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Abstract

Completely simple semigroups form a variety, C8, of algebras with the operations of multiplication
and inversion. It is known that the mapping V- (VN 8, V'V §), where § is the variety of all groups,
is an isomorphism of the lattice £(€8) of all subvarieties of C& onto a subdirect product of the lattice
of subvarieties of § and the interval [§, CS)]. We consider embeddings of £(CS) into certain direct
products on the above pattern with rectangular bands, rectangular groups and central completely
simple semigroups in place of groups.

1980 Mathematics subject classification ( Amer. Math. Soc.): 20 M 05, 20 M 07.

1. Introduction

Completely simple semigroups may be considered as algebras with the operation
of multiplication and the unary operation of inversion. As such they form a
variety CS determined by a small set of simple axioms. The construction of the
free objects in €& by Clifford [2] and Rasin [10] makes it possible to study the
lattice £(CS) of varieties of completely simple semigroups in some detail, see
Rasin [10]) and the authors [7], [8], [9). This lattice turns out to be very complex,
but some progress has been made and certain ideals have been completely
determined. Another approach consists of considering certain endomorphisms of
the lattice. Thus in [7], it was proved that the mapping V- (VN §,VV§),
where § is the variety of all groups, is a monomorphism of £(C$) onto a precisely
characterized subdirect product of £(§) and the interval [§, CS]. A related
mapping is studied in [8].
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The first objective of this article is to consider two more embeddings of £(C&)
into certain subdirect products on the same pattern as explained above, with R
and A6, rectangular bands and rectangular groups, respectively, instead of §. In
[9], we have studied the variety © consisting of all central completely simple
semigroups (those for which the product of pairs of idempotents lies in the centre
of the containing maximal subgroup). The second objective of this paper is to
show that £(C8) is isomorphic to a subdirect product of £(C) and [C, C§] by
means of a mapping analogous to the one mentioned above with groups. We have
characterized in [9] the lattice £(C) of subvarieties of € in terms of the lattice
£(8). The variety C is thus the highest element of the lattice £(CS) for which the
lattice of subvarieties is completely determined modulo group varieties. Hence at
least the component £(C) of the subdirect decomposition of £(CS) mentioned
above may be considered as of known structure. The congruences induced by
these mappings are also explored and certain interesting consequences are de-
duced.

2. Preliminaries

In general, we use the notation and terminology of Howie [4] or Petrich [6]. In
particular, we adopt the notation in [6] for Rees matrix semigroups, and use the
description of congruences on a Rees matrix semigroup presented in [4]. In order
to minimize the typographical complexity we modify the standard notation for a
sandwich matrix and denote the ( j, k)th entry by [, k].

We will consistently use the following notation:

§ = the variety of all groups,

@8 = the variety of all abelian groups,

% = the variety of trivial groups,

R,%B = the variety of all rectangular bands,

%}, G = the variety of all rectangular groups (orthodox completely simple),

£ = the variety of all left zero semigroups,

R, = the variety of all right zero semigroups,

CS = the variety of all completely simple semigroups,

[@, %] = the interval of a lattice with minimum &€ and maximum %,

£(V) = the variety of all subvarieties of a variety “V of completely simple
semigroups,

End § = the semigroup of all endomorphisms of a semigroup S,

J = the semigroup of all transformations on a set X.

Let N be a fully invariant subgroup of a free group on a countably infinite
number of generators and denote by U the group variety corresponding to it.

N(G) = the least fully invariant subgroup H of the group G for which G/H €
U.
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LEMMA 2.1 [10]. Ler S = 9N(I, G, A; P), where P is normalized. Let ¢ € T,
w € End G, ¢ € 9, be such that
(M) [N ile = [, 10][Ay, 19) ' [Ay, ipl(ly, ip]" (A€ A,i€]).
Then 8 = 6(9, w, ¥) defined by
(i, 8, M0 = (ig,[1, ip] '(gw)[1¥, 19][Ay, 1], Ay)
is an endomorphism of S. Conversely, every endomorphism of S can be so written

uniquely.

A construction of the Rees matrix representation of a free completely simple
semigroup follows.

