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Abstract We prove stronger variants of a multiplier theorem of Kislyakov. The key ingredients are based
on ideas of Kislyakov and the Kahane-Salem—Zygmund inequality. As a by-product, we show various
multiplier theorems for spaces of trigonometric polynomials on the n-dimensional torus T™ or Boolean
cubes {71,1}1\’. Our more abstract approach based on local Banach space theory has the advantage that
it allows to consider more general compact abelian groups instead of only the multidimensional torus.
As an application, we show that various recent ¢;-multiplier theorems for trigonometric polynomials
in several variables or ordinary Dirichlet series may be proved without the Kahane-Salem—Zygmund
inequality.
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1. Introduction

Let T be the torus in the complex plane, that is, the compact abelian group of all z € C
with |z| =1, which carries the normalised Lebesgue measure v on T as its Haar measure.
By T°°, we denote the countable product of T, which, again, forms a compact abelian
group (the Haar measure is the countable product of v), and identify its dual group with
ZM _ all finite multi indices a € Z", n € N. We write NéN) for all & € Z™) with entries in
Np :=NU{0}.

As usual, H,(T*) stands for the Banach space of all functions f € L., (T°), such that
f(a) =0 for all o = (o;) € ZM with a; < 0 for some j. We call Ho,(T*) Hardy space on
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the infinite dimensional torus and denote its closed subspace of all continuous functions
by C4(T>).
A sequence § = (£a), o0 Of scalars is a bounded El(NéN))-multiplier of C4(T>),
0
whenever the mapping Mg : CA(T>) — {4 (N((JN)) given by:

Me(f) == (J?(a)fa)aeNéN), f e CcA(T>)

is bounded. The following necessary condition for such multipliers is due to Kislyakov
[15, Theorem 6], and it, in fact, is the main motivation of this paper.

Theorem 1.1. Let £ = (§a) e e a bounded £y (NgN))-multiplier of CA(T>). Then:
0

1 1/2
sup —1+dn)( Z |§a|2) < o0. (1.1)

n,d€N nlog( a€ENg : max{ay,...,an } <d

Inspired by this result, in particular, the techniques from local Banach space theory
which Kislyakov uses to prove it, we study the following more general (but also more
vague) question:

Let G be a compact abelian group with Haar measure v and I" a subset of characters in
the dual group G. Moreover, let X (I') be a Banach sequence space over the set I'. A (real
or complex) sequence & = (&, )~er is an X (I')-multiplier of a closed subspace V C L,(G)
whenever:

o~

(f(V)é)rer € X(T), feV.

The problem then is to find necessary and sufficient conditions for such X (I")-multipliers
of V. Our applications mainly focus on multiplier theorems for the n-dimensional torus
T, its Boolean counterpart, the n-dimensional Boolean cube {—1,1}", as well as their
countable counterparts T := TN and {—1,1}> := {-1,1}.

Observe that by a simple closed graph argument, the study of X (T')-multipliers for
V C Lo (G) means to study concrete inequalities: € is an X (T')-multiplier for V' C Lo (G)
if and only if there is a constant C = C(§) > 0, such that:

ST <Clifllwes fEV.

yel

We note that, only in very few cases, a full description of the set of all X-multipliers £ of
V C Lo (G) is possible. In most of our applications, we are able to give necessary and/or
sufficient conditions in terms of the asymptotic decay of €.

In the first section, we show that Theorem 1.1 is in fact a consequence of the Kahane—
Salem—Zygmund inequality, and in Theorem 3.2 and Corollary 3.3, we extend Kislyakov’s
multiplier theorem to certain analytic subspaces of Lo, (T°) instead of C4(T). It should
be mentioned here that Kislyakov’s approach to Theorem 1.1 is different, and in the second
and third sections, we analyse his cycle of ideas from local Banach space theory — the
main advantage is that they apply to more general compact abelian groups than only
multidimensional tori.
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The crucial link, which makes this possible, comes from Lemma 4.1 showing that, given
a compact abelian group G, a finite subset I' in G and a Banach space F := (C!|-||), for
every finite sequence & = (&,)cr, one has:

mo(Me:Pr—F)=  sup  [[(1y&y)verllp,
Il eg(ry <1
where Pr stands for the Banach space of all finite polynomials > Jer &,y endowed with
the sup norm, Mg for the multiplier, which assigns to every finite polynomial Z’yEF Py Ys
the finite sequence (14, ) er € F and ma(M¢) for the 2-summing norm of this operator.

In the Theorems 4.4, 5.2 and 5.5, fundamental knowledge on 2-summing operators leads
to improvements of Theorem 1.1.

In the last section, we apply our results to study multiplier theorems for spaces of
functions on multidimensional tori and Boolean cubes. We focus on topics like Sidon
constants, Bohr radii, monomial convergence, as well as Dirichlet series.

Using Kislyakov’s ideas, we prove new results, but we also reprove recent known results,
which were originally proved through the use of the Kahane-Salem-Zygmund inequality.

At first glance, this might look surprising, but on the other hand, we already remarked
that our starting point, Theorem 1.1, is a consequence of the Kahane-Salem—Zygmund
inequality, and, conversely, we show in the recent paper [10] that Kislyakov’s ideas are of
great relevance within a further study of the Kahane-Salem—Zygmund inequality.

2. Preliminaries

Banach spaces. Let X, Y be Banach spaces. We denote by Bx the closed unit ball of
X and by X* its dual Banach space. If we write X — Y, then we assume that X CY
and the inclusion map id: X — Y is bounded. If X =Y with equality of norms, then we
write X =2 Y. As usual, C(K) denotes the Banach space of all continuous functions on a
compact Hausdorff space K, with the sup norm || - ||oo.

We denote by L(X,Y) the space of all bounded linear operators 7': X — Y with the
usual operator norm. An operator T' € L(X,Y) is said to be an isomorphic embedding of
X into Y whenever there exists C' > 0, such that | Tz|y > C||z| x for every z € X. Thus,
T~ is an isomorphism from (7X,] - ||y) onto X. Given a real number 1 <\ < oo, we say
that X A-embeds into Y whenever there exists an isomorphic embedding 7 of X into Y,
such that ||T|||771|| < A. In this case, we call T' a A-embedding of X into Y.

Let T’ be a nonempty set. We denote by £ (I') the space of all bounded functions on
I, endowed with the sup norm. For any £,n € ¢, (I'), we denote by £-n their pointwise
product. Let E and F be linear subspaces of K", where K =R or K= C. Any ¢ € K,
such that &n:=¢-n € F for all n € E, defines a diagonal operator D¢: E — I given by
D¢ (n) :=¢n for all n € E. We write D(E,F) for the vector space of all such maps. If E and
F are Banach spaces, such that the inclusion maps from E and F into K are continuous,
then D(E, F) equipped with the norm:

1Dellpe,my = sup [[(&m)lle

l(n-)le<1

is a Banach space.
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We apply standard methods from local Banach space theory. Recall that a Banach
space X has cotype 2 whenever there is a constant C, such that for each choice of finitely
many zi,...,r, € X:

1
2

(Stewr?) < [ )’
k=1 0 Tk=1

where 7, denotes the kth Rademacher function. The least possible value of this constant
is denoted Ca(X).

