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Abstract

In this paper we estimate the expectation of the size of the largest component in a
supercritical random geometric graph; the expectation tends to a polynomial on a rate of
exponential decay. We sharpen the expectation’s asymptotic result using the central limit
theorem. Similar results can be obtained for the size of the biggest open cluster, and for
the number of open clusters of percolation on a box, and so on.
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1. Introduction

The size of the largest component is a basic property for random geometric graphs (RGGs)
and has attracted much interest during the past years, including both theoretical studies (see [7]—
[10]) and various applications (see [1], [3], [11], and [12]). In this paper we investigate the
asymptotic size of the largest component of a RGG in the supercritical case.

Given a set X C RY, let G(X; r) denote the undirected graph with vertex set X and with
undirected edges which connect all those pairs {X, Y} with ||Y — X|| < r, where | - || denotes the
Euclidean norm (/;-norm). The basic model of RGGs can be formulated as G (X,,; r;), where
X, denotes n points which are independently and uniformly distributed in a d-dimensional
unit cube. To overcome the lack of spatial independence for the binomial point process X,
the model of continuum percolation must be introduced. Following [9, Section 1.7], let ) be
a homogeneous Poisson process of intensity A on R?. For s > 0, define B(s) := [0, s]¢ and
Hy. s := F) N B(s). Following [9], we write the Poisson—Boolean model as G (#) s; 1).

We now introduce some notation related to percolation. Following [9, Section 9.6], let # ¢
denote the point process #; U {0}, where 0 is the origin in RY, and, fork € N, let pr(A) denote
the probability that the order of the component in G(# o; 1) containing the origin is equal
to k. The percolation probability p(}) is defined to be the probability that 0 lies in an infinite
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component of the graph G(#,,_o; 1). Therefore, we have poo(A) =1 — Z,fil pr(A). Let
Ae = inf{A > 0: po(X) > 0}

denote the critical intensity of continuum percolation. It is well known that 0 < A, < oo for
d > 2 (see [2], [5], and [6]).

Following [9, Section 9.6], let L ;(G) denote the order of the jth-largest component of any
graph G. Then L{(G(#, s; 1)) denotes the order of the largest component of G(H) s; 1).
The asymptotic properties of Li(G(#, s; 1)) have been studied by Penrose [9]. The basic
asymptotic result about L1(G(#, s; 1)) was provided by Penrose [9, Theorem 10.9], i.e. if
A # Ac then

sTILI(G(H,5; 1) = Apoo(A) ass — o0, (L.1)

Also, Penrose [9, Theorem 10.22] gave a central limit theorem for Li(G(H#) s; 1)) in the
supercritical case A > A., i.e

sTV2L1(G(H, 53 1)) — BIL1(G(F.5: D)]) = N (0, 02),

where N (u, 02) denotes the normal distribution with mean u and variance o2. However, the
question of how large E[L(G(#) s; 1))] should be still remains unanswered. By (1.1) it can
be deduced that E[L{(G(H.s; 1))] = Apoo(M)s? + o(s?), where f(s) = o(g(s)) indicates
that limg_, oo (f(s)/g(s)) = 0. This result is not precise enough for some theoretic analysis
and practical applications.

The corresponding asymptotic results and central limit theorem for G(X,; r,) have also
been established by Penrose [9, Theorems 11.9 and 11.16], but we may ask similar questions.
In this paper we will study the problem and give a more precise description for the asymptotic
sizes of L1(G(H) s; 1)) and L1(G(X,; ry)). Our method can be adapted to study some other
models and problems.

2. Main results
Our main results can be formulated as the following two theorems.

Theorem 2.1. Suppose that d > 2 and A > A.. Then there exist constants ¢ = c(d, 1) > 0
andt; = ti(d, )), 1 <i <d, with Tty > 0, such that, for all large enough s,

d
E[L1(G(H.5; D)] = Apoo(M)s? = Y 1is!™" + 0(e™). @.1)
i=1
Also, there exists a constant o = o (d, ) > 0 such that
1d/2] '
Li(G(#H,5: D)s ™% = Apoc ()52 + 3" 15> 2 N (0,07 2.2)

i=1
as s — 00. Here |-| denotes the integer-part function.

Theorem 2.2. Suppose thatd > 2 and ). > .. Let o and t; be the same constants as defined
in Theorem 2.1. There exists a constant § = §(d, L), with 0 < § < o, such that

N\~ n\"1/2 s ld/2] n\1/2=i/d R 5
L1<G(Xn; <X> ))(X) — PocMW) ()% + ; n(;) — N(0,57)

asn — oQ.
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To prove these two theorems, we estimate the value of E[L(G(#, s; 1))], and then, using
the central limit theorem for L1 (G (Hy s; 1)) and L1(G(Xy; (n/k)_l/d)), we can prove (2.2)
and Theorem 2.2.