LEMMA 2.2 ([2], [10]). Let X = {x,|i € I} be a nonempty set, fix 1 € I and let
I' =1\{1}. Ler
Z={qliel}u {[jkllj,ker},
F, be the free group on Z, and let P = ([ j, k]) with [1, k] = [j, 1] = 1, the identity
of F,. Then
F=9(1,F,, I, P)

is a free completely simple semigroup over X, with embedding x; — (i, q;, i),

NOTATION 2.3. We fix a countably infinite set X, and in addition to the above
notation, introduce

F,={(gliel), F,={[jkllj,ker),
the free subgroups of F, generated by the sets {¢;|i € I'} and {[j, k]|j, kK € I'},

respectively. We will consistently use the notation F = OU(I, F,, I, P) intro-
duced above.

We will need only fully invariant idempotent separating congruences, for they
are precisely the ones which correspond to the varieties in the interval [} %, C5).
In this context, the following special case of ([4], Lemma 4.19) is of particular
interest.

LEMMA 24. Let S = (1, G, A; P). If N is a normal subgroup of G, then py
defined on S by

(lag’A)pN(_hh,I")@l:], gh—lEN,A:’.L,

is an idempotent separating congruence on S, and every such congruence is obtained
in this way. Writing P/N for the A X I matrix with the ( j, k)th entry equal to the
(J, k)th entry of P modulo N, S /p is isomorphic to 9U(I,G/N, A; P/N).
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NOTATION 2.5. We will consistently use the notation p, introduced above. For
a variety V of completely simple semigroups, we denote by p(V) the fully
invariant congruence on F corresponding to V. Also let

&(F;) = {w € End F,|there exist ¢, y € F, such that (1) holds},
&(F,) = {w € End F,|there exist ¢, ¢ € J, such that (1) holds}.

Hence &6( F,) consists precisely of endomorphisms of F, that arise in associa-
tion with endomorphisms of F. The latter are uniquely determined by the
functions {g;|i € I} - F,, ¢, ¢ € J, independently. Furthermore, &(F,) consists
precisely of endomorphisms of F, that extend to elements of &(Fy).

LEMMA 2.6 [10]. Let N be a normal subgroup of F,. Then py, is fully invariant if
and only if No C N for all w € b(F,).

DEFINITION 2.7. A normal subgroup of F, (respectively, F,) is &-invariant if it
is invariant under all w € &(F,) (respectively, 6(1*},)). The set of all &-invariant
subgroups of F, (respectively, F,) will be denoted by N (respectively, %p). For
any N € 9, let

N,=NNF, N,=NNEF,

It is clear that 9 (respectively, MN,) is a sublattice of the lattice of all normal
subgroups of F; (respectively, F,), and that each element of ‘E)Lp is the intersection
with F, of an element of R (for example, its normal closure in F,). It is also clear

that 9 (respectively, 9,) contains every fully invariant subgroup of F; (respec-
tively, F).

PropPOSITION 2.8 [10). (i) The interval [RB, CS] is anti-isomorphic to the lattice
. Consequently (R B, CS] and £(CS) are modular lattices.

(il) Moreover, V € [R B, CS] if and only if p(V) is idempotent separating and
so of the form py, N € N. The mapping p(V) —» N, where p(V) = py, is an
isomorphism of the lattice of fully invariant idempotent separating congrunences on F
onto .

LemMMA 2.9 [7]. If N €N, then N, is a fully invariant subgroup of F, and
N(Fz) C N. If V€ £(CB) is such that p("V) = py, then YN § = (F,/N,), the
variety generated by F,/N,.

NoTATION 2.10. Let w, and =, be the projections of F, onto F, and F,,

respectively.
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Lemma 2.11 [9]. () 7, 7, € 6(Fy).

(ii) If N € N, then Nm, = N,, Nu, = N,.

(iii) m, induces a homomorphism of the lattice I onto the lattice ‘37Lp.

THEOREM 2.12 [7). The mapping
x:V->9ng (Ve r(es)),

is a homomorphism of £(C9) onto £(8§). The congruence a induced by x may be
characterized on [RB, CS) as follows: for W,V € [RB, CS) with p(U) = pyy,
p(V)=py

WaVe M,=N,.

In particular, (U, §) € aif and only if M, = {1}.
Moreover, the mapping

YV-(VNng,vVveg) (Ve L(es)),
is an isomorphism of £(C8) into £(8) X [6, C5].

NOTATION 2.13 [7]. For any V € £(£9), let
%= {S € €S |all subgroups of § are in °V'}.

It is easily verified that Vis a variety.

PROPOSITION 2.14 [7]. For any V € £(CS), with p(V) = py, N € N, we have
P((V) = PN (Fp)

A certain variety considered in [9] will figure prominently here as well,

DEFINITION 2.15. A completely simple semigroup S is central if the product of
any two idempotents of S lies in the centre of the containing maximal subgroup.
The class of all central completely simple semigroups will be denoted by C.

