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On Constructing Ergodic Hyperfinite
Equivalence Relations of Non-Product Type

Radu-Bogdan Munteanu

Abstract. Product type equivalence relations are hyperfinite measured equivalence relations, which,
up to orbit equivalence, are generated by product type odometer actions. We give a concrete example
of a hyperfinite equivalence relation of non-product type, which is the tail equivalence on a Bratteli
diagram. In order to show that the equivalence relation constructed is not of product type we will use
a criterion called property A. This property, introduced by Krieger for non-singular transformations,
is defined directly for hyperfinite equivalence relations in this paper.

1 Introduction

The theory of countable measured equivalence relations is closely related to the the-
ory of von Neumann algebras. One can associate a von Neumann algebra with any
countable measured equivalence relation(see [6]]), and there is a one to one corre-
spondence between ergodic hyperfinite measured equivalence relations (up to orbit
equivalence) and approximately finite dimensional factors (up to isomorphism). The
countable measured equivalence relations that, up to orbit equivalence, are generated
by product type odometer actions are called of product type. They correspond to a
special class of approximately finite dimensional factors, the ITPFI factors. An im-
portant result of Krieger [12] says that the orbit-equivalence classes of ergodic hyper-
finite equivalence relations of type III are completely characterized by the conjugacy
class of the associated flow. Among all hyperfinite equivalence relations, the product
type equivalence relations correspond to the approximately transitive flows [2]].

In order to show that there exist nonsingular transformations that are not orbit
equivalent to any product type odometer, Krieger [11]] introduced the so-called prop-
erty A. He showed that any product type odometer of type III has this property and
that property A is an invariant for orbit equivalence. He also constructed a nonsingu-
lar ergodic automorphism of type III, which does not have property A and therefore
it is not orbit equivalent to any product type odometer. Trying to give a more explicit
example of an automorphism of non-product type, Dooley and Hamachi [3] con-
structed a Markov odometer that does not satisfy Krieger’s property A. More or less,
for both examples, it is quite difficult to describe the transformations and the effect
they have on the space (by this we mean the equivalence relations they produce). In
[15], it was shown that property A is not a sufficient condition for a non-singular
transformation to be of product type.

Given that a countable measured equivalence relation is hyperfinite if and only if
it coincides up to a null set with an equivalence relation generated by a nonsingular
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automorphism (see [5,[10]), property A can be defined directly for hyperfinite equiv-
alence relations (Definition[2.2)). In this setting, Krieger’s result says that any ergodic
equivalence relation of product type and of type III satisfies property A.

The purpose of this paper is to give an example of a hyperfinite measured equiv-
alence relation that can de described explicitly and does not satisfy property A, and
thus is not of product type.

Recently, by using matrix random walks, Giordano and Handelman [7]] gave an
example of an equivalence relation whose associated flow is not AT, and thus is not of
product type. It would be interesting if one could prove that the equivalence relation
constructed here is not of product type by using the techniques developed in [7].

The paper is organized as follows. In Section 2, we define property A for hy-
perfinite measured equivalence relations. In Section 3, we construct a hyperfinite
measured equivalence relation R that is the tail equivalence relation on a Bratteli di-
agram. In Section 4, we show that R is ergodic and of type III, and in Section 5, we
prove that R does not have property A, and therefore it is not of product type.

2 Definitions and Notations

Let (X, B, 1) be a Lebesgue space, and let R be an equivalence relation on X. We
say that R is a countable measured equivalence relation if the equivalence classes R(x),
x € X are countable, R is a measurable subset of X x X, and the saturation of any set
of measure zero has measure zero. R is called ergodic if any invariant set of positive
measure has full measure. A countable measured equivalence relation R is hyperfi-
nite if there exists an increasing sequence (R,),>1 of equivalence relations with finite
orbits such that R(x) = U,>1R,(x) for y-a.e. x € X. The measured equivalence rela-
tion R is said to be of type III if there is no o-finite R-invariant measure v equivalent
to p. For (x,y) € R, let m(x, y) = x be the left projection, and let 7,(x, y) = y be
the right projection of R. The measures v; and v, on R, defined by

