finite ¢ which depends on f and z.

We shall first prove an intermediate version of Theorem 1.4 in Section 2. We shall then show the
equivalence of the spaces Af)’ (Q), flop (Q) and K p(ﬁll)/z) and complete the proof of Theorem 1.4 in
Section 3.

Throughout the whole paper, we always denote by C or ¢ a positive constant which is independent
of the main parameters, but it may vary from line to line. Furthermore, for any ¢ € [1, o], we denote
by ¢’ its conjugate exponent — namely, 1/q + 1/q’ = 1. Finally, for any measurable set E ¢ R" and
(vector-valued or matrix-valued) function f € L'(E), we denote the integral fE | f(x)| dx simply by

/E | f] dx and, when |E| < oo, we use the notation

1
(P = fE Fdr = /E Fx) dr.

2. On boundedness of the Riesz transform

In this section, we prove the following more general version Theorem 2.4 of Theorem 1.4(ii) with
K ,,(ﬁ;)/z) replaced by flg (€2), which is defined as

AP(Q) ={weW"P(Q): Lpw=0}.

Let us begin with some necessary notations.

Definition 2.1. Let £ := —div(AV-) be a second-order divergence form elliptic operator on R". Denote
by (¢(L£)’, q(L)) the interior of the maximal interval of exponents q € [1, o] such that the operator
V£~ 'div is bounded on L9 (R™).

Furthermore, let O be a bounded Lipschitz domain of R" and let Lp o := —div(AV:) be a second-
order divergence form elliptic operator on O subject to the Dirichlet boundary condition. Similarly,
denote by (¢(Lp.o)’,q(Lp o)) the interior of the maximal interval of exponents q € [1, o] such that
Vﬁg’odiv is bounded on L9(0).

Remark 2.2. It is well known that there exists a constant &9 € (0, ) depending on the matrix A
and n such that (2 — £9,2 + &9) € (q(L£)’,q(L)) (see, for instance, [14]). Similarly, there exists a
constant 1 € (0, o0) depending on A, n, and the Lipschitz constant of O such that (2 — g;,2 + &1) C

(¢(Lp.0),q(Lp.0))-
Remark 2.3. Note that ¢(£) = p(L£). In fact, since for 1 < p < oo it holds that

]

< C|V > (1
Loy S IV £llLe ®m)

(see [4]), one further has

le-zan| = H£1/2£_ldiVHp_)p < C||vLdiv|

p—p p—p’

which by duality implies that the LP-boundedness of VL™ 'div implies L -boundedness of V.L!/2.
However, note that for p € (1, p(£)), VL™ '/? is bounded on L? (R"). Therefore, for p € (p(L)’, p(L)),
we have that

https://doi.org/10.1017/fms.2025.19 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.19

Forum of Mathematics, Sigma 7

[eta], = [ee (e man)| < feen] e <

p—p pﬁp‘ p'—p’

Thus, we have g(£) = p(L).

In what follows, for any x € R" and r € (0, ), we always let B(x,r) :={y e R" : |y —x| < r}.
Note that on R”, the maximal interval for the L”-boundedness of the Riesz transform is open (see, for
instance, [8]), so we may assume that p(L£) = g(£) > n.

Theorem 2.4. Let n > 2 and Q C R" be an exterior Lipschitz domain. Take a large R € (0, o) such
that Q¢ c B(0,R). Let Qg := Q N B(0, R). Assume that min{q(L),q(Lp,qz)} > nand2 < p €
[n,min{q(L),q(Lp ag)})- Then there exists a positive constant C such that, for any f € WP (Q),

. 1/2
inf (V£ - Vol < C|y’s
PeAT(Q)

Lr (@)

where AP(Q) = {¢p € W''P(Q) : Lpf =0}.