NOTATION 2.16. For any subgroups H and K of a group G, we denote by
[H, K] the subgroup of G generated by the elements of the form 4"k ~'hk where
h € H, k € K. In particular, we write G’ = [G, G] for the commutator subgroup
of G. For any a, b € G, a® = b~'ab. Furthermore, for any subgroup H of F,, we
will write H~ for the normal closure of H in F,.

PROPOSITION 2.17 ([8] or Example 4.13 in [5]). The class C is the variety of
completely simple semigroups for which p(C) = py, where K = [F,, E1].
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The following observations from lattice theory regarding neutral elements will
be useful. The results cited here can be found in Birkhoff [1].

NortaTioN 2.18. For any element g in a lattice L, let

(a] ={xeLjx<a), [a)={x€e€L|x=a).

DEFINITION 2.19. An element a in a lattice L is said to be neutral if, for all
elements x, y in L, the sublattice generated by a, x and y is distributive.

LEMMA 2.20 [1]. The neutral elements in a lattice form a distributive sublattice.

LemMA 2.21 [1]. If a is a neutral element in a lattice L, then

(i) the mappings x - xV a and x - x N a (x € L) are both endomorphisms
of L,

(ii) the mapping x - (x \ a, x V a) is a monomorphism of L into (a] X [a).

LemMA 2.22 [1). Let L be a modular lattice. Then a € L is neutral if either of the
mappings
x->xNa, x-xVa (x€L),

is an endomorphism.

3. An embedding related to rectangular bands

Although the principal concern of this paper is the variety C, for the sake of
completeness, we consider briefly in this and the following section two simpler
cases.

The principal result considered here is the embedding of the variety €S of
completely simple semigroups by means of the mapping & - (5§ N RB, S V RB)
onto a subdirect product of £(R D) and [R B, CS] to be specified exactly.

LEMMA 3.1 [9]. The mapping x,: V- VN RB (Ve L(CS)) is a homomor-
phism of £(C8) onto (R B).

COROLLARY 3.2. The mapping x,: V- VV RB (Ve £(CS)) is a homomor-
phism of £(C8) onto [R DB, CS].

PrOOF. By Proposition 2.8, £(€S) is a modular lattice so that it follows from
Lemmas 3.1, 2.22 and 2.21 that x, is a homomorphism of £(C8) onto [R B, CS].
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THEOREM 3.3. The mapping x: V- (VN RB, VV RR) (Ve L(CH)) is an
isomorphism of £(CS) onto the subdirect product

(U, W) €L(AB) X [RD, CS]|U# AB =W € £(RY)).

ProOF. That x is a monomorphism is a special case of Proposition 3.4 of Hall
and Jones [3]. Alternatively, it is a consequence of Lemmas 2.21 and 3.1. It
remains to characterize the image.

If Vef(CS) is such that W =VNRB = RDB, then W=TVVRR €
£(R ). Conversely, let (U, UW) € L(RB) X [RDB, CS). If U # RB and W =
RB VU’ for some W’ € £(8), then let V=9 V U’ so that Vyx = (U, UW).
We also have Vx = (R B, V) for any V€ [R B, CS]. This shows that x maps
£(€S) onto the set in the statement of the theorem, which is evidently a subdirect
product of (R D) and [R B, C5].

It is somewhat instructive to know what the congruences are which are induced
by the homomorphisms x, and x,.

PROPOSITION 3.4. The classes of the congruence induced by x, in Lemma 3.1 are
£(8), [E,£VE], [R,RVE], [29,CS].
The classes of the congruence induced by x, in Corollary 3.2 are

(V} forVgRSE [VNGVVARB] for VCRS.

PrOOF. The assertion concerning x, is checked readily. We now prove the
contention concerning x ,.

LetVZRGand UV RB =VVRD. ThenU ¢ RGand thus RD Cc ANV
whence AU = V.

Nextlet VC RE. UV RB = VV RDB, then by the above, U C R.G so that
WANE=VNG whence U € [VNE, VV RB]. Conversely, assume that U €
VNG VVRB)L. Then VNECAUCVVARARB C RY. Intersecting with G, we
deduce that U N § = VN §, and thus

AUWVRB=(UNEG)VRAB=(VNG VAR =TVVRS,
as required.

