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1. Introduction and statement of the main results

Throughout this paper an [-group will always mean an archimedean
lattice-ordered group and we shall confine our attention to such groups. An
I-group splits if it is a cardinal summand of each /-group that contains it as an
I-ideal. Suppose that G is an I-subgroup of an I-group H. Then G is large in
H or H is an essential extension of G if for each l-ideal L#0 of H,
LNG#O0. G is essentially closed if it does not admit any proper essential
extension. Conrad (1971) proved that each essentially closed I-group splits,
but not conversely.

An [-group is projectable if each principal polar is a cardinal summand;
laterally complete if each disjoint subset has a least upper bound; ortho-
complete if it is both laterally complete and projectable. Each essentially
closed I-group is orthocomplete. Jakubik (1974) proved that each orthocomp-
lete I-group splits, and since a laterally complete vector lattice is orthocomp-
lete (Veksler and Geiler (1972)) each laterally complete vector lattice splits.
Bernau (1976) proved that each laterally complete /-group is orthocomplete.
Thus each laterally complete I-group splits.

An essentially closed essential extension of G will be called an essential
closure of G. Conrad (1971) proved that each I-group admits a unique
essential closure G*. Moreover, G* = G*"* where G* is the divisible hull of
G, G" is the Dedekind-Mac Neille completion of G, and G* is the lateral
completion of G.

Consider the following properties of an I-group G.

(1) Each essential extension of G splits.
(2) G* splits.

(3) G" splits.

(4) G" is laterally complete.

247

https://doi.org/10.1017/51446788700018231 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018231

248 Marlow Anderson, Paul Conrad and Otis Kenny [2)

(5) G is an I-subgroup of a laterally complete /-group H, and G generates
H as an [-ideal.

(6) Each disjoint subset of G is bounded.

(7) G4 =G

(8) G** is laterally complete.

(9) G generates G° as an [-ideal.

(10) G splits.

(11) If G is an I-ideal of an [l-group K, then K = G"HG".

(12) If 0<x € G°\G*", then g Anx& G for some 0< g€ G and n EN.

(13) G is the only I-subgroup of G* that contains G as an [-ideal.

(14) If G is a large /-ideal of an I-group H, then G = H.

We prove (1) through (9) are equivalent, (10) through (14) are equivalent,
and clearly (1) implies (10). We show by example that (10) does not imply (1).
However, if G is complete clearly (10) implies (3), so (1) through (14) are
equivalent. Thus we recover the results that a complete !-group splits if and
only if it is laterally complete (Jakubik (1974)), and that for a complete vector
lattice the following are equivalent: G is essentially closed; G splits; G is
laterally complete (Conrad (1971)).

If G is a conditionally laterally complete /-group, then (1) through (14)
are equivalent and each is equivalent to

(15) G is laterally complete.

Note that a laterally complete [-group satisfies (5). Thus from (1) we get a
stronger version of the Jakubik-Bernau result, namely that each essential
extension of a laterally complete [-group splits; from (7) we get that
GLdA - GLe = Ge'

We generalize the Veksler-Geiler-Bernau theorem by showing that each
essential extension of a laterally complete [-group is projectable.

We show that G" is the subgroup of G* that is generated by the joins of
disjoint subsets of G.

Let S be the class of /-groups that satisfy (6), and hence (1) through (9).
Then it is interesting to note that S is closed with respect to cardinal
surnmands, cardinal products, and essential extensions; and if G is an
[-subgroup of H € § and G generates H as an [-ideal, then G € S.

Finally, we wish to acknowledge the contribution of Simon Bernau, who
suggested numerous improvements to an earlier version of this paper. In
particular, Theorem 3.2 is due to him.

NotaTion. R will always denote the naturally ordered additive group of
reals and N the set of natural numbers. We shall denote the direct sum of two
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I-groups by A @ B and the cardinal sum by AHBB. The cardinal sum
(product) of the I-groups {A, | A € A} will be denoted by 3 A, (TTA,). If A isa
subset of an I-group G, then A’={g € G||g|rla|=0forall a € A}is the
polar of A.[x] will denote the cyclic group generated by x. A C B will always
mean proper containment.