VI(C):/\wfl(x)ﬁﬂd,u(x) and l/r(C):/|7rr_1(x)ﬂC|du(x)
X X

are called the left counting measure and the right counting measure of 1. Recall that
v; ~ vy and that §,,(x, y) = Z—l':i(x, y) is the Radon-Nikodym cocycle of 1 with respect
to R. A partial Borel isomorphism on X will be a Borel isomorphism ¢ defined on
some A € B with range some B € B. For a partial Borel isomorphism ¢: A — B,
the set Graph(¢) = {(x, #(x)),x € A} is called the graph of ¢. If ¢ is a partial iso-
morphism with Graph(¢) C R, then d/;zm (x) = 8,(0p(x),x) for u-a.e x € Dom(¢).
The full group [R] of R is the group of all nonsingular automorphisms V of (X, B, u)
with (x, Vx) € R for p-a.e. x € X. For further details, see [5]].

Two countable measured equivalence relations R and R’ on (X, B, ) and on
(X',B’, u'), respectively, are called orbit equivalent if there exists an isomorphism
of measured spaces, S: (X, B, u) — (X', B’, u’), such that

S(R(x)) = R'(Sx) for p-a.e. x € X.

We recall that Krieger’s defined property A for a nonsingular automorphism as fol-
lows.
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Definition 2.1 [11]] A nonsingular automorphism T on (X, B, u) is said to satisfy
property A if there exist constants 17, > 0 and a o-finite measure v ~ p such that
every set A of positive measure contains a measurable subset B of positive measure
with

lim sup v(K, (B, s,d)) > n - v(B),

§—00

where

K, 1(B,s,0) = {x € B: 3¢ € [T], such that ¢(x) € Band

dvo¢

- (x) c (es—é7es+6) U (_esﬂi’ —65_5)},

log

and [T1] is the full group of T.

Let R be an ergodic hyperfinite measured equivalence relation R on (X, B, u). If
v is a measure on X, equivalent to x, we denote by 4, the Radon—-Nikodym cocycle
of v. For x € A, we define

Ay anr(x) = {logd,(y,x): (x,y) € Rand y € A}

:{logdijizd)(x):gbe[ﬁ]}.

For a o-finite measure v ~ 1, A € B of positive measure and s, § > 0, we set

K,x(A,5,0) ={x€A: (e, e) N A ax(x) # @}
U{x€A: (e —e ) NAaxkx) # 2}

={x€A: Iy €Awith(x,y) € Rand [logd,(y,»)| € (7", ™)}

Definition 2.2 Let (X,8B, 1) and R be a hyperfinite ergodic countable equivalence
relation. Then R has property A if there exists a measure v ~ gandn,d > 0 such that
every measurable set A of positive measure contains a measurable set B of positive
measure such that

limsup K, »(B,s,0) > n - v(B).

s—00

Given that R is hyperfinite, there exists a nonsingular automorphism T on
(X, B, ) such that, up to a set of measure zero, R is equal to the equivalence re-
lation Ry = {(T"x,x),x € X,n € Z} generated by T, that is, R(x) = {T"x,n € Z},
for p-a.e. x € X (see [54[10]]). It follows that [R] = [T] and then, as can immedi-
ately be observed, R has property A if and only if T has property A in the sense of
Krieger. Hence, it follows from [[11]] that property A is an invariant for orbit equiva-
lence of hyperfinite equivalence relations and [L1, Lemma 2.2] can be reformulated
as follows.
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Proposition 2.3 Assume that R has property A. Then there exist n,0 > 0 such that
forall A\ ~ p and all € > 0, every measurable set A of positive measure contains a
measurable set B of positive measure with

limsup K\ (B, s,0 +€) > e “n- A(B)

§—00

Consider (k,),>1 a sequence of positive integers with k, > 2. Let

X=T{0,1,...k, — 1}

n>1

endowed with the product topology, the corresponding Borel structure, and a non-
atomic product measure 4 = ), pn, Where p, are probability measures on
{0,1,...k, — 1} such that the mass of every point is positive. We define T on X
by setting T(1,1,1,...) = (0,0,0,...),and ifx # (1,1,1,...),

0 ifn <N(x)7
(Tx), =< x,+1 ifn=N(x),
Xy if n > N(x),

where N(x) = min{n > 1: x, < k, — 1}. The product type odometer on (X, u1) is
called T. Notice that T is a non-singular and ergodic transformation with respect to
73

The tail equivalence relation 7 is defined for x = (x,),>1 and y = (y,)n>1 by xTy
if and only if there exists n > 1 such that x; = y; foralli > n.