4. An embedding related to rectangular groups

The result here is analogous to that in the preceding section; this time the role
of rectangular bands is played by rectangular groups. For the next result recall
Notation 2.13 for L.
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THEOREM 4.1. The mapping 7: V- (VN RE, VV RE) (Ve L(CS)) is an
isomorphism of £(CS) onto the subdirect product

{(, ) €L(RE) X [RG,CENWCAVARS, UD RD =W =RE).

PrROOF. By Theorems 2.12 and 3.3, the varieties § and R % are neutral elements
in the lattice £(C&) so that, by Lemma 2.20, 86 = § VR %P is also a neutral
element in £(CS). It follows that 7 is a monomorphism of £(CS) onto a
subdirect product of £(R 8) and [R G, CS]. It only remains to characterize the
image.

Let V€ £(C8). Then letting AU = VN RG and W = VV R 6, we get

W=VVRSC(VNG) VAS= (TN RE) VRS
= VRgG;
if also AU 2 R B, then Vis contained in R G and thus U = V'V REG = RE. If we
denote by 9 the last set in the statement of the theorem, we have proved that 7

maps £(C3) into 9. Conversely, let (U, W) € P. If U 2 R B, then let V=
so that Y7 = (U, R G). Assume that U D R B and let V= QU NY. Then

YNRE=UANWNRE=UNRE =,
YVARAG = (ANW) VAS = (AVRE) N W = 9,

where the last but one equality follows from the fact that .S is neutral in £(CS).
Consequently, V7 = (9L, ) as required.

Recall the following notation from [7]; for AU, V € £(E9),
UBVe AUV E=TVVE.
From Theorem 4.1, it follows that the mappings
7: Vo VNARE, 5 VoVVARE  (VEL(CS)),

are retractions of £(€C9).
The classes of the congrunces induced by 7, and 7, can be described as follows.

PROPOSITION 4.2. The classes of the congruence induced by T, are
(VY B g, [RBVAU,A forUeL(S).

The classes of the congruence induced by T, are

L(RE);  B-class N (R(CENL(REY)).
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PROOF. Let AU, V € £(CS). First note that VN RE=(VNRB) V (VN §)

which implies
UWNRE=FVNRES(ANARB)V(AUNEG =(VNRB)V(VNY)
SsUNAB=VNRB, ANE=TVNEG.

The assertion concerning 7, follows from this and the definition of Q.

FAVRE=VVRGand VC ARG, then UV RE = TVV RG = KRG and thus
Q, C R G; conversely, if AU, VC R G, then trivially U V R G = V'V R 6.

Now assume that AUV R = VV RGand V¢Z RG. Then RE C VV RS and
thus A% C U N Y, so that

PUVE=(AVRB)VE=AUVRE=VVRE=VVG

and thus ARV, Conversely, if UBVand U, VZ R G, then RB C U N YV and
thus WVRE =AUV E=VVE =TV RSE, as required.

5. Certain subgroups of a free group

The results proved in this section will be used in the next section where we
consider an embedding of £(CS) into £(C) X [C, CS] of the general form
discussed in the preceding two sections. They concern subgroups of a free group
closed under, what we call, almost complete deletion, and seem to be of intrinsic
interest.

NoOTATION 5.1, Let G be a free group on a nonempty set X. We will denote by &
the set of all normal subgroups H of G which are closed under almost complete
deletion, that is,

2 u(xy, xy,...,x,) € H=>u(1,1,...,1,x,1,...,1) € H,
2 n

where x is any element of X in the ith position for any i = 1,2,...,n.
Condition (2) is equivalent to requiring that H be closed under all endomor-

phisms @ of G defined on the generators X as follows: let x, z € X; then for
yeEX

ify =z
g=|x ify ,
Y [ 1 otherwise.

Observe that & is a sublattice of the lattice of normal subgroups of G containing
all fully invariant subgroups of G.

PROPOSITION 5.2. The mapping 6: H > HG’ (H € S) is a retraction of & onto
the sublattice & of fully invariant subgroups containing G'.
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PrOOF. Let H € §. It is clear that H§ = HG’ € S and in order to show that
Hf € @, we wish to establish that H# is a fully invariant subgroup of G. We do
this in the following lemma.

LEMMA 5.3. For H € &, HG' is a fully invariant subgroup of G.