2. The equivalence of (10) through (14)

We use the fact that if X is an [-ideal of an [-group H and Y is an
[-subgroup of H, then X +Y is an [-subgroup of H. For if h =
x+y€X+Y, then X+h=X+y; thus X+(hv0)=X+(yv0) and
hence h v0=a+(yv0)E X+ Y.

Lemma 2.1. Let G be an [-group.
(a) G is the l-ideal of G* generated by G.
(b) G*" is the minimal complete vector lattice in which G is large.

Proor. (a). G* is dense in G* so G*" is the I-ideal of G° generated by
G? (Conrad and McAlister (1969)). But any [-ideal of G°* is divisible, so if it
contains G it must contain G*.

(b). Suppose G is a large [-subgroup of the complete vector lattice K.
Then G is dense in K, so G is an l-ideal of K. However, G*" is a complete
vector lattice since it is an [-ideal of G*.

THEOREM 2.2. Statements (10) through (14) are equivalent.

Proor. (10) = (11). Clear. (11) > (12). If (12) is false, then there exists
0<x€ G \G% suchthat g Anx € G forall0< g € G and n € N. Then we
claim that G @|[x] is an [-subgroup of G°; it suffices to show that (g +
mx)A0€ G Bjx] for all g € G and integers m. If m =0, then

g +[(g+mx)a0)l=(g"+mx)rag =mxag €G
and if m <0 then
g —mx+[(g+tmx)a0]l=g " r(g —mx)=g"a(—-mx)EG.

Thus in either case (g + mx)A0€ G PB[x], so G B[x] is an [-subgroup of
G*. Furthermore G is an [l-ideal of G @ [x]. For if not, then 0 < g + nx <
h € G for some n#0,s0 —g<nx < —g+h. Then nx EG*",s0 x € G*".
Now, let L = {f € C{0, 1]: f(3) = 0}, a maximal /-ideal of the I-group C[0, 1].
Let K=(GHL)®B{(x,D)CGPH[x]HC[0,1]=S, where I(y)=1 for all
y €[0,1]. Then GHL is an [-ideal of S and [(x, 1)] is an I-subgroup of S, so
by the fact above K is an [-subgroup of S. Then G is an [-ideal of K and
G = G", but K# GHG', so (11) is false.
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(12) > (13). If G is a proper [-ideal of K C G° and 0 < x € K\G, then
x€EG\G* and nx n\gEG forall0< g€ G and n EN.

(13) > (14). Clear.

(14) = (10). Let G be an l-ideal of H. Then G is [l-isomorphic to
GPHG/G'CH/IG.If G'<G'+he H/G', h ng>0forsome 0< g E€QG.
Hence G'+hz=zG'+(hag)eGPHG'/G', since hag€eG. Thus
GP G'/G'is large in H/G', so G G'/G'= H/G'. Therefore G P G' =
H.

3. The structure of G*

The proof that a laterally complete [-group is projectable (Bernau
(1976)) can be slightly altered to obtain stronger results.

LemMMA 3.1 (Bernau). Let x and y be positive elements in the I-group G,
and forn=0,1,2,--- letw,=((n+2)x —y) A(y —nx)". Then w, A w,, =0
if |[m — n|Z=2. Let u be an upper bound for {2n + 1)w,,: n =0,1,2,---} and v
be an upper bound for {2n+2)wi.iin=0,1,2,---}. Then
y —y A(u+v)Ex'". In addition if y € x" and u and v are least upper bounds,
then y = u +v.

ProoF. The first part of the lemma is proved by Bernau (1976) with the
unnecessary (and unused) assumption that 4 and v are least upper bounds.
We have only to show that if u, v are least upper bounds, u + v = y. For this
we note that

(n+Dw,=[y+(n+2)(n+Dx—y)]" aly +n(y —(n+ Dx)]"
=[y+[(n+2)((n+Dx —y)an(y —(n+1x)]]"=y.