We need some more notation before we prove our results. For any x € R?, we write its
lso-norm with ||x ||« given by the maximum absolute value of its coordinates. For any finite
set A C R?, the diameter of A is diam(A) = supy yea IX — ylloo. Also, let |A] denote the
cardinality of A. Let & denote the Minkowski addition of sets. Let Leb(-) denote the Lebesgue
measure. To simplify the expression, we will omit the dependence of all constants on d and X;
for example, the constant ¢ stands for c(d, A).

Given A > A, by the uniqueness of the infinite component in continuum percolation (see [9,
Theorem 9.19]), the infinite graph G (#,; 1) has precisely one infinite component Cn, With
probability 1. Let Cy, Ca, ..., Cpy denote the components of G(Cso N B(s); 1), taken in
a decreasing order. We give a result on the rate of subexponential decay of the difference
between E[L1(G(H#) s; 1))] and E[|Cy]].

Lemma 2.1. Suppose thatd > 2 and » > A.. The exists a constant ¢ > 0 such that, for large
enough s,
0 < E[L1(G(Hys; D] —EIC[] <e . (2.3)

Proof. By the definition of L{(G(#, s; 1)) and Cy, clearly E[L1(G () s; 1))] = E[|C1]].
Thus, it just remains to prove the second inequality of (2.3).

Given any x € R?, let Coo (x) denote the infinite connected component of G(#, U {x}; 1).
By the Palm theorem for Poisson processes (see [9, Theorem 1.6]), we have

E[Li(G(H.s; D) = )»/ Plx € Vi(x)]dx,
B(s)

where Vi (x) denotes the largest component of G (#; s U {x}; 1), and
E[ICi]] = ?»/ Plx € Ci(x)]dx,
B(s)
where C;(x) denotes the largest component of Co(x) N B(s). Therefore,

E[L1(G(Hs; )] = E[|Ci]] = )»/ )(]P’[x € Vix)] = Plx € C1(x)D dx
B(s

< Af Pl{x € Vi()} N {x ¢ C1 (0} dx
B(s)

= Af Pl{x € Vi(x)} N {x ¢ Coo(x)}]dx. 2.4)
B(s)

Suppose that 0 < ¢ < % By [9, Theorem 10.19], there exist constants ¢; > 0 and s; > 0, such
that if s > s; then

P[IVi(x)] < (1 — &)As? poo(W)] < PIL1(G(Ho 55 1)) < (1 — &)As poo (V)]
< exp(—cys?7h). (2.5)

Also, by [9, Theorem 10.15], there exists a constant ¢; > 0 such that, for large enough s,

> Pr(h) < exp(—cal(1 — &)as? poo (W11, (2.6)
k=T(1—&)As? poo ()]
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where [x] denotes the smalles integer not less than x. Therefore, from (2.5) and (2.6) we obtain

Pl{x € Vi()} N {x ¢ Coo()}]
<PVi()] < (1 — &)As! pos (V)]
+P[{x € Vi)} N {x & Coo)} N{IVI)] = (1 — &)As! poo()}]
< exp(—cys?h) + > Pe()
k=[(1—&)As? poo(M)]

< exp(—clsd_l) + exp(—ca2[(1 — e)kpoo(k)](d_l)/dsd_l) as s — o0.

Combined with (2.4) this yields our result.

To estimate the value of E[L{(G(H#) s; 1))], by Lemma 2.1 we just need to get the value
of E[|C]] instead. Actually, by the Palm theory for infinite Poisson processes (see [9, Theo-
rem 9.22]), we have

M
E[Z ICi |} = E[|Co0 N B($)[] = Apec(M)s?, 2.7)
i=1

so we just need to estimate the value of E[Zf‘iz |Ci]]. Let L(s) := B(s) \ [1,s — 11. For

any 2 <i < M, since C; C Cx, there exists at least one point in L(s) N C; which connects

to Coo \ B(s) directly; we choose the nearest one to the boundary of B(s) as the out-connect

point. We can see that each component of C3, ..., Cjs contains exactly one out-connect point.
For any region R C B(s) and 2 <i < M, define

1 if the out-connect point of C; is contained by R,

0 otherwise,

Xxi(R) := [

and define
M
§(R) =&(R,s) == ZXi(R)|Ci|-
i=2
By the definition of £(-), it is easy to see that, for any R, R C B(s), if Leb(R N R) = 0 then

E[(R N R)] = 0and E[£(R U R)] = E[6(R)] + E[£(R)].
For0 <i <d — 1, define

Ri = Ri(s) := [0, 1] x [o,f} X +e X

Note that [1, s/2]1¢ N L(s) = @. Then, by symmetry,

E[ﬁ |c,~|} — Bl£(B(s)]
o)
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- zd{E[S(Ro)] + E[qua %] x [O’ %]d_lﬂ}

d—1
=213 EI5(R))]. 238)
i=0
Thus, we just need to estimate the value of E[£(R;)]. Lemmas 2.2-2.5, below, are now stated
to get the desired estimation.