To prove Theorem 2.4, let us first begin with the following several lemmas.
Let X be a Banach space and Y a closed subspace of X. Denote by X* the dual space of X. Let

X*1Y ={feX": forallxeY, (f,x)} =0,

where (-, -) denotes the duality pairing between X* and X. That is, X* 1Y denotes the subspace of X*
orthogonal to Y.

Meanwhile, for any given m € N U {0}, we denote by P,, the space of polynomials on R” of degree
less than or equal to m; if m is a strictly negative integer, we set by convention P, = {0}. Moreover, for
any s € R, denote by | s] the maximal integer not more than s.

Then we have the following conclusion on the isomorphism property of the divergence operator div
which was obtained in [2, Propositions 4.1 and 9.2].

Lemma 2.5.Let n > 2, p € (1,00) and p’ € (1,0) be given by 1/p + 1/p’ = 1. Then
the divergence operator div is an isomorphism from LP(R")/H, to w-Lp (RM)LP|1=n/p |, Where
H, ={v € LP(R") : div(v) = 0 in the sense of distributions}.

Lemma 2.6. Let p € (2,00) and f € WP (R") with compact support. Then f € W~ 12(R"), and
there exists a positive constant C, depending only on p and the support of f, such that

1/ llw-12@n) < Clfllw-10 ny -
Lemma 2.6 is just [, Lemma 2.1].

Lemma 2.7. Let n > 2 and p € (2,q(L)). Assume that f € W=1-P(R") has compact support. When
n > 3, the problem

Lu=finR" 2.1)

has a unique solution u in W2 (R™) n WP (R™).
When n = 2, if f further satisfies the compatibility condition {f, 1) = 0, then the problem (2.1) has a
unique solution u in W->(R?) N WP (R?) up to constants.

Proof. When n > 3, by the assumption that f € W~1P(R") has compact support and Lemma 2.6, we
conclude that f € W~12(R"). From Lemma 2.5, there exists F € L” (R") N L*(R") such that f = div F.
From this, the definition of the interval (¢(L£)’, ¢(L£)), and the assumption p € (2, g(L)), it follows that
the equation (2.1) has a unique solution u € W'-2(R") n W7 (R™).

When n = 2, by the assumption that f € W=7 (R") has compact support and Lemma 2.6, we
conclude that f € W~1-2(R"). From this together with the compatibility condition (f,1) = 0, we
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deduce from Lemma 2.5 that there exists F € LP(R™) N L>(R") such that f = div F. Using this
and the assumption p € (2,¢(L)) again, we conclude that the problem (2.1) has a unique solution
u € WH2(R?) N WP (R?) up to constants. This finishes the proof of Lemma 2.7, O

Lemma 2.8. Let n > 2 and Q C R" be an exterior Lipschit; domain. Take a large R € (0, )
such that Q¢ c B(0,R) and let Qr := QN B(0,R). Let p € (2,min{q(L),q(Lp og)}). Assume that
f € Wh-P(Q) has compact support and its support is contained in B(0, R). Then the Dirichlet problem

{—diV(AVM) =f inQ, 2.2)

u=0 on 082

has a unique solution u in W'-2(Q) N WP (Q).
Let s € (0,1) and p € (1, c0). For the exterior Lipschitz domain (or the bounded Lipschitz domain)

Q of R”, denote by W*-P (0Q) the fractional Sobolev space on 0L (see, for instance, [23, Section 2.4.3]
for its definition). To show Lemma 2.8, we need the following conclusion.

Lemma 2.9. Let n > 2 and O C R”" be a bounded Lipschitz domain. Let p € (2,q(Lp.o)). Assume
that f € WP (0) and g € W'/P"-P(90). Then the Dirichlet problem

{ —div(AVv) = f inO, (2.3)

v=g on 00

has a unique solution v in WP (0).