An operator T: X — Y between Banach spaces is said to be absolutely p-summing
(p-summing for short) with 1 < p < oo if there is a constant C' > 0, such that, for each
n € N and for all sequences (zx)}_; in X, we have:

(Sirad) < s (Sbar)”

The least such constant C' is denoted by m,(T: X = Y) (m,(T) for short) and is called
the absolutely p-summing norm of 7. We refer to the theory of p-summing operators to
[13] and [19].

We recall that if K is a compact Hausdorff space, X a closed subspace of C(K) and Y
a Banach space, then the so-called Pietsch domination theorem states that T: X — Y is
p-summing if and only if there is a constant C' and a probability Borel measure p on K,
such that:

sy <o [ 1), rex.

In that case, m,(T") coincides with the smallest constant C satisfying the previous
inequality.

Compact abelian groups. In the following, we fix some compact abelian group G :=
(G,-). A linear subspace X of K¢ is said to be translation invariant whenever for every
f € X and every h € G, the translation f; € X, where fr(g) := f(g-h) for every g € G.

As usual, we write G for the dual group of G (i.e. the set of all continuous characters
on G), and we denote by v the (normalised) Haar measure on G, a unique translation
invariant regular Borel probability measure. Recall that the translation invariance of v is
equivalent to the formula:

| 1@ = [ flgavte). fe LG heG.
G G

The following well-known result from [18] is central for our purposes; for the sake of
completeness, we include a simple proof.

Lemma 2.1. Let G be a compact abelian group with normalised Haar measure v, let X be
a closed translation invariant subspace of C(G) and let Y be an arbitrary Banach space.
Suppose that T: X =Y is a p-summing operator which satisfies that || T frlly = |Tfly
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forall fe X, heG. Then:
/p
sl <m0 ([ Il anta) . rex.

Proof. Pietsch’s domination theorem combined with Fubini’s theorem show that there
is a probability Borel measure p on G, such that for all f € X:

1751 = [ 1A d) <m0 [ ([ o) duta)) avin)

=@ [ ([ 1@l i) duto).

Since the Haar measure v is translation invariant, it follows that:

s =y [ ([ Ifg(h)\pdV(h))du(g)

A0 [ ([ 150 ann) dut) = m@ [ |0l avin =

As usual, the Fourier transform of f € Ly (G, V) is defined by:
/ flg dl/ v E G.

Let X be any subspace of L;(G,v) and I’ C G a nonempty subset. Then:
Xp:={feX: f()=0 forall y¢TI}.

Clearly, Xr is a translation invariant subspace of X. Note that for X = C(G) or X =
L,(G,v) with 1 < p < 00, every translation invariant subspace of X has the form Xr for
some I' C G. -

In what follows, for simplicity of notation, we write Cr instead of C (G)r. By Cr c KV,
we denote the linear space of all (f(7))~er, f € Cr, which equipped with the norm:

I(Ferlla = Ifllc). feCr

forms a Banach space. Throughout the paper, if ¢ € KI' and F = (KL, ||-||) are Banach
spaces, then the mapping M¢: Cr — F' (which we call multiplier) is given by:

Mef = (& F(7))yer, f€Cr.

The space of all such multipliers is denoted by /\/l(C’p7 ), and it obviously identifies with
the space D(O]", ') of all diagonal operators from Cr into F.

A subset T of G is called a p-Sidon set (1 < p < o0) if there is a constant C, such
that:

(S Ifar)’ <Cliflar fecr

yel

The least possible value of this constant is denoted Sy, (I") and called the p-Sidon constant
of G.
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Let {—1,1} be the compact discrete group with the Haar measure o1 ({—1}) =01 ({1}) =
1/2, and let T be a unit circle equipped with normalised Lebesgue measure. We will
primarily be interested in the case when G =T", G = {-1,1}", G = {-1,1} or
G=T>.

The countable product {—1,1}°° is a compact abelian group with the pointwise product
and the product topology. The Haar measure on {—1,1}°° is then just the countable
product of the measure o;. Clearly, the dual group of {—1,1} is the set {xg: S €
Prin(N)}, where S € Py (N) means that |S| :=card(S) < oo and xs: {—1,1}>*° — {—-1,1}
is defined by xs(z) =]],cq®n for all z = (z,)nen in {—1,1}*.

The compact abelian group T carries the pointwise product, the product topology
and the product of the normalised Lebesgue measure on T as its Haar measure. Denote
by ZM the set of all sequences a = (a1,...,Q,...) of integers which vanish for n large
enough. Then we have T = ZM | where each a € ZM is identified with the character
v(z) = 2% := Hjil 2%, z € T

The subset of all sequences o € Z™ | for which all entries are either 0 or natural, is
denoted by NéN). We write A< (m,n) C N(()N) for the subset of all a’s of length n and with
order |a| = 2?21 a; <m, whereas A= (m,n) consists of all a’s of length n but with order
|| =m.

Trigonometric polynomials. Given n € N and m € Ny, we denote T'(m,n) the set
of all multi indices {a € Z™: |a] < m} and T<,,(T™) the space of all trigonometric
polynomials:

P(z)= Z caz®, zeT"

aeT(m,n)

on the n-dimensional torus T™ which have degree deg(P) = max{|a|; co # 0} < m. Clearly,
T<m(T™) together with the sup norm || |lr» (also denoted by ||-|lo) form a Banach
space.

By P<m(T™), we denote the closed subspace of T<,,(T™) of all trigonometric analytic
polynomials P(z) = 3_,cr<(m ) Caz® for all z € T". The space P, (T") is defined
to be the closed subspace of all m-homogeneous polynomials P given by P(z) =
ZaGA:(m,n) Caz®.

Moreover, we are going to make use of the so-called ‘hypercontractive’ Bohnenblust—
Hille inequality: There is some universal constant C' > 0, such that, for each m,n and
P € P (T™):

m+1

#5) < OV Pl 1)

> |P(a)

a€A=(m,n)

we refer to [5] (original form), [8] (hypercontractive form), [2] (subexponential form)

and within the context of Dirichlet series and holomorphic functions in infinitely many
variables to the monograph [9].

A well-known consequence of Bernstein’s inequality (see, e.g. [20, Corollary 5.2.3])
is that, for all positive integers n,m, there is a subset F' C T" of cardinality card
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F < (1420m)™, such that, for every P € T<,,(T™), we have:

sup [P(2)] < 2sup |P(2)].
z€Tn z€F

In other terms, for N = (1+20m)™, the linear mapping;:
It T (T™) = LY, I(P) == (P(2)):ser (2.2)
is a 2-embedding of T<,,(T™) into ¢%.

3. A probabilistic proof

We use the famous Kahane-Salem—Zygmund inequality (the KSZ-inequality, see, e.g. [9,
10], [14] or [20]) to improve Theorem 1.1. Our argument is different from the original
proof of Theorem 1.1, which we are going to analyse in the next section.

Theorem 3.1. Let (Q,A,P) be a probability measure space. Then there is a positive
constant C, such that, for each m,n € N and for every trigonometric random polynomial
P(w,2) =3 per(m,n) Ea(W)caz®, (w,z) € AXT", one has:

KNH%N@MWMMW§C¢m%0+mW@M%mmmv

where (€a)aeT(m,n) 15 @ sequence of Bernoulli variables on (€2, A,P).

As we will see in Theorem 3.3, the following consequence of the KSZ-inequality gives
Kislyakov’s multiplier Theorem 1.1 as a particular case.