Lemma 2.2. Supposethatd > 2and ) > A.. Let V., = V,(s) denote the connected component
containing x of G(#y s U {x}; 1). There exist constants ¢ > 0 and noy > 0 such that, if n > no
and s > 2n then, for any point x € B(s),

IP’[n < diam(V,) < %] <e (2.9)

and
IP’|:{|VX| >n}N {diam(Vx) < %” < exp(—cn'd=D/dy, (2.10)

Proof. The proof uses ideas from the latter part of the proof of Theorem 10.18 in [9]. Given
x € R4, let 7 denote the point in B/ 7 (n(s)) satisfying x € Bz, where the definitions of B’Z(n (s))
and B; are given in [9, p. 216] and [9, p. 217], respectively. Also, Cy, DextCx, Mo, n(s), and
M (s) are defined as in [9, pp. 218-219]. Penrose [9, p. 219] proved that Dex;Cy is *-connected
and if |Cy| < n(s)?/2 then

|DextCx| = )71 (1 — (3)V)|C, @D/ @.11)

Let +4,,_ s denote the collection of x-connected subsets of cardinality m which disconnects the
point Z from the giant component of B/, 7(n(s)). Then Ay, s is restricted by the box of B/ 7 (n(s))N
([—m, ml? & 2) and Dex(Cy € |,y C,|,s- By a Peierls argument (see [9, Corollary 9.4]), the
cardinality |4, 5| is bounded by (2m+ D4y™ withy := =¥ Therefore, there exists a constant
ko such that, for any integer k > ko,

P[|DextCx| = k] < IP’|:U U {X,=0forallz € a}i|

m=>k o €Ay s

<Y Cm+ DYy - p)”

m>k

2\
-] . 2.12
< <3> (2.12)
By the definition of Cy and Dex(Cy, if n < diam(Vy) < s/2 then

n n(s)
M(s)_l <d1am(C)<T+2

therefore, we obtain |Cy| < n(s)?/2 and |DexCx| > n/M(s) — 1 for large s. Therefore, by
(2.12), there exists a constant ng > 0 such that if n > ng then

s n 2 n/2Mp—1
IP[n < diam(V,) < §:| < P[|D6X[C | > M( ) 1] < <§> .
This yields (2.9).
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It remains to consider the case of |V, | > n. Since Cy is a x-connected component containing
zin B/Z (n(s)), by a Peierls argument (see [9, Lemma 9.3]), for all &, the number of x-connected
subsets of B/Z (n(s)) of cardinality k containing z is at most vk Let ¢p > e2(2Mo)%a. If
|Cyx| < k and |Vy| > cpk + 1, then for at least one of these subsets of B’Z (n(s)) the union of the
associated boxes B, contains at least cok points of J¢, . Therefore, by [9, Lemma 1.2], we have

P{|Cy| < k} N {|Vi] = 2k + 1} < y*P[Po(k(2Mo)?1) > c2k]

ok )

So if ¢7 is chosen to be large enough, this probability decays exponentially in k.
Set B := 2d)~1(1 — ($)/%). By (2.11) and (2.12), we have

s ) gk@=Dyd
IPHdiam(m < 5} N{ICsl > k}} < P[| Dex Cx| = pEU=1/4] < <§>

Combined with (2.13), this gives (2.10).
For x € B(s) and 0 < a < 1, define the box

Bi(x,a) =x® ([0,1] x --- x[0,1] x [0,a] x --- x [0, a]).
i d—i

Also, for any region R C B(s), define

D(R) = D(R, s) := max diam(C)).
2<j<M. x;(R)=1

Lemma 2.3. Suppose that d > 2 and A > \.. There exist constants ¢ > 0 and ng > 0, such
that if x € B(s), a € (0, 1], and n > ng, then

P[D(B;(x,a)) >n]l <e " (2.14)

and
P£(B; (x,a)) > n] < exp(—en@=D/d) o7, (2.15)

Proof. Let W denote the number of the connected components which intersect with B; (x, a)
and have metric diameter not greater than s/2 but not smaller than n. By Markov’s inequality,
we obtain

]P’[{D(Bi(x,a)) >n} N1 D(Bi(x,a)) < %H = P[W; > 0] < E[W]. (2.16)

By the Palm theory for Poisson processes and Lemma 2.2, if n > ng then

E[W,] = x/ P| {diam(V, (s)) > n} N {diam(Vx(s)) < %H dx
Bi(x,a)

< ra?temen, (2.17)

Also, since C; (2 < i < M) is not the largest component of G(#, s; 1), by [9, Proposi-
tion 10.13], there exist constants ¢; > 0 and s; > O such that if s > s then

]I”|:D(Bi(x,a)) > ﬂ <e o1, (2.18)
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Together with (2.16), (2.17), and (2.18), we obtain
P[D(B;(x,a)) > n] <e " 4 e 1%,

Since P[D(B;(x,a)) > s] =0, (2.14) follows.