Proof. We first prove that there exists a solution v € WP (0) for the problem (2.3). Indeed, by
g € wl/ P"p(60) and the converse trace theorem for Sobolev spaces (see, for instance, [23, Section
2.5.7, Theorem 5.7]), we find that there exists a function w; € W!?(0) such that w; = g on 90.
Moreover, it is easy to find that —div(AVw;) € W~"?(0). Furthermore, from the assumption that
p € (2,q(Lp.o)), it follows that there exists a unique w, € W'-?(0) satisfying

—div(AVw;) = f +div(AVw;) in O,
wy =0 on 90.

Thus, v := w; + wo € WHP(0) is a solution of the problem (2.3).

Now, we show that the solution of (2.3) is unique. Assume that v, v, € whp (0) are solutions of
(2.3). Then div(AV(v; —v3)) =0in O and v{ — v, = 0 on JO. Thus, v| = v, almost everywhere in O.
This finishes the proof of Lemma 2.9. O

Now, we prove Lemma 2.8 by using Lemmas 2.7 and 2.9.

Proof of Lemma 2.8. Suppose that supp f € B(0, R) and take a bump function g such that yg = 1
on B(0,R), supp¥r C B(0O,R+1) and |Vyg| < 1.
For any g € D(Q), by the fact [|g||y 1.’ (@ 18 equivalent to IVgllLr ) (see Remark 1.1), we have

I = 18R < 11 llyi 1.0 @) IV (¥R L () 2.4

< flv-1p (g [||Vg||Lp'(B(o,R+1)mQ) + C(R)||g||Lp'(B(0,R+1)nQ)]
2 1/2
HOL ) }

< CRf 100 o 1+ x|

IVgll2 @) + (
< CRNS yir-1.p (0 181l 12()

for n > 3, which implies that f € W~12(Q). For n = 2, simply replacing fQ HETs dx by

= 1+]x|?
lg(x)]?
Q (1+]x]?) In*(2+|x[?)

dx gives the same conclusion.
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Thus, f € W~12(Q), which, together with the Lax-Milgram theorem, further implies that the
Dirichlet problem (2.2) has a unique solution u € W'2(Q).
Next, we show u € WP (Q). We first assume that

pe (2, min{q(ﬁ), q(Lp.og)> nzTnz})

whenn >3 or p € (2, min{q(L),g(Lp.aog)}) whenn = 2.
Let @1, € C®(R") satisfy 0 < ¢1,¢2 < 1, supp(¢1) € B(O,R + 1), ¢; = 1 on B(0, R), and
@1+ ¢ = 1inR". Extend u by zero in Q¢ and let u = u; + up, where u1 := uy; and up = ug,. Then

div(AVuy) = div(AV(uep)) in R™.

From u € W'?(Q) and the assumptions that ¢, € C*®(R") and ¢, = 1 on R*\B(0, R + 1), we infer
that up, € WH2(Q N B(0, R + 1)) and hence V(ugp,) € L*(R"), which, together with the assumption
A € L®(R™;R™™), further implies that AV (u¢p,) € L>(R").

Furthermore, it is straight to see that

div(AV(ugr)) = fos — AVu - Vo, —div(uAVey) =g

in the weak sense. By the assumption f € W=7 (Q), we conclude that f¢, € W=7 (Q). Meanwhile,
from u € W'2(Q) and the assumptions that ¢; € C*®(R"),0 < @2 < 1,and @2 = 1 on R"\B(0, R + 1),
we deduce that AV -V, € L2(QN B(0, R+ 1)), which, combined with the Sobolev inequality, further
implies that AV - Vg, € W~1-P(B(0, R + 1)). Moreover, by u € W'2(Q), we find that u € L{;C(Q),
which, together with the assumptions that ¢, € C*°(R") and supp (V¢z) € B(0, R + 1), further implies
that AuVe, € LP(Q N B(0, R + 1)) and hence div(AuVe,) € WP (Q N B(0, R + 1)). Thus, we have
g € W P(Qn B(0,R + 1)). Extend g by zero in Q¢. Then g € W=7 (R"). Therefore,