Theorem 3.2. There is a positive constant C, such that for all n,m € N, all Banach
spaces F' = (CT™™) || ||) and for all sequences & = (£a)acT(m,n):

sup ||(Na§a)a€T(m,n)||F <Cvy nlog(l +m) HM§: TSm(Tn) — FH

[leell e (7 (rm,myy <1

Proof. Let (¢4)aer(m,n) be a sequence of Bernoulli variables on some probability space
(Q,A,P), and consider the following three operators:

Re: (T (m,n)) = F, (ca) = (cala);

¢xsz: (T(mn) = Li(P,T<m(T™), (ca) = Y cal-)caz®,

aeT (m,n)
Le: LR, Tem(T™) = F, > eal)caz® > (cada)-
a€T(m,n)
Clearly, R¢ = L¢ 0 ¢gsz and:
||R€|| = sup ||(uoc§a)a€T(m,n)||F~

leell e (7 (m,myy <1

Moreover, by the KSZ-inequality from Theorem 3.1, we get:

loxszl < Cv/nlog(l+m).
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We claim that:
ILell < [[Me: T<m(T™) = F||.
Indeed, given a random polynomial P € Ly (P, 7<,,(T")) given by:
P(w,z) = Z caW)caz®, (w,z)€QxT".
a€eT(m,n)
Then, for every w € {2, we have:

I(caga)llr < || De: Tem(T™) = F|[[P@, )|, cony-

Now integrating proves the claim. All together yields:

sup ”(.uaga)aeT(m,n)HF
[l (7 (m,myy <1
<Ll lloxszll < C/nlog(1+m) || Me: Tepm(T™) — F|,
and so this completes the proof. O

Now by Theorem 3.2, we deduce that Kislyakov’s original Theorem 1.1 is a special case
of the following more general result.

Corollary 3.3. Let V be a closed subspace of Loo(T™). Then for every £1(ZM™)-multiplier
&= (a)aczm of V, one has:

1 1/2
sup (2 kpr) <

n,meN nlog(1+m) ael'NT(m,n)

where:

I'= U suppr 7M.
fev
In particular, every él(NéN))—multiplier of H®(T) satisfies the preceding estimate
whenever we replace T NT(m,n) by AS(m,n) and every ¢, (N(()N))—multiplier of CA4(T>)

satisfies the estimate from (1.1).

Proof. Let us prove the first statement. For a fixed £ = (£4)qez0v, We can define a new
sequence & = (&) qezon with £, =&, if a € I' and &, = 0 otherwise. It is clear that &
is a £, (ZM)-multiplier if and only if so does ¢’. Thus, applying Theorem 3.2 to ¢, we
immediately conclude the result. For the second statement, note that:

(Y kP (X kP

€Ny : max{ai,...,on }<m |a|<mn
< Cy/nlog(1+mn) || Me: Pcpn(T™) — El(Af(mn,n))H
< Cv/nlog(1+mn) || Me: CA(T™) — £1(NY)

which completes the argument. O

)
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Note that Corollary 4.5 below recovers the preceding result — using a different
technique of proof with the advantage of slightly more explicit constants.

4. Variants for compact abelian groups

Based on local Banach space theory and inspired by ideas from [15], we improve Theorem
3.2 and its Corollary 3.3. Our more abstract approach has the advantage that it allows
to consider more general compact abelian groups instead of only the multidimensional
torus. The main result here is Theorem 4.4 below.

We start with the following basic lemma which is a simple consequence of Lemma 2.1
and crucial for our purpose.

Lemma 4.1. Let G be a compact abelian group, T' a finite subset in G and F := (CNH))
a Banach space. Then for every § = (£4)yer:

mo(Mg: Cr = F) = ||[De: 62(T) = F| = sup  [[(y&y)er|lr-
el eg (ry <1

Proof. The second equality is obvious, and from Lemma 2.1 and the orthogonality of
the characters in Lo(v) (where v denotes the normalised Haar measure on G), we easily
deduce that:

sup ||(/1"y§'y)'yeF||F < 7T2(M§Z Cr — F)
leelleg (ry <1

To see the reverse estimate, note that for every f € Cr, one has:

~ ~

IMefllr = & Fa)le < 1D¢: £2(T) = FINFO) leacry
= 1De: £a(0) = P ([ 1) Pv(a))”

where we have used the Plancherel theorem for groups. Then, Pietsch domination theorem
yields that:

(Mg : Cp — F) < ||De : £o(T) — F)||. O

As a very first application of the preceding lemma, we obtain an interesting reformula-
tion of Theorem 3.2.

Corollary 4.2. There is C > 0, such that for all nnm € N, all Banach spaces F =
((CT(m,n)’ ” : ”) and all 5 = (fa)aET(m,n):

7T2(M£2 Tgm(Tn) — F) < C\/nlog(l—i—m) HME: Tgm(’]l‘”) — FH

In view of Bernstein’s theorem from (2.2), the next result is a strong extension despite
the cotype assumption. It will allow us to get the Kislyakov type multiplier theorems (in
particular, Theorem 4.4) for compact abelian groups different from the multidimensional
torus.
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Proposition 4.3. Let I: X < (Y be a A\-embedding and F a Banach space. Then for
every operator T: X — F"

mo(T) < e2ACo(F)V1+In N ||T).

Proof. Define for each V € N the N-th harmonic number hy := Zjv 15

measure py on the power set of {1,...,N} given by un({j}) := 1 . for each je{l,....,N}.
In what follows, we need the elementary observations that logN <hy<1 —|—10gN and
for every & = (&), e CV:

= and the discrete

€lley, < ell€llz un)-
Indeed, if |||y = |€x| for some k € {1,...,N}, then:

N 1
1 N 70gk‘ _ logk _
(X S16™)™ =l =l 2 e B 0] 2 e .

j=1

It is well known that, for every operator S: E' — F between Banach spaces and 2 <p < oo,
one has:

m2(5) < K, Co(F) my(9),

where K, <,/p is the best constant from the right-hand side of Khinchine’s inequality
for Rademacher p-averages (see [19, Theorem 5.15]).
Consider the following obvious factorisation of an operator T: X — F"

T x-Lix) s x L
Thus, the above facts combined with the ideal properties of p-summing operators yield:

7o (T) < ||| 7o (T oI~ < ||I)| /By Co(F)py (To It
< (M- 1HIITllxﬁOz ) Ty (idr(x))
<|IT) Co(F) v/ hy AThy (idgy ).
Since [[id: Ly (un) — €3 || < e, it follows that:

Thy (iden ) < empy (id: (N 5 Ly (un)) = eh \ < €2 O

The following theorem is the main result of this section, and we want to mention once
again that its proof is very much inspired by [15, Theorem 6].

Theorem 4.4. Let G be a compact abelian group and I' a finite subset in G. Assume
that I: Cr — (X is a A\-embedding and F := (C',||-||) a Banach space. Then, for every
&€= (&)yer € CY, one has:

sup  [[(puyéy) P SeQ)\Cg(F)\/l—i—logN HM5: Cr —>FH

leell e (ry <1
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Comparing with Theorem 3.2, we see that the price we pay for the fact that the theorem
applies to more general groups than the multidimensional tori is that the estimate involves
the cotype constant of F.