PROOF. Let a € HG'. Then a can be written in the form
(3) a=xi' - Xgg,
where x; € X, g € G', r; # 0 and x; # x; if i #j. Let r be the smallest positive

exponent r;, appearing in an expression of the form (3) for some a € HG'.
Without loss of generality r = r;. By (2) we then have

4 a(x,1,...,1) = x" € HG,

for all x € X. Hence, by the minimality of r, for any element of the form (3) in
HG’, there must exist s; such that r, = rs; and a can be written in the form

(5) a= x{‘l e x;-‘kg_
Conversely, any element of the form (5) must lie in HG’ by (4). Thus HG’ consists

precisely of those elements of G that can be written in the form (5) and is
therefore fully invariant.

We now go back to the proof of Proposition 5.2.
Clearly 6 is a join preserving mapping. For H, K € & we wish to establish that

HG'NKG'=(HNK)G'.
Let g be an element in the left-hand side of this equation. Then g can be written
in the form

g =g(x,...,x;) = x]1 -+ xfre,
where ¢ € G'. Now if ¢ = ¢(x,,...,x,), then since ¢ is a product of conjugates of

commutators and any commutator in a single variable is the identity, we have,
with x; replacing x;,

e1,...,1,x;,1,..,1) = 1
for all i. Hence
xii= xf"c(l,...,l,xj,l,...,l)
=g(1,...,1,x;,1,...,1) € HG' N KG',

for all i, j. Let r = g.c.d.(r;), then we must have x] € HG' N KG’, for all i. Thus,
forsomeh € H k€ K,a,be G,

x] = ha = kb.

https://doi.org/10.1017/51446788700022278 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022278

(1] Completely simple semigroups 297

Let h = h(x,...,x,), a = a(x,...,X,), where i < m. Then
a(l,...,1, x;,1,...,1) = 1, since a € G’, and so
x'=h(1,...,1,x;,1,...,Da(1,...,1, x,,1,...,1)
=hn(1,...,1,x,,1,...,1) €H,
for all i. Therefore, x{'---xjx € H. Similarly, x['---x EHNK and g€
(H N K)G'. Thus HG' N KG' C (H N K)G’, while the reverse containment is

trivial. Hence @ preserves meets and is a lattice homomorphism. Since @ clearly
maps elements of @ identically, the proof is complete.

Proposition 5.2 suffices for our main purposes in the next section. In addition it
has the following interesting consequence.

COROLLARY 5.4. The derived subgroup G’ is a neutral element in the modular
lattice &.

PROOF. Since S is a sublattice of the lattice of normal subgroups of G, it follows
that & is modular. From Proposition 5.2 and Lemma 2.22, it follows that G’ is a
neutral element in S.

6. An embedding related to ©

The principal result here is analogous to the principal results in Sections 3 and
4, and it now concerns a subdirect product related to the variety C of all central
completely regular semigroups. We shall see, however, that the proof for this case
is considerably more complex than those in Sections 3 and 4.

LeMMA 6.1. For N € N, N, is closed under almost complete deletion when
considered as a subgroup of the free group F, on the set of free generators

{ly, kllj, k € I'}.

PROOF. Let jiy, ji, ko, ky € I'. It suffices to establish that there exists w € &(F,)
such that forj, k € I,

Let ¢, ¢ € I, be defined by

k, ifk=k,, ) i, ifj =,
kq):{ I ko N:{h J=Jo
1 otherwise, 1  otherwise.
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Now define  to be the endomoprhism of F, given by the action on the free
generators {[ j, k}|j, k € I'}, defined by equation (1) in Lemma 2.1.
By its very definition w € &(F,) and clearly w satisfies (6) above.

LEMMA 6.2. Let n € N € 9. Then there exist a € N,, g € N N [F,, FP]A and
b € N, such that

(M n = agb.
Consequently,
® W= NN O[E, BTN, = NN [ )W,

PROOF. We have n = a,b,a,b, - - - a; b, for some a; € F,, b; € F,. Hence

&) n = a;b\(a,b7'a;'b,)bi'a,b\bya; - - -
_ byt
= al[aZI’ bl] ayb\byay - --

= “1“2([“51, bl]bil)azblbzaa o

=aya; - a,ghby by

where g is a product of conjugates of elements of the form[a3', b}, [a5', b;b,] - - -.

These commutators all lie in [ F,, F,]. Hence g lies in [ F,, F,]. Now
(10) a,a, -a,=nw EN,

and

(11) blbz"'bkzn'"pENp.

Therefore, from (9) we deduce that g € N and so g € N N [F,, F,]. This estab-
lishes (7) and so also, by (10) and (11), that N C N (N N [F,, F,])N,. Since the
reverse containment clearly holds, the first equality in (8) is also verified. The
second equality follows easily.