—div(AVu,) = g inR",

which, combined with Lemma 2.5 and p € (2, ¢(£)), further implies that u, € WP (R™").
Furthermore, from u = u; on dB(0, R+1) and the trace theorem for Sobolev spaces (see, for instance,
[23, Section 2.5.4, Theorem 5.5]), it follows that u € W””“”(@B(O, R + 1)). Meanwhile, we have

—div(AVu) = f in QR+1,
u=0 on 0Q, 2.5)
U=1u on dB(0,R + 1),

where Qg := QN B(0, R + 1). By the assumption p < g(Lp qg,,) and Lemma 2.9, we conclude that
the problem (2.5) has a unique solution in W7 (Qg,1), which further implies that u € W7 (Qg,1).
From this, u € WH2(Q), u» € WhP(R"), and the fact that u = u» on R"\B(0, R + 1), we deduce that
u € WhP(Q) with any given

pe (2, min{q(ﬁ),‘I(ﬁD,le)’ %})

whenn > 3orany given p € (2, min{q (L), ¢(Lp q,,)}) Whenn = 2. Then, using a bootstrap argument
(see, for instance, [1, p. 63]), we find that u € WP (Q) with any given p € (2, min{q(L), ¢(LDp.or.,)})-
This finishes the proof of Lemma 2.8. O

Lemma 2.10. Let n > 2 and Q C R" be an exterior Lipschitz domain. Take a large R € (0, o) such
that Q¢ C B(0, R) and let Qg := QN B(0, R). Assume that min{q(L),q(Lp op)} > n. Let p > 2 and
p € [n,min{q(L), g(Lp op)}). Assume further that f € WP (Q) and
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AP(Q) = {weW"P(Q): Lpw=0}.

Then the problem

{—div(AVu) =f inQ, 2.6)

u=0 on 0Q

has a unique solution u in WP (Q)/ ﬂg (), and there exists a positive constant C independent of f
such that

inf ||V = Vol o < CLEbi-1m o -
¢6A6’(Q)” ¢||LI (Q) ”f”W Lr(Q)

Remark 2.11. Note that the above lemma is nontrivial only if min{q(L),q(Lp qo,)} = n and
min{q(L),q(Lp.qz)} > 2. This is not surprise, since by [16, Theorem 1.1] and a similar proof of
[16, Theorem 1.4] via using the role of ¢(Lp q ) instead of using [25, Theorem B & Theorem C] there,
the Riesz operator VL!/2 is bounded for p € (1,7) U (1,2]. In this case, the kernel .A} () must be
trivial (i.e., equal zero).

Proof of Lemma 2.10. By the Closed Range Theorem of Banach (see, for instance, [5, Theorem 5.11-
5]), we find that there exists a vector-valued function F' € LP (Q) such that f = divF in Q. Extend F by
zero in Q€ and still denote this extension by F. Let f := divF. Then f € W~ (R"). From Lemma 2.5,
the assumption that p € (2, g(L)), and the definition of the interval (g(L)’, g(L)), it follows that there
exists a unique w € WP (R™) up to constants such that

Lw=finR",

Moreover, consider the Dirichlet problem

z=-w on 0Q. @27

{ —div(AVz) =0 in Q,
Then the problem (2.7) has a unique solution z € WH2(Q) N W7 (Q). Indeed, take a large R € (0, o)
such that Q¢ c B(0,R) and let Qg = QN B(0,R). By w € WP(R"), we conclude that w €
Wl/P-P(4Q). Let u, satisfy

—div(AVu;) =0 in Qg,
U, = —w on 022, 2.8)
u, =0 on dB(0, R).

Then, from Lemma 2.9, we infer that the problem (2.8) has a unique solution u, € W'”(Qg). Extend
u, by zero on R*\B(0, R). Then u, € WH2(Q) N WP (Q). Let v satisfy

2.9)

—div(AVy) =div(AVu;) inQ,
v=0 on 0Q.