Proof. By Lemma 4.3 and Bernstein’s embedding from (2.2), we get:
mo(Mg: Cr — F) < e*XCo(F)\/1+log N |M¢: Cr — F|.
Thus, it follows from Lemma 2.1 that for all f € Cr:

1
2

IFEr < Ao (F) v/ T+ T0g N [Me: €= FI ([ 17l dv)
= 2ACy(F) /1+1og N [ Me: Cr — FI| (Y 1F )

yel’

[N

Then the conclusion follows by duality. O

We finish with the following improvement of Corollary 3.3; its proof is an immediate
consequence of Theorem 4.4, Bernstein’s embedding from (2.2), the fact that Cs(¢,(Z")) <
V2 for 1 < p <2 and, that by Holder’s inequality, we have:

(Sler) " = s lm&lom. (©) et

~er lelley (<1
for all 1 <p <2 with L_1_1
r p 2

1_1_1
Corollary 4.5. Let 1<p<2 and ;. = 52 Then, for each nym € N, and for every

§ = (a)aczn,|a|<m, the following estimate holds:

> k)’

a€Z”, |a|<m
< 2v/2¢%/nlog(1+20m) | Me: T<m(T™) = 6,({a € Z™: |af <m})||.

The following remarks suggest that this corollary leaves some space for improvements.
Given 1 < p < 0o, consider again the multiplication operator:

Me: P (T") = (A= (m,n)), [ = (F(0)éa) wers gy
If 2 <p < oo, then:

sup  [€a = [[Mell,

a€A=(m,n)
whereas for Tz—fl < p <2 by the hypercontractive BH-inequality (2.1):

sup  [la| <[|Mel| <C™  sup - [&al.

a€AS (m,n) aeA<(m,n)

Hence, in view of Corollary 4.5, the complex interpolation between the extreme cases
£1(T") and ¢ 2m (T") suggests the following conjecture.
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Conjecture 4.6. Let1<p< 72—111 and % = (l — "5—“) Then, there exists a universal
P m

constant C' >0, such that for each n,m € N, and for every £ = (§a)aca<(m,n)

M¢ : P<(T") — Ep(AS (m,n))]|-

> |§a\3)1/sgc%(nlog(1+2om))%

a€AS(m,n)

5. Variants by interpolation

The purpose of this section is to prove two variants of Kislyakov’s Theorem 3.3, both
based on Theorem 4.4 and interpolation methods. We at first recall some notation from
interpolation theory (see, e.g. [3]). The pair X = (Xo,X;) of Banach spaces is called a
Banach couple if there exists a Hausdorff topological vector space X, such that X; — &,
j=0,1. A mapping F, acting on the class of all Banach couples, is called an interpolation
functor if for every couple X = (Xo,X1), F(X) is a Banach space which is intermediate
with respect to X (i.e. XoNX; C F(X) C Xo+X;) and T: F(X) — F(Y) is bounded for
every operator 1': XY (meaning T': Xog+ X; — Yy +Y; is linear and its restrictions
T: X;—Y,, j=0,1are defined and bounded). If, additionally, there is a constant C' >0,
such that for each T: X —Y:

|T: F(X)—= FY)| <C|T: X =Y

where |T: X — Y| := max{||T: Xo — Yo|,||T: X1 — Yi||}, then F is called bounded.
Clearly, C' > 1, and if C'=1, then F is called exact.

For an exact interpolation functor F, we define the fundamental function ¢ of
F by:

Yr(s,t) =sup|T: F(X)— F(Y)|, st>0,

where the supremum is taken over all Banach couples X , Y and all operators T': X > )7,
such that ||T: Xo — Yp|| < s and |T: X; — Y1|| <t.

Theorem 5.1. Let G be a compact abelian group and T a finite subset in G. Suppose
that F is an exact interpolation functor with the fundamental function ¥rx. Given two
norms ||-||1 and || -||2 on CY define:

Fi=F((C - [10),(Ch - 1l2))-
Then, for every (&,)yer € CT, one has:

sup  [|(y&y)verllF
el g (ry <1

<Yr(1,1) ¢ (me(Me: Cr — (CV |- [I1)), m2(Me: Cr — (C, |- [|2)))-
Note that Lemma 4.1 shows:
ma(Me: Cr = (CF, ||+ [|:) = [|De: €2(T) = (CV |- )], i=1,2.

Hence, the proof of Theorem 5.1 is straightforward: It follows from the definition of the
function ¢z that, for any operator T': X — Y between the Banach couples X = (X, X71)
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and Y = (Yy,Y71), we have:
|T: F(X) = FE)| <er(IT: Xo— Yol|, IT: X1 — Ya).
In particular, this implies that, for any Banach space Y,

lid: Y = F(Y,Y)| <vx(1,1).

5.1. Variant I

Theorem 5.2. Let G be a compact abelian group, I' a finite subset in G andI: Cr— o
a A-embedding. Suppose that F is an exact interpolation functor with the fundamental
function ¢x, and let:

X = F(£i (), L2()).
Then, for every & = (&y)~er, one has:

H HSUP <1||(57M7)76F||X <K ¢r([[Me: Cr = LD, [€llew ry) Y7 (v/1+10g N,1),
Hlleg(ry>

where K = e2\V2 ¢ x(1,1).

Proof. Fix £ = (¢,) € CT. Since ¢;(T") has cotype 2 with Ca(¢1(I") < /2, it follows from
Proposition 4.3 that:

To(Me: Op — £1(1)) < 2V2AV1+1InN | Me: Cr — £4(T)].

Now observe that for any finite sequence (f;)~_; in Cr, we have (where for a given g € G,
the Dirac functional 0, € Bo(gy+ is given by 6,(f) := f(g) for all f € C(G)):

N N
SO IMeIE, o < €]l / SO 1fig) v
i=1 Gi—1

N N
< l€lloc sup 16, (fF < llélloe — sup D |2 (f).
9€G i

lz*lcey* <137

This shows that ma(Me: Cr — €2(T)) < [[€|loc. Since [|€|loc = [|Me: Cr — £o(D)|| <
mo(Me: Cr — €5(I)), we get:

T2 (Mg : Cr — £2(T)) = [I€]|o- (5.1)
Applying Proposition 5.1, we conclude (by submultiplicativity of ¢x) that:
mo(Me: Cr = X) < ¢r(1,1) hr(ma(Me: Cp — £1(T)),ma(Me: Cr — £2(T))
< K¢r(y/1+1logN,1) ¢7 (|| Me: Cr — (D), €]l )-
This estimate combined with Lemma 2.1 yield the required statement. O

In order to see a first consequence, we apply the preceding theorem to G = T" and
Cr = P<m(T") with T := A=(m,n). For simplicity of notation, we for 1 < p < oo write
below ¢, instead of £,(A=(m,n)).
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Corollary 5.3. Let p% =(1-0)+% for 6 € (0,1). Then for every & = (&) € CA= ()

one has:
- 1-0
» S)UHP <1H(M7§v)”gpe < 2e*V2 (y/nlog(1+20m) | Me: P (T™) = £1]])  [I€]1%.-
Hy)lleg >

In particular, one has:

sup H(Mvg’v)Heﬂ

H(M’Y)|527 m+1
< 2¢2V2 (/n(log(1+20m) | Me: P (T™) = 1)) ™ (1€]|00) 7
Proof. It is well known that the complex method Fy :=[-]g of interpolation has

the fundamental function r(s,t) = s'=%% for all st > 0. Applying the well-known

interpolation formula for couples of ¢,-spaces, we get:
[51,52]9 =lp,

Since by Bernstein’s result from (2.2) there exists a 2-embedding of P<,,(T™) into ¢
with N = (14 20m)™, Theorem 5.2 gives the first conclusion. To get the second assertion,
we take f =1— L. O

For another seemingly interesting consequence, we recall the definition of the abstract
Lorentz space Aw()? ).