Clearly, the tail equivalence relation 7 is orbit equivalent with the equivalence
relation induced by the Z-action of the product odometer on X.

Definition 2.4 An equivalence relation is said of product type if it is orbit equivalent
to an equivalence relation induced by the Z-action of a product type odometer.

Now, Krieger’s result from [12] can be reformulated in the following way.

Theorem 2.5 Any equivalence relation of product type and of type Il satisfies prop-
erty A.

3 Construction of an Equivalence Relation

In this section we construct a hyperfinite equivalence equivalence relation R on a
Lebesgue space (X, B, ).

Definition 3.1 A Bratteli diagram D = (V, E) is a graph with a set of vertices V and
a set of edges E, with the following properties:

(i) V is the disjoint union of finite subsets V,,, n > 0;
(ii) E is the disjoint union of finite subsets E,;, n > 1, with each edge e € E, con-
necting a vertex s(e) € V,,_; with a vertex r(e) € V,;
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(iii) For every vertex v € V, there exists e € E with s(e) = v;

(iv) For every vertex v € V, except for v € V,, there exists e € E with r(e) = v.

For simplicity, we assume that V;, consists of a single vertex vy. A path in D is defined
as a sequence (ey) of edges with s(e;) € V and s(ex) = r(ex—1) for k > 2. We denote
by X the space of paths of infinite length. To each path oflength n, f = (fi, f2, ... fu),
we associate the set

[f17f27~~~fn]:{€€X,ei<:ﬁ<,l<k<n},

which is called cylinder of length n. On X we consider the o-algebra B generated by
all cylinder sets. The tail equivalence relation on X, denoted by R, is defined by

eRf if and only if for some n, e = fi forall k > n.

Notice that R is the union of an increasing sequence of equivalence relations R,
where, for n > 1, R, is the equivalence relation on X given by eR, f if and only if
e = fyforallk > n.

We recall (see for example [4]) that a Markov measure (or AF measure) i, on 2
is a measure determined by a system of transition probabilities p (i.e., maps p: E —
[0, 1] with p(e) > 0 and Z{eGE,s(e):v} p(e) = 1for every v € V) given by

1o (Ui oo £)) =k1f11p<fk>,

for each cylinder [ fi, f2, ... ful.

We construct a Bratteli diagram D = (V, E) as follows. Let us start by considering
(ra)n>1, the sequence of positive integers given by r, = 2" for n > 1. The set of
vertices is V = U,»oV,,, where V,, = {(n,0), (n,1),...,(n,n)}, n > 0. Let ¢p: N* —
V \ {(n,0);n > 0} be the bijection given by ¢¥)(m) = (n,k), where n > 1 and
l<k<nsatisfyO+1+2+---+n— 14k = m. and For example, (1) = (1, 1),
P(2) = (2,1),9%(3) = (2,2), ¥(4) = (3,1),¥(5) = (3,2), and so on.

Define

Ak = Ty forn > land 1 <k < n.

The set of edges of the Bratteli diagram is E = U,,>, E,;, where
En = {(Tl,k7k+17]),1 < ] < )\n,k+130 < k < T’l—l}U{(ﬂ,k,k,O),O < k < T’l—l}

The edge (n, k, k, 0) goes from the vertex (n — 1, k) to the vertex (n, k), and for 1 <
7 < Auks1, theedge (1, k, k+1, j) goes from the vertex (n—1, k) to the vertex (n, k+1).
Then the space X of infinite paths consists of all

X = ((lakﬂaklail);(zaklak27i2)7'"a(n7kn—17krlain)" ')7

where 0 < k, < n, and either k, = k,;; and i, = 0,0ork, +1 = k,;; and 1 <
in < Ank,,. Notice that kg = 0, for any x € X. When necessary, a path x € X is

n+l®
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(0,0)

r1 = A1,1 edges

(L1)
ro = A2,1 edges
r3 = A2,2 edges
T4 = A3,1 edges r5 = A3,2 edges r6 = A3,3
edges
(3,0) (3,1) (3,2) (3,3)
Figure 3.1
denoted by x = (x1,x2,...,%n,...), where x, € E, and r(x,) = s(x,+1). For a path
x = (x1,X2, ..., %Xn,...) € X, we denote the cylinder set [x1, x2, . .., x,] with EJ.