By u. € WhP(Q) and u, = 0 on R"\B(0, R), we conclude that div(AVu,) € W=7 (Q) has compact
support. From this and Lemma 2.8, it follows that the problem (2.9) has a unique solution v € W'2(Q)n
WP (Q). Thus, the problem (2.7) has a unique solution z = u, +v € WH2(Q) N WHP(Q). Then
u=w+ze WhP(Q) is a solution of the problem (2.6).

Meanwhile, by the definition of the space ftg (Q), we find that the problem (2.6) has a unique solution
in Whr(Q)/ flg (Q). Furthermore, a duality argument shows that

||f||vi/—lvp(g) = ||diV(AV”)”W—1.p(Q) s ||”||v‘i/l,p(g)/A{)’(Q)’
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which, together with the Open Mapping Theorem of Banach (see, for instance, [5, Theorem 5.6-2]),
further implies that

||”||W1,p(g)/,&(l)’(g) < ||f||vi/—lvp(g)’

namely,
inf  ||Vu -Vl pg S V-1p(Q)-
¢EA6’(9)” ¢||LI (Q) ”f”W Lp(Q)
This finishes the proof of Lemma 2.10. O

Now, we prove Theorem 2.4 by using Lemma 2.10 and Theorem 1.2(i).

Proof of Theorem 2.4. Let 2 < p € [n,min{q(L),q(Lp,qz)})- By Theorem 1.2(i) together with a
duality argument, we see that, for any given g € (1, ) and any g € L7(€),

ey

< .
D qu,q(g) < llgllza (@)

From this and Lemma 2.10, we infer that

inf VS = Vllo < 120 - = |[£57£0° | < ey .
¢€}£[;(Q)” f ¢||Ll Q) ” Df”W Lr(Q) D ~D f Wolp(Q) D f LP(Q)
This finishes the proof of Theorem 2.4. m}

3. On the kernel space and completion of the proof

In this section, we first identify Ag (Q) with flg (Q), and then with ), (ClD/Z), and finally complete the
proof of Theorem 1.4.

Lemma 3.1. Let n = 2, Q C R? be an exterior Lipschitz domain, and p € (2, q(L)). Then the problem

= — in R? 1
u o-(BQ)(San (3.1

has a unique solution u € WP (R?) up to constants.

Proof. Let g € (2,00) and ¢t € (1, ) be given by % = % — 1. Then, by the Sobolev trace embedding
theorem (see, for instance, [23, Section 2.4.2, Theorem 4.2]), we find that, for any ¢ € D(R?),

1 1
'<a<asz> Sac, “’>‘ - 'a(am /ag #(x) do(x)

1 1
< W”‘P”WW'(QF) 3 W”QDHWM/(RZ)’

1
< a1l

which, together with the fact that D(R?) is dense in W4 (R?), implies that ﬁdag e W 4(R?)
with any given g € (2, o).

Let p € (2,9(L)). From Lemma 2.5 with n = 2, we deduce that there exists f € L”(R?) such that
divf = W&ag. By this and the assumption p € (2,¢(L)), we further conclude that there exists

u € WhP(R?) such that Lu = méag.
Moreover, if there exist uy,urs € WhP(R?) satisfying Lu; = m%g = Luy, then u; —uy €
WP (R?) and L£(u; —us) = 0, which, together with p € (¢(L£)’, g(£)), further implies that u; —us = c.
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Thus, the problem (3.1) has a unique solution # € W7 (R?) up to constants. This finishes the proof of
Lemma 3.1. O

The following was essentially obtained in [25].

Lemma 3.2. Letn > 2 and O C R" be a bounded Lipschitz; domain. If A € VMO(R"), then there exists

a positive constant g, depending only on n and the Lipschitz constant of O, such that, for any given
4+8()

pE (3+€0,4 +&p) whenn=2orp € (;:8’ 3+ ¢&p) whenn > 3, VEZ)I’OdiV is bounded on LP (O). In

particular, if 60 € C', it holds that &y = oo; that is, Vﬁz)l’odiv is bounded on LP (O) for any p € (1, ).