PROPOSITION 6.3. The mapping

y: N - N[FZ, Fp]‘ (N en),

is a retraction of 9 onto the interval [[ F,, I';,]A, F,]

PROOF. It is clear that » maps 90 onto the stated interval and maps elements of
the interval identically. It is also clear that » respects the join operation. It
remains to show that » respects the meet operation. So for M, N € 9N, we wish to
establish the equality

(12) (M N N)[F;, F|'= M[F,, F,|n N[F,, EJ.
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Since the left side of (12) is clearly contained in the right, we consider any element
u in the right side. Then there existm € M, n € N and r, 5 € [F, F,] such that

(13) u=mr=ns.

By Lemma 6.2, there exist a € M,, cEN, bEM,, dEN,, g EMN[F, F,|
and h € N N [F,, F,] such that

m = agb, n = chd.
Applying 7, to (13), we obtain
a= (mr)m, = (ns)m,=cEM,NN,CMNN,

so that gbr = hds. Applying m,, we obtain b(rm,) = d(sm,) where rz,, sm, € F,,
b€ M,,d € N,. By Lemma 6.1 and Proposition 5.2, we have

M,F, N N,F, = (M, (N, )E;,

and, since b(rm,) = d(sm,) € M,F, N N,F, there exist vEM, N N,, w € F
with b(rm,) = d(sm,) = vw. Hence

u = agbr = abg®r
= ab(rvrp)(rvrp)'lgbr = avw(mrp)'lgbr
€ (MNN)(M, N N)EE[F,, B[[Fz, B
g (M n N)[FZ> F;;]’

so that the required containment in (12) holds, completing the proof of the
proposition.

COROLLARY 6.4. [F,, F;,]A is a neutral element in 9.

PROOF. Since 9 is modular, the result follows from Proposition 6.3 and Lemma
2.22.

COROLLARY 6.5. The mapping n,: V- VN C (V& L(CS)), is a retraction of
£(C8) onto £(C).

PROOF. In view of Corollary 6.4, in order to verify that 5, is a homomorphism,
it suffices to consider the case AU, VE £(CS), A D RB, V2 R B, for join. Let
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V' =RB VYV; we note that VC € and RPB C V' C C. Now using Corollary
6.4, we obtain

UM VI, =(UNC)V(VNEC)=[(ANEC)VAR] VYV
=(AUNEC)VY' =(UNEC)V(V NE)
=(AVIV)INC=(UVRBVYV)NC
=(AVIY)NC=(AV V),

as required.

COROLLARY 6.6. The mapping 1n: V- (VN C,VVE) (VELLS)), is an
isomorphism of £(C9&) onto a subdirect product of £(C) and [C, CS), that is, Cis a
neutral element in L(C%).

PrOOF. This follows directly from Corollary 6.5, Proposition 2.8, Lemma 2.21
and Lemma 2.22.

7. The image of £(C5) under 1

In order to precisely locate the image of £(CS) under % in the direct product
E(C) X [E, C8], see Corollary 6.6, we need some preparation. This discussion
also provides further insight into the various subgroups of the free group F, as
well as of the associated varieties.

DEFINITION 7.1. Let N € %p. The depth of N, denoted by d(N), is the smallest
positive integer d such that [ j, k]¢ € N, for all j, k € I, if such an integer exists,
otherwise d(N) = oo. If V€ £(CS) is such that p(‘V) = py, then the depth of V
or of N is the depth of N, and we write d(V) = d(N) = d(N,). If V€ £(€5)
and RB g V, then the depth of Vis 1.

LEMMA 7.2. Let N € . If [j/, k'] € N for some j', k' € I, then | j, k]¢ € N,
foralj, kel

PROOF. Let j, k € I'. Define @, y on I by

_[Jj idr=j, :[k ifr=k,
¥ [1 otherwise, s 1 otherwise,

and let w € &(F,) be defined by equation (1) in Lemma 2.1. Then [, k'Jw =
[Jj, k] so that [j’, k’]¢ € N implies that [ j, k] € N, as required.
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As an immediate consequence, we have

COROLLARY 7.3. Let N € Y and let j, k € I'. If d is the smallest positive integer
such that [ j, k] € N, then d = d(N).

NoOTATION 7.4. For any positive integer d, let K, be the smallest element of %p
containing {[j, k]¢|j, k € I’} and let K, = {1}. Also let X, denote the variety
with p(H,) = P, (d=1,2,...,00).