Now, u+v=V,.((2n+2)ws.1+ (2m + 1)w,,.) and since w, A w,, =0 if
|m—n|=2 it is enough to show that (n+ )w,+(n +2)w.., =y for n =
0,1,2,---.Since a+b*=(a+b) va’ v b’ we have only to show that

(n+DI((n+2)x —y)a(y —nx)]|+(n+2)[((n+3)x —y) Ay —(n+ Dx)] =y
However, this last quantity is less than or equal to (n+ 1)((n +2)x —y)+
(n+2)(y —(n+1x)=y.
REMARK. Note that each w, € x”, so if we can choose u, v € x”, then
y=lyrwt+to)+ly-(ya(u+v)]Ex"Px".
Thus, if each disjoint subset of x” is bounded in x”, then G = x"Hx".

CororLarY (Bernau (1976)). A laterally complete l-group is ortho-
complete.
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In Conrad (1973) it is shown that G = G*°, where G° is the orthocom-
pletion of G. Thus, since G°= G*, we have

CoroLLARY (Bernau (1976)). G** = G"*.

THEOREM 3.2. G°= G" is the subgroup of G* generated by the joins of
disjoint subsets of G.

Proor. If 0 <w € G°, then there exists a collection {M,} of disjoint
polars of G, and a collection {y.} of positive elements of G, so that
w = V,.[M.,]y.. Here [M.,]y. is the projection of y., considered as an element
of G°, on the unique polar of G° which corresponds to M, (Bernau (1966)).
For each a, M, = V ,x.,, for some disjoint collection {x.,} of elements in G.
Thus w = V,[x]y,, for some disjoint collection {x,} in G and {y,}C G.

Define w,(A)=({(n+2)x, —y.) A(ya—nx). By Lemma 3.1,
W (M)A W, (A)=0ifA# u,orif|n—m|=2.Letu = V,,2n+ 1w, (1) and
v=V..(2n +2)wz,..,(A). Consider

[x3](w —(u+v))=[x\]y, — \'{ Q2n+ w2 (A)— \'( 2n +2)wanii(A).

This last quantity is unchanged if we replace y. by [xi]y. in the expressions
for w,(A). Hence, by Lemma 3.1, [x5](w — (u + v)) = 0 for all A. Since w is an

"

element of the G° polar corresponding to x%, we see that w = u + v.

REmaRk. Our original version of this theorem was that G(1) generates
G* as an [l-ideal, where G(1) is the [-subgroup of G" that is generated by the
joins of disjoint subsets of G. But now since G(1) = G", this follows from
Theorem 4.1. We wish to thank Simon Bernau for this proof of Theorem 3.2.

4. The equivalence of (1) through (9)
THEOREM 4.1. Statements (1) through (9) are equivalent.

Proor. (1) = (2). Clear.

2)=> (3) G = G* = G** and (12) holds for G**, and hence for G".

3)> (4). G* is an l-ideal in G** (Jakubik (1963)), and so by (14)
G"=G".

@) = (5). Clear.

(5) = (6). Clear.

(6) > (7). If {g.} is a disjoint subset of G ¢, there exist positive integers m,
so that {m,g,} is a disjoint subset of G. Hence V g€ G**, so by Theorem 3.2
G C G4 . Thus G¢ = G4+ = GdLA(_: G4,

(7) > (8). Clear.
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B> G"=G" =G
(9) = (1). Clearly G satisfies (13) and hence G splits; but any- essential
extension of G also satisfies (13) and so splits.

Remark. The equivalence of (1), (2), (7), (8) and (9) does not depend on
Section 3.

CoroLLARY 1. G" generates G* as an |-ideal.

CoroLrary 2 (Conrad (1971)). If 3T, CG CIIT,, when each T, is a
subgroup of R, and G generates 11T, as an l-ideal, then G splits.

Proor. This follows from the fact that G° =IIR,.

CoroLLARY 3. Each essential extension of a laterally complete 1-group is
projectable.

Proor. Let G be an essential extension of a laterally complete /-group
H, and consider 0 <x,y € G. Now HC G C H*, and H generates H* as an
l-ideal so there exists h € H so that h >y >0. Let {x, | A € A} be a maximal
disjoint subset of x”" M H and let z = Vx,. Then x'= z’and so x" = z". By the
corollary to Lemma 3.1 H is projectable, so there exist h,, h, € H such that
h,€z', h€z” and h = h,+ h,. Then

y=yrh=yar(hi+h)=yathivh)=(yrh)v(yah,)
=(yrnh)+(yrhy)€ z2’Hz"= x'Hx",
so G is projectable.
5. The implication (10) = (1)

"In the next section we give an example of an [-group that satisfies (10) but
not (1). In this section we provide conditions for (10) to imply (1).