Note that B; (x, a) contains at most 2¢ connected components. Thus, if £(B;(x,a)) > n,
by the definition of £(-) there exists at least one component intersecting with B;(x, a) such
that it contains no less than 2~%n points. Let W, be the number of the connected components
which intersect with B; (x, @) and have more than 2~%n elements and not larger than s /2 metric
diameter. With a similar argument as used to obtain (2.16) and (2.17), it follows that if n > ng
then

]P’[{E(Bi(x,a)) > n}n {D(Bioc,a)) < %H
< E[W,]
= A/ IE”|:{|VX(S)| >27)N {diam(Vx(s)) < i” dx
Bi(x,a) 2
< rad exp(—c2_dn);

together with (2.18), this gives (2.15).

Let real numbers s; > 2 and s» > 2 be given. Let points x = (x1, x2, ..., xq) € [0, s1/2]d
and X = (X1, X2, ...,Xq) € [0, sz/Z]d be given. For all 1 < j < d, define

Nj~(S1,S2) — m%n(sl,SNZ)—xj—l i ifXj =')Zj,
x.x min(x;, Xj,s1 —x; — 1,50 —X; — 1) otherwise,
and let '
By i J
Ny z(s1,82) i= 121,}IgldLNx~f(sl’ 52)]. (2.19)

Lemma 2.4. Let us assume thatd > 2, A > A, 1 <i <d, and 0 < a < 1. There exist
constants ¢ > 0 and no > 0, such that if x € [0, s1/2]¢, ¥ € [0, 52/2]¢, and N, 3(s1, s2) > no
then

IE[5(Bi(x, a), s1)] — E[§(Bi(x, a), s2)]| < exp(—cNy 5(s1, 52)).

Proof. Let B'(s2) := B(s2) ® {x — &}, and let C‘l, C~‘2, R 61\71 denote the components 9f
G(Cs N B'(s3); 1), taken in decreasing order. For any region R € B/(s;) and2 <i < M,
define
1 if the out-connect point of C; is contained by R,

Xi(R) :=
% (R) {0 otherwise.
LetZ(R, 52) := M % (R)[C; |, and define

b(R, §7) 1= max diam(éj).
2<j=<M, x;(R)=1

According to the ergodicity of Poisson point processes, we obtain

P[E(B; (x, a), s2) = k] = P[&(Bi (%, a), s2) = k] forallk > 1. (2.20)
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B(s1) B'(s2)
B;(x,a) A
X
Gy
p—/-/_l\cw
\

FIGURE 1: If C connects with ¢, N A, the event £(B;(x, a), s1) # §(B,~ (x, a), s2) may happen.

Let A := B(s1)UB’'(s2) —B(s;) N B'(s7). If§(Bi(x, a), s1) # £(B;i(x, a), s»), then there exists
at least one component among Ca, ..., Cpy, Ca, ..., C i which connects directly with #, N A;
see Figure 1. For simplicity of exposition, we take N = Ny z(s1, 52), §1 = §(Bi(x, a), s1),
and & = &(B;j(x, a), s2). Therefore, by (2.14), if N > no + 1 then
P& # &] < P{D(B;i(x,a),s1) = N — 1} U{D(B;(x,a),s2) = N — 1}]

< 2e¢N=D, (2.21)

Also,
P[{& =k} N {5 # K} + PI{&1 # kY N {52 =k}

= P[{§1 =k} + Pl{52 =k} = 2P[{§; = k} N {& = k}]

> |P[{&1 = kY] — Pl{& = kI, (2.22)
so by (2.21) and (2.22) we have

o0 o0

Z [P[{&1 = k}] — P[{&2 = k}]| < Z(P[{%‘l =k} N{& # &N+ P& =k} N (& # &)
k=1 k=1
=Pl& = 1N {& # &N+ P& = 1) N {E # &)
< 4e7¢WN=D), (2.23)

Thus, by (2.20) and (2.23) we obtain

>0 PlE =k —Ple, = k])'

n=1 k=n

IEl51] — E[&(Bi (%, a), s2)]| =

o
< 4NYE@DemeW=D g N (P[g) > n] + PlE = n))).
n=Nd/(@d=1)
(2.24)

In the following we estimate the upper bound of Z;’; Nd/d—1) P& > n]. Firstly, by (2.15),
for large enough N, we obtain

ezks{" ezksf
Z P& > n] < Z exp(—cn(d_l)/d) + ezksije_csl. (2.25)
n=Nd/d—1) n=Nd/d=1)

https://doi.org/10.1239/aap/1401369696 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1401369696

The largest component in random geometric graphs SGSA e 315

Set o := exp(—cN). Then

ez)uf ezks{l
S exp(oen @Dy = 3 N
n=Nd/(d-1) n=Nd/@d-1)
N @ 1)/d
d/(dq)z K-
< N o
k=1
> d-1)/d
_ Nd/(d—l)azak —h/d_y
k=1
< MNY@=Dgy, (2.26)

where M = Y 32, exp(—c(k“=D/d — 1)) < 0o is a constant.
Secondly, by [9, Lemma 1.2] we have

oo oo

Y. Pleznl< Y PlPorst) = n]
n=e2as+1 n=e2ast +1
ad n n
< exp| —{ = ) log| —
= 2 enl-(3) ()
n=e“As{ +1
e—(ezxsfﬂ)

Thus, by (2.25), (2.26), and (2.27), there exists a constant ¢; > 0 such that, for large N,

o
Y PlE =n]<e M. (2.28)
n=Nd/@d=1)

Using the ergodicity of Poisson point processes, in a similar way we obtain

]

> Pl zal<e N, (2.29)

n=Nd/d—1)
Combining (2.24), (2.28), and (2.29) yields the result.

