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ON UNIT SOLUTIONS OF THE
EQUATION xyz=x+y+z IN
NOT TOTALLY REAL CUBIC FIELDS

LIANG-CHENG ZHANG AND JONATHAN GORDON

ABSTRACT. It is shown that the equation xyz = x+y+z has unit solutions
in only four not totally real cubic fields: two fields which are real and two
fields which are imaginary. These fields are then listed.

1. Introduction. The equation
xyz=x+y+z=1

has been studied and shown to have no solution in the rational number field Q ([1], [3],
[4]). This leads to the study of the equation

(1.1) Uious = Uy + upy + us,

where u;, i = 1,2,3, is a unit in the ring of integers of an algebraic number field K. If
K is a quadratic extension of the rationals, this problem has been completely solved by
Mollin, Small, Varadarajan and Walsh [2]. We have shown that in a real number field,
with unit group of rank 1 and a fundamental unit n > 3, (1.1) has no solution, and
consequently (1.1) has no solution in any pure cubic field [5]. In this paper, we shall
solve this problem for not totally real cubic extensions of the rationals.

2. Results.
THEOREM. Let K be a real but not totally real cubic field. Then (1.1) has no solution
except for two fields:
Ky = Q(n),
where
Irr(n, Q,0) =X —x* —x—1
and
K> = Q(n2),
where

Irr(n,, Q,x) = ©—x— l,and n; € R.
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PROOF. Let Uk be the group of units of the ring of integers of K. Then from the
Dirichlet unit theorem, the rank of Uk is 1. Let 5 be the fundamental unit of K which is
greater than 1, then K = Q (7).

Let f(x) = Irr(n, Q, x). Since 7 is a unit,

fO=x+at+bx—1, abel

If Uk contains a solution of (1.1) then 5 satisfies

nll+fz+53 — nll +nfz +n53
or
phrhrt — pb b 5 for some ¢; € 7.

Here we may assume £, > ¢, > f3. So 7 satisfies some polynomial equation A(x) = O,
where

h(x) — XZ1+Z2 _le—[j; _x€2—83 _ 1
or

h(x) = xttle —xh=6 4 x4

Let

h](x) — xl|+[z _xlr‘b _xfz—f3 _ 1

and

hy(x) = xbitte —xh=b p xb=b 4 g,
so k(1) = —2 and hy(1) = 2.
If £; + £, is even, then £; — {3 and ¢, — {3 have the same parity. Consequently,
h)=1-1—-1—-1==2
or
h(=D)=1+1+1—-1=2.

On the other hand, if £; + £, is odd, then £; — £3 and ¢, — {3 have opposite parity.
Consequently,
h(-D)=—-1+1—-1—1= -2

or
m-)=—-1-14+1-1=-2.

Thus h(—1) is always £2. Similarly, h,(—1) is always £2. Therefore h(+1) = +2.
Since f(x) = Irr(n, Q, x), f(x)divides h(x), and f(£1) divides A(x1). Thus f(£1) =
+1 or +2. And since K is not totally real, f(x) has only one real root, n > 1, and thus
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fx) < 0if x < 5. Sosince £1 < n, f(£1) < 0, which implies that f(+1) = —1 or
2.
Recall f(x) = x> +ax? +bx — 1, s0f(1) = a+b and f(—1) = a — b — 2. Then solving
the system of simple linear equations in a and b:
a+b=—1lor —2,
a—b—-—2=—1lor —2,
and considering that a and b are integers, we find that (a,b) = (—1,—1) or (0, —1).
Therefore

Irr(n;, Q,x) =xX —x* —x—1

or
Irr(np, Q,x) = x* —x— 1.

InK; = Q(ny), sincen; —n? —nm —1=0,
U = 1],2, up = 1, uz =1 is a solution of (1. 1).

In fact,

) V19 +3v33+19 - 3¢/33 + 1
1= .
3

In K, = Q (1), since p; — 2, — 1 = 0, and

M3 +m)m3 —m—D=n5—n3 —n3 —m =0,
U = r/23,uz = 7]22,M3 = 1), is a solution of (1. 1).

In fact,

2

/108 + 12/69 + /108 — 121/69
- . :

We have proved the theorem.

COROLLARY. Let K' be an imaginary cubic field, then (1.1) has a solution if and

only if
K' =K = Q@
where
Irr(n], Q,x) =X — x> —x— 1
or
K'=K; = Q(ny)
where

Ir(n5, Q,x) =x —x— 1,7, € C—R.

PROOF. Let K’ be an imaginary cubic field and let ' be a fundamental unit with
[n'| < 1. Then K’ = Q(n’).
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Let f(x) = Irr(n’, @, x), n be the real conjugate root of ” and K = Q(n). Then it is
obvious that there is an isomorphism o: K’ — K with o(n’) = 5. Thus

n/fz+lz+53 — n/fl :{:17,[2 :|:T],Z]

if and only if
n£2+£2+[3 — ,rlll :t ,,Izz i nZJ

Then the result follows from the theorem.

REMARK. It is not difficult to calculate the values of . In fact,

, —J19+3\/§§—d19—3\/§§+2+\/3(\719—3\/5—\719+3\/§)m
B 6

m 6 ’
or
C J1o+3vm—9—3vienr V3(V19-3v33-V19+3V33) V-1
n = - ;
6 6
. —/108 + 124/69 — /108 — 124/69
27 12
\/§<\7108+12\/@—\7108—12\/@>\/—T
+ 12 ’
or
o= —/108 + 12¢/69 — /108 — 124/69
L 12

V3 (\7108 +12¢/69 — /108 — 12\/6—9> V=1
B 12 '
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