This Bratteli diagram is described by a sequence (A,),>; of transition matrices.
Forn > 1,A, = {a,’,0 <i<n—1,0< j < n}, where a;’ is the number of edges
going from the vertex (n — 1, 1) to the vertex (n, j). Hence, aﬁ*k =1, a’,‘;k“ = A+l
fork = 1,...,n — 1, and otherwise a;’ = 0. The first three levels of this Bratteli
diagram are shown in Figure[3.11

We consider on E a system p of transition probabilities, defined as follows. Let

p1: E; — [0, 1], where
1 . 1 .
pl((1a07070)) :57 pl((170717])) :Ta(l)lv f0r1§]§a91~

For n > 2, we define p,: E, — [0, 1] by setting

1 . 1
palln ok 0) =2, pul(mkk+1, ) =
2 ay

for0 <k<n-—1,1<j<abrl,
Let 1 be the Markov measure on X, which, for any cylinder

C= [(13 07k17 il)a (27k17k27 i2)7 sy (f’l, kn—la km in)]a

is given by

,U/(C) PI(L 07k17 ll) : P2(2; k17k27 12) te 'Pn(naknfhkna 117)

1 1

Kn—1kn
21 a(l)klalzqkz < dy 1
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Note that R is a hyperfinite measured equivalence relation. For the rest of this paper,
the Radon—Nikodym cocycle of 11 with respect to R will simply be denoted by J. Let
(x, y) € R. As x and y are tail equivalent, we can write

X = ((1507k17i1)7(27k17k27i2)a"'7(nakn—lakn7in)a(n+ lakn7kn+17in+l)a" )
Yy = ((1107j17ll)7(271.17].2712)3 .. ’7(”7 jﬂ*l;kn7lﬂ)7(n+ lukn7kn+l7in+l)7 .. ) .

It follows that
Oki ik Kn—1ky

5(y,x) = e T .
Ve T 01 _ji)2 Jn—1kn
a,’t a) ay,

4 The Equivalence Relation R is Ergodic and of Type IlI

In this section we show that R is ergodic with respect to the measure p and that R is
of type IIL _
Let X = [[,Z,{0, 1}. On X we consider the product measure /i = ), fix given

by 1,(0) = p,(1) = %, for n > 1. We define a map 7: X — X by setting
ﬂ-((lvk(hkhil)a(27k17k27i2)a(n7k27k7i3) .. ) = (klakZ - kl7k3 - k27' H )

Note that the measure f is the pushforward of the measure y by the map m. We
denote by F, x the set of all paths in X that cross the vertex (#, k).

Lemma 4.1 lim,,_, oo t(Fy(m) = 0.

Proof Letm > 1and (n,k) = ¢(m). Let A, = {y € X, i, ¥i = k}. We have

~ 1 (n
M(An,k) - 27 <k) .

A path x € X crosses the vertex (1, k) if and only if Z?:l m(x); = k or, equivalently,
ifand only if x € 7~ !(A, x). Then

((Fpm) = p(Fug) = pom (Ang) = i(Ang) = Zin <Z) .

a,,zmax{i(Z);lékén}.

It easily can be checked that lim a, = 0. From the definition of the function 1, it
results that lim Fy,,y = 0. e ]
m—r 00

Let

Lemma 4.2 IfA C X with u(A) > 0, then

lim 7#(A NE)

Am = =1 for p-a.e. x € A.
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Proof Let B, be the o-algebra generated by the set of cylinders of length n. Then B,
the o-algebra generated by all cylinders of X, is the o-algebra generated by all B,,, n >
1. Denoting with E(x4|B,) the conditional expectation of x4 with respect to the o-
algebra B,,, the martingale convergence theorem (see for example [[I, Theorem 35.6])
implies that E(xa|B,) — E(xa|B) = xa almost everywhere, as n — oo. Hence,

ANE"!
lim u = lim E(xa|Bn)(x) = 1for u —a.e. x € A. [ |
n— 00 u(E;‘) n— 00

Proposition 4.3 The equivalence relation R is ergodic with respect to (.