REMARK 7.5. It is evident, for N € 9, that K, C N, if and only if d(N) divides
d, with the obvious convention that every integer divides co.

NOTATION 7.6. For any positive integer 7, let A, (respectively, B,) denote the
fully invariant subgroup of F, corresponding to the variety of abelian groups
(respectively, all groups) satisfying x” = 1. Also let 4,, = F;.

LEMMA 7.7. For any positive integer d, or d = o0, N, is the largest variety with
depth d.

PROOF. By the definition of }{, and Remark 7.5, it is clear that K, contains any
variety of depth d. So it remains to show that 3, itself has depth d.

By Remark 7.5, d(X,) divides d. By the remark following Definition 2.7,
B, € N, and clearly K, C B,. Thus d(B,) divides d. However, if j, k € I’, then
clearly [j, k]" € B, for any positive integer r <d. Hence d(B,) = d. Since
K,C B, d(K;)=d(B;) =dandsod(X,;)=d(K,;) =d.

LeMMA 7.8. If N € N is such that d(N) = d, then N,F, = A,,.

PrOOF. By Proposition 5.2, N, F; is a fully invariant subgroup of F,. Since it
contains F;, it must be of the form 4,, for some r.

If d = o0, then N,E; D F,=A,. For d<oo, N,F, contains F; and the
elements [ j, k]¢ for j, k € I'. But A, is the smallest fully invariant subgroup of F,
containing F, and the elements [ j, k14 for j,k € I'. Hence A, C N,E,, in both
cases, and r must divide d.

Suppose that 4, # N, F,. Then r <d. Also, forj,k € I', [ j, k]" € 4, = N, F,.
Let[j, k]" = nc, wheren € N, and ¢ € F;. Then

n=1[j, k] ¢
Let  be the endomorphism of F, defined on the generators by

[J, k)0 = {[j’ k]l if[j, kK]=1[J, k],
’ 1 otherwise.
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Since N is closed under almost complete deletion, see (2), nf € N, where
nd = [j, k]"(c8)™'. Here cf is a word in F0. Now F,0 is the derived subgroup of
the subgroup of F, generated by [j, k] and so is necessarily abelian. Hence
¢ = 1. Thus

[j,k]"=n0 €N,.

But this contradicts the fact that N has depth d. Therefore, 4, = N, F,.

PROPOSITION 7.9. For YV € £(C%), the varieties Y and VN © have the same
depth.

PROOF. If BB Z V, then Y C R 8 C Cso that V= VY Cand the result holds.
So suppose that BB C V, that p(V) = py and p(VN €) = py,. Let d(V) = 4.
Then M = N[Fy, F,| and so, applying m,, we have M, = N,F,. By Lemma 7.8,
M, = A, from which it follows that d(M) = d = d(N ) so that (V) = d(V N C).

NortaTioN 7.10. For any V € £(CS), let

Cs ifRP CV,

RKAVE HVCRVE Vg,
EVE HVCLVE Vg4,
g ifvce,

CV‘ch —

and
o [TIOTO K, BT,
N ehn Y otherwise.

It follows immediately from the definitions of V", & and Lemma 7.7, that
G C v+

LEMMA 7.11. For any V € £(CS), V* = (VN C)*.

PrROOF. If R ¢ V, then ¥ C Cand the result follows trivially. Solet R % C V,
p(V) = py, where N € N, and d = d(V). First ¥V = C§ = (VN €)**. Then

(VNne)NE=YNn(CNng)=Yn§
so that ¥ N C = V. Finally, by Proposition 7.9, d(V' N €) = d(V). Hence
V=GN TN Ky, = (VN )" N (TN C) N Hyyney = (VN €)%,
PROPOSITION 7.12. Let (U, W) € £(C) X [C, CS] be such that W C U* V C.

Let V=9L* N . Then
YNE=A and VVE=9f.
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PROOF. We have
Yve=(U*NnaAf)ve
=(U*VE)N (AWVE) byCorollary 6.6,
=(U*VE)NY
=9 by hypothesis,

establishing the second claim.
If d = d(9), then

(14) YNC=U* NWNEC=U*NC
=N nK,nC.

By the definitions of the varieties A" and U, U C A N U; by Lemma 7.7,
U C K, and by assumption, U C €. Thus

(15) WCYNEC.
Furthermore, W N § C (VN EC)NECANE =3 N §so that
(16) WNE=(VYNEC)NE.