ProrosiTioN 5.1. For an l-group, the following are equivalent:

(a) G does not split,

(b) There exists 0 < x € G\G*" such that G &{x] is an I-subgroup of
G-

(c) There exists 0<x € G\G*" suchthatg annx €G forall 0<g€G
and n € N.

Proor. (a) and (c) are the negations of (10) and (12), and so are
equivalent by Theorem 2.2.

(a) > (b). Since G does not satisfy (13), G is a proper [-ideal of an
I-subgroup K of G°. If 0 < x € K\G then G @ [x]isan I-subgroup of K with
G as an [-ideal, so x € G\G*".
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(b) = (a). It suffices to show that G is an [-ideal of G @ [x]. If not, then
0<g+nx<he&G forsome n#0,s0 —g <nx < —g+h. Thus nx € G*",
and so x € G**, which is a contradiction.

As a corollary, we obtain

ProrosiTioN 5.2. For an l-group G, the following are equivalent:

(a) (10) implies (1).

(b) If G CG*, then G P[x] is an l-subgroup of G° for some 0<
x € G\G*.

(c) If G** CG", then there exists 0 < x € G°\G*" such that g Anx € G
for all 0 < g€ G and n € N.

THEOREM 5.3 For a conditionally laterally complete 1-group G, (1)
through (14) are equivalent and each is equivalent to

(15) G is laterally complete.

Proor. If G** C G* then there is a disjoint subset {g; | 8 € A} of G that
is not bounded in G. Then x = Vg,€G\G*". For0< g € G and n € N, we
have

grnx =gan(Vegs)=gn(Vng)=V(gnng)
and since {g A ngs | 8 € A} is a disjoint subset of G that is bounded by g, it
follows that g A nx € G. Thus, by Proposition 5.2, (10) implies (1) and so (1)
through (14) are equivalent. Finally, for a conditionally laterally complete
I-group, (6) is clearly equivalent to (15).

Note that a complete !/-group is conditionally laterally complete and so
there is an obvious corollary which contains and generalizes some of the
results in Jakubik (1974) and Conrad (1971).

6. Examples and some additional results

6.1. A projectable vector lattice that splits but is not conditionally
laterally complete.

Let H be the cardinal product I1I7., Z; of integers and let G be the vector
lattice in II7.| R, generated by H. Then ZR, CG CIIR. G is an essential
extension of I1Z,, so it is projectable by Corollary 3 to Theorem 4.1, and it
satisfies (6). Thus G is conditionally laterally complete if and only if it is
laterally complete, but (2R,)" =TIR,, so G is not laterally complete.

Remark. Jakubik (1974) claims that his example (2) satisfies this condi-
tion, but it is not a group.

All the examples in the literature of [-groups that split are essential
extensions of laterally complete /-groups and hence projectable.
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6.2. An l-group G such that each disjoint subset is bounded but is not
projectable. Then G splits but does not contain a large laterally'complete
{-subgroup.

For each 0<x € H =1I7_,R; pick an element ¥ =x in H such that
Xoxs1 = X2 for k =0,1,2,---. Let G be the I-subgroup of H generated by
Y ={x|0<x € H}, 3R, and g =(1,0,1,0,-- ). Then G generates H as an
l-ideal and hence splits. Pick an ¥ which is unbounded and such that %; > 0 for
all i € N. Suppose (by way of contradiction) that G is projectable. Then since
G =g"Hg’,

z=(%,0,%,0,--)EG

and so z = V,; A, (By + n;g), where each B; belongs to the subgroup of H
generated by Y and 2R, and I and J are finite.