We now identify Ag (Q) with flg (Q).
Proposition 3.3. Let n > 2, Q C R" be an exterior Lipschitz domain, and p € (1, ). Take a large
R € (0, 00) such that Q°¢ c B(0, R) and let Qg := QN B(0, R). Assume that min{q(L),q(Lp og)} > n
and 2 < p € [n,min{q(L), q(Lp.og)}). Whenn > 3,
AP(Q) = AP (Q) ={c(ug—1): c €R},

where u is the unique solution in W'-*(Q) N WP (Q) of the problem

upg=1 on 9Q. (3-2)

{ —div(AVug) =0 in Q,
When n = 2,
AL(Q) = AL (Q) ={c(uo—u1) : ¢ €R},

where uy is a solution of the problem (3.1) and ug is the unique solution in W-2(Q) N WP (Q) of the
problem

{ ~div(AVug) =0 in©, (3.3)

ug = Uy on 0Q.

Proof. For 2 < p € [n,min{q(L),q(Lp qr)}) and ¢ € Ag(Q), extend ¢ by zero in Q€. Then the
extension of ¢, still denoted by ¢, belongs to W!-” (R") and satisfies that

div(AV¢) =0in Q, div(AV¢) = 0in Q°, and ¢ = 0 on 4Q.
Since ¢ € WP (R™), it follows that 22 € W~'/P-P (9Q), where 22 := (AV¢) - v denotes the conormal

derivative of ¢ on A, and W~/7-P (9Q) denotes the dual space of W'/P-P'(§Q). Moreover, it is easy
to show that div(AVe¢), as a distribution in R”", satisfies that, for any ¢ € D(R"),

| 09 >
div(AVg), ) = —{ —, , (3.4)
(div(AV9). ¢) <6V ¢

where (-, -)gq denotes the duality pairing between W~1/7-(4Q) and W'/P-P' (4Q). Furthermore, let i
denote the distribution defined by div(AV¢); that is, for any ¢ € D(R"),

0
(h, ) = (div(AV®), p) = —<6—f,¢> ,
oQ

which, combined with the Sobolev trace embedding theorem (see, for instance, [23, Section 2.5.4,
Theorem 5.5]), further implies that, for any ¢ € D(R"),
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9¢ 9¢
I<h, )| < —H lellwim.r o) < |72 llellw . @
av w-1/p.r(5Q) Wi (o) ov w-1/pP.r(5Q) WP ()
9¢
S llollw 107 (mmy -
ov W*l/ﬁ.P(()g) wl.r'(Rm?)

By this and the fact that D(R") is dense in W'-?"(R"), we conclude that 4 € W~1-P(R") and h has a
compact support.

When n > 3, from Lemma 2.7, it follows that the problem, that div(AVw) = h in R”, has a unique
solution in W'-2(R") n WP (R"). Therefore, w — ¢ € WP (R") and div(AV(w — ¢)) = 0 in R”. By
this and the assumption 2 < p € [n, min{q(L), ¢(Lp.qx)}), we find that w — ¢ = ¢ with ¢ € R, which,
together with the fact that div(AV¢) = 0in Q, implies that the restriction of w to Q is the unique solution
in W2(Q) N WP (Q) of the problem that div(AVw) = 0in Q and w = ¢ on Q. Thus, w = cuq with
uo being the same as in (3.2) and ¢ = c(ug — 1). This shows A (Q) c AP (Q).

When n = 2, without the loss of generality, we can assume that (A, 1) # 0. Otherwise, (h, 1) = 0,
and we see that 1 € W~12(R?) n W17 (R?). Then the same proof as in the case of n > 3 yields that
¢ = c(ug — 1) with ug obtained by (3.2). However, since 1 € W'2(R?) n W!-? (R?), the uniqueness then
implies ug = 1 and ¢ = 0.