Now suppose that BB ¢ AU, say A C £V § but A ¢ §. By (14), we must have
YNECCcLVEbut VN E G Hence AU and VN C are varieties of left groups
not contained in § but containing the same groups. Consequently, U = VN C. A
similar argument will establish equality if AU C R V 6.

So suppose that BB C A. Let p(W) = p,, and p(V N C) = py, where M, N
€ 9. In view of (15), it remains to show that M C N. From (14) and Proposi-
tions 2.14 and 2.17,

(17) N = (YN,(F,)K,[F;, .
By (16) and Theorem 2.12,
(18) M,=N,.

Since U € £(C), it follows from Proposition 2.17, that
(19) [Fz, B cM

so that F; C M,. Hence, by Proposition 5.2, M, is fully invariant and conse-
quently M, = 4,, for some r. But then r = d(M) = d(U) = d. Thus M, =4,
We have from (17) that N, D K, F,, where K F, is a fully invariant subgroup of
F, by Proposition 5.2. Consequently, K, F; O 4, so that

(20) N,DK,F,D24,=M,.
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Hence,
M =M (MN[F, F])M, byLemma62,
= N,[F, F,|'M, by (18)and (19),
C N,[Fz, E|'N, by (20),
CN by(17).
Therefore, M = N and AU = VN C, as required.

We now combine the last corollary of the preceding section with the principal
results of this section in the main result of the last three sections as follows.

THEOREM 7.13. The mapping
Vo (VNE,VVE) (Vel(eCs))
is an isomorphism of £(C8) onto the subdirect product
P ={(U, W) €(C) X [C,C8]|Wcu*VE}.
Moreover, for any Y € £(CS) and (AU, ) in this subdirect product,
YNC=A, VVEC=U < V=*n .
ProOOF. The homomorphism property follows directly from Corollary 6.6, as

does the fact that 7 is one-to-one.
For any V € £(C8), V C V* while also V* = (VN €)* by Lemma 7.11. Thus

YVECCV*VE=(VYnE)*Vve

so that Vn € 9. Conversely, for any (U, W) € P, let V= * N U. By Prop-
osition 7.12, Y = (U, AU) so that n maps £(CS) onto P.

The direct part of the final claim follows from Proposition 7.12 and the fact
that n is one-to-one while the converse part follows from Proposition 7.12.

In the final result we characterize the congruence induced by 7,.
PROPOSITION 7.14. For AU,V € £(C9),
UNC=FVNCe U =" ANE=VNG and d(U)=d(V).

ProoOF. Let ANC=VNCE. It is easily seen from this that U = Ve,
Further

Ang=AnNnENE)=(ANC)NE=(VNE)NG
=VNn(ENg)=Yn§.
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Finally, by Proposition 7.9,
dU)=d(UNEC)=d(VNEC)=d(V).
Conversely, suppose that U = V* ANG=FVNGand d(U)=d(V)=4d

say. In addition, let us assume for the moment that BB C A N V. Let p(U) =
prs P(V) = py where M, N € N. Then p(U N C) = pypyy,. riand p(VNC) =

PN(Fs, F,l-

Since A N § = ¥ N 6, we have from Theorem 2.12 that
(21) M,=N,.
By Lemma 7.8,
(22) M,F, = A,= N,F,.
Hence

M[F,, F,|'= M(M N[ F,, F[)M,[F,, F,| byLemmas6.2,

= M(M O[Fz, B])[Fz B M,

_M[FZ’ p] M,
_N[FZ, p]AMp by(zl)a

= N,[Fz, E| F;M, since F, C[F,, F,],

= N,[F;, F,| E;N, by(22),

=N[F, B,

= NN N[F, E])N,[F;, F]
= N[FZ, I;]A by Lemma 6.2.
Therefore (AN C) = p(VN C)sothat A N C=VN EC.

Suppose now that it is not the case that BB C AU N V. Since A" = V<, it
follows that both RB Z AU and RB ¢ V and that U is a variety of groups
(respectively, left groups or right groups) if and only if Vis a variety of groups
(respectively, left groups or right groups). Combining this with the observation

that A N § = VN § we see that, in these cases, we must have U = V and so
UNC=FVNC.

COROLLARY 7.15. For U, V € £(C9),
UNC=VNCeo U* =TV*,

PrOOF. This follows immediatly from the definition of U* and “V*, Proposition
7.14 and the observation that

UNE=VNGeY= 5,
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