Lemma 2.5. Suppose thatd > 2 and . > A.. Leti € [1,d] be an integer and a € (0, 1] and
x;j €[0,00), 1 < j <1, be constants. Define the point

s s
= = ) d
Xea = Xsa(X1, ..., %) = (xl,...,x,-,i—a,...,z—a> e R%.

Then the limit of E[& (B; (Xs,q, a))] exists and
lim BB (50, a)] = a’™" lim BIE(B;(Fy,1, D). (2.30)

Also, if minj<j<;{x;} = 0 then lims_, oc E[£(B; (¥;,4, a))] > 0.
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Proof. For large enough s; and s7, suppose that so > s;. By (2.19), it is easy to obtain
Niy aiora (s1, $2) > s1/2—2.Therefore, by Lemma 2.4 and Cauchy’s criterion for convergence,
the limit of E[&(B;(Xs,4,a))] exists as s — 00.

For any constant b € [0, 1], let

S N S
}’s,h=ys,h(x1,...,xi) = (.X'l,...,.xl‘,z—l,...,z—1,§—b> ERd.

Similarly, by Lemma 2.4 and Cauchy’s criterion, the limit of E[£ (B4—1 (5.5, b))] exists. Define

Since Leb(Bg—1(ys,p, b) N Ba—1(ys.1, 1 — b)) = 0, by the definition of £ we have

E[&(Ba—1(ys,1. )] = E[§(Ba—1(ys,1. 1 = b)] + E[E(Ba—1(ys,5- b))]. (2.31)

By (2.19), Ny, .y, 1_,(s,5) > s/2 — 2. Using Lemma 2.4 and Cauchy’s criterion, we have

which gives (2.30).

It remains to prove that lim,_, o E[£ (B, (X5,4, a))] > 0 if min|<;<;{x;} = 0. For simplicity
of exposition, we restrict ourselves to the case of d = 2, and the proof of this result has no
essential difficulty when d > 3.

Let 9B(s) denote the boundary of B(s). If minj<;<;{x;} = 0, then X5, € 9B(s). For
X € Bi(Xs,4,a), let d, be the Euclidean distance from x to d B(s), then 0 < d, < 1. Let V,
denote the connected component containing x of G(#), s U {x}; 1). Firstly, we will show that
there exists a constant ¢ > 0 such that

PV, = 1} N {x € Co}] > c[l - exp(k(dx,/l 2 arccosdx))]poo(k). (2.32)

Define B, to be the rectangle of (1 + dy) x 2 centred at x and B} to be the rectangle of
(% +dy) x % centred at x. Divide the region of B]" \ By into 64 small rectangles with two
different sizes: one size (denoted by Rp) is % X %, and the other size (denoted by R») is
(1+dy)/6 x %; see Figure 2. The number of small rectangles with size R; is 40, and the
number of small rectangles with size R is 24. Let A; be the event that each of these 64 small
rectangles includes at least one point of #,. By the properties of Poisson point processes, we

have
P(A}) = (1 — e /9)40(] — g=+(1+dx)/18)24
> (1 _ 671/9)40(1 _ efl/18)24' (233)
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| B(s)

=o0

0
FIGURE 2: The placements of By, B;', Ry, and R;.

If A happens then there exists a connected component in By \ B, which contains all the
points in these small rectangles. Also, for any point in R¥ \ B~ which can connect directly
with a point in B, it must connect directly with this connected component. Let A; denote the
event that there exists at least one point in B;" \ By contained by Cs. So, according to the
above discussion, the event A| N A, is independent with the distribution of the points of #;
in B . Therefore,

P(A1 M A2) =P(ADP(A2 | A1) = P(A1) poo(A). (2.34)

Let A3 be the event that there exists at least one point of #¢;, in B(x; 1) N B(s)¢, where B(x; 1)
denotes the d-dimensional unit ball centred at point x. By the properties of Poisson point
processes we can compute

P(A3) =1 — exp(k(dx,/l — d2 — arccos dx)>. (2.35)

Because Az and A; N Aj are both increasing events in G (#y; 1), by the Fortuin—Kasteleyn-
—Ginibre inequality (see [5, Theorem 2.2]) we have

P(A3N A NAy) >P(A3)P(A1 N Ap). (2.36)