For a given function ¢ € Q and Banach couple X= (Xo0,X1), the abstract Lorentz space
A, (X) is defined to be the space of all # € X+ X1, such that:

T = Z Zn, (convergence in Xo+ X7),
where x, € XoNX; and ), o(||2nl x0,[|Zn ] x,) < 00. The norm on Aw(f) is defined
by:

lelly, o) =inf 3 @(leallxo l2allx,),
nez

where the infimum is taken over all series described above. It is easily verified that A,
defines an exact interpolation functor.

Corollary 5.4. Under the notation and assumption of Theorem 5.2, we get for ¢ : = F:
[lid: Ap(M(Cr,£1(1)),loe (T)) = D(L2(T), F(£1(T),L2(1))|| < Ko(v/1+10gN,1).
Proof. From Theorem 5.2, for any & = (&,) € C'', we get that:

[ De: £a(L') — F(£1(T),L2(1)) ||
< K o(y/1410g N,1) o([€ll amcr,er o)) €l (1))

By the construction of the abstract Lorentz space A, this completes the proof. O
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5.2. Variant I1

Theorem 5.5. Let F be an exact interpolation functor with a fundamental function ¥rx
and for m,n € N:

X :F(El(AS(m,n)),K%(Ag(m,n))).
Then for every £ = ({a)acA(m,n), one has:

sup 1(€atta)aecnsmmllx < C(m) V| Me: Pem(T") = (1 (A= (m,n)])
H/”‘H@2(A§ (m,n))él

where C(m) = €22 v2¢x(1,1) Y7 (y/log(1+20m),1).

In order to prove this result (see the end of this subsection), we apply Theorem 5.1 in
combination with Proposition 4.3 and the following lemma.

Lemma 5.6. For each m,n € N and for every £ € CAS(’”’”),
_1
o (Mg : Py (T") = L2 (A= (m,n)) < A= (m,n)[27 [|€]|co-

In particular, if € =1,

n—1 n
m< o (Mg : P<p(T™) — € 2m (A=(m,n))
n—1

= |AS(m,n)|77 < 2v2e /14—

m

Proof. We apply Lemma 4.1 in the case G = T" with I' = AS(m,n) C G =17" and
F= EzAll(AS (m,n)). Clearly, for each m,n € N, we have:

[lid: £2(A=(m,n)) %Z%(Ag(m,n))H

= (E(7)) s (77

k=0

Applying the well-known quantitative version of Stirling’s formula yields:

—1 —1\m
m m

Now observe that, for any x >y > z >0, Z:i Z%and whence:
N NN-1 N-k+1 N\F
_ > (= <k<N.
(b) =37 "=(5) r=ey

In consequence, we deduce that:

1 , 1
V1422 < JAS (myn)| 77 < 2v2e /14—,
m m

and this gives the required estimates. O

Finally, we are prepared to give the proof of Theorem 5.5.
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Proof. (of Theorem 5.5). Note that:
[€lloc < B = | Me: Py (T" = £2(A= (m,n))|.

Since ¢1(A=(m,n) has cotype 2 with Cy(¢1(A=(m,n)) < /2, it follows from Proposition
4.3 and the embedding from (2.2) that:

To(Me: P (T™) — £1(AS(m,n))) < €*2v2 3 y/nlog(1 +20m).
From Lemma 5.6 we know that:

To(Me: P (T™) = £ 2m (A= (m,n)) < 2v/2e/nB.

m+1

Applying Theorem 5.1, we conclude (by submulitiplicativity of ¢x) that with C =
¥x(1,1), it holds that:

sSup ||(Nva)v€F||F

el oy (A< () S

< Cw}‘(ﬂ'Q(Mgl P (T?) — Kl(AS(m,n))),wQ(Mg: P (T?) — KQ(AS(m,n)))

< Yz (e*2v2 \/nlog(1+20m) B,2v/2ey/n B)

< Ce*2v2Bv/npr(/log(1+20m),1). O

The following corollary ‘interpolates’ the estimates from Corollary 3.2 (p = 1) and
Lemma 5.6 (p=2m/(m+1)).

Corollary 5.7. For m e N, let 1 <p < nf—rl Then, for each n € N and every £ =
(fa)aeAS(m,n);

S lel) <2vae Vi log(1 4 20m) " [Mg: Pe(T7) = G(A (man))l,

1 _ 1-1/p
2 andﬂm—l_ 1777141'

2m

Proof. Define 6,, € (0,1) by % = % +-m Then 1—6,, = 3,,. Hence, by Theorem 5.5

m+1
and as in the proof of Corollary 5.3, it follows that for every £ = (§a)aea< (m,n), We get:

1/r
S lgl”) < Clm)ValMe: Pan(T) = (A= (m,m))]|,
a€A=(m,n)

where C(m) = 2v/2¢? (log(1 +20m))#m. ¥

6. Applications

6.1. Multipliers of analytic trigonometric polynonials

Recall from (2) the definition of P<,,(T"), all trigonometric analytic polynomials of degree
< m on the n-dimensional torus T" and its subspace P—,,(T™) of all m-homogeneous
polynomials.
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We also recall a definition, which we already touched on in the introduction, the Hardy
space:
Hoo(T®) = {f € Loo(T®): fla) =0, Ya e Z®™ \NgN>}
and its m-homogeneous part:

H™(T®) = {f € Hoo(T®): fla) #£0 = |af :m}.

6.1.1. Sidon constants I. Let 1 <p < co. By Xp(Pgm(T")), we denote the p-Sidon
constant of P<,,(T"), that is, the best constant ¢ > 0, such that, for all polynomials

~

f(z)= ZaeAS(m,n) f(a)z®, we have:

> @) <elfllo:

a€AS(m,n)

Similarly, we define x, (’P:m('IF"))7 but in this case, we only consider m-homogeneous
trigonometric polynomials instead of all trigonometric polynomials of degree less than or
equal to m. Since for every f € P<,,(T"):

(3 1f@P) = ([ 11@rd)" <ifk.

lal<m

it follows that, for each m,n € N,
Xp (P:m(T")) =Xp (Pgm(']l‘")) =1, 2<p<co.

Observe also that the Bohnenblust-Hille inequality (2.1) combined with Hélder’s
inequality imply that there exists a constant C' > 0, such that, for each m,n € N, we
have:

1< xp(P=m(T")) < xp(P<m(T™)) <C™, nj—m <p<2. (6.1)

2 1 _
Theorem 6.1. Let 1 <p < mzr”l and .=

constant vy, such that, for each m,n € N:

% % Then there is a universal positive

L (ﬁ) i < Xp (P=m(T™)) < xp(P<m(T™)) < vm(%) o

M AAm

Note that 2= — % >0 whenever 1 <p < nf—’fl and % =1_ % Moreover, as it should be,

T P
%:%forp:landm—l:Oforp:M.

we have that 7 — =5 —~—

For the homogencous case and p = 1, this result is proved in [8] (see also [9, Theorem
9.10]) — the upper estimate is based on the hypercontractivity of the Bohnenblust—Hille
inequality and the lower estimate on the Kahane-Salem-Zygmund inequality. Here, we
deduce the upper inequality from the case p =1 by applying the complex interpolation
method and the lower estimate by the following independently interesting lemma based

on Corollary 4.5.
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Lemma 6.2. Let1<p< 72—:’_11 and z € C™, and denote by z* the decreasing rearrangement
of z. Then, for each m € N, one has:

(z2)™ < 2v/2e2/m! v/log(1+20m) % ||MZ: P (T™) — KP(A:(m,n))H,
nr 2

where * =

1-1_1 gnd
r p 2

~

M2 P (T") = £y (A= (myn)), f = (f(a)(2)?).
Proof. From Corollary 4.5, we deduce that:

(™ 30 1= 30 (e )

|al=m |a|=m

< 37 (=) < (2v2¢2)" (nlog(1+20m))} ML ".

|a]=m

Since dim Py, (T") = ("*77), we get:

m + —1 ”
i< e (M) < ey (nlog(1 + 20m)E DL
and the desired result follows by taking roots. O

We are ready to give the proof of the theorem.