Xok+1 = Zok+1 = [VI Ny (Bij + nijg)]2k+1 = VA, ((Bij)zk«»l + nii)
= (Bioi)zx1 + Nigios
since R, ., is totally ordered. Now 0 = z5.., = VA, (By)u+2 S0 for each i,
As(Bi )22 =0 and hence in particular A (B, )2 = 0. Thus (B )z +2 = 0 for
some J,. Since
Toer = AA(Bu a1+ Mioj) = (Bao)aks1 + Nigg
we have
Rijy + (Buj)oic+2 = Tigjy + (Bij )21 Z Tann,

and hence n; = %.«+:. Thus for each k we have i, € I and ji, € J such that
Rij, = Xaxv1. But T UJ is finite and the %,., are unbounded, so this is
impossible. Therefore z& G, so G is not projectable.

6.3. An [-subgroup G of H =1II'_,R; such that G generates H as an
l-ideal but G is not large in H.
Let G be the I-subgroup of H generated by the subset Y defined above.

6.4. An [-subgroup of H = Il.¢p.y R, that splits, but not every essential
extension splits. Let

G ={g € H|g(x)= a for some fixed a
for all but countably many of the x’s}.

Note that G is the direct sum of the l-ideal of all functions in H with
countable support and the /-subgroup of all the constant functions, so G is an
l-subgroup of H.
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(a) G is a projectable vector lattice and G D 2R,. Thus G" = G* = H.
Moreover, if {g. | n € N} is a countable subset of G that is bounded in H then
Vg.€G.

{b) G does not generate G* as an [-ideal.

Proor. Partition [0, 1] into a countable number of subsets each with the
same cardinality as [0,1]. Denote these by X, X5, --. Define h(x)=n if
x € X,. Then h is not bounded by any element of G.

(c) G splits.

Proor. Suppose G C K C G° where G is an l-ideal of K and pick
0<k €K Then grk € G for each 0< g € G. For n €N define 7 € G by
n(x)=n forall x €[0,1]. Then (A A k)(x) = a for all but a countable number
of the x’s. If @ < n, then k(x)= « for all but a countable number of the x’s,
and so k € G. Now if @ = n, then k(x) = n for all but a countable number of
the x’s, so k(x) < n for at most a countable number of the x’s.

Let Y,={x €[0,1]] k(x) < n}. Then [0,1] = U, Y,, which is countable, a
contradiction. Therefore G=K, and so by Theorem 4.1 G splits.

REMARKs. If T is an [-subgroup of G that contains 2R, and generates G
as an l-ideal, then it follows that T splits. In particular, one can restrict the
elements of G to be integral valued.

6.5. If G splits then so does G.

ProoF. If G is an l-ideal of K C G°*, then G* is an l-ideal of K¢ so
G?=K* Thus if 0< k € K C G* then nk € G for some n >0, so k € G.
Therefore G = K and so G splits.

6.6. If G splits and G = AEHB then A splits.

Proor. If A is an [l-ideal of an /-group H, then G is an l-ideal of
K = HEHB, so K = GHC = AEHBHC. Thus H= AHC.

6.7 (Jakubik (1974)). If {A,|A € A} is a set of [-groups that split, then
[T, A, splits.

ProoF. Suppose by way of contradiction that
A, CHC (1A, )y =11AZX

where [1A, is an [-ideal of H. Let H, be the image of the projection of H into
Aj. Then for some A we have

A, CH,CA;

and A, is an [-ideal of H,, but this contradicts the fact that A, splits.
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6.8. I1A, splits if and only if each A, splits.

Each I-group G is contained in a unique minimal projectable /-group G*
in which G is large (Conrad (1973)).

6.9. If each essential extension of G splits, then each essential exten-
sion of G splits.

Proor. Conrad (1973) shows that G¥ =G™ and G""=G""=G".
Thus

GdAzGdPA=GPdA=GPe_____G¢.

6.10. For an I-group G the following are equivalent.

(a) G is essentially closed.

(b) If G is an Il-subgroup of an I-group H and G is large in G”, then
H=GHG'.

Proor. (a = b). Since G is essentially closed, G = G” and so is an
I-ideal of H. Then since G splits, H = GEBG'.

(b>a). G islargein G° and G C G"= G*. Then G° = GHG', and
since G'=0, G = G° is essentially closed.
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