If the event A3M A 1M Aj happens, it must be true that x € C,. Also, the event A3 is independent
with the distribution of the points of #¢, in B, so we have

P{IVil =1} N{x € Co}] = P[A3N A1 N A2 N{H, N B = T}]
=e2HAP43 N A N Ay)
> e PP(A3N A N Ay). (2.37)

Set ¢ := e ¥ (1 — e */9)40(] — eM18)24 Then (2.33), (2.34), (2.35), (2.36), and (2.37)
yield (2.32).
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Let W denote the number of the points of #) N B;(Xs,4, a) which belong to Co, but are
isolated in B(s). By the definition of £ (B; (X 4, a)) and Palm theory for Poisson processes, we
have

E[£(B; (8.0, a))] = E[W] = x/ PI{IVsl = 1} N {x € Coo}]dx.
Bi(js.aaa))

Combining this with (2.32), we obtain E[£(B; (¥4, a))] > 3c(1 —e1=™44)ip (1). Our
result follows.

Proof of Theorem 2.1. For simplicity of exposition, we shall prove (2.1) only in the case of
d = 3; this proof has no essential difficulty in the d = 2 or d > 4 case.

Let n;j(s) :=E[£([0, 1] x [{,i + 1] x [j, j + 1], s)] and take n = |s/2]. By symmetry, we
have n;;(s) = n;;(s); therefore,

n—1 n—1

EIE(0, 11 x [0, n1)] =Y Y myils)

i=0 j=0

n—1 k—1
= noo(s) + Z(z > nas) + nkk(s)). (2.38)

k=1 i=0
Set
n—1 k—1

ai(s) := noo(s) + Z<2 D (ik(s) = Min—1(5)) + Nkr(s) = Men1 (S)).

k=1 i=0

Then, for large s and s; satisfying s» > s, by Lemma 2.4 we have

lay(s) — ai1(s2)]
no—1 k—1

< 2n%e /% 4 Z (2 Z ik (52) = Ni,ny—1(52)| + [mxx (52) — Uk,n2—1(52)|>
k=n i=0
no—1 k—1
< 2n267cs/2 + Z (2 efck + eCk)
k=n i=0
= o(e™/3), (2.39)

where ny = [s2/2] and c is the same constant appearing in Lemma 2.4. Then, by Cauchy’s
criterion, the limit of a; (s) exists.

Define the point y; = (0,7, n) € R3. For any i € [0, n — 1] and large s, using Lemmas 2.4
and 2.5, we obtain

S S
‘E[S (Bz ()’i, o n))} - (5 - n)ni,n—l(S)
Tt N YO |
E[g ([0, 10 % [i,i 4+ 1] x [% —1, %D]  ine1(s)

= o(e™/3). (2.40)

=
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Similarly, we obtain

2 2
E[g([o, 1] x [n %} )} - <% —n) Mt n1(s) + 0(e=%/3). (2.41)

Recall that Ry = [0, 1] x [0, s/2]2. Then (2.38), (2.39), (2.40), and (2.41) yield

n—1
E[£(Ro)] = EI£(0. 1] x [0, n]})] +2 ZE[5 (Bz (yi, 2 - n))}

4 2
i=0
$ 712
oo [o2])]
n—1 , k-1 n—1
= (22 Nin1(5) + nk,n_1<s)) +(s=2m) ) Nin-1(s)
k=1 i=0 i=0
s ’ —cs/3
+ <§ - n) NMn—1,n—1(s) + a1 + o(e )s (2.42)
where a; := limy_, o a1 (s). Let b;(s) := n; n—1(s) — Nu—1,n—1(s). Then by (2.42) we have
52 n—1 k—1
E[&(Ro)] = (Z - 1>nn—1,n—1(S) + Z(Z Zbi () + bk(S))
k=1 i=0
n—1
+ (s —=2n) ) bi(s) +ai + o)
i=0
52 n—=2 n—=2
= (Z - l)nnl,nl (s) +s Z;bi (s) —2bo(s) — 21:(21' + Dbi(s)
1= 1=
+ay + o). (2.43)
Set
n—2 n—2
ax(s) =Y _bi(s) and az(s) :=2bo(s) + »_(2i + Dbi(s).
i=0 i=1
With a similar argument as used to obtain (2.40), it follows that there exist constants a, and a3
such that

~/2 and  az(s) — a3] = o(e"/3).

laz(s) — az| < 3ne
Also, by Lemma 2.4 and Cauchy’s criterion, there exists a constant agp > 0 such that

[n—1.n—1(5) — ag| < e~ <V,

Substituting ag, az, and a3 into (2.43), we have

2
E[£(Ro)] = (SZ — 1)ao +sax —ay +ay + o(e™"?), (2.44)

Now, using a similar argument as above, there exist constants ag4, as, ag, and a7 such that

2
E[£(R))] = szao + sas + as + o(e=3) (2.45)

https://doi.org/10.1239/aap/1401369696 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1401369696

320 ¢ SGSA G. CHEN ET AL.

and
2

E[£(Ry)] = Szao + sag + a7 + o(e=13). (2.46)

Combining (2.44), (2.45), and (2.46) with (2.7), (2.8), and Lemma 2.1, we obtain (2.1), where
71 = 6ag > 0.
Using [9, Theorems 10.22 and 11.16] (which shows that § > 0), (2.1) yields (2.2).