Proof. (of Theorem 6.1). Lower bound: If 1 = (1,...,1) € CA (™" then by the
definition we obtain:

1My 2 P (T") = £p (A~ (1)) || = Xp (P=m (T")).
Then, by Lemma 6.2:

1 < 2v/2e? V/m!\/log(1+20m) xp (P=m (T™)) ml_ ,

1
n 2

and so:

1 (n) %< 1 (n)
Y Am ~ 2v2e2m2 (1+logm)z \m

m _ 1 m
-

< mr 2 ( n )
2\/562(m!)71~(1+10gm)5 m
Upper bound: Define 0 <0< 1 by:

s|3

m_ 1
T 2

1 6 1-46
=TT T om
m—+1
then:
m—1 m 1
S B
2 r 2
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‘We know that:

1312 Pem(T") = 1 (AS(mm)) | < 7 (=) 7
and by (6.1):
M P (1) = €z (A= (mim) | < C5.

Applying the complex interpolation method, we get:

m—1

32 P (1) = LA () < (€7 (1)

0 1-6 m_1
) (ex) =m()
m
and so the conclusion follows. O

Why would a positive answer to Conjecture 4.6 not lead to a better lower bound? In

this case, we, for % = %(% — 73—;;1), would get that:

m_ 1

Y < pon)

Yy Am
But @ —1=m _ 1" yhere, again, £ =1 -1 and so we would not arrive at a
s s T 27 ’ ' D 27
contradiction.

6.1.2. Bohr radii. Denote by K, the nth Bohr radius, that is the best 0 < r <1, such
that, for every f € Ho,(T°), we have:

SR @I < f e

aENéN>
It is known that:
K,
lim =1; (6.2)
n—oo  [logn

n

this was established in [2], extending an earlier result of [8], which basically proved that
the limit is between 1 and v/2. For a detailed account on all this, see the monograph [9].

The original proof of the lower estimate in (6.2) is based on the Kahane-Salem-—
Zygmund inequality (see, e.g. [9, Theorem 7.1]). Let us indicate an alternative argument
based on Theorem 4.4. We have that for each m € N:

KnSK:;n7

where K" is defined like K,,, only taking into account functions from H,,(T*°) instead
of all functions from H,,(T°°). Then a simple reformulation shows that:

1
1/ x(m,n)

(see [9, (9.15)]). Using the lower estimate from Theorem 6.1 (which was proved with
Kislyakov’s ideas), and following the proof given in [9, Theorem 8.22], we obtain an

K, < KJ' =
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alternative approach to the upper bound in (6.2) without using the Kahane-Salem-—
Zygmund inequality.

6.1.3. Monomial convergence I. Let V be a subset of Ho(T), then:

monV := {z eCN: Z 1f(a)z®| < oo for all f € V}
aGNéN)
is called the set of monomial convergence of V. If V is a closed subspace of Hu,(T™), then

a simple closed graph argument shows that z € monV if and only if there is C' = C(z) > 0,
such that, for every f eV,

S 17(@)2] < ) f e

aEN(()N)

A sequence £ = (&) is said to be multiplicative whenever for all o, 8 € N(()N), we have

aGNéN)
€atp = Ealp. Equivalently, ¢ is multiplicative if and only if there is z € CY, such that, for

all a € N(()N), we have &, = 2%, for all a € N(()N) (if ¢ is multiplicative, then define 2z, = &,
for each k € N).

Remark 6.3. Let V C Ho(T*) be a closed subspace. Then monV' equals the set of all
multiplicative £; (I')-multipliers § = (§a), oo for V, where:
0

I':= U supp f € ZM.
fev

We refer to the monograph [9] for a detailed exposition on the sets of monomial
convergence of Hy(T*°) and its closed subspace HT(T*) (together with all its
consequences for spaces of holomorphic functions in infinitely many variables and ordinary
Dirichlet series). In particular, the following results from [1] (see also [9, Theorems 10.1
and -10.15]) give two (almost) complete description of both sets.

Theorem 6.4.
(i) mon HZ(T*) =4 2m_ , for each m € N;

(ii) For every z € CN, the following two statements hold:

(a) If limsup

n
z;-‘2 <1, then z € mon Hy, (T).
n—s00 lognj,:1

(b) If z € mon Hy, (T*°), then limsup
n—oo lognj

n

z;fQ < 1. Moreover, here, the converse
=1
implication is false.

In fact, the ‘lower inclusions’ for mon Ho(T*°) and mon HJ2(T*) follow from the
Kahane—Salem—Zygmund theorem. Alternatively, the following two proofs show that these
lower inclusions also may be deduced from Theorem 4.4.
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Proof. (alternative proof of (2m C monHZJ(T*) in Theorem 6.4). Fix z €

mon Ho, (T°°), and recall that then the decreasing rearrangement z* € mon H, (T) (see
[9, Remark 10.4]). Then:

M.+ Hoo(T®) = 6,(N§V), £ = (F(a)(z*)*)

is bounded. Consequently, by Lemma 6.2, there is some universal constant v > 0, such
that, for each m € N,

. 1
(zp)™ <yVm! logmn,,? (| M- ]|

Taking the mth-rot, we conclude that:

+ 1 1
2 <y Vml ™ (logm) || M |7 =y <om 5=,
n 2m n 2m
and this completes the proof. O

Proof. (alternative proof of (2b) in Theorem 6.4). With the closed graph argument
from the preceding proof and Theorem 3.2, we see that for some constant v > 0 and each
m,n € N, we have:

Nl

(> 19°R)" < V/nlogm.

a€eNy
la]=m

Then the proof finishes exactly as in [9, Section 10.5.1]. O

6.1.4. Bohr—Bohnenblust—Hille theorem. Referring to a couple of results, which
were worked out in the recent monograph [9], we intend to show that our alternative
approach to Theorem 6.4.(ii.b) leads to an alternative solution of Bohr’s famous absolute
convergence problem on ordinary Dirichlet series.

This problem asked for the largest possible width S of the strip in the complex plane on
which an ordinary Dirichlet series D =" a,n~° converges uniformly but not absolutely
(see [9, Section 1]).

Bohr, himself, established the upper estimate S < 1/2 (see [9, Proposition 1.10]), but
he was not able to decide whether this upper bound is optimal. A nontrivial reformulation
(still due to Bohr, see [9, Proposition 1.24]) shows that:

S= sup o4(D), (6.3)
DeHoo

where H., denotes the Banach space of all Dirichlet series D, which on the positive half
plane converge pointwise to a bounded (and then necessarily holomorphic) function and
oa(D) €R defines the abscissa of absolute convergence of D.