Proof Note that two paths x = (x1,%2,...,%s,...) and ¥y = (y1, %2,y Vn,---)
intersect if there exists n > 1 such that r(x,) = r(y,). This is equivalent to saying that
S % =Yo7 where X = m(x) and y = m(y). The space (]‘[@1{0, 1}, ®fiy)
can be identified with ([0, 1], A), where X is the Lebesgue measure (see [14]). Then,
(13, Lemma 17.2] implies that for i x fi-a.e. (X,7) € X x X, there exist infinitely
many n > 1suchthat >\ % = >.' 7. Asp = pon ', it follows that for
wx p-ae. (x,y) € X x X, x and y intersect infinitely often.
Let A be an R—invariant set with 0 < ©(A) < 1. From Lemma 4.2, we have

ANE! (A“NEY)

u , 'uiy—)lfor,ux,u—a.e(x,y)eAxAc.
1(EY) H(E})

Since for ;1 x p-a.e. (x,y) € X x X, x and y intersect infinitely often, we can find
x=(x1,%, .y Xny...) EA Y =191,y Vn,-..) € A%and m > 1 such that

WANEYH 1 plANE) 1

u(EY) 2’ 1(En) 2’

and r(x,,) = r(ym). There exists a partial isomorphism ¢ with Graph(¢) C R and
affecting only the first m coordinates such that ¢E¢ = Ej. Thus,

. dyp o W(E}) S S
pang) = [ au= [ B2t = EmaAnED > S
ANE} AnEr  Gp n(EY) 2
Therefore,
WANE))  p(A“NE) 1 1
= >-+-=1
1(Ey) 1(Ep) 22
This is a contradiction. Hence ;1(A) = 1 or p(A) = 0, and so R is ergodic. [ |

In order to show that R is of type III we use a criterion from [8] that says that
a countable measured equivalence relation R on (X, p) is of type III if and only if
sup{logd(y,x); (x,y) € R} = oo and inf{logd(y, x); (x,y) € R} = —o0, for p-a.e.
xeX.

Proposition 4.4 The equivalence relation R is of type IIL.
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Proof It can immediately be seen that the set
A= {X € X;%, = 0and X, = 1 for infinitely many n}

is conull in X. Thus, F = 7'(A) is conull in X.
Consider o > 0 arbitrary, and take x € F,

X = (Xl,X27... ,Xn,...) = ((170,k1,i1),(Z,kl,kz,iz),...,(I’Z,kn_l,kmin),...).
Let m = min{n > 2;7(x), = 0} = min{n > 2,k, = k,—;}. Choose p > m large

enough such that w(x), = 1 and logry_; > «, where N = ¢~ !(p, k,). Note that
kp =ky,—1 +1. Wecanfind y € X,

Y= ((}’1»}’27---7%»---) = (1a07j17ll)7(27j17j2712)7"-7(”7jﬂ—17jﬂaln)7"')

such that (x, y) € R and

Vn = Xn ifn<morn>p,
m(y)y =7(x), ifm<n<p,
T(Y)m =1, m(y)p = 0.

ThU.S, jp = jp—l = kp, jm = jm—l +1= km—l +1, and

Y S W - kp—1kp

By = S A
’ km—1jm ajmjm+l Jo—1ky *

am m+1 ap

. . TR . . kp_1k
Since in the above product each a)] is either 1 or certain ry, it follows that ap” R —

. N
Apk, = v and a}],"*lk" = 1. Hence, 6(y,x) = [[r, where §; € {0,1,—1} for
i=1
m < 1 < N, and fy = 1. Consequently,
N—1

logd(y,x) > logry — Zlogri > (N —1!log2 =logry_1 > a.

i=1

This implies that sup{logd(y,x); (x,y) € R} = oo, and similarly it can be shown
that inf{log d(y, x); (x, ) € R} = —oo. Therefore R is of type III. [ |

5 The Equivalence Relation R is not of Product Type

In this section we prove the main result of this paper by showing that R does not
satisfy property A.
Let (L,)u>1 be the sequence of positive reals given by

_ log r,, +log 741

Ly > .

> 1,
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and let us denote with I,, the intervals I,, = [L,_y,L,), n > 2
It is straightforward to check that

(5.1) logr) +logr, +---+logr, < L,, forn > 1
and
(5.2) logr, — (logr +logr, +---+logr,—1) > L,_, forn > 5.

Lemma 5.1 Letm >5.1If (x,y) € Rand |logd(y,x)| € L, then x € Fyp).