Proof of Theorem 2.2. Given the discussion in the proof of Theorem 11.16 of [9], Equa-
tion (2.45) of [9] yields

a\—1/2 N .,
(X) (L1<G(Xn; <X) >> — E[L1(G(H,. 55 1))]) = N(0,8%),

where s = (n/1)!/4. Combining this and (2.1) yields the result.

3. Some applications

Our method used in the proof of Theorem 2.1 can be applied to estimate the expectation of
many other random variables restricted to a box B as B becomes large; for example, the size
of the biggest open cluster for percolation, the coverage area of the largest component for the
Poisson—Boolean model, the number of open clusters or connected components for percolation
and the Poisson—Boolean model, the number of open clusters or connected components with
order k for percolation and the Poisson—Boolean model, the final size of a spatial epidemic
mentioned in [9], and so on. We will give similar results to Theorem 2.1 for the size of the
biggest open cluster and the number of open clusters for site percolation but the method can be
adapted to bond percolation.

Following [2, Chapter 1], let L¢ = (Z¢, E?) denote the integer lattice with vertex set Z¢ and
edges E? between all vertex pairs at an /{-distance of 1. Ford > 2 we take X = (X,, x € Z¢%)
to be a family of independent and identically distributed Bernoulli random variables with
parameter p € (0, 1). Sites x € Z? with X, = 1 are called open; 51tes x € Z¢ with X, = O are
called closed. The corresponding probability measure on {0, 1}Z is denoted by IP,. The open
clusters are denoted by the connected components of the subgraph of ¢ induced by the set of
open vertices. Let Co denote the open cluster containing the origin. The percolation probability
is 8(p) = P, (|Co| = o0) and the critical probability is p. = p.(d) := sup{p: 0(p) = 0}. It
is well known [2] that p. € (0, 1). If p > p¢, by [2, Theorem 8.1], with probability 1, there
exists exactly one infinite open cluster Cyo.

Given an integer n > 0, we denote by open clusters in B(n) the connected components of
the subgraph of the integer lattice ¢ induced by the set of open vertices lying in B(n). Similar
results to Theorem 2.1 concerned with the order of the biggest open cluster in B(n) can be
given as follows.

Theorem 3.1. Suppose thatd > 2and p € (p¢, 1). Let H(X; B(n)) be the order of the biggest
open cluster in B(n). Then there exist constantsc = c(d, p) > Oandt; = 1;(d, p), 1 <i <d,
with t1 > 0, such that, for all large enough n,

d
E,[H(X; B(n — 1))] = 6(p)n? — Z n?™ 4 o(e™M). (3.1)
i=1

https://doi.org/10.1239/aap/1401369696 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1401369696

The largest component in random geometric graphs SGSA e 321

Also, there exists a constant o = o (d, p) > 0 such that

1d/2)
H(X; B(n — D)n ™2 —o(pn?? + 3" 5in?7 2 5 (0, 0?) (3.2)
i=1
asn — oQ.

Proof. Using similar methods as above, we have E,[|Coo N B(n — 1)|] = 6(p)n?. Let
Ci1, Ca, ..., Cy denote the components of Co, N B(n — 1), taken in decreasing order. Let
Ln—1)=Bmn—-D\[l,n— 2]4. For any 2 <i < M, since C; C Cq, there exists at least
one pointin L(n — 1) NC; which connects to C, directly; we choose the smallest one according
to the lexicographic ordering on Z¢ as the out-connect point. Forany x € Z¢ N L(n — 1), define

E(x) = |C;| if there exists i € [2, M] such that x is the out-connect point of C;,
o otherwise.

Also, for an integer j € [0,d — 1], let
R := ([0, 11 x [0,n — 11977 x [1,n — 21y n 2.
Then
M d—1
E[Zw} = Y EBEmI=2) ) EE®I

i=2 xeZdNL(n—1) j=0 x€R;

With a similar argument as used in the proof of Theorem 2.1, we obtain (3.1), where

(o2} 2]

Using [8, Theorem 3.2], (3.2) follows.
Following [2, Chapter 1.5], we define the number of open clusters per vertex by

o]

1
K(p) =Ep(ICol™) =) ~Py(ICol =),

n=1

with the convention that 1 /00 = 0. Similar results to Theorem 2.1 concerned with the number
of open clusters in B(n) can also be given as follows.