Suppose now (A, 1) # 0. Let u; € W' (R?) be a solution of the problem (3.1). Then u; satisfies

div(AVu;) =0in Q, div(AVu;) =0in Q°, and (—div(AVu;),1) = 1.
Let w € WH2(R?) n WP (R?) satisfy
div(AVw) = h + (h, 1)div(AVu;) in R>. (3.5)

Indeed, by h € W17 (R?) and

—div(AVu)) = ———690 € WP (R?),

(59)

we conclude that the right-hand side of (3.5) belongs to W~1-P(R?). This, together with the fact that
both 4 and ——555 o 69) 00 have compact supports and Lemma 2.6, further implies that

h+ (h, 1)div(AVu;) € W H2(R?).
Moreover, it is easy to find that
([h+{h, 1)div(AVuy)], 1) =

Therefore, from this and Lemma 2.7, we deduce that the problem (3.5) has a unique solution
w e WH2(R?) n WP (R?) up to constants. Then, by the fact that w satisfies (3.5), we conclude that
w = (h, DHu; — ¢ € WHP(R?) and

div(AV[w — (h, 1)u; — ¢]) = 0in R?,
where ¢ is as in (3.4), which, combined with p € (2, ¢(L£)), implies that
¢=w—(h, Du; —cinR>, (3.6)

where c is a constant.
From the boundary condition that ¢ = 0 on dQ and (3.6), we deduce that w = ¢ + (h, 1)u; on
AQ. Then the restriction of w to Q is the unique solution in W'-2(Q) N W17 (Q) of the problem that
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div(AVw) = 0in Q and w = ¢ + (h, 1)u; on dQ. Moreover, let w; € W12(Q) N W7 (Q) be the unique
solution of the problem

div(AVw;) =0 in Q,
wi=<{(h,)u; ondQ,

that is, wy = (h, 1)ug. Then, we find that w = w| + ¢ = (h, 1)uq + c. This, combined with (3.6), further
concludes that

¢ = (h, 1) (up — uy).

This shows flg(Q) c .Ag (Q) forn =2.
The converse inclusion Ag (Q) c fl(’; (Q) is obvious, since constants belongs to W7 (R") for p > n
and u; € WHP(Q) for n = 2. O

Lemma34. Letn > 2 and p € (1, ). Suppose that A € VMO(R") satisfies (GD), or A € CMO(R").
Then the operator V L~'div is bounded on LP (R").

Proof. The case A € CMO(R") follows from [14, Theorem 1]. For the case A € VMO(R") satisfying
(GD), it follows from [17] (see also [16, Theorem 5.1 and Proposition 5.2]) that V£~'/2 is bounded on
LP(R") for 1 < p < oco. Thus, we have

[Vetdiv)| < oo,
p—p
which gives the desired conclusion. O

We also point out that when both the matrix A and Q have nice smoothness, the function « as in (3.1)
can be represented by using the fundamental solution associated with £ (see, for instance, [1, Theorem
2.7)).

Proposition 3.5. Let n > 2, Q c R" be an exterior Lipschitz domain, and p € (1, ).

(G) If Qis C', and A € CMO(R"), or A € VMO(R") satisfies (GD), then, when n > 3, for any
p € [n, ), flg (Q) = {c(ug — 1) : ¢ € R} with ug being the same as in (3.2); when n = 2, for
any p € (2, ), flg(Q) = {c(up —u1) : ¢ € R} with ugy being the same as in (3.2) and u; being a
solution of the problem (3.1).

(ii) Assume Lp :=Ap and Qis C'. Ifn > 3 and p € [n, ), then flg (Q) = {c¢. : ¢ € R}, where ¢.
is the unique solution of the Dirichlet problem

Ap. =0 inQ,
¢.=0 on 0Q,
¢.(x) > 1 as |x| > co.