Proof Consider x = (x,x,,...) and y = (51, ¥2,...) such that (x,y) € R and
Ly—1 < |logd(y,x)| < Ly, where m > 5 and Lets = max{i : x # y;} and
p = max{i : s(x;) # s(y;),r(x;) = r(y;)}. Clearly, p < s. Notice that p > 2, as
otherwise log §(y,x) = 0. Thus, beginning with the vertex r(x,) = r(y,), x and y
cross the same vertices of the Bratteli diagram. We write

X = (1703k17i1)7 (27k1;k27i2)7 (AR (pakpflakpaip)a (P + 17kp7kp+17ip+1)7 cee
E) (5, k5715k57is)7 (5+ 17k57k5+17i5+1); R

y = ((1a07jlvll)7(27j17j2712)7' ] (Pajp—lakpalp)a(P+ lykp7kp+l7lp+l)7' H
cy (57 ks—laksals), (5+ 1,k57ks+1;i5+1)a ceee

Hence,
Oky ik, kp—1kp
9p

a a
Sy, x) = 42— ... 1L .
0j1 _jij2 Jp—1k
a] az apl’ P
k i1k k
Not1cethate1theraif ko = Apik, andap e —loraff " =1landa,” ko = Apk,-

As each a) in the above product is elther 1 or certain r,,, we have

(S(yyx) = : H r;'ﬂ’

where 8; € {0,1,—1} for 1 < i < 97'(p,k,) and By-1(px,) # 0. Letn =
¥~ 1(p, kpy). It follows that

|logd(y,x)| = i logr;

n
< Zlogrn < L,.
i=1

Since |logd(y,x)| > Ly, we have n > 5. We claim that m = n. Indeed, if m > n,
using (5.I) we would have,

m—1
[logd(y, x)| < Zlogrl < Zlogri < L1,

i=1
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which contradicts | log d(y, x)| > L,,—;. If m < n, then, by (52),

n—1

|logd(y,x)| > logr, — Zlogri >L, 1> Ly,

i=1

which contradicts |logd(y,x)| < L. Therefore, n = m and so (p,k,) = 1(m).
Hence, x crosses the vertex 1)(m) = (p, k), that is x € Fy ). ]

The following proposition shows that for s large enough the interval (&%, &)
intersects at most two consecutive intervals I,,, and I,,,4;.

Proposition 5.2 Let$ > 0and M > %, Consider s > 0 and m > 1 such that
e > Ly and I, N (€79, e0) £ @. Then I;N (7%, e =@ for j #£m,m—1or
LN, e?)=gaforj#mm+l

Proof Ase’ ™ > Ly it follows that (e, %) does not intersect any of the intervals
I;,j=1,2,...,M,and so m > M + 1. We have either L,,_; < e or Ly > e,

Let us assume first that L,,_; < e 9. Clearly, L, > 7, as otherwise,
(€79, e N1, # @. It follows that

L +1)(m+3
L= m+1Lm:(m )(m +3)

Ly>M-L, >0 0 ="
Ly, m+2 " " ’

andsoI; N (7%, et = @ for j #m,m+ 1.
Assume now that L,,_; > e, Since (¢, e*%) N I,, # &, we have L,,,_, < .

Hence,
Lm72 m mel eSﬂ; -0
Lyor=—"Ly 1=————Lp 1< — < —=¢
T I " T = Dm+ ) " T M 2
and
L m(m + 2
L, = m Ly = ng—l >M Ly > 62565—(5 — ES+5.
mel m+1
Consequently, I; N (7%, e*) = @ for j #m,m— 1. ]

Theorem 5.3 R does not have property A and is not of product type.
Proof From Lemmas[@Tland[5.1] we get
n}gnmu({x €X,3y € X,(x,y) € Rand |logd(y,x)| € Im}) < w(Eyimy) = 0.
This and Lemma[5.2limply that for any § > 0, we have
Slirgou({x €X,dy € X, (x,y) € Rand |logd(y,x)| € (esfé,e”‘;)}) =0.

By using Proposition 23] we conclude that R does not have property A, and therefore
it is not of product type. ]
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Notice that M (X, p, R), the von Neumann algebra associated with R (see [6]),
provides an explicit example of an approximately finite dimensional factor that is not
an ITPFI factor.

Note also that the associated flow of this equivalence relation is, up to conjugacy, a
flow built under a ceiling function and having as base automorphism the Pascal adic
transformation. To obtain this realization of the flow we refer the reader to [8]] or [9].
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