Theorem 3.2. Suppose thatd > 2 and p € (0, pc) U (pc, 1). Let H(X; B(n)) be the number
of open clusters in B(n). Then there exist constants ¢ = c(d, p) > 0 and 7; = 1;(d, p) > 0,
1 <i <d, with t1 > 0, such that, for all large enough n,

d
Ep[H(X; B(n — 1))] = «(p)n? + Z i+ o(e™M). (3.3)
i=l1

Also, there exists a constant o = o (d, p) > 0 such that

ld/2)
H(X; B(n — D)n~% — k(p)n?/? — Z 2 N (0,02 asn— co.  (3.4)

i=1
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Moreover, for any constant ¢ € (0,d/2),

b (H(x; B — 1) —ie(pyn® = 3L win? ™ _ x)
P var(H(X; B(n — 1))) -

X 1 2
- ——e V2 dy 4 o(n~9/?tey, (3.5)
/—oo V27T y

where var(-) denotes the variance.

Proof. Let L(n—1) = B(n—1)\[1,n—2]. Forany x € B(n—1)NZ%, let C, denote the
open cluster including x, and let C, (B(n — 1)) denote the open cluster including x in B(n — 1).
Then Cy (B(n—1)) € C,. For all open clusters C in B(n —1),if CNL(n — 1) # &, according
to the lexicographic ordering on Z? we choose the smallest element of C N L(n — 1) as the
indicated vertex of C. For any x € Z¢ N L(n — 1), define

_1Cx(B(n — 1))

§(x,B(n—1)) := |Cxl
0 otherwise.

if x is the indicated vertex of C (B(n — 1)),

Note that, for any y € /e B(n —1),

Gy (B = D)

— -1 _ -1y
> (CyBa— 1) ICyI7) =1 Cl

xeCy(B(n—1))

Then by [2, Equation (4.7)] we have

H(X; B(n — 1))

> 1GBm -1

xeZ4NB(n—1)

Yoo G+ Y & Bm-1). (36

xeZ4NB(n—1) xeZiNL(n—1)

Therefore, taking the expectation of both sides of (3.6), we obtain

EplH(X: B — D) =c(pn’+ Y E (. B — D).
xe€Z4NL(n—1)

Supposethat 1 <i <dandx; € [0, K/2—1]NZfor1 < j < i. For large integers n1, nz,

let
x=\x1...,x, n e n ez7d
2 2
- n n
x:(xl,...,xi,{fJ,...,{éj) ez7q.

Set I§(n2) = B(ny) & {x — x}. Since £ is stationary under translations of the lattice L, then
&(X, B(ny)) and &(x, B(ny)) have the same distribution function. Now, let

w3} 2]
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by the definition of £ we have

P,lE(x, B(n1)) # £(x, B(n2))] = P,l€(x, B(n1)) # £(x, B(n2)), Cx # Co]
< Pyldiam(Cy) > ng, Cx # Cuol
< e 0,
where the last inequality follows from [2, Theorem 6.1] for p < p. and [2, Theorem 8.18] for
p > pc, respectively. Thus,

[Ep[€ (. Bi)] — E,p[(. B
< Y tIP,lEGx, Bnn) = 1] - Pylé(x, Bno)) = 1]
t

< Y (@lE(r, Bn)) = 1. £(x, B(m)) # &(x., B(n2))]
t

+P,[E(x, B(n2)) =1, &(x, B(n1)) # &£(x, B(n2))])
= 2P, [£(x, B(n1)) # &(x, B(n2))]

< 2e”¢m0,
Therefore, lim;, . E,[£(x, B(n)] exists. In fact, a similar result to Theorem 2.4 can be
deduced. Let

#(K) = (‘f) > nli‘%o]EP[s((’”““”‘“ EJ EJ))]
xj€[0,K—1]U[

n—K,n—1],1<j<i

and let 7;(K) = 23:1 T; (K)(?:;)(—ZK)i_j. In a similar way, we obtain (3.3). Combining
(3.3) with [8, Theorem 3.1], (3.4) follows immediately. By [4, Theorem 2.1], [8, Theorem 3.1],
and (3.3), (3.5) can be deduced.

It is worth noting that our results do have significance for some practical applications. In
fact, the initial motivation of this paper was to provide theoretical foundation and guidance
for the design of wireless multihop networks. Wireless multihop networks, e.g. vehicular ad
hoc networks, mobile ad hoc networks, and wireless sensor networks, typically consist of a
group of decentralized and self-organized nodes that communicate with each other in a peer-
to-peer manner over wireless channels, and are increasingly being used in military and civilian
applications [12]. Large scale wireless multihop networks are usually formulated by random
geometric graphs, and the size of the largest component is a fundamental variable for a network,
which plays a key role for the topology control in wireless multihop networks. However, this
variable cannot be described very precisely by both former theoretic results and even computer
simulations as the scale of the network grows to a very large size. Theorem 2.1 and Theorem 2.2
provide a precise estimation for this variable. Using simulations, the approximate values of the
parameters p(A), 7;, o, and § can be obtained; thus, the expression of the asymptotic size of
the largest component can be well established, which has guiding significance to the topology
control in wireless multihop networks.
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