Ifn=2and p € (2,), then jlg (Q) = {c¢. : ¢ € R}, where ¢. is a harmonic function in Q
satisfying that ¢.. = 0 on 0Q and

¢ (x) = —coIn |x| + O(|x|™1),
V. (x) = —coVIn x| + O(|x|72),
V2¢.(x) = O(|x|™),
xl2

as |x| — oo. Here, ¢ is a constant, and the notation O(|x|™%) means that lim x| -0 m exists

and is finite.
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Proof. If A € CMO(R"), or A € VMO(R") satisfies (GD), from Lemma 3.4, we infer that g(L) = oo.
Moreover, by Lemma 3.2, it holds that g(Lp q,) = oo. Therefore, by Proposition 3.3, we find that (i)

holds.
The conclusion of (ii) was obtained in [1, Theorem 2.7 and Remark 2.8] (see also [26, Remarks 5.3,
5.4, and 5.5]), and we omit the details here. This finishes the proof of Proposition 3.5. O

We prove Theorem 1.4 by using Theorem 2.4 and Proposition 3.5.

Proof of Theorem 1.4. (i) Assume that A € VMO(R") satisfies (GD), or A € CMO(R").Let2 < p €
[1, 00). Let us show that K, ([,;)/2) coincides with AL ().

Take a large constant R € (0, o0) such that Q¢ ¢ B(0, R—1) andlet Qg := QN B(0, R). Then Qg is a
bounded C! domain of R”. By Lemma 3.4, we find that g(£) = co. Moreover, from Lemma 3.2, we infer
that g(Lp,q) = o0. Therefore, by Theorem 2.4 and Proposition 3.5, it holds for any f € WP (Q) that

IVF = Vol < C|ey’s

inf .
pe Al (Q) LP(Q)

This implies that K, (£))) ¢ AL ().
Let us show the converse inclusion. Let u € Ag (Q). By Theorem 1.2(i), we see that L})/zu e LP(Q).

Denote by { p,D }1>0 the heat kernels of the heat semigroup {e™"“?},.¢. By [7, Lemma 2.3], we further
find that there exists y > O such that, for all # > 0,

/sz'pr?(x’ W exp{yly = yP/1} dx < €',

which implies for 1 < g < 2 that

/QWXP? (x, y)|7 exp{ylx = yP*/(21)} dx < €175,

Thus, pP(x,-) € WH4(Q) for 1 < g < 2 and all t > 0. Therefore, for each > 0, Lpe P u satisfies
that, for all x € Q,

Lpe FPu(x) = /(Cu)xpf)(x,y)u(y) dy:/(ﬁD)fo)(x’Y)“(y) dy
Q Q

. / AG)VypP (x.y) - Vu(y) dy = / PP (e y) Lou(y) dy = 0,
Q Q

where the second equality by symmetry of the heat kernel, the third equality by u € W'?(Q) and
pP(x,) € WhP'(Q), 1/p+1/p’=1,p >nwhenn=2and p > nwhenn > 3. We thus see that

1 « _ ds 1 < ds
[:ID/ZM = ﬁ‘/o‘ »CDe SEDM$ = ﬁ‘/g' e SLD»CDMa =0,

which implies that A7 (Q) ¢ K, (£})%).
(ii) By (i) and Theorem 2.4, we conclude that, for all f € Whr(Q),

. 2
inf | 1Y/ - Vol < |2y’
B, (L))

Lr (@)
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This further implies that, for all f € W7 (Q),

inf )||Vf = Vollr (e < C”ﬁng‘

1/2

Bek, (LY Lr(Q)

Moreover, by Theorem 1.2(i), it holds for all f € W7 (Q) and ¢ € K p (L’ID/Z) that

1/2 ez, B
|81, @ = |e87 =0, 0 = CIVG = Do
The last two inequalities give the desired conclusion and complete the proof. O
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