On the other hand,

Hoo = Hoo (T™),
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that is, there is an isometric linear bijection between both Banach spaces preserving
Dirichlet and Fourier coefficients. More precisely, if this bijection identifies f € H.,(T>)
and D =Y ann* € Hoo, then a, = f(c), whenever n = p® (here, p = (p,) stands for
the sequence of primes (see [9, Corollary 5.3]). Then this fact combined with (6.3) show
that:

S:inf{a >0: pia EmonHm(Too)}

(see [9, (10.5)]). As a consequence, we see that Theorem 6.4.(izb), for which we gave an
alternative proof using Kislyakov’s ideas condensed in Theorem 4.4, immediately proves
that S >1/2.

So, all in all, we arrive at a new proof of the so-called Bohr—Bohnenblust—Hille theorem:
S =1, which, in fact, is in the very centre of the discussion in the monograph [9] (for the
highly nontrivial original proof due to Bohnenblust and Hille from 1931, see [9, Section
2]). We finally remark that this monograph also contains a couple of other proofs — none
of them being trivial.

6.2. Multipliers of functions on Boolean cubes

For N € N, let By be the set of all functions f: {—1,1}" — R. Recall for f € By, the
expectation is given by:

E[f] =g% 2. fl@)

ze{—-1,1}V

The dual group of {—1,1}"V actually consists of the set of all Walsh functions g for
S C [N], which allows to associate to each such f € By its Fourier-Walsh expansion:

fl)=>" J(9)2%, we{-11}", (6.4)

SC[N]

where 25 1= xg(7) == [1,.c52n are the Walsh functions and the coefficients are given by

~

f(S ) =E[fxs]. Thereby, a nonzero function f of degree d satisfies that f (S) =0 provided
|S| > d. We say that f is m-homogeneous whenever f(S) =0 provided |S| # m.
Given m,d € N with m,d < N, we write By for all m-homogeneous functions in By

and Bﬁd for all functions of degree < d. Moreover, we define:
B:= UBN, B~ = UBK,’" and BS? .= UB]%d.
N N N

Similar to (2.1), we have the following ‘hypercontractive’ Bohnenblust-Hille inequality
for functions on the Boolean cube from [12]: There is a universal constant C' > 1, such
that, for each d,N € N and for every f € B]%d, we have:

m+1

S s T <oV g (6.5)
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6.2.1. Multipliers. We start with variants of Theorem 4.4 and Corollary 3.2 for
functions on the Boolean cubes.

Theorem 6.5. Assume that 1 <p <2 and d,N € N with d < N. Define 1 <r < oo by
1_1_1 Then,

T P 2°

(i) for every & = (€s)scins

m( > lesl ) <2v2e?||Mg: By — £,({S: S C [N]})]|-

SC[N]

(ii) for every &= (&s)sc(ny,|s|<ds

! R
\/1+N10g(1+20d)< > |€s\)

SCINY,|S|<d
<2v2e2(1+V2)%| Me: By — £,({S: |S| < d})]|-
Moreover, in the homogeneous case & = (§s) sc[N],|s|=d, We may replace the constant

on the right side by 2/2e229-1.

Proof. For the proof of both statements, we use the fact that Cy(¢,(T")) <+v2for 1 <p<2.
Consider then for the proof of (i) the canonical isometric embedding:
N
By 3 e (f()ec(-1yv € 2

Then the conclusion is immediate from Theorem 4.4. The proof of (ii) is slightly
more involved: Denote by P<q([—1,1]) the space of all real polynomials f(z) =
EaeNg:|a\gd cor®, r € RN, and endow it with the supremum norm on the N-dimensional

cube [0,1]V. Since every f € By can be viewed as a tetrahedral polynomial in
P<a([-1,1]¥) with equal norm, the canonical embedding:

B=! — P<a([-1,1]7)
is isometric. Next we look at the canonical embedding:
PSd([_lvl]N) — PSd(TN)v

which by a result of Klimek [16] is an (14 /2)%embedding, and, finally, we recall that
by (2.2), there is a 2-embedding:

I: Peg(TN) — 0,

where M = (1+20m)". Then the conclusion again follows from Theorem 4.4. In the d-
homogeneous case, we replace Klimek’s with a result of Visser [21], which states that the
canonical map from P—z([~1,1]") into P—4(TV) is a 2¢71- embedding. This completes
the proof. O

6.2.2. Sidon constants II. The preceding theorem is used to obtain the following
analog of Theorem 6.1.
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Theorem 6.6. Let 1 <p < =" andr >0 wzth 2 — % Then, there is a universal
constant v > 1, such that, f0'r each positive mteger m § N:

S

1 /N\»-3 _ N\2-3
me(%) <xp(BN") < xp(BR™) <9 (m) :
Note that in a similar fashion as in Section 6.1.1, for each m < N, one has:

- <
XP(BNm) = XP (Bﬁm) = 15 p € [2700]7
and, combining the Bohnenblust—Hille inequality for functions on the Boolen cube from
(6.5) with Holder’s inequality, there exists a constant v > 1, such that:
2m
B™) < xp(BI™) <~™, <N, —— <p<2.
Xp(BN") < xp(BR™) 9™, m<N, —mm<p

We prepare the proof of the preceding theorem with a lemma similar to Lemma 6.2.

Lemma 6.7. Let 1 <p< 2 g and z € CN, and denote by z* the decreasing rearrangement
of z. Then, for each m < N the following estimate holds:

(z3)™ < 4v2e22™ 1 /ml /log (1 + 20m) N 1IIM||

r

where 1 = % — % and M. : By™ — £,({S: |S| =m}) is given by:

sz:( (S)(Z*)S)‘S‘zmv feBy™.
Proof. From Theorem 6.5, we get:

) Y 1= > (R @)

SC[N],|S|=m SC[N],|S|=m

< Y (M%) < (de®2m Yy (14 Nlog(1+20m)) * | M2
SC[N],|S|l=m

This yields:
* \rm * \rm N 20m—1\r z T
(25) ™ — < (z4) o < (4v2e*2™71)" (Nlog(1 +20m)) 2 || M. ||",

as required. O

Proof. (of Theorem 6.6). Lower bound: For 1 = (1,...,1) € CHS: ISI=m} | we by
definition have:

|My: BR™ = £,({S;1S] =m})|| = xp (BF™)-

Then the conclusion follows if we, exactly as in Lemma 6.2, apply Lemma 6.7 to z =1.
Upper bound: Take f € B]%,m, and interpret it as a polynomial F € P<,,(TV). Then we
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know from Theorem 6.1 that:

m _ 1 _

S RSNy (X) T 1 E e ) <7 VD ()T g

|S|<m
where the very last estimate, again, follows from a result of Klimek in [16]. O

6.2.3. Monomial convergence II. Given V C B, we define the set of monomial
convergence of V by:

mon(V)i={z €R": 3C>0vfev: > |f($)2% <O},
SC[N]

where recall that 2% :=[], g 2n for each S C [N] and for all z € RY. Let us denote by
S Cyin N the fact that S is a finite subset of N. We say that a real sequence ({s)sc,,,N
is multiplicative if:

&r&s = Erus for all pairwise disjoint subsets R,S Cfin N.

Note that (£s)sc,,,n is multiplicative if and only if there exists x € RN, such that for
all S Cpin N, we have 2% = £g. Hence, mon(V) consists exactly of all multiplicative
0 ({S: S Cfin N})-multipliers of V.

Here are some basic properties of mon(53).

Proposition 6.8. Let x € mon(B) and y € RY. Then, each of the following conditions
yields that y € mon(B):

(i) y differs from x in a finite number of entries;
(ii) y is a permutation of

(iil) |yn| <|zn| for each n € N.

Proof. To prove the sufficiency of (i), it is enough to assume that y differs from z in
one entry, T, = y, for each n # ng € N. Using that g(z) =z, f(z) also belongs to B with
9(S\{no}) = f(5) if ng € S Cin N, we get:

ST ysl = D192+ lynol D 1F(S) T8\ fney| < 0.
S

noéS no€S

It is a simple observation that for every f € B and for each permutation ¢ of the natural
numbers, the function f, defined by:

fa((xn)nEN) = f((xa(n))neN)

also belongs to B, which proves that condition (ii) is sufficient. Finally, if (iii) is satisfied,
then:

Z|f(5)ys|§2|f(5)xs| < 00. -
S S
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Our aim is to find nice descriptions of mon(V) for V=B, V =B=™ and V = B=%. It is
clear that:

mon(B) C mon(B=%) C mon(B=™).

Using the Bohnenblust—Hille inequality from (6.5) (together with Holder’s inequality and
the multimonomial theorem) give that, for each m € N, we have:

l2m C mon(B=") C mon(B="™).
Similar to Theorem 6.4.(i), we even have the following full description.

Theorem 6.9. For each positive integer m, one has:

mon(B=") = mon(B=") = { am_

m—11°

Proof. We first prove that mon(B=") = { 2m_
f: {-1,1}¥N =R, we can find F € H™(T>) with F(a) = f(a) for all o € {0,1}™ and
F(a) =0, otherwise, and, such that:

IF | ey < 27| fll B=m,

where for this estimate, we use a result from [21] (see also the end of the proof of Theorem
6.5). This implies that mon HJ2(T*) C mon(B="), which by Theorem 6.4.(i) gives the
lower inclusion:

- Given an m-homogeneous function

 2m_ o Cmon(B~").

Conversely, if 2 € mon(B=™), then by Proposition 6.8, also its decreasing rearrangement
r = (xf) € mon(B=™). Thus, there is a constant C' > 0, such that, for each f € B=™, we
get:

ST 1A s < O f oo

|S|=m

We give a probabilistic argument and a Kislyakov type argument. The probabilistic
argument: Let A = {S C [N],|S| = m}. By the Kahane-Salem—Zygmund theorem (see
(6.8) below), there is a choice of signs (s)sea, such that:

> leslr® < CH ZfsmSH < W,/(fi).
SeA SeA °°

Since (ry,)nen is decreasing, we get:

()= ()

and so for some constant K, independent of N, we have:

1
N\ 2 vN
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The Kislyakov argument: Consider the canonical embeddings:

B — P ([1,1)N) — P (TN ) — £(L+20m)

N
b

where the first two embeddings are the canonical ones and the last comes from (2.2). The
first one is isometric, the second one 2™~ !-isomorphic and the third 2-isomorphic. Then,
we deduce from Theorem 3.2 that:

N
2m < S12 N
() < Sk <

SeA

m
Since (E) < (Z ), the argument completes. Finally, we prove that for each d € N, we
L

have mon(B _2a_. Using the fact that, for every f € B]%d, we get by [16],

[ flloo < (1+\/§)m||fm||ooa

~

where fin =37 /=, f(S)xs denotes the m-homogeneous part of f, it easily follows that:

a-1° )

d
2 C ﬂ mon(B=™) € mon(B=%) C mon(B=%) C Caa o O
m=1

Let us turn to the description of mon(). We easily obtain:
ly C mon(B), (6.6)

using the Cauchy—Schwarz inequality:

S 175 < (SIFSE) (S R) <1l (TL -+ aP)
S S S n=1

Regarding the estimations from above, using the results for the m-homogeneous functions,
we have:

mon(B) C ﬂ Com . (6.7)

m

This result can be improved.

Proposition 6.10. For every x € mon(B), one has:

N
1
sup —— Ty <400
up >l
and, in particular:
mon(B) C la 0.

Proof. Using the majority function Majy (z) (in fact, only its 1-homogeneous part), we
know from [17] that for all § with |S|=1:

s 21
Majy (S) = T UN
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Hence, for all z € mon(B) and every N € N, we have:

INETMED ST NCISED st NOSEES

|S|=1 SC[N]

the first estimate. Since the decreasing rearrangement z* by Proposition 6.8 also belongs
to mon(B), the ‘in particular’ follows. O

On the other hand, the use of the Kahane-Salem—Zygmund inequality (for Boolean
functions, see, e.g. [11, Lemma 3.1]) does not improve the condition from Proposition
6.10. Indeed, this inequality yields that for every N € N and every family (cs)scny in R,
there is a choice of signs ({s5)sc[n], such that:

> lesla | scoviomavi (X lest) 69

SC[N] SC[N] SC[N]

Taking the supremum over all (cs)sc[n] with £2-norm equal to one, we deduce that:

N
H (1+22) ( 3 |a:S|) < C,6y/log2VN. (6.9)

SC[N]

Since (z,)nen converges to zero, we can find a positive constant « > 0, such that
exp (a|r,|?) < 1+ |z,|? for every n € N, so that:

N N
exp(a Y |zn?) < ] (1 +27%) < Cr61/log2VN.
n=1 n=1
It follows that:
2
6.10
R o Z'%' <o (6.0

But this condition is weaker than what we got in Proposition 6.10, since:

! im |2<#i|x*|2 = "Z“"Z <[22
logNn:1 " _logNn:1 "= logN - b2,00”

Finally, we establish the following analog of statement (2) from Theorem 6.4.

Proposition 6.11. For each x € mon(B), one has:

Proof. We write r = (,,)nen for the decreasing rearrangement of (|z,|)nen. Then:

Sl]\l[pHMT: By = 6({S: S C [N} < oe,
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and, hence, by Theorem 6.5.(7), we have that there is a constant C'= C(r), such that for

all N:
Z 7“% <CN;
SC[N]

again, there is an alternative proof using the Kahane-Salem—-Zygmund inequality (in the
form of (6.8) and (6.9)). We claim that:

(7‘ +.. +7‘N Z 7”5
IS|=

We postpone the proof of the claim to end. The claim yields by Stirling’s inequality that
there is a positive constant C’ depending just on r, such that:

2 2 L
Tt 1Ty S(C')#mﬁ .
m e

Putting m =log N, we arrive to the inequality:

limsup Ny T AT
N log N -

Since 72 converges to zero, we immediately conclude that:

7‘2+...+7’2
limsup 44— "N «~ 1.
1m]5up log N <

To prove the claim, note that every S C N with |S| = m is determined by the subset Sy of
elements n with n < m and the subset Sy of those with n > m. Then, we can find unique
finite sequences m < iy,i9,...,ix < N and mqy,mo,...,m in N with m; +...+mi =m and,
such that:

S n{n: n<m}={my,m+ma,....mi1+...+mp_1}
Sﬂ{n: nzm}:{i1<i2<...<ik}.

We can then rewrite rg as:
TS =T1" e Tong—1Ti; Tmgt1 -« Tmytma—1 *Tig " Ty tmatl -«

and using that (r,),en is nonincreasing, we deduce that:

rs >t r:’;“
Therefore:
2 m Qo Am41 anN
m! E rg > E (a)r’” N
|S|:m (a,,,L,A.,,aN)ENévierl‘a|:m
=rm+...+ryn)",
and the proof completes. O
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